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Abstract

Introduction. Two-dimensional hydrodynamic models have proven their ability to adequately describe the processes
of runoff and transportation in rivers, lakes, estuaries, deltas and seas. Practice shows that even where significant three-
dimensional effects are expected, for example, with wind flows, a two-dimensional approach can work effectively.
However, in some cases, the two-dimensional model does not accurately reflect the actual flow structures. For example, in
shallow waters with complex bathymetry, heterogeneous terrain and dynamics can lead to a non-uniform velocity profile.
The aim of the study is to develop a basis for determining in which cases a two-dimensional model averaged in depth is
sufficient for modelling hydrodynamic processes in shallow waters like the Azov Sea, and in which cases it is advisable
to use a three-dimensional model to obtain accurate results.

Materials and Methods. Local analytical solutions have been obtained for the propagation of the predominant singular
progressive wave in a shallow, well-mixed reservoir. Advective terms and Coriolis terms are neglected, the vortex
viscosity is assumed to be constant, and the lower friction term is linearized. Special attention is paid to the latter, since
the characteristics of the models significantly depend on the method of determining the coefficients of lower friction.
The analytical method developed in the study shows that certain combinations of higher flow velocities (v > 1 m/s) and
water depths (d > 50 m) can cause significant differences between the results of the depth-averaged model and the model
containing vertical information.

Results. The results obtained are verified by numerical simulation of stationary and non-stationary periodic flows in
a schematized rectangular basin. The results obtained as a result of three-dimensional modelling are compared with
the results of two-dimensional modelling averaged in depth. Both simulations show good compliance with analytical
solutions.

Discussion and Conclusions. Analytical solutions were found by linearization of the equations, which obviously has its
limitations. A distinction is made between two types of nonlinear effects — nonlinearities caused by higher-order terms
in the equations of motion, i. e. terms of advective acceleration and friction, and nonlinear effects caused by geometric
nonlinearities, this is due, for example, to different water depths and reservoir widths, which will be important when
modelling a real sea.
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AHHOTAN NS

Beseoenue. JIBymepHbIC THAPOIMHAMUYCCKAE MOJCIH J0KA3ald CBOK CIIOCOOHOCTH aJCKBATHO OMMCHIBATH MPOIIECCHI
CTOKa M TPAHCHOPTHUPOBKH B peKax, 03epax, 3CTyapusx, AeTbTaX W MOpsx. [IpakThka mOKa3pIBaeT, 4TO JdaKe TaM, Ie
OXHIAIOTCS 3HAYUTEIbHBIE TpeXMepHbIe () (EKTHI, HaIpUMep, IPH BETPOBBIX NMOTOKAX, IBYMEPHBINA ITOIXOA MOXET pa-
6otars 3¢ dextuBHO. OHAKO B HEKOTOPHIX CIyYasx JBYMEpHas MOJICIb HEJOCTATOYHO TOYHO OTpaXkaeT (paKTHUCCKUE
CTPYKTYpHI IOTOKA. Hampumep, B MEIKOBOIHBIX BOIOEMaX CO CIOKHOM OaTUMeTprell HeOJHOPOIHBIN penbed) U TMHAMHU-
Ka MOTYT IPUBECTH K TOMY, YTO TPO(UIs CKOpOCTH OyneT HeOMHOPOAHBIM. L{enbio uccnenoBanus ABiseTcs pa3padboTka
OCHOBBI U1 OIIPEACIICHNUA TOIr0, B KaKUX ClIydasax I[ByMepHOfI MOJCIIH, pre}IHeHHOﬁ 10 FJ'Iy6I/IHC, JOCTAaTO4YHO JIsI MO-
JETUPOBAHUS MIPOIIECCOB THAPOJMHAMUKN B MEJIKOBOIHBIX BOIOEMaX, MMOJOOHBIX A30BCKOMY MOPIO, a B KAKHX CIIydasx
JUTS TIOY9EHUS TOUYHBIX PE3YIBTaTOB IIeNIeco00pa3HO MCIIONB30BAHNE TPEXMEPHONW MOIEIIH.

Mamepuanst u memoost. JIoKaTbHBIE aHATUTUYECKHE PEIICHHUS MOIYYCHBI U PACIpOCTpaHEHHS MpeoOnanaromeit
CUHTYJIIPHOHN MPOTPECCUBHON BOJHBI B MEJIKOBOIHOM, XOPOIIIO IIEPEMEIIAHHOM BO0OeMe. AJIBEKTUBHBIMH CIIaracMbIMHU
u cnaraembiMu Kopronuca npeHeOperaroT, BUXpeBas BI3KOCTh MPUHUMACTCS MOCTOSIHHOM, a cllaraeMoe HUKHETO TPCHUS
nuHeapusyetcs. [locnennemy ynensiercss 0coboe BHUMaHHE, MTOCKOIbKY XapaKTePUCTUKH MOJIENEH CYIIECTBEHHO 3aBU-
CAT OT crocoba onpeaeneHuss KodhGUIMEHTOB HUKHETO TPEHUS. AHAJTUTHUSCKUA METOJ], pa3paboTaHHBIN B HCCIENO-
BaHUM, TIOKa3bIBACT, YTO OMpEACICHHbIE KOMOMHAINN 00Jiee BRICOKHX CKOpOCTel TedeHus (1 ~> 1 M/c) 1 TiryOuH BOIBI
(d > 50 M) MOTYT BBI3BIBATh 3HAYUTEIBHBIC PA3IUYMS MEKIY Pe3yAbTaTaMU MOJAEIH, YCPETHEHHOM M0 TIyOHHE, U MOJC-
U, COoAepIKAICH MHPOPMAITUIO IT0 BEPTHKAIIH.

Pezynomamul uccnedosanusa. 1lonydeHHble pe3yabTaThl MPOBEPSIOTCS YKCICHHBIM MOJEIUPOBAHUEM CTAllMOHAPHBIX
Y HECTAlMOHAPHBIX EPHOJUUYECKUX TEUCHUH B CXeMaTH3UPOBAHHOM MPSIMOYTOJIbHOM Oacceiine. Pe3ynbrarhl, nonydyeH-
HBIE B PE3yJBTaTe TPEXMEPHOTO MOJESINPOBAHMS, CPABHUBAIOTCS C PE3yJIbTaTaMH JIBYMEPHOTO MOJEIUPOBAHIS, YCPEa-
HEHHOTO 110 TTyOonHe. O6a MOIENPOBAaHNS TOKA3BIBAIOT XOPOIIIEe COOTBETCTBUE aHAIUTHIECKAM PEIICHUSIM.
Ooécyicoenue u 3aKkntouenus. AHATUTHYECKAC PEIICHUS OBLIH HAaWIEHBI yTeM JINHEapU3aluy YpaBHEHUH, 9To, ode-
BHJTHO, IMEET CBOU OrpaHu4eHus. OTMeYaeTcs 1Ba BUAa HEIIMHEHHBIX 3((PEKTOB — BBHI3BAHHBIX WICHAMH 00JIee BBICO-
KOTO MOPSJIKA B YPABHCHUIX JBMKCHUS, T. €. YWICHAMH aJIBEKTUBHOTO YCKOPEHHUS U TPEHUS U BHI3BAHHBIX [COMETpPUYIC-
CKUMH HEJIMHEHHOCTSIMHU, YTO CBA3aHO, HAIIPUMED, C Pa3InYHON IIyOUHON BOJbI M LIMPHHOM BOIOEMA, 4TO OyJeT BaXKHO
TIPH MOJICITMUPOBAHUH PEATHHOTO MOPS.

KaioueBrle ciioBa: TuapoanHaMuKa, MeJ'IKOBO)IHI:Iﬁ BOIOCM, BOJTHOBOC ABUIKCHHUE, YUCIICHHOC MOJACTIUPOBAHUC

dunaHcupoBaHue. ccienoBannue BRIIOIHEHO 3a cueT rpanTta Poccuiickoro Hayynoro ¢orma Ne 22-71-00015. https://
rscf.ru/project/22-71-00015/
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Introduction. Heterogeneous relief and dynamics in shallow waters with complex bathymetry can lead to the fact that
the velocity profile will be heterogeneous, in this case, the two-dimensional model does not accurately reflect the actual
flow structures. The main purpose of this study is to develop a theoretical basis for determining in which specific cases
a two-dimensional model is sufficient to simulate flow processes in shallow seas such as the Azov Sea. To this end, it
has been studied whether the reduction from 3D to 2D has a significant impact on the output data of the hydrodynamics
model, such as water levels and depth-averaged flow velocities. It has been studied which simplifications are applied
to the flow problem to allow the use of two-dimensional equations averaged over depth, rather than three-dimensional
equations for shallow water. It is investigated which parameters are important when comparing a depth-averaged model
with a model containing vertical information; in which cases a two-dimensional depth-averaged model is representative.
The analytical approach made it possible to identify the effect of depth averaging using analytical solutions for highly
simplified situations.
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Despite conducting a wide range of studies focused on the problem under consideration, they do not fully reflect
the totality of various factors and processes: hydrophysical, hydrodynamic, hydrobiological, meteorological and
anthropogenic [1, 2]. The areas of application of the models presented in the study are tides caused by wind (for example,
storm surges). River flows and stratified flows determined by density are beyond the scope of this study [3-5].

Let’s consider the most important phenomena for shallow seas like the Azov Sea and determine the characteristic
scales of length, time and speed. In the Azov Sea, the formation of currents is mainly due to three factors: the wind regime,
the flow of flowing rivers and water exchange with the Black Sea. The great variability of currents is a consequence of the
instability of the wind regime, the shallow waters of the sea and its relatively small area. In open areas of the sea, under
the influence of wind, as a rule, there is a progressive movement of the aquatic environment, covering the entire thickness
from the surface to the bottom horizons. The prevailing current velocity in the Azov Sea is 10-20 cm/s, the maximum
velocity is 180—100 cm/s [6].

The mode of excitement of the Azov Sea is due to the small area of the sea, shallow depths and significant indentation of
the shores. Wave heights of less than 1 m prevail in the described area (their repeatability reaches 75 %). The repeatability
of wave heights of 1-2 m is 2045 %, and wave heights of 2-3 m — no more than 13 %. In the central, deepest part
of the sea, wave heights do not exceed 3.5 m and only in very rare cases they reach 4 m. In the stormiest months
(December—March), the development of unrest in the described area is limited by the presence of ice [6]. As for overburden
phenomena, before which there is often a powerful overclocking, strong waves are characterized by a slight decrease in
the height of the waves before the start of the storm and then their rapid increase. Often, the processes of development and
attenuation of run-up and storm phenomena in the Azov Sea are synchronous, thus dangerous phenomena arise.

In the Azov Sea, waves are observed with a length of mainly 15-25 m, and only sometimes 80 m. The wave period is
usually less than 5 s, extremely rarely — 7-8 s. In the described area, short and very steep waves are noted, which pose
a danger to small vessels.

In the shallow Azov Sea, seismic fluctuations occur constantly. Seiches are free fluctuations that occur in moderate—
sized basins (harbors, lakes, bays, or even in the sea). These are standing waves with a frequency equal to the resonant
frequency of the pool in which they occur. The duration of sessions can vary from a few minutes to several hours. The
reason for their appearance in the Azov Sea is not only a change in wind or atmospheric pressure over the sea, but also
waves of storm surges from the Black Sea. Since seiches are a resonant phenomenon, it is obvious that the size of the pool
in relation to the wavelength is an important factor.

Materials and methods

1. Problem statement. 3D Navier-Stokes equations are used as a basis for solving fluid flow problems [7-8]. Assuming
that water is an incompressible liquid, the continuity equation is applied:

ou oOv O
t—t—=

—+—+—=0
ox 0Oy oz
with velocity components u, v, ® in the direction x, y, z respectively. The conservation of momentum is expressed as follows:
2
8(pu)+ ﬁ(pu )+ 5(puu)+ ﬁ(pum) _ _8_p+ on o1, N 0T, N ot ’
ot Ox oy oz Ox ox oy oz
2
apv) , opuv)  dlpv*) , dlpve) _ Py P O 0T
ot Ox oy oz oy Ox oy oz
2
apo), olpuc) , olpve)  alpe?) __ap ), 0t Oty | Ot
ot Ox oy 0z oy ox Oy Oz

where p is the water density; p is the pressure; f is the Coriolis parameter; T is the viscous shear stress in the i-direction
on the j-plane.
The stresses are defined as:

5u[ au]‘
T ij =pV|—— +—
ox;, ox
where v is the kinematic viscosity.
The abbreviated designation is also used, where x, = (x, y, z), u, = (1, v, ) fori = 1, 2, 3.

To account for turbulence in the Navier-Stokes equations, the variables are decomposed into an average value and
variation: u = u +u'. We substitute the expansion over all variables into the momentum equations and the average results
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into the Reynolds-averaged equations of motion, which have the same form as the original Navier-Stokes equations, with
additional turbulent stresses called Reynolds stresses: T, = pu:u; [9].

The problem of closure is one of the main tasks of turbulence research. A simple turbulence model uses the Boussinesq
hypothesis to describe turbulent motions similar to molecular motions, but with vortex viscosity coefficients v,h uv, for
horizontal and vertical directions [10]. All of the above leads to the following equations:

ou ou ou ou 1 op 0 ( ,» Ou j o ,0u 0 ( » Ou j 1)
—tu—+0—+0—=- +fo+— +—|v, — |[+—| Vv, — |
ot Ox oy oz p, Ox Ox Ox oy oy oz oz
2
v ov dv v 1 op G(hﬁuj o( ,0v a( ij @
—tu—+—+o0—=——"—"—-fu+—|v,— [+—|v,— |+
ot ox oy oz Py Oy ox Ox Oy oy oz oz
3
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For a depth-averaged flow, it is assumed that the shear stress in the layer caused by the turbulent flow is determined
by the quadratic law of friction:
_PoglUlU _

o - =poc,, U,

b
where |U] is the value of the depth-averaged horizontal velocity, and C, is the Chezy coefficient for the depth-averaged
model [11].

For models with vertical information (2DV or 3D), a quadratic formulation of stresses in the reservoir is used. The
shear stress of the layer in 3D can be related to the current directly above the layer:

Ty =PoCy, |ub|ub’
where u, — the value of the horizontal velocity directly above the layer.
2. Analytical research. Suppose that U characterizes the scales of horizontal velocities # and v, L characterizes the

horizontal scales of length x and y, and H characterizes the vertical scale z. Then scaling the continuity equation leads to
the expression for the vertical velocity scale W:

ou oOv JOw
—

=0,
ox oy oz
£+£+K—O: W=0| — vH
L L H L

According to the data of the Unified State Information System on the Situation in the World Ocean [6], the horizontal
component of the velocity is several orders of magnitude greater than the vertical component of the velocity for tides,
storm waves and seiche in the Azov Sea. Consequently, the vertical component of the velocity can be neglected, it will
not be considered in this study.

The vertical momentum equation reduces to a hydrostatic balance:

op

0z G

Integrating this equation in the vertical direction gives:

P(2)=—pg(C—2)+ Py, in case of ? =0,
z

where C is the height of the free surface (fig. 1); p,,, is the atmospheric pressure on a free surface.

Now:
a_p:pg%, 8_p:pg%’ ecnn@zﬁzo. “)
Ox ox Oy Oy ox Oy
Substituting this into the horizontal momentum equations (1) and (2), we obtain:
ou ou Ou a( auj o ®)
—tu—+o———| v, — —g—+fu
ot ox 0y Oz oz

dv  dv v a( 60) & (6)

—tUu—+v—~—
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Along with neglecting the vertical component of velocity and replacing the pressure gradient with the water level
gradient, several other terms were ignored in order to move from equations (1) and (2) to (5)—(6). Viscous stresses are
not taken into account due to the fact that turbulent stresses are many orders of magnitude higher than viscous stresses,
because molecular viscosity is only important within a few millimeters of the boundary. In addition, horizontal turbulent
stresses are not taken into account.

Surface (z = {)

Control level (z = 0)

Bottom (z = —d)

Fig. 1. Determination of surface height  and depth of undisturbed water d

Using equations (5)—(6), we determine the relative orders of magnitude of the terms in order to get an idea of the
parameters that are most important in a certain situation, and which are insignificant. Let’s consider each term separately

and perform scaling:

— inertia: 8_u ~ g;
oo T
. w U2
—advection: u—~——;
ot

L
. e 0 Ou U
— vertical momentum diffusion: —|v, — |~V ;
z

— pressure gradient: — L
p g ‘g Y g I
— Coriolis force: fv =~ fU.
The term responsible for friction is important in the study, since it is defined differently in models. For 3D model, the
ratio between the coefficient of friction and the coefficient of inertia can be expressed as:
Sriction _ vU/H? Vv

~

inertia  U/T  oH”

1
where o » —-
T

In addition, important parameters are viscosity v, wave frequency o and vertical length scale (for example, water
depth d). A dimensionless combination of these parameters, widely used in the analytical approach, is described in
[12], where the dynamic expression for the phase shift stress is compared with the expression in which the bottom
stress is proportional to the depth-averaged velocity in the steady state. The result only depending on the parameter
odv (fig. 2).

When od?/v very small, the ratio approaches unity, which means that the shear stress of the layer reacts to the periodic
flow as if it were constant at each moment of time: wd?v < 0.5. It can also be written as d” / v<0,5-T/2n~0,08-T,
where T is the period of the oscillating flow. The value d?/v can be interpreted as the time required for a viscous flow to
change the velocity profile at depth d. Thus, a quasi-stationary shear stress of the layer is expected when the adjustment
time is less than 8 % of the period.
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For turbulent flow in shallow water, the vortex viscosity estimate is [13]:

v= %Kdu* =0,067du, .

od?/v

1.0

0.8

Phase shift

0.6

0.4 Ratio of amplitudes

0.2 Bottom voltage

0

0 2 4 6 8 10 t

Fig. 2. The ratio of shear stresses of the layer at dynamic and steady flow

For the Azov Sea, with an average water depth d ~ 7.4 m and an average amplitude of the current at a depth u ~ 0.5 m/s,
the vortex viscosity estimate is v = 0,00925 m/s.

Analytical solutions can be obtained only for significantly simplified forms of the equations of motion. Since the
advection terms are nonlinear, it is necessary to exclude them from the momentum equation for an analytical approach.
When the wave propagation velocity is defined as the wavelength over the wave period ¢ = L/T, the ratio between the
advection term and the inertia term leads to the Froude number, defined as F = u/c. F <<1 meaning that the inertia term
is much more important than the advection term and therefore the advection term can be neglected. This refers to long
waves with small amplitudes relative to the depth of the water. The set of equations without advective terms reduces to:

ou o’u aC

_—y, —=— —+ , 7
o Ve e Y @
ov 0%v oC op
— v, —=—g—2—fu, —=—pg.
o e Sy oz ¢

We will consider a periodic flow bounded by one horizontal dimension given by equation (7). The main attention will
be paid to the effect of changes in the plane (x, z). Taking into account these assumptions, the basic equation 2DV takes

the form:
ou 0’u
A YR, 8
o o %)
a¢
F=—o22.
gax

Equation (8) can be integrated over the water depth d to obtain one-dimensional equation of momentum in the
x direction:

d& )| GO0 gy,
ot 82(2:0) 82(_,:76,)

where U is the depth-averaged velocity.

On the sea surface (z = 0), the shear stress is zero, since the free surface does not create any friction (in the absence
of wind). In the formation (z = —d), it is customary to associate the shear stress with the velocity averaged over the depth
with the coefficient of friction ¢ f for the model averaged over the depth. So, when:

0
vta—::rh e, |U|U,
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the depth-averaged equation takes the form:
U < vlo _

5 y, F. )

Here the friction term is proportional |U|U and, therefore, not linear. Since linear equations are much easier to solve
analytically, it is convenient to use the linearization method. Lorenz [14] proposed such a linearization of the shear stress
of the layer, which for many decades served as the basis for simple solutions. Suppose that the flow velocity changes
sinusoidally in time:

U(t):[]cos(mt). (10)
Only the real part of the expression for U, which is used further, is considered. Figure 3 shows the corresponding

’\2 . . . . . . . . .
|U | U / U =|cos (co t)|cos (u) t), which represents friction as a function of time, showing deviations from the pure cosine
function.

1.0
|cos(cot)cos(03t)|
0.5
8 8
—cos(o? —cos(o?
- (o2) ™ (i)
0
2n ot
-0.5
-1.0

Fig. 3. Linearization of the quadratic friction term [15]

The rationale for linearization lies in the fact that, as is commonly believed, it does not reproduce the exact cosine
function as long as the damping effect of friction persists. For this purpose, the energy that is lost per cycle due to friction
is set equal for both cases. This approach allows us to obtain a suitable estimate of the linearization constant k:

8, U_.
K _Ecﬁ ENC»“ ik
where the subscript “1” indicates a one-dimensional case. This expression contains the original velocity U, which is
unknown. Although iterative approaches to its definition have been proposed, this linearization constant is often accepted
as a calibration parameter.
The shear stress of the linearized layer becomes: 1, =c¢,, |U |U ~ kdU.
Substituting this into equation (9), we obtain:

ou
—+xU=F. 11
or (an

For dynamic flow in a one-dimensional situation, this linearized equation is used, while a complex representation of
the flow velocity is introduced:

U(t)=Ue™, (12)

where U is the complex amplitude; ¢’ = cos(wt)+isin(wt), where i is an imaginary unit satisfying the equation i = v/— 1.
The factor e causes rotation in time with o as the angular frequency, which is equal to 2w/T.
Note that the velocity defined in (10) is equal to the real part of the expression:

Ult) =Re[ljei ‘”’]: Ucos (o).
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Substituting the complex periodic solution (12) into equation (11), excluding the time change ¢ in each term gives:

S I U T T
ioU+xU=F, (o+x)0=F U-—1, g=2._1  g-4—
o+ K, io 1+x, /io 1-io,

>

where d=f _ 8% k8 O
o 3t " od

i® io ox’
So, the expression for the depth-averaged velocity in the x direction is:

U=4- ! e,
l-ic,

Thus, the expression for the depth-averaged velocity U is obtained by solving the depth-averaged momentum equation.
Next, let’s compare this expression with a similar solution for the depth-averaged velocity calculated using a model with
vertical information.

.0 o’ . o . ~( N\ ~. .
The momentum equation a_ v, —zl = F with aperiodic solution u(z, t) =u (z)e’ “ (now i is the complex amplitude

as a function of the vertical coordmatgf and elimination ¢ takes the form:

iwﬁ(z)—v, —u(z):ﬁ

i(z)=Ce +Cre** + 4, p= |1 F_F.
Vv, io

On the sea surface (z = 0) shear stress T = 0 since the free surface does not create friction (in the absence of wind):

6_u =0=> (C=C, =
0z (z=0)
— §i(z)=Ccosh(bz)+ 4. (13)

There are several variants of the boundary condition in the layer to find an expression for the C integration constant.
The partial slip condition assumes velocity in the layer u # 0. It is assumed that the shear stress in the layer (z = —d) is
described by the linearized quadratic law of friction:

ou

v, — =1, ~K,du,
0z (:=-d)

8 u

where x, =—c¢, L.

3n "2 d

The subscript “2” indicates a two-dimensional case. Substituting the expression for the flow velocity (13) into equation
(14), we obtain:

v, -(Chsinh(- bd)) = x,d - (C cosh (- bd )+ A)

C-(~v,b sinh(-=bd) - x,d - cosh (bd)) = x,dA =

-1
=C=-A ( sz sinh(bd)+ cosh (bd)j .

K

The solution for the vertical velocity profile becomes:

a(-)=41 coshbz) | (s)
Vf’; sinh(hd )+ cosh (bd )
K,
~(\_ 7 [;_<cosh (b2)
ile)=4 (1 ! cosh(bd)}

-1 . -1
where Y= [1 + itanh(bd )\J = (1 + ! tanh(bd )j .
Kod o,b
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So, the velocity profile described by equation (15) is a function of a dimensionless parameter:
bd = Jiod* v, (16)

Kk, 8 u,
0, =

and dimensionless parameter G,

— = _sz -2 .
o 3n 7 od

The parameter similar to the parameter in equation (16) has already been discussed in the context of the shear stress
of the layer wd*/v.

The depth-averaged velocity is obtained:

L_lzl Oﬁ(z)dz:ljoj 1_?005h(bz) dz:é Z_icosh(bz) ’ :
d d|” bcosh(bd)|,

The equation for a one-dimensional steady-state flow model with linearized bottom friction (11) reduces to:
xU=F, a7

where K, = cf,|U/d is the linearized coefficient of friction for a depth-averaged flow (for a steady flow, the coefficient 8/3n
is not taken into account); U is the depth-averaged horizontal velocity and F' = —gd(/0x is an abbreviated designation of
the water level gradient. The expression for the depth-averaged velocity U follows from equation (17):

U=—. (18)

K
In a two-dimensional steady-state flow model with linearized bottom friction, equation (18) reduces to:

0’u

t 2
0z

Since it is assumed that F' is independent of z, integration gives:
ou

—=-Fz+C,.
0z

Vi

On the sea surface (z = 0) the shear stress t, = v,0u/0z =0 means that the integration constant C,= 0 and, therefore:
v, % =-Fz. (19)
oz
Thus, the shear stress is linearly distributed vertically with the maximum shear stress 7, in the layer (z = —d):
T, =Fd. (20)
Assuming a constant vertical vortex viscosity, the velocity profile is determined by integrating equation (19):

uz)=c, - = @

This is a parabolic velocity profile, where the integrating constant C, is equal to the maximum velocity on the sea
surface (z = 0). To find the constant C,, it is necessary to impose a boundary condition on the layer. Various approaches
are possible to implement the lower boundary condition.

The combination of the linearized boundary condition T, = k,du,, x, = Cy, |u,,| / d and equation (20) will result in an
expression for the velocity in the layer. Substituting this into equation (21), we obtain an expression for C,. Then the speed
profile becomes:

2v, K,
Integration by depth gives:
0 0 2 2
E=lju(z)dz:lj i(d2—22)+£ dz:Fd +Fd . (22)
d J-d d J-a\ 2v, K, v, kK,
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Thus, in the stationary case, there are also two solutions, (18) and (22), with two different bottom friction coefficients,
where «, # K, since the shear stress of the layer is determined differently in both cases. Assume that the depth-averaged
velocities for both models are equal 4 = U. This leads to the following relation between i, and «.:

Applying c =« / o:
2
1 1 N od ) (23)

In the relation between o, and o, there is a dimensionless parameter wd®/v now choosing a certain range for o, will
result in obtaining o, as dimensionless parameter function for each . o-ratio (23) helps comparing the amplitudes and
phases of depth-averaged velocities calculated using a one-dimensional and two-dimensional model, respectively.

Figures 4 and 5 show the ratio of the velocity amplitude and phase for several values o,. The relations of amplitudes
and phases for the corresponding physical phenomena are indicated by dots. Thus, the application of the c-relation is
limited to situations od*/v>/G,.

||u2D|/|u3D
1,5
1,4
13 c,=1,00
c,=0,50
1,2
c,=0,25
1,1
c,=0,10
1,0
c,=0,05
0,9
c,=0,02
0,8
0,7
0

10 20 30 40 50 60 70 80 90 100 wd*v,
Fig. 4. The ratio of amplitudes between U and u as a function od’/v,and G,

The ratio of velocity amplitudes is greater than 1, provided that wd?/v < 65, this means that the velocity calculated
using a depth-averaged model will be greater than the amplitude of the velocity that contains information about the
vertical than vice versa. In addition, it should be noted that for seas like the Azov Sea (green dot on the line &, =0.25) the
ratio of the velocity amplitude to 1.06 and the phase ratio to 1.01. An amplitude deviation of 6 % is expected for parameter
values that are likely to occur in practice. At the same value wd”/v, but a higher value o, the differences increase (yellow
dot on the line 5, =0.50). The only reason for the increase , when ®, d and v, remain constant would be an increase in
velocity U . So, the initial initial velocity was estimated as U=05 m/s, for U =1 m/s the yellow dot indicates the ratio
of the velocity amplitudes 1.23 and the phase ratio 0.94.

At lower values of the ratio of velocity amplitudes is almost always greater than 1, regardless of the value od*/v,. In
the case of inertia dominance (for example, for a seiche) one should not expect any difference between calculations with
vertical information and without it. This is indicated by a green dot on the line 6, = 0,02.

The result of the amplitude-phase ratio seems to be significantly sensitive to the estimation of velocity amplitudes U,as
well as to the bottom friction coefficient ¢,. It can be concluded that the regions in which significant differences (more
than 20 %) should be expected are difficult to quantify in a general sense, in addition, there are certain combinations of
flow velocity and depth water, which can lead to a significant difference in results.



Comp ional Math tics and Information Technologies. 2023;7(3):49—63. eISSN 2587-8999

In a one-dimensional steady- state flow model with quadratic bottom friction, the momentum equation reduces to:
¢ lolU
d

where ¢ » is the coefficient of friction for the flow averaged over depth.

Since U can be considered positive at steady flow, the expression for the depth-averaged velocity becomes:

U= |F4.
<

E

(UL
1.2
1.1
1.0 G]ZI.OO
0.9 5,=0.50
0.8 5,=0.25
0.7 5=0.10
06 ,=0.05
0.5
5,=0.02
0.4
0

10 20 30 40 50 60 70 80 90 100 wd?/v,

Fig. 5. The phase ratio between U and u as a function od’/v,and |

The starting point for a steady flow with quadratic bottom friction for a two-dimensional model is equation (21).
The integration constant is again found by superimposing a boundary condition on the layer. The combination of the
quadratic boundary condition (T, = ¢, , |ub |Mb) and equation (20) will result in an expression for the velocity in the layer.
Substituting this into equation (21), we obtain an expression for C,, thus, the velocity profile becomes:

u(z)z%(d2 —zz)+ j—d:
t f2

where ¢, is the coefficient of friction for the model containing information in the vertical direction. Integration by depth

2
0 0 2

Ezlj.u(z)dzzlj. i(dz—zz)+ fd z:Fd + fa,

d J-d d J-d| 2v, 3v ¢,

sz f

gives:

Similarly, to the linearized case, under the assumption % =U follows the relation between ¢, and Cy

1:1+\/ﬁ
B

since the shear stress of the layer is determined differently. The elevation function of the level can be

E)

also c #C, and Cps

included in this analysis using the continuity equation:

ou Ov 0w
—+—+—=0.
ox 0Oy o0z

The depth—averaged version of the continuity equation is:

% 49U o, 24)
ot Ox
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where  is the height above sea level on a free surface; d is the depth of the water; U is the depth-averaged velocity. The
height of the surface can be found by substituting an expression for the depth-averaged velocity calculated using two
models.

The previously obtained one-dimensional depth averaged velocity U is equal to:

U=4 ! e,
1-ic,
where A = F/ iwu F=-goC / ox.
Substituting this into the depth-averaged continuity equation (24), we obtain:

~ 2% .
e

io ox* | 1-io,

-~
Substituting {(x,7)=C(x,¢)e’’, we obtain: in _dg 0 f’ L oo —o,
io ox” |\ 1-io,

This differential equation has the following homogeneous solution:
E(x)z C.e”+C_e™,

where * p, ==iky\/l1-io;, k, =0/c, is the wave number without friction; ¢, = \/g_d is the speed of the wave without
friction.

The general periodic solution given by equation (25) contains two exponentially decaying waves propagating in the
opposite direction. Here +ik, represents propagation in the absence of friction, 4/1-ic, represents the effect of friction.
Rewriting p as p, = u + ik:
kO

) yJl—tan’$

) Re(p): W, =k, tand,

k
where tan’§=0, =— or tan28 =0, = —-
®
Here, instead of working with o (the ratio of friction to inertia), the friction angle 8 is determined, since this seems
more convenient. The general periodic solution of equation (25) can be written as:
((x)=C, e +C e, E(x): C, et e ™M 4 C 2eM 7MY, E(x): C.+C. (26)

This is an abbreviated designation for two waves propagating in the opposite direction.
Similarly, u substituted into the continuity equation, which leads to the following complex root:

-1/2

+ p, = tik, 1—£tanh(bd) ,

. 71 .
where % :(1+ S lbd tanh(bd)J > 0, :ﬁ, bd = /Ed,
2 o Vi

The following section illustrates some of the previous developments for a singular translational wave and waves in
a pool closed at one end, both for the two-dimensional and three-dimensional case.
Results. To interpret the solution for a singular progressive wave, we will use:

C(x, t) = Re{iei“”}.
A singular traveling wave is considered, so we will use from equation (26):

é/+ (x,t) = Re{é’i (x)efo)t}z Re{c+e—P.veimt }

Substituting p, = p + ik and taking C, modulo and argument, we get:

C+(x’t):Re{|C+|e*Hxei(mt—kx+argc+)} or C+(x’t)=C~+(x)ei(mt—/a+argq)

C

—ux

where Z+ (x)=|C,le

+
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This solution shows the surface height of a singular translational wave with & (the imaginary part of p) as the wave
number (phase change per unit length). Since the phase varies with x and ¢ through oz — kx, this refers to a progressive
wave in the positive direction x, with a phase velocity ¢ = w/k an argument C, is the initial phase (phase when wt = 0)
¢, for x=0. The amplitude C_ (x, 7) for x = 0 is given through |C, | decreases exponentially in the positive direction along
the x axis with a decay rate of p.

The results of numerical experiments are presented in Table 1. Case 1 illustrates a situation in which bottom friction
does not significantly contribute to the solution (o, =0.05; d= 60 m); for case 2, friction is essential (5, = 0.50; d =20 m).

Table 1

Calculated parameters of a wave with constant viscosity v = 0.05 m*/s

Parameter Formula Case 1 Case 2
G, 0.05 0.50
o, 0.06 0.62
60 [Mm] 20 [m]
c, \/ng 24.3 [m/c] 14.0 [m/c]
k, o/c 5.80-10°¢ 1.00 - 107
k, Im (p,) 5.80-10°¢ 1.03 - 107
k, Im (p)) 5.81-10°¢ 8.79 - 10°¢
K, Re (p) 1.45-107 244 -10°¢
K, Re (p,) 1.50 - 107 1.56 - 10°¢

The amplitude of the surface rise decreases with a coefficient e#** . exp (—puAx). At a distance of Ax = 10 km one-
dimensional reduction coefficient for case 1 is equal e*"19x0.99, two-dimensional one is also equal e*°'9x0.99. For
case 2, the one-dimensional reduction coefficient is exp(—0.24)=0.78, 2D — exp(—0.16)=0.86. It can be concluded that
the differences between one-dimensional and two-dimensional results are not significant when bottom friction does not
significantly contribute to the solution.

Discussion and Conclution. Analytical solutions for a depth-averaged model and a model that contains vertical
information are:

~ 1 o 5 _
U=4- e, u:A-(l—Ltanh(bd)Je’””,
bd

1-ioc,

where v is the function of 6, and bd. Thus, the depth-averaged velocities in both models look very similar and can be
described by a function of a dimensionless o -parameter or ¢ -parameter and a dimensionless parameter bd, respectively,

where:
.2
bd = /lmd .
Vt

In order to link the above solutions, it was decided to assume that the depth-averaged velocities in both cases are equal

8 U - 8 . Up
—Cc, —> =— —_—
3r Trod  © 3n rod

6, =

for a steady flow.

Concentrating on the propagation of one predominant singular progressive wave, the analytical approach shows
that certain conditions can cause significant differences between the depth-averaged velocities calculated using two-
dimensional and three-dimensional models. However, a thorough study has led to the conclusion that it is quite difficult to
find such conditions in practice. Thus, in combination with the uncertainties associated with the relationship between the
two models, the greatest differences should be expected in places with greater water depth (d > 60 m) and high speeds
(u => 1 m/s). It should also be noted that the ratio of amplitudes is almost always greater than 1, and the ratio of
phases < 1 for seas.

Analytical solutions were found by linearization of the equations, which obviously has its limitations. A distinction is
made between two types of nonlinear effects:

1. Non-linearities caused by higher-order terms in the equations of motion, i.e. the terms of advective acceleration and
friction. The linearization of the kU friction term is based on optimal reproduction of the prevailing singular progressive
wave. Although such linearization is effective for the purposes of this study, it distorts the propagation and generation of
other components of the motion of the aquatic environment.
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2. Nonlinear effects caused by geometric nonlinearities that result from the dependence of the cross-section on the
height of the surface {. This is due, for example, to the different depth of water and the width of the reservoir, which will
be important when modelling a real sea.

References

1. Bijlsma AC, Uittenbogaard RE, Blokland T. Horizontal large eddy simulation applied to stratified tidal flows.
Proceedings of the International Symposium on Shallow Flows. Delft, Netherlands. 2003:559-566. https://doi.
org/10.1201/9780203027325.ch70

2. Chamecki M, Chor T, Yang D, et al. Material transport in the ocean mixed layer: recent developments enabled by
large eddy simulations. Reviews of Geophys. 2019;57:1338—1371. https://doi.org/10.1029/2019RG000655

3. Gushchin VA, Mitkin VV, Rozhdestvenskaya TI, et al. Numerical and experimental study of the fine structure of
a stratified fluid flow over a circular cylinder. Applied Mechanics and Technical Physics. 2007;48(1(281)):43-54. (In
Russ.). https://doi.org/10.1007/s10808-007-0006-y

4. Jirka GH. Large scale flow structures and mixing processes in shallow flows. Journal of Hydraulic Research.
2001;39(6):567-573. https://doi.org/10.1080/00221686.2001.9628285

5. Smit PB, Janssen TT, Herbers TH. Nonlinear wave kinematics near the ocean surface. Journal of Oceanography.
2017;47:1657-1673. https://doi.org/10.1175/JPO-D-16-0281.1

6. Unified state information system on the situation in the World Ocean. URL: http://portal.esimo.ru (Accessed
10.06.2023).

7. Alekseenko E, Roux B, Sukhinov A, et al. Nonlinear hydrodynamics in a mediterranean lagoon. Nonlinear Processes
in Geophysics. 2013;20(2):189—-198. https://doi.org/10.5194/npg-20-189-2013

8. Battjes J, Labeur R. Unsteady Flow in Open Channels. Cambridge University Press, 2017. 312 p. https://doi.
org/10.1017/9781316576878

9. Belocerkovskij OM. Turbulence: new approaches. Moscow: Nauka, 2003. 285 c.

10. Monin AS. Turbulence and microstructure in the ocean. Soviet Physics Uspekhi. 1973;109(2):333-354. (In Russ.).
https://doi.org/10.1070/PU1973v016n01 ABEH005153

11. Breugem WP. The influence of wall permeability on laminar and turbulent flows. PhD thesis. Delft University of
Technology, 2004. 206 p.

12. Vreugdenhil CB. Numerical Methods for Shallow-Water Flow. Springer, Berlin; Heidelberg, New York, 1994. 262 p.

13. Fischer H. Mixing in Inland and Coastal Waters. Academic Press, 1979. 483 p.

14. Lorentz HA. Sketches of his work on slow viscous flow and some other areas in fluid mechanics and the background
against which it arose. Journal of Engineering Mathematics. 1996;30(1-2):1-18. https://doi.org/10.1007/BF00118820

15. Sukhinov Al, Chistyakov AE, Alekseenko EV. Numerical realization of the three-dimensional model of hydro-
dynamics for shallow water basins on a high-performance system. Matematicheskoe modelirovanie. 2011;3(5):
562-574. (In Russ.). https://doi.org/10.1134/S2070048211050115

16. Suhinov Al, Chistyakov AE. Parallel implementation of a three-dimensional hydrodynamic model of shallow
water basins on supercomputing systems. Numerical methods and programming. 2012;13(1):290-297. (In Russ.).

17. Suhinov Al, Chistyakov AE, Fomenko NA. A Method of Constructing Difference Scheme for Problems of
Diffusion-Convection-Reaction, Takes Into the Degree of Filling of the Control Volume. Proceedings of the Southern
Federal University. Technical sciences. 2013;4(141):87-98. (In Russ.).

18. Sukhinov Al, Chistyakov AE, Procenko EA. Sediment Transport mathematical modeling in a coastal zone using
multiprocessorComputational. Numerical methods and programming. 2014;15:610—620. (In Russ.).

19. Vasil’ev VS, Suhinov Al. Precise Two-Dimensional Models for Shallow Water Basins. Matematicheskoe
modelirovanie. 2003;15(10):17-34. (In Russ.).

20. Samarskiy AA. The Theory of difference schemes. Moscow: Nauka, 1989. 553 p. (In Russ.).

21. Samarskiy AA, Vabishevich PN. Numerical methods for solving convection-diffusion problems. Moscow : Nauka,
2015. (In Russ.).

About the Authors:

Sofia V Protsenko, Candidate of Physical and Mathematical Sciences, Associate Professor of the Department
of Mathematics, Researcher, A.P. Chekhov Taganrog Institute (branch) Rostov State University of Economics
(48, Initiative St., Taganrog, Rostov region, 347936, RF), ORCID, rab5555@rambler.ru

Elena A Protsenko, Candidate of Physical and Mathematical Sciences, Associate Professor of the Department of
Mathematics, Leading Researcher, A. P. Chekhov Taganrog Institute (branch) Rostov State University of Economics
(48, Initiative St., Taganrog, Rostov region, 347936, RF), ORCID, eapros@rambler.ru

Anton V Kharchenko, Master’s student, A. P. Chekhov Taganrog Institute (branch) Rostov State University of
Economics (48, Initiative St., Taganrog, 347936, RF), av.kharchenko91@mail.ru



https://doi.org/10.1201/9780203027325.ch70
https://doi.org/10.1201/9780203027325.ch70
https://doi.org/10.1029/2019RG000655
https://doi.org/10.1007/s10808-007-0006-y
https://doi.org/10.1080/00221686.2001.9628285
https://doi.org/10.1175/JPO-D-16-0281.1

http://portal.esimo.ru
https://doi.org/10.5194/npg-20-189-2013
https://doi.org/10.1017/9781316576878
https://doi.org/10.1017/9781316576878
https://doi.org/10.1070/PU1973v016n01ABEH005153

https://doi.org/10.1007/BF00118820
https://doi.org/10.1134/S2070048211050115
https://orcid.org/0000-0001-9656-8466
mailto:rab5555%40rambler.ru?subject=
https://orcid.org/0000-0001-7911-3558
mailto:eapros%40rambler.ru?subject=
mailto:av.kharchenko91%40mail.ru?subject=

Comp ional Math tics and Information Technologies. 2023;7(3):49—63. eISSN 2587-8999

Claimed contributorship:
all authors have made an equivalent contribution to the preparation of the publication.

Received 19.07.2023
Revised 10.08.2023
Accepted 11.08.2023

Conflict of interest statement
the authors do not have any conflict of interest.

All authors have read and approved the final manuscript.

06 asmopax.:

Ipouenko Codusi BragumupoBHa, kauauaar GU3NKO-MareMaTHYeCKUX HayK, JOLIEHT Kadeapbl MaTeMaTuKu, Hay-
HBII cOTpynHUK, Taranporckuit mHCTUTYT UM. A. I1. Yexosa (pmman) PocToBckoro rocynapcTBEHHOTO SKOHOMHUYECKOTO
yauBepcurera (347936, PO, . Taranpor, yi. Uannuartushast, 48), ORCID, rab5555@rambler.ru

IIpouenko Enena AnatonbeBHa, KaHAUAAT QU3MKO-MaTeMaTHYECKUX HAyK, JOLEHT Kadenpbl MaTeMaTHKH, BEly-
M HAyYHBIN COTPYIHUK, Taranporckuii ”HCTUTYT uM. A. I1. Uexosa (¢hunman) PocToBckoro rocynapcTBeHHOTO SKOHO-
Muueckoro yausepcutera (347936, PO, r. Taranpor, yn. Maunnarusnas, 48), ORCID, eapros@rambler.ru

Xapuenko AHTOH BaagumupoBuy, marucrpant, Taranporckuit nHCTUTYT uM. A. I1. Yexosa (punman) PocToBcko-
0 TOCYOapCTBEHHOTO JKOHOMHYeckoro yHuBepcurera (347936, P®, 1 Taranpor, yn. Uaunuarusaas, 48),

av.kharchenko91@mail.ru

3asnenennvlii 6xk1a0 cOABMOPOE:
BCE aBTOPHI CHIETaIM SKBUBAJICHTHBIN BKJIA]] B [TOJrOTOBKY ITyOIHKAIIUH.

Moctynuiaa B penakuuio 19.07.2023
Hoctynuiaa nociae peuensupoBanus 10.08.2023
IIpunsra k nyoankanuu 11.08.2023

Konghnuxm unmepecos
ABTOpBI 3asIBIISIFOT 00 OTCYTCTBUU KOH(IMKTA HHTEPECOB.

Bce asmopbl npouumanu u 0006puny OKOHYAMENbHbII 6APUAHI PYKONUCU.

63


https://orcid.org/0000-0001-9656-8466 
mailto:rab5555%40rambler.ru?subject=
https://orcid.org/0000-0001-7911-3558
mailto:eapros%40rambler.ru?subject=
mailto:av.kharchenko91%40mail.ru?subject=

	Кнопка 2: 
	Кнопка 3: 
	Кнопка 5: 
	Кнопка 4: 
	Кнопка 1: 


