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Abstract

Introduction. This paper addresses a unified spatially inhomogeneous, non-stationary model of interaction between
genetically modified crop resources (corn) and the corn borer pest, which is also present on a relatively small section of
non-modified corn. The model assumes that insect pests influence both types of crops and are capable of independent
movement (taxis) towards the gradient of plant resources. It also considers diffusion processes in the dynamics of all
components of the unified model, biomass growth, genetic characteristics of both types of plant resources, processes
of crop consumption, phenomena of growth and degradation, diffusion, and mutation of pests. The model allows for
predictive calculations aimed at reducing crop losses and increasing the resistance of transgenic crops to pests by slowing
down the natural mutation rate of pest.

Materials and Methods. The mathematical model is an extension of Kostitsin’s model and is formulated as an initial-
boundary value problem for a nonlinear system of convection-diffusion equations. These equations describe the
spatiotemporal dynamics of biomass density changes in two types of crops — transgenic and non-modified — as well
as the specific populations (densities) of three genotypes of pests (the corn borer) resulting from mutations. The authors
linearized the convection-diffusion equations by applying a time-lag method on the time grid, with nonlinear terms from
each equation taken from the previous time layer. The terms describing taxis are presented in a symmetric form, ensuring
the skew-symmetry of the corresponding continuous operator and, in the case of spatial grid approximation, the finite-
difference operator.

Results. A stable monotonic finite-difference scheme is developed, approximating the original problem with second-order
accuracy on a uniform 2D spatial grid. Numerical solutions of model problems are provided, qualitatively corresponding
to observed processes. Solutions are obtained for various ratios of modified and non-modified sections of the field.
Discussion and Conclusion. The obtained results regarding pest behavior, depending on the type of taxis, could significantly
extend the time for pests to acquire Bt resistance. The concentration dynamics of pests moving in the direction of the food
gradient differs markedly from the concentration of pests moving towards a mate for reproduction.
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OpueunaﬂbHoe amnupudeckoe ucciedosamue

Maremarunuyeckoe MOJIEJIUPOBAHHUEC MPOCTPAHCTBCHHO-HCOAHOPOAHOTO HECTAIIHOHAPHOI'0
B3aMMO/JeCTBUSA BpeauTeIeil ¢ TPAHCTeHHOH U HeMOAU(PUIMPOBAHHON arpOKY/IbTYPaMH
C YUYETOM TaKCHCA
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AHHOTANHUSA

Begeoenue. PaccmarpuBaercs 00beMHEHHAs! TIPOCTPAHCTBEHHO-HEOJHOPOIHASI HECTAIOHAPHAsI MOJIEIIb B3aUMOACHCTBHS
TeHETUYECKU MOAUMUIIMPOBAHHOTO PACTUTEIILHOTO pecypca (KyKypy3bl) PH HATUYKH Ha TI0JIC BPEAUTEIS — KyKypy3HOTO
MOTBITbKA, TAKKE JIOKATM30BAHHOTO Ha OTHOCUTEIBLHO HEOOJIBIIIOM YYaCTKE MOJIst HeMOAU(HUIIMPOBAHHOMN KyKypy3bl. [Ipes-
TIOJIATAETCsI, YTO Ha 00€ PaCTUTENIBHbIE KyIBTYphI BO3IECHCTBYIOT HACEKOMBIE-BPEAUTEIH, CIIOCOOHBIE K CAMOCTOSTEIEHOMY
TIEpEMETIICHHIO (TaKCHCY) B HANPABJIEHUHN IpalieHTa PaCTHTEIBHOTO pecypca. Takxe paccMarpuBaeMast MOJETb YIUThIBA-
eT mudQy3nOHHBIE MPOIECCH B ANHAMUKE BCEX KOMIIOHEHTOB OOBEJMHEHHOW MOJEIH, POCT OMOMAcChl, TeHETHIECKNE
0COOEHHOCTH 000MX BUIOB PACTUTEIIHLHOIO peECypca U MPOLIECCOB BbIEIaHUs arpOKYJIBTYP, SIBJICHUS POCTa U JIeTpaIaliiy,
muddy3nn 1 MyTanmu BpenuTeneld M JaeT BO3MOXKHOCTb, HA OCHOBE NMPOTHOCTHYECKHX PacyeToB, C OJHOH CTOPOHBI,
YMEHBIINUTb IOTEPHU ypOXKasi, C APyTrOil CTOPOHBI — IOBBICUTH CTOMKOCTh TPAHCTEHHOW arpOKYJIBTYPhl K BO3ACHCTBUIO
BPEIUTEIS 3a CUET CHUKEHHSI CKOPOCTH €r0 €CTECTBEHHON MyTaIlHH.

Mamepuanst u memoowi. MareMaTnieckasi MOZACNb TPEICTaBIsCT coboi pa3BuTHe Moxenu KocTHnbIHA W ABISETCS
HavyaJIbHO-KpPaeBOW 3a/1aueil 11l HeIMHEWHON CHCTEMBI ypaBHEHMH KOHBEKUUH-AN(PQY3UH, KOTOPBIE OMHMCHIBAIOT MPO-
CTPaHCTBEHHO-BPEMEHHYIO JAMHAMUKY M3MEHEHMsS IUIOTHOCTH OMOMAacChl JBYX THIIOB arpOKYJIBTYpbl — TPaHCTEHHOMH
U HeMOAU(UIIMPOBAHHOM, a TAKXKE YACIbHBIC YACICHHOCTH (TUIOTHOCTH) 00pa30BaBIINXCS B PE3YJbTAaTe MyTallMi TPEX
TEHOTHUIIOB BpenuTeNel (KyKypy3HOro MOTBUIBKA).

ABTOpaMu BBINOJIHEHA JINHEAPH3aLM YPaBHEHUH A (y3HH-KOHBEKIIUH 110 TIPaBBIM YacTsIM Ha BPEMEHHOH CETKe — He-
JVHEHHBIC WICHBI, BXOAAIINE B KaKA0€ U3 YpaBHEHUH, OepyTcs C 3ama3gpIBAHUEM Ha MPEIBIAYIIEM BPEMEHHOM CIIOE.
Unensl, onpeesnsoIne TAaKCHUC, TPEICTaBICHBI B TAaK Ha3bIBAEMOI CUMMETPHYHOH (hopMe, rapaHTHPYIOIIEeH KOCOCHM-
METPHYHOCTh COOTBETCTBYIOILETO HENPEPHIBHOIO OIEparopa, a MpH anmpoKCUMAILMKM Ha MIPOCTPAHCTBEHHOH ceTKe —
U Pa3HOCTHOTO OIlepaTopa.

Pe3ynvmamot uccnedosanus. IloctpoeHa ycToifunBasi MOHOTOHHASI Pa3HOCTHAS CXEMa, alllIPOKCHMHUPYIOIIAs HCXOTHYIO
3a/aqy CO BTOPBHIM IOPSIKOM Ha MPOCTPAHCTBEHHOM paBHOMepHOU 2D cetke. [IpuBeneHsl pe3yasTaThl YUCISHHOTO pe-
LIEHUs] MOZIETBHBIX 3a/1a4, Ka4ECTBCHHO COIIACYIOIINECS C PeaIbHO HaOMoAaeMbIMH IponeccaMu. [1omydeHs! pemeHns
JUISL pa3JINYHBIX COOTHOIEHUH MOAU(UIIMPOBAHHOTO W HEMOAN(HUIIMPOBAHHOTO YIACTKOB MOJIS.

Oobcysncoenue u 3axnroyenus. [lonyueHHble pe3ynbTaThl yueTa OBEICHUS BpeIuTeliel B 3aBUCUMOCTH OT TUIIA TaKCHCa
MOT'YT TI03BOJIUTh CYIIECTBEHHO YBEJIMYHUTH BpeMsi IpuodpeTeHus Bt-yctoitunBocTy. [Ipn 3TOM muHaMKMKa KOHLEHTpa-
ou Bpe]lHTeHeﬁ, MNEPEMEUIAONINXCA B HAIIPABJICHUU I'PaAUCHTA IMOMCKA MHIITH, 3HAYUTCIIBHO OTIIMYAaCTCA OT KOHIICHTPAa-
LIUH BPEAUTEIIEH, TEPEMEIAIONINXCS B HAITPABICHUH MapTHEPA IS pa3MHOKEHHS.

KuroueBble cjI0Ba: MaTeMaTHIeCKOE MOMICIIMPOBAHIE, TCHETHUSCKH MOAN(UIIPOBAHHAS KYKypy3a, arpOKYIbTypa, ObI-
CTPBIM U MEJICHHBIN TaKCHC

Jasi uutupoBanusa. CyxuHoB A.M., byraesa HM.A. Maremaruueckoe MOIEIUPOBAHUE MPOCTPAHCTBEHHO-HE-
OJTHOPOIHOIO HECTAIIMOHAPHOTO B3aUMOJCHCTBHS BpPEAUTENICH C TPaHCTCHHOM M HEMOTU(HUIIMPOBAHHON arpo-
KyasTypamu ¢ ydetoMm Takcuca. Computational Mathematics and Information Technologies. 2024;8(3):9-22.
https://doi.org/10.23947/2587-8999-2024-8-3-9-22

Introduction. A unified spatially inhomogeneous non-stationary model is considered, describing the interaction of
genetically modified crop resources (corn) [ 1-5] in the presence of pests, specifically the corn borer, which is also localized
within a relatively small section of the field growing non-modified corn. It is assumed that insect pests affect both types
of crops and are capable of moving independently in the direction of the plant resource gradient, thus accounting for the
phenomenon of taxis [6, 7]. Furthermore, the model incorporates diffusion processes in the dynamics of all components
of the unified model.

The arrangement of two types of crops of the same species — transgenic and non-modified — on the same plot of land
(field), with the non-modified crop occupying a significantly smaller area, allows for the localization of a large proportion
of pests in this smaller area [8—13]. By selecting the relative size of this area and considering factors such as soil fertility,
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biomass growth, diffusion, and genetic characteristics of both types of crop resources, predictive calculations based on
the developed model can be used to reduce crop losses. The processes of crop consumption, growth, degradation, taxis,
diffusion, and pest mutation are also accounted for additionally, this approach increases the resistance of transgenic crops
to pest damage by slowing the natural mutation rate of pests.

Materials and Methods. The mathematical model is formulated as an initial-boundary value problem for nonlinear
convection-diffusion equations with nonlinear functions on the right-hand side [14—17]. These equations describe the
spatiotemporal dynamics of biomass density changes for two types of crops — transgenic and non-modified — as well as
the density of three pest genotypes, which arise due to mutations in the corn borer.

Transgenic corn lines resistant to pests, producing “Cry 3 Bt” toxin crystals, are engineered using the bacterium
Bacillus thuringiensis var. Tenebrionis. It is assumed that the gene responsible for Bt-resistance in an individual pest can
exist in two states, referred to as alleles: the Bt-susceptible allele (s-allele) or the Br-resistant allele (r-allele) [15—17].
These two alleles form three pest genotypes: Bt-susceptible genotypes (ss and s, if Bt-resistance is recessive) and the Bt-
resistant genotype (77). The proposed approach is based on a modified demo-genetic model of Kostitsin [1, 15-21], which
describes the dynamics of competing pest genotypes using Lotka-Volterra equations [2, 3].

In this work, the convection-diffusion equations were linearized on the time grid, where the nonlinear terms [22, 23] in
each equation were taken with a delay from the previous time layer. The terms defining taxis are analogous to advective
transport terms and are presented in a symmetric form that ensures the skew-symmetry of the corresponding continuous
operator. When approximated on a spatial grid, this also ensures the skew-symmetry of the finite-difference operator. This
approach, with relatively mild restrictions on the time step during the approximation on a 2D spatial grid, allows for the
construction of a stable monotonic finite-difference scheme.

Formulation of the Initial-Boundary Value Problem. Let R = R(x, y, f) represent the biomass growth of the studied
crop, and 7, be the Malthusian growth rate coefficient. The well-known equation for the dynamics of biomass density
takes the form:

OR R
EZSRAR-FVRR(I—K—R)—QRN, (1)

Ty =r +g(x, p,1).

where g(x, y, ) is a function accounting for the fertility of a specific field section.
It is assumed that two types of plant resources exist — “regular” and transgenic crops:

R=R +R, 2

where R, = alx, y) R is the initial biomass of the regular plant resource, R, = (1 — a (x, ))R is the initial biomass of the
transgenic plant resource, N =N +N, +N,_ s the total pest population density, N, =N, (x,y,?) is the density of
genotype ij at point (X,y) € Q at time ¢ (i, j = r uma s); N, N , N _are the pest population densities correspond to the
respective genotypes, K, is the carrying capacity of the environment, d, is the diffusion coefficient for the plant resource,
o(x, y) is the competition coefficient between the two types of plant resources (which can be neglected if the distance
between patches exceeds 5 meters).

For each pest genotype, where necessary, indices are used in the notation: ss and rs for Bt-susceptible genotypes and
rr for the Bt-resistant genotype.

Recall that the goal of using transgenic crops to suppress the pest population in agricultural fields is to reduce the risk
of the pest adapting to the B#-toxin [8—13, 15, 16], produced by the transgenic crop, within the given spatial configuration
of the system and under the prescribed “high-dose/refuge” strategy scenarios recommended for managing pest resistance
to Bt plants. The “high-dose” means that the toxicity level of the Bt-crops is sufficiently high to kill nearly all pest larvae.
The small percentage of surviving (Bt-resistant) individuals should be controlled by designating special areas on or near
the transgenic fields where non-modified crops (refuges) are planted. These refuges serve as a source of Bt-susceptible
individuals, which, by mating with Bt-resistant individuals, should decrease the proportion of resistant offspring.

The biomass growth for both types of crops, considering diffusion, is modeled by the following equations:

R

R _ 5, AR +r,R(0-F_ar N,

or X,

OR R (3)
6; — SRARZ + rRRZ(l —K—R)—(,ZRZNW.

11
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Let’s introduce the functions that describe the offspring distribution ﬁj, where the indices j, j represent the genotypes ss, 7s, ss:

1 N, Y
N_,N =W_—| N =
](ss( 8552 sr rr) S8 N( ss+ 2 ) >

2 N_\(N
" N ,N ,N )=W_ —|N_+—|—==4+N_|, 4
f[‘j f;f( S8 sr N‘) rs N( Ss 2 j[ 2 H)

1(N g
N N N )Y=W —| "N | .
ﬁ)‘( SS rs )r) rr N( 2 + rrJ

The primary Bt-resistance management strategy, the “high-dose/refuge” approach, is modeled as follows. It is assumed
that the pest’s habitat {2 may consist of an arbitrary number of areas planted either with Bt-corn (Q,), or regular corn
(Q,)- Leto € (0,1) be the selection coefficient for Bz-resistance. Then, the fitness of the pest genotypes is expressed as:

W, _=1-c, HaBceM Q;

l=h.c, xeQ,;
v, () '
l-c+h (o-c), xeQ,; (5

Bt>

1, Q
WV(X):{ X e ref

88
-0, xeQ),,

where c is the cost that the Bt-resistant genotype pays for the advantage it has on Bt-fields; /_ is the dominance level of selection
for Bt-resistance; 4_is the dominance level of the cost ¢, the parameters 6, ¢, h_, h < [0,1] are determined empirically.

Let a represent the search activity coefficient of the corn borer, characterizing its sensitivity to the heterogeneity of
corn distribution, b be the fertility coefficient, p — the mortality rate of genotypes, o — the competition coefficient
between them. W, € [0,1] denotes the fitness coefficient of genotype i/ in the environment, determining its survival
depending on its localization in the habitat (on B#-plants or in a refuge). It is worth noting that when the coefficients
(i. e., the habitat is homogeneous and serves as a refuge), summing the system of equations leads to a simple logistic
growth equation for the entire population.

Results. To solve the task at hand, we modify the Kostytsyn>s demo-genetic model (1) by adding terms accounting for taxis:

oN 1 N
—% 4V(N_v )=8AN_ +eaRW_—(N_+—-) —uN_,
a t ( ss S‘S) ss 58 N( ss 2 ) MN ss
%+V(N”v”) =0AN  +eaRW 3(NYY +£)*
o Vi : : st ©
N,
*(Nrr +Tm)_“‘Nrs’
oN N,
—Z+V(N,v,)=08AN,, +eaRW, L (N, +—2) —uN,,
ot N 2

where K, = (b—u)/oc is the environmental capacity, 8, is the diffusion coefficient of the plant resource, W, are the
adaptability coefficients for pests with the ij-th genotype, jf/ proportions determining the distribution of pest offspring
among the three considered genotypes i (ss, s7, 1) (4), N; = N, (X, y,?) is the density of the ij genotype at point (x, ) € Q
attime ¢ (i, j=rors), N, N, N_ are the densities of the corresponding pest genotypes, N =N _+N_+ N _is the total
population density, p is the mortality coefficient for the genotypes, v, v , v , wm vl.j(x, ¥, f) are the velocities of pest
movement in the spatial variables x and y for the corresponding types in the direction of the plant resource gradient.

For two types of taxis (fast and slow), the biological significance and the equations governing them will be presented
below. Each type is characterized by its ability to locate areas with high prey concentrations. The moth’s search behavior
is modeled based on the assumption that the acceleration of the pest’s movement is proportional to the gradient of plant

density or the change in biomass growth:
dv,
d_j =kVR+ 5VAVU., (7
t

where R = R(x, y, ) represents the biomass growth of the plant resource population at point (x, y) at time #; v’.j(x, ¥, t) denotes
the velocities of pest movement, A is the Laplace operator, V is the gradient operator.
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Here and further, the habitat boundaries of the community are assumed to be uninhabited, meaning that both diffusion
and advective flows of individuals across the boundaries are absent:

VN;on =0, ven=0, (x,y)€0Q . (®)

Here n is an external normal to the border 0Q; Q is the spatially two-dimensional region representing the pest’s
habitat; (x, y) € Q (x, y) the closure of this region Q. Such a formulation of boundary conditions allows for a natural
ecological interpretation, specifically the spatial isolation of the trophic community.

Let us now consider the pest dynamics equations, where pest activity is determined by the sum of the densities of two
species of insect pests:

N=N"4+ N )
where NV u N® and are the pest densities in the passive and active state, respectively.

Considering equation (9), the system of equations (6) for the passive behavior of pests can be rewritten as equations
(10):

oNW 1 N
T by (N = 5OANY + eaR W, Ny Ze | N0 BN,
at 55 \s N(l) s S8 S8

rr

on N0 NO
a” + V(N = §WANY + ear W, i(N(l)+i . N§1)+? —uNy —BNNY,
. , ‘

rs I’Y 1 N(]) 2
10
oNy M, Lo MY ) "
a” +V(Nrr rr) 8 +eaRW W NW +? },LNW BNNrr,
t

(x,»)eQ(x,y),0<t<T,
N (x5, 0,0) = N}, R (%, 3,,0) = R},
— M o1y —
VNij -I’l—O, Vvij 'n—O,(x,y)eaQ,

In the active state, considering that the pest, which is susceptible to the pesticide, only consumes the conventional
plant resource (and not the transgenic crop), we derive the following system of equations (11):

2
oN" NP

SS ( (2 (2) (2) rs —_ (2) — (2)
o +V(NVT) = 8" AN +eaR W, Ve N+ > UN —BNN,

oN® N® N©®
S VONE) = SN+ eaR ], —| N+ || N4 | -,
t

2
2 (11)
oy (), @ (e, N @ e
—+ V(N V) = 8 AN +eaRW, —| N, +—"—| —uN,” —BNN,’,
ot "NO 2
(x,)€Q(x,y), 0<t <T,
N(z)(xo,yO,O) ¥ ’R(xoayo’o):Rl*’
— 2y,
VN!.,. n=0,Vy"en=0,(x,y) € Q2
By summing the first three equations, we obtain (11%):
oN, (),2)y = s AN @ _ N0 @
8—+V(N” v7)=08"AN_" +eaR N*” —uN;’ —BNN",
t
(x,y)eQ(x,y),0<t<T, (11%)

N(z)(xo’y()ao) ,j aR(xovy()»O):Rl*’
VNI;. Jen = 0, vaz)-n =0,(x,y) € 0Q.

13



14

Sukhinov A.1 et al. Mathematical Modelling of Spatially Inhomogeneous Non-Stationary Interaction of Pests ...

Slow taxis in the passive state for the three types of insect pests is described by the following equations (12):

0]
W ta _a;“ +VINOWY [ =80A00 +kVR,
t
oW
Wi - V(N =80 + kOVR
; SV :
o (12)
Wt a| ==+ V(N | =80AvY + £ IVR
rr at rr rr v rr >

(x,y)eQ(x,y),0<t<T,
N[/(-I)(xo,yo,o) = N;aR(xoayoao) = R*,
VN en =0, Vv®en = 0,(x,y) € Q.

Fast taxis in the active state is described by a single equation for pesticide-resistant insect pests (13), since genotype-
specific traits are not significant when searching for a mating partner:

N A A SEZ)AV(Z). (13)
In equations (12)—(13), all velocities vl(_l),vl(_z),ij € (ss,sr,rr) are spatially two-dimensional vectors.

To linearize the system (3)—(11), considering the initial and boundary conditions, we construct a uniform time grid
o, over the time interval 0 <z <7 , where T is the characteristic period of crop maturation (from early spring to late
summer), with a time step T:

o, ={t, =kt,k=0,1,..,N;Nt=T}. (14)

On this constructed time grid, we build a sequence of linearized initial-boundary value problems, which are
interconnected at each step by the initial and final values. The idea behind such linearization is that all nonlinear terms in
the corresponding partial differential equations are taken from the values at the previous time layer relative to the current
one. For the first time layer, the appropriate initial conditions are used.

Let the solutions of the sequence of linearized initial-boundary value problems be denoted the same as the solution to
the original nonlinear problem (3)—(13).

Initially, for each ¢, starting from the initial moment ¢, the velocities of slow and fast taxis are determined from
equations (15) and (16), respectively. The value of k£, k =1,..., N is fixed for all initial-boundary value problems of the
linearized system of partial differential equations solved at the given time layer ¢, , <t <t , k=1,..,N:

(1.(k)
6v,.j

ot

+lAv@)’“‘) =
ij
o

1
O OVND )+ VN v )+
Le0mf i OVR ),
! (15)
V(l)’(o) _ V* v(l),(k) (tkil) _ vl(jl)’(kfl) (tkfl )’ k = 1, seey N:

i iV

Loy <t<t,(x,y) € Q(x,y),
Nij'l)(xosyosto) = Ng(/l)(xoayoao) = N,;(x’y),Rlo(xosyosO) = R*(Xay),
V(ng.l)-n) =0, Vv‘(”’(k’” n=0,ij €(ss,sr,rr),(x,y) € oL

V(z),(k) — k(Z)VN(Z),(k—l) +6(v2)AV(2),(k)
WO =V NP (s vsty) = Ny (6 0), (16)
VOO ) =V, ),

L <t=t,k=1.,N,(x,y)eQx,y).

#

In relations (15) and (16), the initial conditions V),

V™R (x,), N,j (x,»), N;-* (x,y) are represented by known
functions. For the sake of brevity, we will not separately specify the initial and boundary conditions for systems (17)—(19).
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Here and throughout, for the system (17)—(19), the value of the parameter £ is fixed and is the same as in equations
(15)—(16). It remains constant across all systems (17)—(19) until the corresponding initial-boundary value problems are
solved within the given time interval ¢, | <t <¢, .

For system (3), we have the following:

OR™® R*(, )+ R, )
=B AR 4R (1= = . ) =aRO (N (1 )+ NP, ),
R
8R"‘) RM t )+R* V(¢
R
RV, )= Rf“(rk,l),Ri“(rk,l) =RV (1, ),
L <t<t,k=1.,N,(xy)eQx,y).

For system (10), we have the following:

Ny

a (V(N (k) (k 1))+VN (k) (k 1)) 6(] (k 1) 4
t

(1),(k-1) 2
+eqR* Y (tk—])VVss (11) = [N()U») + N ; (tk 1)J _HNS),(M _BN(k)Ngi),<k)’
1 N (K E 3

(1),(k)

e 2 (V(N ), 1)(A ”)+VN (1), (l)(k 1)) st AN(')”‘ b
ot

+eaR"“ ™ (1, W ! NOED )+NW) :
1 k-1 rs N(l) (k) k-1 2

_ NO® as)
.[NS),(/( 1)(tk—l)+ s _HN,(S) (k) BN(k)N(l) )
(16
B (V(N (k) (k 1))+VN l)(k) (k 1)) 8(]
ot

2
()(k)+Nl)(k V()

_ _ 1
vea(RE (4 )+ RV @ W, —gs (N 2 ] —uNY BN,

RV (4)=RV (). R () = RV (1),
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For the system of equations (11*), we have the linearized formulation (19).

Subsequently, all linearized initial-boundary value problems are approximated on an extended uniform two-
dimensional grid using implicit schemes with second-order accuracy with respect to spatial grid steps and first-order
accuracy with respect to the time step. Considering the limited speed of pest movement and the symmetric form of the
terms describing taxis (skew-symmetry of the corresponding grid operator), it is possible (by selecting a sufficiently small
time step) to satisfy the conditions for the applicability of the discrete maximum principle and the positive definiteness
of the grid operator for each equation in the system (15)—(19) in the Hilbert space of grid functions. Consequently, we
obtain a stable difference scheme. Due to the considerable complexity and volume of work, these studies are expected to
be carried out in future research planned on this topic.

(2)(k)
ov 1 (2)(k) (2)(k=1) (2(k) 2)(k-1)
o +_(V(N (v )+VN (¢, 1)V )=
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NGt = N ) NS ) = NS )
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The resulting system of difference equations, which approximates the sequence of initial-boundary value problems
(15)—(19) with a sufficiently small time step (hundreds or thousands of seconds), exhibits strict diagonal dominance. It is
advisable to solve it using the Seidel method, which converges at a rate of geometric progression.

To model possible scenarios of the behavior of a biological system consisting of predators and prey, a software
package was developed [21]. A two-dimensional grid of size 100x100 units is considered, with a spatial step of 1 and
a time step of 0.01. The weight for the difference scheme is set to 0.5. At the initial moment of simulation, the prey
concentration was set to a constant value of 1, while the initial predator concentration is shown in Figures 9 and 10. The
following parameters were used to simulate changes in population concentrations: the mortality coefficients for the plant
resource B, =B, = 1, the predator growth coefficient, which is taken as the product of the pest’s efficiency coefficient e and
the pest’s resource search efficiency coefficient a: ea = 1, and the taxis coefficients &V = £» = 40. For equations (1)—(7),
it is assumed that the mobility of the different moth genotypes is the same 6 = 1 the pest mortality coefficient p = 6.84,
the carrying capacity of the environment K = 5*106 kg/km?, and the Malthusian growth coefficient », = 25.3 year . In all
numerical experiments, it was assumed that at the initial moment, the pest density was uniformly distributed over space
at N°=2,948 x 10° individuals/km?.

According to the authors’ assumptions, at the beginning of the study period, there are pests with dominant (ss) and mixed
(rs) genes that lack resistance to transgenic crops. Pests with recessive traits (77-genotype) emerge as a result of crossbreeding
by the end of the first month after the first generation reproduces. For the first few months, recessive traits manifest only
in individuals with slow taxis. The movement of pests is directed inward, towards areas planted with conventional crops
(referred to as “refuges”). Here, through crossbreeding, the insects lose their resistance to transgenic crops.

As food sources are depleted, the boundaries of these areas “smooth out”, naturally evening out the spatial distribution
of pests [18, 20, 21]. Pest behavior changes by the second year. Over the first two years, the dynamics of the pests
shift significantly depending on their activity — whether they are feeding or reproducing. Rapid consumption of the
conventional plant resource inevitably leads pests towards the biomass gradient of the transgenic crops. However,
successful reproduction is only possible in areas with conventional crops, which highlights the significant role of both fast
and slow taxis in the model. Consequently, the movement of all pests is directed away from the “refuge” areas. As they
deplete the conventional crop zones, the pests move toward regions where its biomass increases, eventually entering the
transgenic fields, where they reproduce and gradually acquire resistance to transgenic plant varieties.

It should be noted that the main field cannot border other modified crops. Figures 1 and 2 present recommendations
for farmers from the company’s official website.

As the total area of “refuges” increases (>20 %), the acquisition of Bt-resistance slows down, which aligns with the widely
accepted recommendations for the size of “conventional” plots on genetically modified fields — ranging from 5 % to 20 % (Fig. 1).

Total Corn Acres”

Refuge Acres
B.t. Acres
Persent of Required Refuge — or

Based on total corn acres.

“Includes all corn acres that are infield or adjasent to each other
and will be allocated to the B.t. product and its associated refuge.

Fig. 1. Recommended sizes of “refuges”

while the transgenic variety is indicated in green (Fig. 1 and 2). Here, the “striping of refuges” may be uneven across
the field, and their placement depends on the agro-climatic conditions (Fig. 2).

Now, let us consider the dynamics of pest distribution under various configurations of “refuges” on fields with
modified crops. The study period for pest dynamics is set at # = 10 conditional years. It is reasonable to assume that the
boundaries of the main field should be “surrounded” by corn that does not possess Bt-resistance to facilitate easier access
to the “refuge” for pests.
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< 1,2 mile < 1,2 mile
Block

<1,2 mile <1,2 mile

Perimeter Strips

Corn Borer Refuge (i. €. , Roundup Ready Corn 2
or conventional ccfr}g) 2. Recommended locations for corn plots by Monsanto

Let us consider the first type of refuge placement, where a single plot of conventional corn is located at the center of
the field.

0.03

0.02

0.01

Fig. 3. Depletion of plant resource on transgenic field with a single “refuge” at ¢ = 10

By depleting the safe areas of “conventional” crops, the pest is driven in search of food toward the transgenic region.
Let us examine the depletion of plant resources by the pest in more detail. Fig. 3 illustrates two areas of depletion, where the
boundary consists of conventional and transgenic crops. The plots of “‘conventional” crops are depleted more rapidly.

In May 2013, RapidEye began monitoring large agricultural plots from space, allowing for the first comparison between
numerical research results and the actual conditions of agricultural lands. An overview of satellite images of the U.S. Corn
Belt revealed a predominance of the fourth type of distribution, which is easily explained in terms of cultivation convenience
and field management. The color differences between the plots (an example of the adjacency of “conventional” and modified
varieties of corn is presented in Fig. 4) are attributed to the quality of the plants, their adaptability to the environment, and
their immunity to pests.

17



18

Sukhinov A.1 et al. Mathematical Modelling of Spatially Inhomogeneous Non-Stationary Interaction of Pests ...

Fig. 4. Proximity of conventional and modified corn varieties!

The influence of the spatial configuration of refuges on the effectiveness of the “high dose — refuge” strategy was
investigated for fixed values of refuge percentage and pest mobility in the simplest case, where the pest’s range is
represented as a rectangle Q = [O, Lx]x [O,Ly]. Numerical experiments with the demo-genetic model demonstrated that
for a total moth range of 16 km by 16 km, positioning a single strip of refuge in the center of the field approximately
halves the time T, significantly increasing the level of infestation of the Bz-field by moths. Dividing a single strip of
“refuge” into several strips enhances refuge effectiveness.

A comparison of the results of numerical simulations in cases where the boundaries were also “refuges” or belonged
to the main transgenic part of the field indicated the superiority of the first type of distribution.

The depletion of food with a “striped” arrangement of “refuges” is clearly illustrated in Fig. 5. Depletion occurs more
rapidly at the boundaries of the area than in the central “refuges”, and the presence of boundary “refuges” facilitates
quicker depletion of the “conventional” crop.

Fig. 5. Depletion of plant resource on transgenic field with four “refuges”

A similar effect is observed for refuges of rectangular or square shapes (Fig. 6 and 7). Let us consider a refuge
arrangement where four square plots of “conventional” corn are positioned at the center of the transgenic field. The
presence of “refuges” of varying sizes and arrangements is justified only in cases of significant height variation across
the field. However, in such cases, a three-dimensional model of pest dynamics would need to be developed. The results
obtained confirm our hypothesis that the distribution of “refuges” across the main field area should not touch the boundaries
of the region; otherwise, we reduce the likelihood of pests accessing the “refuges”.

Forecasting pest dynamics over a period of # = 100 reveals that the overall behavioral model of pests during resource
depletion remains consistent (Fig. 7). The foliage and fruits of plants are most adversely affected by insect pests, which
aligns with natural observations.

It is noteworthy that even with a single “refuge”, the depletion pattern can be quite unusual, depending on the selective
characteristics of the corn variety and the landscape features (Fig. 8).

"Photo from http://www.monsanto.com
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The number of pests increases much more slowly relative to the decrease in their mortality coefficients, indicating the
need to investigate the influence of other model parameters on population dynamics.

Let us now examine the dynamics of pests based on various mortality coefficients. For the European corn borer,
Ostrinia nubilalis, this coefficient is p = 6.845. Other corn pests exhibit significantly greater survivability. In the area
under consideration, let the adaptation coefficients of the genotypes to the environmentbe w _=w_=0.45,w =0.1 (with
Bt-resistance at 10 %), he duration of the study is set at 2 years.

Figure 9 illustrates the dynamics of concentration with a linear increase in pest survivability.

0.05

0.01

Fig. 6. Depletion of plant resource on transgenic field with four rectangular “refuges”

40 -0.03
60 40

80 60
—0.02 80

—-0.01

Fig. 7. Depletion of plant resource on transgenic field with four square “refuges”
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Fig. 8. Forecasting pest dynamics on a field with a single “refuge”

Pest mortality rate

Average number of pests per plant

Fig. 9. Pest concentration dynamics at different mortality coefficients
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Discussion and Conclusion. Despite the fact that the total area of “refuges” remains unchanged relative to the total
field area at 20 %, the depletion of resources occurs faster with a larger number of “refuges” For a given habitat size
increasing the number of refuges by reducing their size while maintaining the overall 20 % refuge area can decrease
the effectiveness of the “high dose — refuge” strategy. It is reasonable to assume that the easier it is for pests to reach
the “refuges”, the quicker they lose their resistance to the toxin. To make it easier for pests to access the “refuges”, it
is necessary to reduce the size of the refuges while preserving the 20 % ratio of the total field area. A key feature of the
model presented is the differentiation of pests based on the type of taxis they exhibit, which significantly influences the
pest population dynamics.
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