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Abstract

Introduction. The negative consequences that may arise due to an accidental oil spill are difficult to account for, since
they disrupt many natural processes and relationships within the ecosystem of the reservoir. After an oil spill, a dense
layer of oil film forms on the water surface quite quickly, preventing access to air and light (after a spill of one ton of oil,
an oil slick about 10 mm thick forms on the surface of the reservoir after 10 minutes). As a result, the fauna and flora of
the reservoir suffer. If the accident occurred in the coastal zone near a populated area, then the toxic effect is enhanced,
because petroleum products in combination with various pollutants of human origin can form dangerous compounds. For
high-risk areas (the main routes of transportation of petroleum products, places of their bunkering and unloading, etc.),
it is necessary to predict various scenarios for the spread and transformation of oil pollution, taking into account their
multifractional composition, turbulent diffusion and advective transport, destruction under the influence of natural factors.
The aim of the work is to build a linearized non-stationary spatially heterogencous mathematical model of transport and
transformation of oil pollution, taking into account the above factors.

Materials and Methods. The oil that has entered the aquatic environment is represented as a surface and suspended
substance in the water column. Oil is subject to a variety of transformation processes: advection, gravitational spreading,
emulsification, dispersion, dissolution, biodegradation, etc. The study of these processes and their forecasting, as a rule,
requires the development of mathematical and software. In mathematical and numerical modeling, one should start from
the system of Navier-Stokes equations and continuity equations, as well as introduce additional physical tolerances of the
flow geometry, acceptable and justified in each case, as shown by world experience and objective analysis of the physical
picture of processes. Mathematical modeling of the oil distribution process in coastal marine systems has been performed.
Results. Mathematical oil distribution model has been created, taking into account its multifractional composition. It
is assumed that oil fractions can be in water in dissolved or undissolved states. The modeling takes into account such
physical characteristics of particles as density, acceleration of gravity, molar mass, etc. After the linearization of the
problem under consideration, difference schemes using extended uniform grids were constructed.

Discussion and Conclusion. Pollution caused by an oil spill in the aquatic environment occurs very quickly and is often
very destructive. An important factor will be prompt response, which plays a crucial role in minimizing its negative
consequences. Modeling of the oil spill process can be useful for determining the location and condition of oil at sea,
conducting a risk analysis of the spread of the substance and developing measures to localize and eliminate pollution.

Keywords: coastal marine systems, emergency oil spill, oil slick, multi-fraction composition of oil, concentration of oil
particles, mathematical modelling, continuous model approximation
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AHHOTALUA

Beeoenue. HeratnsHble 1mociaencTBUs, KOTOPbIEe MOTYT BO3HHKHYTH IO NPUYMHE aBapUHHOIO pasiuBa HedTH, HOCAT,
KaK IIPaBUJIO, TPYAHO YUUTBIBAEMBII XapaKTEp, IOCKOIbKY HAPYIIAOT MHOTUE €CTECTBEHHBIE IIPOLIECCHl U B3aUMOCBA3U
BHYTPH 3KOCHCTEMBI BomoéMma. [locie pasnuBa He()TH Ha BOIHON IOBEPXHOCTH JOBOJIBHO OBICTPO 00pa3yeTrcs IIOTHBIN
ClI0i He(TAHON IUICHKH, MPEIMSTCTBYIOMMK JOCTYIy BO3AyXa M cBeTa (IIOCie pa3inBa ONHOW TOHHBI HedTH depes
10 MUHYT Ha MOBEPXHOCTHU BOI0EMa 00pa3yeTcss HeTIHOE MATHO TONMKHOMK okoo 10 Mm). Benenctue aToro crpagaer
JKMBOTHBIN M PacTUTENIbHBII MUp Bojoema. Eciu aBapust mpou3onuia B IpUOPEKHON 30HE HEMoJalIeKy OT HACEeJICHHOTO
IYHKTa, TO TOKCHYECKUH 3(P(EKT yCHIMBaeTcs, IOTOMY 4YTO He(Th/He()TENPOLYKThl B COYETAHHU C Pa3IUYHBIMH
3arpsI3HATENISIMU - YEJIOBEUECKOTO TIPOMCXOXKICHMSI MOTYT OOpa3oBBIBATH ONACHBIE coeAuHeHus. [t tepputopuit
TIOBBIIIEHHOTO PUCKA (OCHOBHBIX MapIIPyTOB TPAHCIIOPTHUPOBKU HE(PTENPOIAYKTOB, MECT UX OYHKEPOBKH U BBITPY3KH U JIp.)
HEOOXOAMMO IPOTHO3MPOBATh PA3JIMYHbIE CLEHAPUU PACIPOCTpaHeHHs WU TpaHcopmauuu HEe(PTSIHBIX 3arps3HEHUN
C Y4eTOM HMX MHOTO(PaKIMOHHOTO COCTaBa, TypOyneHTHOH Iud(dy3uu u agBeKTHBHOTO NEPEHOCA, NECTPYKLHMHU IIOX
BO3/IeHiCTBHEM NIPUPOJHBIX (PAKTOPOB U T. A. Llenapro paboThl ABISETCS MOCTPOSHHE JINHEAPU30BAHHOIN HECTAIIMOHAPHON
IIPOCTPaHCTBEHHO-HEOAHOPOAHONW MaTeMaTHYECKOW MOJENN TPaHCIopTa W TpaHchopMmannu HEPTSHBIX 3arps3HEHUH
C YUCTOM IMECPCUUCICHHBIX BbILIC q)aKTopOB.

Mamepuanst u memoost. Ilonapnias B BOAHYIO cpefy He()Th NpeACTaBIAeTCs B BUIE IIOBEPXHOCTHON M B3BEIICHHON
B BOmHOW Tomme cyOctaniuu. HedTs moasepskeHa MHOXKECTBY TpaHC()OPMALMOHHBIX IMPOLECCOB: aJBEKIMH, I'pa-
BUTAllMOHHOMY PpacTEKaHMIO, SMYJIBIHMPOBAHMIO, JIUCIIEPIHMPOBAHUIO, PAacTBOPEHHUIO, Owonmerpagamuu u ap. Hc-
CJIe/IOBAaHUE JaHHBIX IPOLECCOB M MX IPOTHO3MPOBAHWE, KaK IpaBWio, TpeOyeT pa3padOTKH MaTeMaTHYecKOro
U TPOTrpaMMHOTO obecriedeHus. Kak Mmoka3piBaeT MHUPOBOH OMBIT W OOBEKTHBHBIN aHAIN3 (U3NIECKOW KapTHUHBI
MIPOLIECCOB, NPH MAaTEMaTHYECKOM W YHCICHHOM MOJEIMPOBAHHU CIIEAYET OTTAJIKUBATHCS OT CHCTEMBI ypaBHEHWH
Hasbe-CTokca M ypaBHEHMH HEPa3pbIBHOCTH, @ TAaKXKe BBOJMTH JONOJHHUTENbHBIE (PU3NYECKUE JOIyCKH T'€OMETPHU
MIOTOKA, IpHUEMJIEMbIe 1 00OCHOBAHHBIE B KAKIOM KOHKpPETHOM ciydae. C yueToM AaHHBIX COOOpaKeHUil BHIIIOJIHEHO
MaTeMaTH4eCcKOe MOJICIIUPOBAHHE IIPOLECcCa PACIIPOCTPAHEHUSI HETU B IPUOPEKHBIX MOPCKUX CUCTEMAX.
Pezynomamut uccneoosanus. Co3ana MaTeMaTHIeCKask MOJIENb TIpoIiecca paclipocTpaHeH!s! He(TH, yUNThIBAromIas e¢
MHOTro(pakMOHHBIN coctaB. [Ipearnonaraercs, 4To ¢ppakuuyu HeGTH MOTYT HAXOIUTHCS B BOJIE B PACTBOPEHHOM HIIH
HEPACTBOPECHHOM COCTOSAHUAX. HpI/I MOJCJIMPOBAHUUN YUYHUTBIBAOTCA TaKUE (bMSI/l‘ieCKI/Ie XapaKTCPUCTHUKN YaCTUI] KaK
IUIOTHOCTh, YCKOPEHHE CBOOOIHOTO MaJieHus, MOJISIpHasl Macca u ap. Ilocie nuHeapusanuy paccMaTpuBacMoi 3aiaun
OBLTH ITOCTPOEHBI PA3HOCTHBIE CXEMBI, HCTIONIB3YIOLINE PACITUPEHHBIE PABHOMEPHBIE CETKH.

Oécyscoenue u 3akniouenue. 3arpsisHeHNE, BRI3BAHHOE Pa3IMBOM HE()TH B BOIHOM cpejie, IIPOUCXOAUT OYEHBb OBICTPO
U HEPEJIKO SIBIISICTCS BEChbMa Pa3pylIUTEIbHBIM. B TaHHON CHUTyaly BaXKHBIM (PaKTOPOM OyIeT ONepaTUBHOE Pearkupo-
BaHME, WIPAOIEE PEINAIONIyI0 POJb Ul MUHHUMHU3AIMU €0 HEraTHUBHBIX NOCIENCTBUI. MonenuposaHue mpolecca
pas3nuBa HETH MOXKET OBITH ITOJIE3HBIM VIS ONPEENICHNS] MECTOIIOJIOKEHHS M COCTOSIHUSL HEpTH B MOpE, MPOBEICHUS
pHCK-aHaJIM3a paclpoCTpaHeHUs CyOCTaHIIMU U pa3pabOTKe Mep 110 JOKAIU3AUNH U JIMKBUIAIMY 3arpsi3HEHNS.

KoueBbie ciioBa: npuOpexHble MOPCKHE CUCTEMBI, aBapUHHBINA pasziauB HedTH, HeTSHOI MK, MHOTO(PaKIIMOHHBINA
cocTaB He()TH, KOHIIEHTPALUs YacTHI HehTH, MaTeMaTHIeCKOe MOJIEITNPOBAHNE, ANPOKCUMAIHS HENIPEPHIBHOM MOJETH

dunancupoBanue. lccienoBanue BBIMOJHEHO 3a cueT rpaHta Poccuiickoro Hayunoro ¢onma Ne 23-21-00509.
https://rscf.ru/project/23-21-00509

Jas uutupoBanus. Cunopskuaa B.B. MaTemaruueckas MoJelns mpolecca pacpoCcTpaHeHUs! HePTAHBIX 3arpsA3HEHHH
B IpUOpeXHBIX MOpckux cuctemax. Computational Mathematics and Information Technologies. 2023;7(4):39—46.
https://doi.org/10.23947/2587-8999-2023-7-4-39-46

Introduction. There is an increase in the volume of trade in oil and petroleum products all over the world, with
a significant share in their transportation being occupied by maritime shipping. To ensure the environmental safety of
waterways and nearby infrastructure, certain restrictions and measures are observed throughout the entire transportation
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of goods. Despite this, over the past 50 years, 5.86 million tons of oil spilled into the sea have been recorded in the
world. Moreover, about 80 % of this oil is spilled at a distance of no more than 10 nautical miles from the coast [1]. The
negative consequences of oil pollution of reservoirs can be significantly reduced with timely localization and elimination
of pollution. For these purposes, a developed set of measures is needed for their use by rapid response services. This set
of measures, among other things, should contain some apparatus that allows forecasting the distribution of oil pollution.
These forecasts require the use of mathematical and numerical modelling methods [2—4].

Scientific research in this area is carried out in Russia and abroad by such scientific centers as the P.P. Shirshov Institute
of Oceanology of the Russian Academy of Sciences (Russia), the Institute of Water Problems of the Russian Academy
of Sciences (Russia), the State Hydrological Institute (Russia), the Chinese Petroleum University and the Institute of
Oceanology of the Chinese Academy of Sciences in Qingdao (China), the universities of Tasmania and Macquarie
(Australia), Memorial University of Newfoundland (Canada)ln Russia and abroad, etc. [5—9]. The accumulation of new
knowledge and experimental data encourages us to obtain new results on the problem we are interested in.

This paper presents a mathematical model of the distribution of oil pollution, taking into account the following
physical parameters and processes: the multifractional composition of oil, turbulent diffusion and advective transfer,
evaporation, destruction under the influence of microorganisms, etc. This mathematical model is integrated with the
hydrodynamic model described, for example, in [10, 11]. For the initial boundary value problem modeling the processes
under consideration, difference schemes on grids with uneven steps in boundary cells (near the boundary) are constructed.

Materials and Methods

Problem statement. We will use a rectangular Cartesian coordinate system Oxyz. Let Q c R’ be the calculated area,
Q={0<x<L,0<y< L,0<z<L}. We consider the case of an oil release within a short time interval (a single-stage
release) into the area under consideration. The oil that has entered the area € forms a spot on the free surface €. The area
of coverage of the initial unexploded oil slick is indicated by .

Note that in the initial boundary value problem modelling the spread of oil pollution, a number of processes are
considered on the surface of a reservoir and therefore a two-dimensional formulation is used here. The process of oil
distribution and transformation in the coastal zone is described by the following equations [12]:

— equations for the concentration of the fraction of the oil number o ocated in the surface layer:

%m‘ﬁw%:i@zaﬁ}i w | (Kb g o Yy, o @y ()
ot ox ay oxl "ax ) oyl "oy RO q(c, +K,)

:{Oa (x’y)E 0O, aCu
=0

€ s (v¥)eos i

o

=0, (x,y) €Y; @)

— equations for the concentration of microorganisms — destructors of oil:

ot Ox oy oOx ox ) Oy o ) ¢, +K,
M| =My M o0 (1 ))ey; @

on

— equations for the concentration of the fraction of the number a of oil in the dissolved state:

222 P 2, B0, 2 (u 6%}2(&%], B

o x| oy oz " ax ) "oy ) el
0 g s Xm, (x,,2)eQ,, 6)
0z
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The following designations are used in equations (1)—(7): u, v, w are the components of the aqueous medium
velocity vector; ¢, is the concentration of the fraction of the oil number o located in the surface layer, o =ﬁ;
w, =p, +(p, — p.gh’ I, (w, is the coefficient of horizontal diffusion of particles, g is the acceleration of gravity,
p,p,, are the particle densities of the fraction o and water, respectively, / is the thickness of the oil film); K, is the mass
transfer coefficient for hydrocarbon, K, =2,5-10°U°" (U is the wind speed relative to water); P_is the vapor pressure
of the fraction particles a; R is the universal gas constant, R = 8.314; 0 is the ambient temperature above the surface of
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the spot; K, is the coefficient of mass transfer of dissolution; S, is the solubility in water of the particles of the fraction
a, o=A4'+1,4; X is the molar fraction of fraction particles a; m_is the value of the molar mass of the fraction particles
a; q is the value of the proportionality coefficient between the number of microorganisms and the absorbed substrate;
M is the concentration of microorganisms; o_ is the value of the maximum growth rate of microorganisms when feeding on
fraction particles a; K is the saturation coefficient value; A is the rate of death of microorganisms; ¢_is the concentration
of the fraction o of oil in the dissolved state; a=A"+1,4; u, is the coefficient of vertical diffusion; 7 is the vector
of the external normal to the surface describing the boundary of the computational domain; vy is the area describing the
surface layers of the reservoir.

Mathematical model of the spread of oil pollution is obtained using a superposition of the results of solving the
problem (1)—(7) for each fraction.

Results

Linearization of the problem. A uniform grid with a step : ® = {# =nt,n=1,..., N; Nt=T} is built on the time interval
0 <t<T. The linearization of the tasks under consideration has been performed on the time grid o . The linearization was
performed in such a way that in equation (1), which determines the concentration of the fraction on a given time layer,
the concentrations of microorganisms on the previous time layer were used.

At each time step n = 1,2,.,N, t_ <t <t let the solutions of equations (1)~(3) be the functions ¢, M", o
n=1L12,.,N +1 respectively. In this case, the linearized analogue of the problem under consideration for all intervals
t <t<t,n=1.2,.,N will be written as:

n

o
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If n =1, then it is sufficient to take the functions of the initial conditions from formulas (9) as E; (x, y,O). If n=2, then
the function of the initial condition is taken from formulas (12) M (x, y,O) , it is substituted into equation (8) and then the
solution of problems (8)—(10) and (14)—(16) is carried out in the interval £, <¢<¢ , in the course of which the concentration
values are found Eaz (x, »,t ), <NP; (x, »,t ) In turn, equation (11), which contains a function Eal (x, y,O), in the right part, has
asolution A (x, V.t ) When continuing this process for cases n = 3,...,N we will adhere to the described logic. Functions
c! (x, »t ) =c! (x, ¥, tn,l) and @, (X, A ) =¢ (x, .z, tn_l) are determined when solving problems (8)—(10) and
(14)~(16) in the interval ¢ | <t<t¢ ,,n=3,...,N assuming that the known functions are M (x, y,tH) for the previous

time periodz , <t<t .
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Difference scheme for linearized problem. The terms describing the convective transport of particles from equations
(8), (11) and (14) have the form in symmetric form [13]:

l[uﬂ+vﬂ+l—)a ucy +l—H Y }

c,'
2| ox oy Ox oy

i ot owrt ouitt) o)
2" oy o v |

l{ué(ﬁi L 0e by oludr) o) 6(w6£)}
2| ox oy oz Ox oy oz

this makes it possible, as a result of discretization, to construct a difference advective transfer operator with the property
of skew symmetry [14, 15].

In the domain G we will construct a connected grid o, ®s =0 x 0, x0: where . ={x,:x, =ih,;
i= O,],___,NX;NXhX = Lx}, U_Jy = {yj ;yj_: ‘ihx;l :EJ""’N}’;Nyhy = Ly}, ®, = {Zk 'z, = khx; k= 0,1,...,Ny;Nth L}
The set of internal nodes of the grids ., ., ®,,®: will be denoted, respectively, as 0,000, On the space-time grid

o, = o % o, we approximate the problem (8)—(16) with the task in nodes shifted by half the grid step speeds and in the
corresponding coordinate direction.
Next, the “~ symbol is above the functions c;, c;’_l 00,0 :_1 and M", M*! will indicate that they belong to the class
of grid functions. The functions ¢, , @, ,M" are considered as sufficiently smooth functions of continuous variables.
After approximation in the inner nodes of the grid o the equations (8), (11) and (14) will take the form:
—n —n-1
Ca —Ca
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—n

:h%(ph (x,. +O.5hx,yj,zk)(6z<xi +hx,yj.,zk)— (Pa(xi,yj,zk))—uh (xl. —O.th,y/.,zk). (19)
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To the difference equations (17)—(19), it is necessary to add the initial conditions for (x, y, z) € ®, as well as the
approximation of the boundary conditions.
To set the boundary conditions, it is convenient to introduce an extended grid:

—

o ={v v,z )i =100 N, +1j =10, N, + 1k =—10,... N, +1;
X, =ih;y; = jh;;zy =kh ;N h =L ;N,h, =L;N.h, :LZ}.

We will consider the known values of the components of the velocity vector of the aquatic medium at the nodes of
the grid © \o, with fractional index values, for example, u" (0,54, Yy z), u' (L +0,5h, Yy z,), V' (x, 0,5 hy, z,),
V' (x, Ly +0,5 hy, z)w" (x,, Yy 0,5 1), w" (x, Vs L_+0,5h),etc.

We will approximate the boundary conditions using the example of condition (15). The arguments for boundary
conditions (10), (13) and (16) are carried out in a similar way.

We will assume that @/ (x,y,z)=0, if (x,y,z)€® \ . For those grid nodes ® \ @ , that are outside the calculated
area, the value of the components of the velocity vector of the aquatic medium is assumed to be zero.

Let’s formally write down the expression:

c ()

which can be considered as a difference approximation of the convective term at z = 0.

- ﬁ(w (20,058 J00 ()= (v, ;=058 )@ (x; v, . )) "
z=0 z

Along with (17), it is possible to write the equality for the boundary condition (15):

- —n

(PZ(xj’yjahz)_ (Pa(xj’yjﬂ_hz)
2h,

= KDSuXumu’

from which we obtain: (18)

(pfl(x./’y.i’hz): (_pZ(xi’y,/’_hZ)+ 2thDSaXuma’

From expressions (17) and (18) we obtain:

(s,

_ %(Wn (xi’yj ,0.5h, (62 <xi,yj,—hz)+ 2hZKDSaXuma) —-w" (xiayj ,—0.5h, )62 (xjayj’_hz )j (19)
z=0 z

Next, let us formally consider the equality on an extended grid ®

o (+!)

Since there is no turbulent diffusion on the free undisturbed surface of the reservoir, we can assume that
w,(x,y,-0,5h)=0. With this in mind, from the expression (20) we get

o)

@ (x0,h )= 0, x, 9,0
z_thl_z (v, v,.0.5m,) e, l 9,(x.7,.0)
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From (18) and (21) we find
v.(%.)

Discussion and Conclusion. The paper presents a mathematical model of the process of spreading and transformation

L

2
z=0 hz

uv<xl.,y‘/. ,0.5h, )(52 (x‘/.,yj ,—h_,)— 62 (xi,y.i,0)+ 2hZKDSﬂXumq).

of oil pollution in coastal marine systems. This model takes into account the multifractional composition of oil pollution,
turbulent diffusion and advective transport, destruction of oil particles under the influence of microorganisms, etc. The
approximation of the proposed model is performed with the second order of accuracy relative to the steps of the spatial
grid. The issues related to the study of the monotony of the constructed difference scheme and its convergence to the

solution of the initial initial boundary value problem are the subject of further research by the author.
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