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Abstract

Introduction. This work is devoted to the study of a non-stationary two-dimensional model of sediment transport in
coastal marine systems. The model takes into account the complex multi-fractional composition of sediments, the
gravity effect and tangential stress caused by the impact of waves, turbulent exchange, dynamically changing bottom
topography, and other factors. The aim of the work was to carry out an analytical study of the conditions for the initial-
boundary value problem existence and uniqueness corresponding to the specified model.

Materials and Methods. Linearization of the initial-boundary value problem is performed on a temporary uniform grid.
The nonlinear coefficients of a quasilinear parabolic equation are taken with a “delay” by one grid step. Thus, a chain of
correlated by initial conditions is the final solutions of problems is built. The study of the existence and uniqueness of
the problems included in this chain, and therefore the original problem as a whole, is carried out involving the methods
of mathematical and functional analysis, as well as methods for solving differential equations.

Results. Earlier, the authors investigated the existence and uniqueness of the initial-boundary value problem of the
transport of sediments of a single-component composition. In the present work, the result obtained is extended to the
case of multi-fractional sediments.

Discussion and Conclusions. Based on the analysis of the existing results of mathematical modeling of hydrodynamic
processes, a non-linear spatial two-dimensional model of sediment transport was previously investigated by the team
of authors in the case of bottom sediments consisting of particles having the same characteristic dimensions and
density (single-component composition). In this paper, the previous results of the study are extended to the case of
sediments of a multicomponent composition, namely, the conditions for the existence and uniqueness of the solution

of the initial-boundary value problem corresponding to the considered model are determined.

Keywords: multicomponent sediments’ transport, coastal marine system, initial-boundary value problem, solution

existence, solution uniqueness.
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Hayunas cmamos

CymecTBoBaHHE M €IUHCTBEHHOCTD pellleHHs] HAaYaIbHO-KPaeBoii 3a1a4un
TPAHCHOPTA MHOTOKOMIIOHEHTHBIX HAHOCOB MPUOPEKHBIX MOPCKUX CHCTEM

B.B. Cugopsikuna

Taranporckuit uHCTUTYT UM. A. [1. Yexosa (pumman) PT'OY (PUHX), Poccuiickast ®enepanus, r. Taranpor, yn. MannuatusHas, 48

™ cvv9@mail.ru

AHHOTAN A

Beeoenue. Hacrosmiast paboTa MOCBAIICHA HCCIIEIOBAHUIO HECTAIIMOHAPHON NBYMEPHOW MOJIENH TPAHCIIOPTa HAHOCOB
B NPUOPEKHBIX MOPCKHUX CHUCTeMaX. Mojenb YYUTHIBAeT CIOKHBI MHOTOKOMIIOHEHTHBIH COCTaB HAaHOCOB; JieiicTBHE
CHITBI TSDKECTH U TAHTCHIIMATHHOTO HAMIPSHKCHHUS, BEI3BAHHOTO BO3JICHCTBUEM BOJIH; TypOYIICHTHBIN 0OMEH; THHAMHYICCKU
U3MeHsieMbIil penbed nHa U Apyrue (akrtopsl. 1lensio paboThl ABISLIOCH MPOBEACHUE aHATMTHYSCKOTO MCCIICIOBAHUS
YCIIOBUM CYLIECTBOBAHUS U €IMHCTBEHHOCTH HaYaJIbHO-KPaeBOH 3a7a4k, COOTBETCTBYIOIIEH YKa3aHHOW MOJEINH.
Mamepuanst u memoost. B pabore Ha BPEMEHHON paBHOMEPHOW CETKE BBHITIOJIHEHA JIMHEApU3allis HadallbHO-Kpae-
BOHM 3amauyd, TpH KOTOPOW HEIMHEHHBIC KOA(PQPUIMECHTH KBA3WIMHEHHOTO NapabONMYecKOro YpaBHEHUS OepyTcs
C «3amna3gbIBaHUEM) HA OJWH LIar CETKH. Tem cambpIM CTPOUTCA IICIIOYKA 3a/1a4, CBA3AHHBIX MO HaYaJbHBIM YCJIIOBUAM
1 PUHATHHBIM peteHusM. [[puBITekas MeTOIbI MATEMAaTHYESCKOTO U (PYHKIIMOHAIEHOTO aHAJIH34, & TAKXKE METOJIBI PEIIICHUS
muddepeHInaIbHbIX YpaBHEHUH, MPOBOAUTCSA HCCIICAOBAaHME CYIIECTBOBAHHMS M EIMHCTBEHHOCTH 3ajad, BXOMSIIHX
B JIAHHYIO LIETIOUKY, a TOTOMY U B LIEJIOM UCXOJHOW 3aJauu.

Pe3ynomamot uccnedosanua. Ha ocHOBe aHanm3a CYIIECTBYIOIIMX pPE3yJIbTaTOB MaTeMaTH4eCKOTO MOICTHUPOBAHUSA
THIPONMHAMHYECKUX TIPOIIECCOB paHee ObUIa FHccieqoBaHA HENWHEHHAs IPOCTPAHCTBEHHO-IBYMEpHAs MOJEIh
TpaHCIIOPpTa HAHOCOB B CJIy4a€ JTOHHBIX OTHOXGHHﬁ, COCTOAIMMNX M3 YaCTUIl, UMCIOIHNX OJUHAKOBBLIC XapaKTCPHBLIC
pa3Mepsl U IUIOTHOCTH (OHOKOMITOHEHTHBIH cocTaB). B Hacrosmieit paboTe mpeasiayInue pe3ylbTaThl HCCICIOBAHUS
pacIpoCTpaHEHbI Ha CIIy9ail HAHOCOB MHOTOKOMIIOHEHTHOTO COCTaBa, a UMEHHO OIPE/IEIICHBI YCIOBUS CYIIECTBOBAHMS
U €AMHCTBEHHOCTH PEIICHUs HauaJlbHO-KPaeBOi 3a/1auM, COOTBETCTBYIOLIEH paccMaTpuBaeMoi MOsIeIH.

Oobcyscoenue u 3akarouenus. Mojaens TpaHCIIOPTa MHOTOKOMITOHEHTHBIX HAHOCOB MOXKET OBITh IOJI€3HA IS TPOrHO3a
pacmpocTpaHeHHs 3arpsi3HIIOIINX BEIIESCTB, a TAKXKE NP UCCIICAOBAHUN TWHAMHUKH W3MEHEHUS penbeda JTHA KaK MpH

AHTPONIOI¢HHOM BOB}IBI\/’ICTBI/II/I, TaK U B CUJTY €CTECTBCHHO MPOTCKAIOIINX MMPUPOJIHBIX IMMPOIECCOB B MOPCKHUX CUCTEMAX.

KiaroueBbie ciioBa: TPAHCTIOPT MHOT'OKOMIIOHCHTHBIX HAaHOCOB, an/I6pe>i<Ha$[ MOpCKad CHUCTEMA, Ha4YaJIbHO-KpacBas

3aja4a, CymeCTBOBAHUE PCUHICHUA, CAUHCTBCHHOCTb PCHICHMS.

duHancupoBanme. VccienoBanne BBIIONHEHO 3a cdeT rpaHTa Poccumiickoro nHaydroro ¢orma Ne 23-21-00509,
https://rscf.ru/project/23-21-00509

Jast uurupoBanus. CunopskuHa B.B. CymiecTBoBaHNe U €TMHCTBEHHOCTH PENICHUS HauyalbHO-KPaeBOM 3a/1aur TPpaHC-
MOpTa MHOTOKOMIIOHCHTHBIX HAHOCOB IPUOPESKHBIX MOpckux cucteM. Computational Mathematics and Information
Technologies. 2023;7(2):73—80. https://doi.org/10.23947/2587-8999-2023-7-2-73-80

Introduction. It is necessary to use a set of models of different spatial and temporal scales in solving practical tasks
related to the environmental assessment of the water body’s state [1-6]. The research of mathematical hydrophysical
models, which are characterized by a variety of parameters, has been actively developed in recent decades [7—14].
The paper considers 2D mathematical model for calculating the transport of multicomponent sediments in relation to
coastal marine systems. The set of convection-diffusion equations for each sediment component (or fraction) forms this
mathematical model taking into account turbulent exchange, gravity, tangential stress, dynamically changing bottom
relief and other factors [15-17].

The article presents the results of theoretical study of the initial boundary value problem existence and uniqueness
based on the constructed model. In accordance with this goal, the initial boundary value problem for quasi-linear
equation of parabolic type is considered, for which sufficient conditions for the existence and uniqueness of the
solution are determined by methods of mathematical and functional analysis, as well as by methods of solving
differential equations.
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Materials and methods
1. Initial boundary value problem of multicomponent sediment transport. Let’s write down the equation of
multicomponent sediments transport [16, 17]:

(1-¢ a—H+diV Vkxz )=div|Vk Ther gradH +Wg’rc‘, r=1R. (D
r 8t r’r'b rvr

. r
sin @, P,

Where H = H (x, v, t) is the reservoir depth; ¢ _is the porosity 7-th component in the sediments composition; V' is the 7-th
component’s volume fraction; T, is the tangential tangential stress vector at the reservoir bottom; T, is the critical value
of the tangential stress for r-th sediment component, T,., = @, sin Q> a is the coefficient for r-th sediment component,
@, is the angle of the natural slope of the soil in the reservoir; w_is the hydraulic size or deposition rate of 7-th component;
p, is the density of r-th bottom material component; &, = k, (H , X, Y, t) is nonlinear coefficient determined by the ratio:
B-1

T
be,r

T, —— grad H

sin @,

Add,
((pl - pO)gdr)B

where @ is the average wave frequency; d, is the characteristic size of -th component; g is the acceleration of gravity;
p, is the aquatic environment density; 4 and B are the dimensionless constants.

Let the sediment transport process take place in an area D, D(x,y)={0<x<L,0<y<L /| with boundary
S, representing a piecewise smooth line. We assume that a three-dimensional cylinder 11, = D x (0, T) of height T
with a base D is the domain of equation (1). The boundary of this cylinder consists of a side surface S x [0, T ] and two
bases — D x {0} and D x ir}.

Equation (1) is considered with the initial condition:

k, =

5

H(x, »,0) = Hy(x, ), @.1)
Hy(x.y) € C*(D)~C(D). (2.2)
grad , H, € C(l_)), (23)
(x.y)eD (2.4)
and conditions on the region border D :
u| =0 3)
H(L,y,0)=H,(»,1), 0<y<L, )
H(0,y,6)= H,(v,1), 0 y< L, ®)
H(x,0,1)= H,(x), 0<x< L. (©)
H(x,L,,t)=0, 0<x<L. (7)

Let assume: o
erad,, 1 e C (I, )n C'(11,),

Tpx = T (x, J’st)’
k, > k,, = const >0, V(x,y)eﬁ, 0<t<T,
2. The initial boundary value problem linearization of multicomponent sediment transport. Let’s build a time
grid ., withstept: ©, = {tn =nt,n=01...,N, Nt= T}.
If n=1, then the reservoir depth H (')(x, v, to) is known and is determined from the initial condition, i.e.
H m(x, y, to) =H, (x, y). If n=2,..,N, then the reservoir depth H (")(x, v, tH) will also be known, since problem

(1)—(7) is solved for the time interval, ¢, , <t <t ,,i.e. H(")(x, v, tn_]) = H("")(x, ¥, tﬂ_,).

Denote:
B-1
F = =

r

, n=12,.,N. (3)

A (Ddr ; %b _ jtbﬂ’r gradH(nil)(x’ Y, tnfl)
(b, =po)ed )" sine,

After linearization, equation (1) and the initial condition will take the form:

, r=LR, )

r

)
(1-g )20 _ div(mk,ﬁ"‘) ber gradH(")J —div( k%, )+ D2
ot sin @, p

r
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., <t<t,n=12,.,N,

n-1
H(l)(x, v, to) = Ho(x,y), H(")(x, v, tn_,): H(”'l)(x, Vot ), (x, y) € 5, n=2,..,N. (10)

Boundary conditions (3)—(7) are assumed to be fulfilled for all time intervals ¢,_, <t <¢ ,n=12,.,N.

Research results

1. Investigation of the linearized initial boundary value problem of multicomponent sediments transport
solution existence. Let ‘sput n =i, i =1,2,..., N in the equation (9).

We have:
(@) _ , , w —
(1) _ div(Vrkr("') P’Lgradf[@] —div[y k%, )+ —£e,, r =T R. (11)
ot sin @, P,
Equation (11) is supplemented by conditions (10) and (3)—(7).
If i = 1, then based on the assumptions made earlier, we can write:
v e c'(u,), VA%, e C'(,). (12)

sin @,

From [18] it can be concluded that if condition (12) is met, the solution of the initial boundary value problem (11),
(10), @)= (7), t, <t <t, i=1, exists and belongs to the class:

H(l)(x, y,t)e CZ(L[”)K\C(ﬂ,Il grad(x’y)H(l) € C(f[,l).

If i =2, then the initial-boundary value problem will have an initial condition H (2)(x, v, tl) =H (1)(x, »,t ) Its

smoothness coincides with the smoothness of the initial condition for equation (11) of the number ; = 1:
HO(x, 1) e *(11,)nc(,, ), grad, 1 ec(m,, ).

It is obvious that the conditions from [18] and the solution of the problem are again applicable (11), (10), (2) — (7) for
the number i = 2 exists.

Further,ifi, i = 3,..., N, thenforeachcasewewillhaveamixedproblemforalinearequationofparabolictype. Theinitialand
boundary conditions have a smoothness sufficient for the functions existence H (i)(x, ¥, t), t, <t<t, i=12,..,N kiac-
caC? (I_[,l_ ) NC (Ez,- ), grad(, \H Wec (ﬁz,- ), which are solutions to initial boundary value problems (11), (10), (2)—(7) [19].

2. Thelinearized initial boundary value problem solution uniqueness investigation of multicomponent sediments

transport. Let’s write equation (11) for n =1:
(1) T w —
o div(V,k,(o) her gradH(l)] —div[yk9%,)+ 252 e, r =1 R. (13)

. re
sin @, P,

(1-2)

r

Let us assume the existence of two different solutions to it:

H' = H’(x,y,t), H" = H”(x,y,t), (x,y)e B, t, <t<t.
Denote:
w(l)(x, y,t) = H'(x, y,t) - H"(x, y,t), t, <t <t w(l)(x, y,t) £0, w(l)(x, v, to) =0.

The initial boundary value problem for the function w(x, y,7) = w(])(x, ,t) will have the form:

(1- 8,,)a—w =diV(Vrkr(°)jcz’4gradWJ, r=1R, (14)
ot sin @,
w(x, y,O) =0, (x,y) € 5, (15)
o] =0 (16)
y=0

wlx, L,,1)=0, 0<x<L, (17)
w(0,,£)=0, 0<y<L, (18)
WLoyt)=0, 0 y<L,, (19)

w(x,0,£)=0, 0<x< L. (20)
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We multiply both parts of equation (14) by the function w(x, y,t) #£0, t,<t<4¢, (x, y) € B, and then perform
integration over variables ¢, f, <t <t and (x, y) in the domain D. We will get:

1

I[(l - sr)‘[) w% dxdy}dt = IU wdzv[V k IiLq: gradw]dxdy}dt r=1,R. 21

0 10

After a series of transformations of equality (21), we obtain:

%(1 - sr{[)jwz(x,y, t )dxdy - _[)Iwz(x,y, to)dxdy}

Equality (22) under condition (15) is written as:

J.( I jwdlv ( V. k(o) Chor grad w) dxdy]d (22)
sin @,

to\. D

;1—8 j ij v, 1, Vdxdy = j [”wdzv(Vk()SH';”(; gradwjdxdde (23)
Let:
1
= j{ I} wdiv(Vrko Crer gradwjdxdyjdt 24)
sin @,
to\ D
There is equality:
f[w i[V,kf") Tb—J@ ;9 (V,,kf‘“LJ W ety =
S Ox sing, ) Ox oy sing, ) Oy
- O |l gl Ter 0w O W(V,kf‘))ﬂ M ey — (25)
5| Ox sing, ) Ox Oy sing, ) Oy

T, (WY T ow)’
sin (po Ox sin @, \ Oy

On the other hand, taking into account the boundary conditions (16)—(20) and the Ostrogradsky-Gauss theorem [19],

we have:
J'J‘ K V,kf")ﬂ w00, V,k,(‘))Tb—” ow dxdy = 0. (26)
5| Ox sin @, ) Ox Oy sing, ) Oy

From the equalities (25) and (26) we find:
1 2 2
R(w) = —I ” Vi Tb—” (a—w) + w dxdy |dt. (27)
ol sin @, [\ Ox oy
Taking into account (27), equality (22) will be written as:
2
1 T, |(ow) (oW
1—8 w’ x Lt )dxdy =— Vk —— | —| +|—| |dxdy]|dt. 28
2 I ot sy = tj;{-[ sm(p([(éxj (6)})] y} 28)

Next, we transform the right side of equality (28). By involving the Poincare inequality [20], we obtain:

(2 (] e v () o5 o

From the inequality (29) follows the assessment:

2
—j ”V Thor (Wj + o) dxdy|dt < 2 @ er | L 1 j jjw2dxdyd (30)
sin@, | \ Ox ay sing, L, L, o
From the equalities (33) and (35) the inequality is obtained:

1 17
1-¢ )||w x Lt )dxdy < —m Vk( ) Sber +— wdxdy |dt. GD
J .t ) = sin @, Li Li o 'LI Y
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Since w(x, ¥, t) # 0, then w’ (x, V, t*) > 0 is done. Due to the function continuity w’ (x, ¥, t) in some neighborhood of

the point ¢* at ¢, < ¢* <¢,, we have “ w? (x, ¥, t)dxdy > 0, and therefore:
D

Thc,r 1 1 1
- TCerk(O) —[E + L—Z) f l:” wzdxdy}dt <0. (32)

sin @, v )i L
From the resulting inequalities (31) and (32), a contradictory inequality will follow:

%(l - 8’).[).[ w’ (x, V., )dxdy< 0. (33)

Therefore, the identity w(x, Vv, tl) = (. is valid. Due to the arbitrariness of the time step t, T > 0, we have:

w(x,y,t): 0, t,<t<t.

Obviously, when w(x, y,t) = 0 in case of (x,y) € B, t,, <t<t, n=2,.,N.
Thus, the first step of induction at ”* = L. Similarly , arguments are constructed for n = s, s = 2,.., N, which leads
to equality:
w(x, Y, tx) =0.

The result of the reasoning is the following theorem.
Theorem. Let the equations (11) be given:

(n)
(1-e) 2

= div| k0t grad ) |~ div(y k7, )+ 22 r = 1LR,
rvr sin (po rvr b

t,,<t<t,n=12,..,N,

in a rectangular area:
D(x,y)={0<x<L,0<y<L,},

-1
with initial and boundary conditions (11), (3)—(7).

T
T, — L gradH(”’l)(x,y,tnfl)
sin @,

(n-1) A(T)d,,
" —po)ed, )

Then, if the conditions are met kf""l) >k, >0, kr("'l) eC' Bl then Vn, n=1,2,.,N the function
H(")(x,y,t), t,,<t<t, n=12,..,N of the class grad, )H(”) eclio

x,y

where k&

I_[T) will be the solution of the equation of the
number # in the cylinder I]; = D x (0, T ) and this solution is the only one.

Discussion and conclusions. The novelty of this work is determined by the formulation of a non-stationary spatial-two-
dimensional mathematical problem of sediment transport, taking into account their complex multicomponent composition.
The linearization of the corresponding initial-boundary value problem is performed on a grid in time and for an arbitrary time

step ¢, , <t <t,, n=1,2,..,N,the conditions for the initial-boundary value problem solution existence and uniqueness

n’

are obtained.
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