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Abstract

Introduction. We investigate a multidimensional (in terms of spatial variables) parabolic-type integro-differential equation
with nonhomogeneous first-order boundary conditions. The locally one-dimensional finite difference scheme developed
herein can be applied to solve various applied problems leading to multidimensional parabolic-type integro-differential
equations. Examples include mathematical modeling of cloud processes, addressing the issue of active intervention in
convective clouds to prevent hail and artificially enhance precipitation, as well as describing the droplet mass distribution
function due to microphysical processes such as condensation, coagulation, fragmentation, and freezing of droplets in
convective clouds.

Materials and Methods. In this study, an approximate solution to the initial-boundary value problem is constructed using
the locally one-dimensional scheme of A.A. Samarsky with a specified order of approximation O(A?+t). The primary
research method employed is the method of energy inequalities.

Results. A priori estimates have been obtained in the discrete interpretation, from which uniqueness, stability, and
convergence of the solution of the locally one-dimensional difference scheme to the solution of the original differential
problem follow, with a convergence rate equal to the order of approximation of the difference scheme.

Discussion and Conclusions. The research findings can be utilized for further development of boundary value problem
theory for parabolic equations with variable coefficients. Additionally, they may find applications in the fields of difference
scheme theory, computational mathematics, and numerical modelling.
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pa3sHOCTHasE cXeMa MOXXET OBITh HCIOJB30BAHA NPH PEIICHHH NPHUKIATHBIX 3a7ad, MPUBOAAIIMNX K MHOTOMEPHBIM
HHTETPO-Tu( PepeHINaTHHIM YPaBHEHISIM apa0OoIHIecKOro THITA, HAPUMED, TIPU MaTeMaTHIECKOM MOJCITUPOBAHUN
00JTaYHBIX TPOIECCOB, MPH PACCMOTPEHHUH IMPOOJIEMBI aKTHBHOTO BO3JCHCTBHS Ha KOHBCKTHBHEIC OOJIaka C IIETHIO
MPEIOTBPAIICHHS ITPajia U UCKYCCTBEHHOTO YBEIUUCHHS OCAJIKOB, a TAKXKE NPU ONMUCAHUH (DYHKIMH PACIIPEIICICHUS 10
MaccaM Kareib 32 C4eT MUKPO(GU3NYECKUX MPOLECCOB KOHICHCAINHU, KOATYJISLINHU, TPOOJICHHS U 3aMep3aHusl Karelb
B KOHBEKTUBHBIX 00JIaKax.

Mamepuanst u memoodsl. B nannoii paborte mns HMpUOMHKEHHOTO PEIICHHS HadalbHO-KPaeBOHM 3a/Jadd ITOCTpOEHA
JoKambHO-o1HOMepHast cxema A.A. Camapckoro ¢ mopsakoM ammpokcumarn O(h? +t). OCHOBHOM METO. HCCIIeI0Ba-
HUSL — METOJ] SHEPTeTUICCKUX HEPABECHCTB.

Pezynomamut uccnedosanus. IlonyueHbl anpuopHbIe OLIEHKH B pA3HOCTHON TPAKTOBKE, OTKY/1a CIIEAYIOT € IUHCTBEHHOCTb,
YCTONYMBOCTh, & TAaKXE CXOAUMOCThH PELICHUs JIOKAJIbHO-OJIHOMEPHON pPa3sHOCTHOW CXEMbl K PEIICHHI) HCXOJHOMN
nuddepeHIaTbHON 3a1a4M CO CKOPOCTHIO, pPABHOH MOPSIAKY alpPOKCUMAIIUN Pa3HOCTHOM CXEMBI.

Obcyscoenue u 3axntouenus. Pe3ynsTaTel HCCIIEIOBAHUS MOTYT OBITh NCTIONIF30BAHBI VIS TANTbHEHIIeH pa3paboTKu TeOprH
KpaeBbIX 33714 [T apaboIMIecKuX YpaBHEHHUH ¢ ITepeMEeHHBIME KO (HUITMEHTaMH, a Takke MOTYT HalTH MIpUMECHEHHE
B 00JIaCTH TCOPHUHU PA3HOCTHBIX CXEM, B 00JIACTH BHIYMCIUTEIEHON MaTeMATHKA M YACIICHHOTO MOJICITHPOBAHUSL.

KioueBsle ciioBa: MHOrOMepHas 33/1a4a, ypaBHeHHe au(dy3nu, napaboandeckoe ypaBHEHHE, YCIOBUE IEPBOTO poa,
Pa3HOCTHBIE CXEMBI, IOKAJIbHO-OJHOMEpHAsI CXeMa, allpHOpPHAas OLIEHKA, yCTOMYHUBOCTh, CXOAUMOCTh

Jas murupoBanus. bemrokosa 3.B. PasHOCTHBIN MeTO/ PEIICHUST HHTETPO-TU(PepeHIINaTIbHOTO YPaBHEHUS Tapado-
JIUYECKOTO THIAa B MHOTOMEPHON 00JIaCTH C HEOJHOPOAHBIMH KPAaeBBIMH yCIOBHAMH mepBoro ponxa. Computational
Mathematics and Information Technologies. 2024;8(1):43-54. https://doi.org/10.23947/2587-8999-2024-8-1-43-54

Introduction. Integro-differential equations, where the unknown function appears in the differential expression and,
simultaneously, is present under the integral sign, are of great interest from the perspective of physical applications.
There exists an extensive bibliography devoted to the subject of integro-differential equations. A detailed overview
of advancements in this field up to 1962 is provided by M.M. Vainberg in [1]. The necessity of considering Volterra
operator equations was first indicated by academician M.M. Lavrentiev in his report [2] at the International Congress of
Mathematicians in Nice in 1970.

Various boundary value problems for ordinary integro-differential equations are addressed in works [3—4], while
Sobolev-type integro-differential equations are studied in works [5—7]. Mathematical models accounting for memory
effects in diffusion, arising in viscoelastic force models in non-Newtonian fluids and resulting from the modified Fourier’s
law applied to anisotropic heterogeneous media, are explored in [8§—10]. Diffusion models featuring integral terms in the
boundary flux are investigated in [11].

The objective of this study is to construct and investigate the locally one-dimensional difference scheme of
A.A. Samarsky (LOD) of a specified approximation order O(h*+t) for the approximate solution of a boundary value
problem with nonhomogeneous first-order boundary conditions for a multidimensional integro-differential parabolic
equation.

The scientific novelty of this work lies in the development of the LOD and the derivation of a priori estimates in the
discrete form for solving the LOD with nonhomogeneous first-order boundary conditions based on the method of energy
inequalities. These estimates imply uniqueness of solution, continuous and uniform dependence of the solution on the
input data, as well as convergence of the solution of the LOD to the solution of the original differential problem at a rate
equal to the order of approximation of the difference scheme.

Methods for splitting multidimensional problems into one-dimensional ones are the subject of works by J. Douglas,
D.W. Peaceman, H.H. Rachford [12—13], N.N. Yanenko [14], A.A. Samarsky [15], G.I. Marchuk [16], E.G. Dyakonov [17],
and others.

Numerical methods for solving local and nonlocal boundary value problems for multidimensional partial differential
equations of parabolic type based on various splitting methods are discussed in works by the author [18-20].

Materials and methods

Problem Statement. In a closed domain ér :5><[0,T ], the base of which is a p-dimensional cube

G = {X =(X,X5.,%,) 1 0<x, </, 0= 1,2>~-~,p} with boundary I', G =G UT, the following problem is considered:

ou |

o [prauceoyd = Lu+ f(xn), (€0, (1)
0

u|r =wx,t), 0<Lt<T, )
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u(x,0) =u,(x), er, (3)
where

Lu= ZL Lyu =%{ka(x,r)§7‘:j—qu(x,t)u —!pz,a (& t)u (e 1)de,,

O0<cy < ku(x,t)S c,

ku,xu (xst)|9 |p1(x7tat)|a |p2,a(x3t) qu(x’t)|£02’

>

u(e.) e C*2(0). k,(x.) € CM Q). (1), paa(%.), gu(x,0), F(xD)eC?(0, ) 0<t<t, 4)

K (x, 1), u, (x) are continuous functions; o= 1,2,...,p, ¢, ¢, ¢, = const > 0, C""is the class of functions continuous together
with their partial derivatives of order m with respect to x and n with respect to #, Q.= G*(0,T].

The presence of an integral over time in the investigated differential equation is associated with the necessity to
account for the dependence of instantaneous values of characteristics of the described object on their corresponding
previous values, i. e., the influence of the system’s past on its current state. In contemporary literature, such technical and
natural systems are referred to as systems with delay, inheritance, or dynamic memory. The presence of a nonlocal source
in integral form in the equation is entirely natural from physical considerations and arises in mathematical modeling
in cases where there are sources (or sinks depending on the sign of p, , (§,7)) and it is impossible to obtain information
about the ongoing process through direct measurements or when it is only possible to measure certain averaged (integral)
characteristics of the sought quantity.

For the approximate solution of the initial-boundary value problem, a locally one-dimensional scheme by
A.A. Samarsky with an order of approximation O(4*+t) is constructed. The main research method employed is the method
of energy inequalities. Two theorems are formulated and proven: a theorem on stability and a theorem on convergence.

Research Results

1. Construction of the Locally One-Dimensional Scheme (LOD). For each direction O, we introduce a uniform

grid with step size h = % (a cubic grid with step 4):

- —p = ; L. h
O = Oha, Oha = {xé’“) =ih:i,=1..,N-1, xflo) =0, xle) = NE},
o, = o’ ® —{x(i°)—ih'i =1 N—l} oa=12
h ™ Fha> ha = a7 fa o fa T T ’ =L P

On the interval [0,7] we also introduce a uniform grid o = {tj =JjT,j= 0,1,...,j0} with step size t = T'/j,. Each of

. o . . . . a _ .
the intervals [zf,., t.,]is divided into p parts, introducing points ¢ =t;+1— o= 12, p-1, and denoting

= p
p
A, = (t. wisl ajl as the half-interval, where o = 1,2,..., p.
J— J*;
Equation (1) is rewritten as
< lou — S
Lau=0, Lau:___Luu_faa fa:ﬁ
Z p ot Z}

where f (x, 1), (0. = 1,2,..., p) are arbitrary functions possessing the same smoothness as f{x, ) satisfying the normalization
D

condition z fo=r
a=1

For each half-interval A , (o= 1,2,..., p), we will sequentially solve the problems

109, -
Lag(a)=—#—u%— f., xe€G, teA,, a=12..,p, (5)
P

'901:“—01’ xa:O’
Iy =l X, =1,

subject to the condition [21] that
8y (x,0) = uy(x), 19(",')(x,t_/.) = 19(";)1 (x2;),  J=12,, jgs

.9({1) (et )= 3(’;_,)(x,t ) a=2..p, j=L2,.,j, -1,
JH= J=
P P
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09, I L
6);1) J - da‘g(a) - .(’).F)Z,u (&,I)S(a)(é,t)dia —;.([pl(x,t, T) S (x, T,t)d‘r,

where Zag(a) = %[ka (x,7)
xCL

B, = 0,0, b, = u(x',l1) are continuous functions.
We approximate each equation (5) of index a with an implicit scheme on the half-interval A , then we obtain a chain
of p one-dimensional difference schemes:

.o Rt
J+— J—
P

&zAayj ;+(p; ;, X, €m,, a=12..p, (©6)
T

i 0

y T =0, X, =0,
o (7

=

y s = l’J’+a7 'xa = l’

1(x,0) = u (x), (®)

j+E e Fr—l 2 1 &
Where Auy f= aay;ap _day v _sz,ayiﬂ ph_;Zpl(xlax23""9xp;tjatj')y(xatiuru)Ta
ig=0 iy=0

a, =k, (x"* 1), x5 =(x,,.,x,,,x, —0.5h,, x X)), h=

a+lo N p

dﬂ:q(l(x7t)7 (Pu:fa(x,t), p](x>tat):p](x’t5t)7 pz,a:pz,a(x’t)7 t:t_l'

n
™

P N
2. Approximation Error of the LOD. Substituting y * =z ” +u ” into the scheme (6)—(8), we obtain a problem
o

J
for the error z 7 :

;P _g P _ j j+2 )
o

z »=0 by xevy,,, z(x0)=0,

e e
where u 7 is the solution of the original problem (1)—(3), and y ” is the solution of the difference problem (6)—(8),
.o . o-1
i T i 'H; 'HT
T
T

+1/2 P
o (- 1 au) & 0
Denoting v, :(Luu+ £ ___uj and noticing that Z\va =0, if qu =/ is represented as a sum
p

o a=1 a=1
Jj+— 0

Vo =W

j+g jﬂ—il 1
f’*% /‘% u P —u " 1(ou)"2 0 0 .
S R A —  Jla VW, =Vt VY,

. 0 L 2 ) .
It is obvious that v, = 0(h2 + T), v, =0(1), Z‘Vq ! :Z Yo+ D W, =0 +1).
a=1 o=l a=1
3. Stability of the LOD. For the stability of the LOD, the following theorem holds.
Theorem 1. Suppose the smoothness and boundedness conditions (4) are satisfied. Then, the locally one-dimensional
scheme (6)—(8) is stable with respect to the right-hand side and initial data. Consequently, for the solution of the scheme
(6)—(8) with T < 1 the following estimate holds
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J P a0
RGNS 3053 ([ 8 [ ANEHI T

Ly (o) +J < (10)
J' a=l1
p

=0
o XTZZ(uEu O.x',1) 412, (L't ) JH
ZTZ | [(‘D L (wh) + e

072
P +[[y ]|L2(;h) .
j'=0

where M = const > 0 does not depend on 4 and 7.
Here M, i = 1,2,..., denotes positive constants depending solely on the input data of the problem (1)—(3).

Proof. he analysis is conducted using the method of energy inequalities, for which we introduce scalar products and
norms in the following form:

| y./+; B y/+7 Nl N-1

;ytgu) T (u,v), = Z“iuv,-ah’ B = Zy,-ih,

iy=1 i=l
N
(M,V) = ZUVH, H= hps | y(m |i2(mh): Z | y(‘ll ‘iz(u) H/hs [u,v]u = Zuiaviah |L2 zy’u
XEO, ig#ig, iy =0 i =0
Lv] =D wH, H=0", |[Y1},6)=D, |1, H/h
XEwy, " ig#iy
=
Multiplying equation (6) by y®h, where ¥ =y ” summing over s frommn_to &, we obtain [22]:
Sa Sa
— Zy, U= A+ D @ Yh, 0<n, <&, <N. (11)
P Sa ="

Sa=MNa

We transform each term of identity (11):

Sa Su
LSttt 0] o] S b)) 2

Sa=Na

Sa=Ng
Sa Su Sa 5 a N Pl
> A=Y @y )0y R d ) =D [yij’ D Prui, ”h]h - (13)
56=q Sa=Na Sa=Na Sa=Tla 120
i Eatl
- z yr ZP1 XL, ){xstj " }7 h=- z aa,su( 50 )2h + au,;ﬁly;?guuyéz)ﬂ T g Vrgmg Vg1
P j Sa=Ng
o j S
_ Z d,, (ysa ) Z [ysu sz 0“myl(l h]h —% Z [yiz) ipl (x,lj,tjr)y[x,th }[Jh,
S¢=Na 5=y ! S =g J'=0

& & Ey
Z G <L z W +% Z (y§j>)2h. (14)

Sa=Na

l\.)

So=Na S0 Mo

Let’s transform the expression a,, V. v, —a,, ¥y, separately. Then

: N g , taking into account
)y =205, V"~ we get:
@ @ @ @ _1 ( 2) 1 (a,) > (15)
Ay g1 V3, 6011 Vet — Qan, Vi, me Va1 _E a.y CARI | _E Ay X+l Ve, +
1 1 1 1
+ Eaéuﬂy,%,,iuﬂh - E(aayZ);wnﬂ + E(au )iu.nu yﬁu_, 2 nuyxu nuh

Considering transformations (12)—(15), from (11) we obtain:

ﬁ[i (in))QhJ +j[2 (yfil)zh}% S ay, (o Vi< (16)
Sa=a :

Sa=Mg Sq=Mg 1

1 1 1
< E(aayz )?ca,gﬂﬂ - E(aa )Ea,?;aﬂ ygz(, + E(aa )iu MNa yﬁ(,—l - E(aayz )Yﬂ Na -
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Eq I
—Z[yv ZPM,y, ”hJ %

S Sa=Na J=0
o . 1 Sa o .
—S; d,, (yi ))2h+55§(p(2a)5 h+zs a (y( ))Zh

Now, let’s multiply (16) by 4 and sum over £ from n_ to &, then multiply the resulting inequality by / and sum over

n, from 0 to N. Then we get:

1 N N Sa 1 N N &y
—{thhz (yi‘”)zh} DN DI N i a7
2p =0 &Ny Sa=Mu ’ H 2nu=0 SNy Su=Ng~! o
1 N N 1 N N
PPN RIS W WA
Ne=0 &= Ne=0  &y=n
1 N N 1 N N 1 N N £y i
*52” Z (aa)fa.n«yﬁu—lh_gzh Z (“ayz);ﬂ, h‘gzh Z h Z {ys Zp“, i "h}h—
Ne=0  &a=Nq Ne=0  &u=Ng Ne=0 &u=Ng  Sa=Nqy 7
1 N N Su i+ N Su N N Su 5
EOYDFDED IRAREACH T D WD WD YOI CIL
pna=0 Sa=Na  Sa MNe=0 &u=Ng  Sa=Na MNe=0 &a=Na  Sa=Na

NN &
We transform the sum Zh Z h z q)(zu),%h as follows:

Ne=0 &u=Ng Sa=Ng

N N Eq N N N
PRDILDIIRED I I RPN
Me=0  &u=Ng  Sa=N« Ne=0  $q=Nq Ea=Sq
N N N N-1
=D hy (=x)ob =2 (1-x)90, hZh Zx X0, = Y Xl =x)00
Ne=0  s4=Ng 5q=0 sq=1

Taking into account the last equation from (17), we find:

N-1
i(Z (=)l )Z] RN as)
3
S%;xa(%yz)xa,wh_%zxa aa sa i1 Ys h_%z I- x ( qu)-?a,suh+
LS - IS ) S e v
+EZ )cOl X 5 yg —sz X Vs, ;p2.a.iqyi“ -

Sq=1 Sq=1

- Lgx“(l - x“)[y‘(fz) zjlp (ot o, )Y[ f‘”;}}h + %Nzllxa (=)0, 1+ M, y 5 (1= x )0
Pia 7= ~ -

Now, let’s estimate the first, second, and third terms of the right-hand side of (18):

lfx (a 2) h—lfx (a ) 2h—li(l—x )(a 2) h+ (19)
2su:0 PRI 2su:0 a\do )5, 5,41V s, Zsazl AT

+li(l—x Ya,). .y’ h—li(zx ) S
> a N )5, 5, Vst —zsa:1 « o s

Sq=1

N

N-1
i %;Q% ALY CORE Y S

5q=1
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——Z(zx +h=D) uyvh——z 23, +h=1)a,); e h =
=0

$54=0
Y0 h——Z(zx ch=Da), 32t 7+ a0
?u_o o Su_o o o 2 Vg o >
Taking into account the boundary conditions (2) and (19), we obtain from (18):

é[l\ih (l - xa)( i:) )2h} + %nga (l - xa)(y;(wgu >2h + (20)

So=1 So=1

N 1 N-1 1 N-1 N j+ﬁ
+C02(yx2a)hg_52(2xu+h_l)( )x Sa +1 Yzah qu(l_xu) y,gz)zpla,iayia Ph h_
$¢=0

$6=0 Suzl iy=0
J A NI N1
__Z l x A_: Z (x,tj,tj,)y[x,t p]t h+ M]qu(l—xa)(yiz))zh+M2[Z(p(2a)’sah+uiu +pi“].
j'=0 sq=1 so=1

Now, let’s estimate the first, second, and third terms of the right-hand side of (20) using the Cauchy inequality with &,
Lemma 2 [22], and obtain:

=Y @x +h=Dla);ayih <MD S M Iy +M5 1P s @1
54=0
N-1 N-1
ZX I-x, (yY sz‘“uy,a Jh < TZ (I-x,) ( )h-i—SIZx [ —x, (Zp“luy,a ]hﬁ (22)
sg=1 iy =0 I sy sg=1 iy
1 N-1 ) N-1
<— /- WY h+eM
EOWUERIEI IS Y S Y =
1 N-1
<o 2wl e, Zys,,h<4—|py o+ D1
1 5y=1 54=0
1 N-1 e
p;x l x yv Zpl(x,tj,t y(x,t P)Tt|h< (23)
11 - 4 ( ) f'g S 5
e ]— P h+— P
2 p2 “— xa( xrx I/ZOPI xr s /7 y('x; ’ )’E + 2 |pay |L2(a)
11 & iy i A
SE—ZZxa(l—xa) Zpl (xia,tj,tj.)IZy (x;,,t ")t ih+
ig=1 J'=0 j'=0
1 J+— ) J N-1 N j’+£ 1 j+g )
+E|pay 4 |L2(a)£ Méz'c xa(l—xq)y (xl.u,t p)h+5|pay 4 |L2(a)=
J=0 ig=l
J N 1 e
=MD TPyt i 5 1Py
=0
where P, = ‘xa(l_xa)’ p1:p2:"':pp'

Considering (21)—(23), from (20) we find:

+ Q4

S}

Ly (a)

1 o o o
;(|pay B o L+ I 1R o) + 1O 1E 0 M, T 1) +E,M 910y +M, [ poy

g, O

i P
+M,, z [py * |iz(a) T+ M11(| [‘P(u)] |iz(a) +H3a + Miu)'
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where || - || L, (o) Means that the norm is taken over the variable X, with fixed values of other variables.

Choosing € = ;’ g = from (24), we find:

2M,

2M,
1 o o o
;(l R ) R T [T S T

(l

<My, [p " |L2 +M132 Pq y ‘iz(a) 17+]‘414Q [P] ‘iz(a) +u?, +Hiu)~
7=0

(25)

Substituting the obtained estimates after summation over i #i " B=1,2,...,p intoidentity (25), we get the inequality:

1 a
;(my B o b 1075 1oy + D71 S Mo [Pud® B +

J j s j+E —
+M16Z|Pu)’ g |iz(wh) T+ M| [[e p]‘iz(a,,)+Z(“Ea(tj)+uiu(tj) /).
7=0

i #i

(26)

Summing (26) first over o= 1,2,..., p, and then multiplying both sides by T and summing over ;' from 0 to j, we obtain:

) J P j’+3 j'+g
100" o + 2,72 | 903, "Ml + 117 ”]ZWJS

Jj'=0 o=l
J p jan 5 J P s+ 5
SM D T 1Py 7 o) M 2T D 1Py 7 Loy T+
Jj'=0  a=l j'=0  a=l s=0
J P i R
+M20 ZTZ |[(P p]|L2(6h) Z(P« +|’J“+(1 )H/h +| |L2 o)h
Jj'=0 a=l ig#iy
From (27), we have:
J P j &
‘ ppyj+] |L2 uyh ZTZ | ’ |i2((nh) +M20F17

Jj'=0  a=l

where M, =M +TM

Fl= Z S0’ P 1y S 2 B 1D

Jj'=0 o=l ig#iy

Now, let’s show that the inequality holds:

i+ 0- G
, .
max | p, y p |L2 )= Vlzmgx ‘ pay » |L2(m,,) +v,F/,

1<a<p

where v,,v, are known positive constants.
For this, let’s rewrite inequality (26) as follows:
-1

1 o 1 et pc j Joxd
; ‘ pay g |2L2(u)h)S ; | puy g |iz(u)h) +TM]5 | pay ? ‘iz((u;,) +TM16 Z | pay g |iz(o)h) T+

J'=0

+1M, I[(pﬁ;]li@)+Z(ui+uia)ﬁ/h :

iy

Summing (29) over o’ from 1 to a we obtain:

a'-1
& e
_z |pa |L2 (0p)= ; |p Y ! |§,2(mh) +
a'=l

.o i oo
[ e o e )
p p
+TM 5 z |Poy ‘Lz(mh) +TM z [Pay |L2(mh) T+
=l a=l j'=0

@7

(28)
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+M u |[(Pj+;]|iz(5h)+Z(Hiav+pia.)[7/h .

a'=1 iﬁiiuv
From the latter, we obtain:

j+g ) - P /+E 5 P J /"+E )
Py 7 ‘Lz(mh)g| Py’ |L2(m,,) +TMISZ Py 7 |L2(m,,) +TM1()Z Z Py 7 ‘Lz(mh) T+ (30)

a=1 a=l j'=0
N " 2 2 2\
+1My; [ p]|L2(a,,)+Z(“—a+H+a)H/h :
a=1 ig#ig

Without loss of generality, we can assume that

2 ‘H%z
maXIPy ILz(wh)=Ipuy 12, (0p)

I<a'<p

-
otherwise, if (29) does not hold, we sum until a such that |p,y * |iz(w,,) reaches its maximum value for a fixed j. Then,
we rewrite (30) as

nd - j+g j Lo
max [,y 7 o<ty i) +PEM s max [ py 7 Iy, +PM 6T ZmaXIDy ? o) TF GD

1<a<p

i +* _
TR I CRER [ RSN g0 3

a=1 ig#iy

Since it follows from (28) that

Jj-1

A . is _
10 o=l Py L)< lezgfgf 1Py 7 11,0 FMaoF,
=0

from (31) we have

" j-1 '
(1- 'cMzz)max oy ? |L2 (o)< My Zmax Ipy ? |L2 (o) TM o F7, (32)
where M,, = pM . +pM, T, M, =M, +pM T.
Choosing T< T, = , from (32), we find
22
J-1 [
ggxm v ILZ o) <vlzmaX|p v ILz (o) V2 F (33)

Applying Lemma 4 [23] to (33), we obtain the a priori estimate (10).

4. Convergence of the LOD. For the convergence of the LOD, the following theorem holds.

Theorem 2. Suppose that the problem (1)—(3) has a unique continuous solutionin @, solution u(x,?), the continuous

2 4 3
derivatives in 6_2 62 o zu o {
ot” oOx axﬁ 8x ot Ox

are satisfied. Then, the LOD (6)—(8) converges to the solution of the original problem (1)—(3) with a rate O(4*+1), so that
for T < 1, the following estimate holds:

> 1<a,p< p, o#p exist, and the smoothness and boundedness conditions (4)

7 =< MR + 1), (34)
where

1/2

1= ={10,2" an) +Z Z Ilp.zs, P]\w NIFRn T

Proof. Let’s represent the solution of problem (9) for the error z as a sum z,, =V, + N> Z
defined by conditions:

o
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N(o) = N(o-1)
T

:\Va’ XE(Dh-F’Yh, 0':152:"-7]7: (35)

\VO(’ Xa € O‘)h’
n(xao): 09 \llu = \V—aa xa = 0’

Vo Xy =1
. , 0o o0 0 _
From (35), it follows that n/* =n(,)=n’ + t(\yﬁ Wyt + \4/[,) =n/=..=71"=0, j=0,1,...,,, Tak kakn’ = 0.

is determined by the

0 0 0 0 0
Then we have n1° =r[w,+\v2+...+\|/aj=—r(\ua+1+...+\up)=0(t). The function Ve,

conditions:

G )

. =AYy tV,, Xeo,, a=L2,.,p, (36)
Vi) = MNa> X4 € Viao u(x,O)z 0,
where ¥, =V, + AN
4 —
If the continuous derivatives %,a #B, exist in the closed domain @, then
X, Ox

0 0
AN = —rAa(\uw +.+ \up) = O(’E).

We estimate the solution of problem (36) using Theorem 1.

Lo

J V4 j'+ﬁ J'H—
1,0"" [ o, +Zrz(|[pauxﬂ”]iz(mh)+|[u f’]@(mﬁJs 37

j'=0 a=l

SMiti 1V v 12 o) +Z( 0,5, )+ 2 (ot )JE /1 .

j'=0 o=l il

L@
—

=0, N> niq” :0(r) and

X

. j+1
Since 1n’*

, . & J js
1215 =1p, 2" ey +ZTrZ(|[pazxa iy +1z 71 |iz(wh)J <

j'=0 a=l
ji+1 12 \ C e 2 i 2 i 2
SPR AEYS IS [ A AT s | AR | s A
j'=0 a=l

" i i
i 1R <1 1E + Y Z(um;’uw I P]m)],

Jj'=0 a=l

then from estimate (37) it follows the convergence with rate (34).

Discussion and Conclusions. A numerical method for solving the first initial-boundary value problem for
a multidimensional parabolic integro-differential equation has been developed and justified. To approximate the given
problem, a local one-dimensional difference scheme by A.A. Samarskii with an approximation order of O(h* +1) has
been constructed. The main idea behind the scheme construction lies in reducing the transition from one layer to another
to the sequential solution of a series of one-dimensional problems along each of the coordinate directions. In this case,
each of the auxiliary problems may not approximate the original problem, but in aggregate and under special norms, such
approximation holds true. A variant of finding the a priori estimate of the solution for the LOD with non-homogeneous
first-order boundary conditions based on the method of energy inequalities has been proposed, which is essential for
implementing the investigated multidimensional problem. From this estimate, the uniqueness, continuous and uniform
dependence of the solution of the local one-dimensional difference scheme on the input data, as well as the convergence
of the scheme solution to the solution of the original differential problem at a rate equal to the order of approximation of
the difference scheme, follow.
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