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Abstract

Introduction. This study investigates the possibility of increasing the accuracy of numerically solving boundary value
problems using the modified Bubnov-Galerkin method with a linear ordinary differential equation, where the coefficients
and the right-hand side are continuous functions. The order of the differential equation » must be less than the number of
coordinate functions m.

Materials and Methods. A modified Petrov-Galerkin method was used to numerically solve the boundary value problem.
It employs a system of linearly independent power-type basis functions on the interval [—1,1], each normalized by the unit
Chebyshev norm. The system of linear algebraic equations includes only the linearly independent boundary conditions
of the original problem.

Results. For the first time, an integral quadrature formula with a 22nd order error was developed for a uniform grid.
This formula is used to calculate the matrix elements and coefficients in the right-hand side of the system of linear
algebraic equations, taking into account the scalar product of two functions based on the new quadrature formula. The
study proves a theorem on the existence and uniqueness of a solution for boundary value problems with general non-
separated conditions, provided that » linearly independent particular solutions of a homogeneous differential equation
of order n are known.

Discussion and Conclusion. The hydrodynamic problem in a viscous strong boundary layer with a third-order equation
was precisely solved. The analytical solution was compared with its numerical counterpart, and the uniform norm of their
difference did not exceed 5-10°. The formulas derived using the generalized Bubnov-Galerkin method may be useful for
solving boundary value problems with linear ordinary differential equations of the third and higher orders.
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AHHOTALMA

Beeoenue. Viccnenyercss BO3MOXHOCTh — YBEIMYEHHMS  TOYHOCTH  UYHCIEHHOTO  pelIeHWs KpaeBOM  3amauu
MOIU(UIMPOBAHHBIM MeToIoM byOHOBa-I"anepkuHa ¢ TMHEHHBIM OOBIKHOBEHHBIM aU((HepeHIINATFHBIM YpaBHCHHEM,
B KOTOpPOM KO3((PHIMEHTHI U TpaBasi 9acTh SBIAIOTCS HempepbBHBIMH (yHKImaMu. [lopsaok nuddepeHmmaatsHOro
ypaBHEHHS 7 JOJDKEH OBITh MEHBIIIE YMCIIa KOOPJHMHATHBIX (QyHKIUH m.

Mamepuanst u memoowt. [ YUCICHHOTO pEIICHUS KPacBOM 3aJayll HCIOIB30BaH MOAUMDUIIMPOBAHHBIA METO]
[lerpoBa-I'anepkuHa ¢ cucTeMol JTHHEHHO HE3aBHCHUMBIX 0a3HMCHBIX (DYHKLIHMIH CTETEHHOTO BHAa Ha oTpeske [—1,1] ¢
eIMHUYHOM HOopMO# UeOblmeBa /il Kakaoi (GyHKIMM cucTeMbl. B cucTeMy JHMHEHHBIX aareOpandeckux ypaBHEHUH
BKITFOYCHBI TOJFKO JIMHEHHO HE3aBUCHMBIC KPAeBhIC YCIIOBHSI HCXOTHOW 3aauu.

Pesynomamul uccinedosanusn. BriepBble TIOCTpPOCHA WHTETpajbHAs KBajapaTrypHas (opMyiia Ha PaBHOMEPHOH CETKe
C IBaAUaTh BTOPHIM MOPSJIKOM IOTPEHIHOCTH JUISi BBIYUCICHHS DJIEMEHTOB MAaTpHIBI U KOI((QHUIUESHTOB MpaBOi
YacTH CHCTEMBl JIMHEHHBIX alreOpanvdecKhX YpaBHEHHHA C YYETOM CKaJSIpHOTO MPOHM3BEACHUS IBYX (YHKIHN IO
HOBOH KBanpaTypHOi (opmyre. JlokazaHa Teopema CYIIECTBOBAHMSA W €IUHCTBEHHOCTH PEIICHHS KpaceBOH 3agadu C
Hepa3eNeHHBIMA KPaeBbIMHU YCIOBUSIMH OOIIEro BH[A, €CIIM M3BECTHHI 71 IMHEHHO HE3aBUCHMBIX YAaCTHBIX PEICHUN
OTHOPOIHOTO MU PEPEHINATHFHOTO YPaBHEHU TTOPSIKA 7.

Obcyscoenue u 3akatouenue. TOUHO pelreHa THAPOTUHAMUYECKAS 33a7ada B BA3KOM CHIJIBHOM IOTPAaHUYHOM CJIOE C
YpaBHEHHEM TPETHEro Mopsiaka. AHAIMTHYECKOE pPElIeHHEe CPAaBHEHO C YMCIICHHBIM pElIeHHEM, paBHOMEpHash HopMa
pasHocTu peuiennii He npebimaet 5-107"%. TlonyuenHble 00001IeHHBIM MeToJ0M ByOHOBa-T anepkuta hopMyIbl MOTYT
OBITH MOJIC3HBIMHU [UISA PEIICHUS KPaeBBIX 3a/1a4 C JTHHEHHBIMH OOBIKHOBEHHBIMHU TU(GepeHINaTbHEIMA YPAaBHEHUIMHI
TPEThero u 0oJiee BEICOKHUX MOPSIKOB.

KuaroueBble cjioBa: THAPOJMHAMUKA, YUCICHHBIE METOJIBI, OOBIKHOBEHHBIC AU (epeHInabHbIe YpaBHEHUS, KpacBbIe
3a7a4u, MeTo] ['anepkuna

Jas umtupoBanus. Bonocosa H.K., Bonocos K.A., Bonocosa A.K., Kapnos M.U., ITactyxos J[.®., [Tactyxos 10.D.
YBennueHre TOYHOCTH PEIICHHS KPaeBhIX 3a1ad ¢ JIMHEHHBIMI OOBIKHOBCHHBIMU TH(PEepEHINATEHBIMA YPAaBHCHUSIMHA
MerogoM bybOnoBa-I'anepxkuna. Computational Mathematics and Information Technologies. 2024;8(4):7-18.
https://doi.org/10.23947/2587-8999-2024-8-4-7-18

Introduction. The most well-known methods for solving boundary value problems for ordinary differential equations
on an interval are the shooting method [1] and the tridiagonal matrix algorithm [1]. These methods determine the unknown
function on a given grid (grid function) using difference equations. In this study, a boundary value problem in the boundary
layer of a viscous incompressible fluid, described by a third-order ordinary differential equation [2—-3], is considered, and its
numerical solution is obtained in a functional form. The hydrodynamic problem in the viscous boundary layer is solved
using the modified Bubnov-Galerkin method [4] with a system of linearly independent basis functions. These basis
functions have a simple power form, are defined on the interval [—1,1], and are normalized using the unit Chebyshev
norm. The unknown solution function is expanded into a series of linearly independent basis functions. In this study, the
existence and uniqueness theorem for a boundary value problem on the interval [a, b] with a linear ordinary differential
equation of arbitrary order n is generalized to the case of non-separated boundary conditions.

A new integral quadrature formula for a uniform grid, with the number of intervals being a multiple of twenty, is
developed for the first time in this work. The quadrature formula achieves a 22nd order error. Compared to the previous
work [4], the new quadrature formula, applied to calculate the matrix elements and coefficients in the right-hand side of
the system of linear algebraic equations using the scalar product of two functions, reduces the Chebyshev norm of the
problem’s error by an order of magnitude. For a third-order equation, the system of linear algebraic equations includes
n—1 linearly independent boundary conditions and m—n+1 orthogonality conditions for the residual of the differential
equation to the basis functions [4-5] (n is the order of the ODE, and m is the number of basis functions). An exact
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solution to the problem [1] with selected parameters was obtained, allowing the computation of the Chebyshev norm of
the difference between the exact and numerical solutions. Methods for high-accuracy computations in hydrodynamics are
presented in works [6-8].

Materials and Methods

Problem Formulation. Let the unknown function u(x) be continuously differentiable n-times on the interval
u(x) e C"[a,b], be the solution to a boundary value problem governed by an n-th order linear ordinary differential
equation with variable coefficients g,(x) € Cla,b],i=0,n:

Llu(x)] = f(x), x € (a,b)

Llu(x)] = {ﬁgi<x>;"—);,)u<x), )
S (ot @)+ BLu®B)) = v, u =1 @

i=0

In the boundary value problem (1)—(2) the functions g,(x)(i = (),_n), f(x) e Cla,b] are given and continuous on the
interval [a, b]. The boundary conditions (2) are specified as linear forms of the function and its derivatives up to the n—1-
th order at the points x = a, x = b. These conditions are of a general type. For the problem (1) to be well-posed, the total
number of boundary conditions must equal n. The coefficient matrices (XL , BL ,i=0n-Lu= I,_n , and scalars v, , p= I,_n
defining the boundary conditions are given. The relationship between these parameters o, ,, determines the existence
and uniqueness of the solution to the boundary value problem (1)—(2).

Theorem 1. Let n linearly independent particular solutions of the homogeneous equation (1) be known
U;(x),j = 1,n. Then the boundary value problem (1)—(2) has a unique solution if and only if the following condition is

J— JR— n-l J—
satisfied: detA, #0,u=1n,/j=1n, where 4, = Z(GLU?)(G)+BLU;~I)(Z7)):H,J‘ =1,n.
i=0

Proof. The general solution of the linear inhomogeneous equation (1) is given by:

u(x)= >0, (0)D, +u(x), j =Lon,

where D, are arbitrary constants of integration, u(x) is a particular solution of the inhomogeneous equation (1),

and L[u(x)]= f(x); Uj(x) are linearly independent particular solutions of the corresponding homogeneous equation
LIU,;(x)]=0,j=1,n.
Substituting the solution u(x) into the boundary conditions (2) gives:

"i(a;u“’ (@) +Bu (b)) =§{a; [2 U (a)D, + u(i)(a)J +BL, (2 U b)D, + u“')(b)ﬂ =y, &

(€)

n n—1 n—1 —_— _— -
Z[Z%Uﬁ-’)<a>+BLU5-”<b>jD/- =y, — 2 o (@) + B (b, =T,
j=1\i=0 i=0

An inhomogeneous system of » linear algebraic equations (3) with respect to n unknowns D, j = 1,n has a unique
solution if and only if the matrix 4 is non-singular, that is, det4, #O0,u=1,n,j=1Ln,

n-1 R
Ay =2 (U@ +BLUCB))owj =1, )

Theorem 1 is proven. It should be noted that Theorem 1 generalizes Statement 1 from the work [4, p. 25] for the
case of separated boundary conditions. In the works on hydrodynamics [2-3], T.Ya. Ershova presents a two-dimensional
hydrodynamic problem for a viscous layer, taking into account the continuity equation in incompressible fluid and the
fluid dynamics equation, which is reduced, using self-similar variables, to a third-order differential equation in the strong
boundary layer:

Lu=eu (x)+ru (x)= f(x), x(0,1),e €(0,1), r = const > 0, (5)
1(0)=0, u(1)=0,u (1)=0.
We will solve problem (5) analytically for a particular case of the right-hand side of the equation

f()=leu (x)+ru' (x)=1, z(x) =u'(x), ez (x)+rz(x)=1.
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Let us write the general solution of the homogeneous equation
ez (X)+rz(x) =0 & 2/ (x) = —iz(x) < z(x) =C, exp[—zxj.
€ €

By integrating the last solution twice, we obtain
2

u'(x)= jz(x)dx =-C, Eexp(—zxj—i- C,u(x)= ju'(x)dx =C, %exp[—zxj+ Cx+C,.
r € r €

A particular solution of the equation eu’ (x)+7u (x) =1 is sought in the form:

W) = O () =0, 2C =1 &5 C = u(w) = 2,
r 2r
2 2
u,,(x)=u,, (x)+u(x)=C, g—zexp(—ixJ+ Cx+C, +)2€—,u'o”(x) =-C, Eexp(—ixj—i- C +2 (6)
r € r r €

on
7

Function (6) is the general solution of equation (5) with the right-hand side f'(x) =1. We apply the boundary conditions
of problem (5):

2 2
w0)=0C, 40, =00, =-C, %
r r

2

u()=0 < COS—Zexp(—z)+C] fC 0 (=0 —cofe>q)(—1j+c71 oo
r € 2r r € r

Then s
C = cofexp(_fj—l, COS—ZeXp[—ij+C1 +C, +L:0<:>
r g) r r € 2r
2 2
6 Zof L) Zon{ L)L e L v
r € r € r r- 2r 2 r 2
2[(8 +sr)exp(—)—8 j
€
2 2
CZ =—C € = & )Cl = £ _l

0 2 .
g Zr[s2 —(82 +sr)exp(—rD 2[(82 +sr)exp(—rj—82J d
€ €
As a result, we obtain:
& exp[—rxj aexp(—rj s s
€ € 1 € X
+ —— |x+

2r((82+8r)exp(—2j—gz) z((gugr)exp(_;j_gzj r 2r[82_(82+8r)exp(_3)+; (7

For testing the program using the Bubnov-Galerkin algorithm [2—4], we choose the parameters » = 1, £ = 1/2, and from
formula (7) we obtain the function (8).

u(x) =

ap(2-2) (€-2)x & ¥

u(x)= + - +—. (®)
23-¢’)  (3-¢’) 2(3-¢") 2
As in the work [4], we choose a system of basis functions ¢,(x),i = O,_m, m > n, that is linearly independent.
m 2x—a-bY L — o —
(6,0}, = {(b_—aj ,xela,bl,i= O,m}, o, ). = ,2}2"2]|¢f ()| =1Vi=0,m. 9)
dIx—q—
A linear transformation z = xb—ab,z € [-1,1] bijectively maps the interval [a, b] to the interval [-1,1]. The basis

functions ¢ (x) with even indices are even on the interval [-1,1], while those with odd indices are odd. Let the midpoint of
the interval [a, b] be denoted by ¢ = (a + b)/2. We expand the solution of the general problem (1) in terms of the system
of basis functions (9):

2(x—c
b—a

u(x) = u(c)+f:¢,(x)z)/. = u(c)+f:( ]j D,. (10)

From formula (10), the identity follows u(c) = u(c), and formula (10) itself is the expansion of the unknown function
in a power series centered at x = ¢ = (a + b)/2.
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Note. The Bubnov-Galerkin method is orthogonal. However, it does not require the system of basis functions to be
orthogonal polynomials, such as Legendre polynomials on the interval [-1,1] with a weight function p(z) =1, ze[-1,1].
The system of functions (9) must be linearly independent. It should be noted that the orthogonality of the system of functions (9) in
the residual of the differential equation in problem (1) is expressed with the weight function p(z) =1, ze[-1,1]. Moreover,
finding derivatives of any order from functions (9) is significantly easier than from Legendre polynomials.

Substitute (10) into equation (1) and write the residual of equation (1):

R(u((x)) = L[u(x)] - f (X)=L(u(0)+i¢_,-(X)D_ J J(x)=L(u(c)) ZLd) ()D; = f(x).

According to the Bubnov-Galerkin method, we write the orthogonality conditions of the residual with respect to the
maximum number of coordinate functions { l,z,2°,..,z2"" }, for solving problem (5) with the third-order equation, which
contributes the most to the residual of equation (5) (for m—n+1 functions in the general problem (1)):

(R(u()),6,(x)) =0,i=0,m-3 = i<L¢,~(x>,¢,-<x)>Dj = (/@=L (u(©)).4,(),i =0,m =3, (11)

In formula (11), the symbol (g, g) denotes the scalar product of functions:

(0.8)= Iq(X)g(X)dx, L(u(c)) = go(x)u(c) = g, (x)u,. (12)

To ensure the closure of the system (11), two additional equations are required. As shown in work [9], the boundary
value problem requires that the solution belongs to the class of admissible functions, meaning that all linearly independent
boundary conditions should be used. At the endpoints of the interval x = a, x = b, using formula (10), we obtain:

L . m oy J m
u(a)=u, =u(c)+ Z(Mj C=u, + Z(—l)' D u(b)=u, =u(c)+ Z[Mj D =u, +ZD..
b-a ! J=1 ! j=1 b-a ! =i
By summing the last two equations and expressing u(c) = u , we get

D m=2]
u =%\ p o _p L (13)
2 D .m=2[+1.

m-12

Similarly, expressing = , we obtain the formula:

D,  ,m=2l

D .m=2l+1. (14)

m?

u, —

~=D, +D3+...+{

We compute the first derivative u(x) from formula (10) and set it to zero at the point x = b according to the boundary
condition of problem (5):

m m ; oy Jj-1
(@) =30,D, =32 ((2)‘ = bj D, =0 D, +2D, +3D, +...+mD, =0. (15)
= =GRl b-a ).,
Substitute the value of u(c) from formula (13) into the right-hand side of equation (11), then move all terms containing
D to the left-hand side of equation (11). Taking into account formulas (14) and (15), we obtain a system of linear algebraic
equatlons (16) for the unknown coefficients D

Zalij f l—Om 1 (16)

where the elements of the matrix a, ,,i =0,m—1, j = 1,m and the coefficients of the right-hand side f. of system (16) are
given as:

(Lo ,,¢,>, if j =1(mod2),i =0,m—3

(L(9,-1),4,), ifj =0(mod2),i=0,m3
a,, =11, ifi=m-2, j=1(mod2) ,

0, ifi=m—2,,j=0(mod2)

j, ifi=m-1

11
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<ﬂ@—L(u+%j¢(w>iﬂ=Qm—1LF%;%j=(%;%Jgﬂﬂ

u,—u, ...
L e ifi=m-2 ,

7-

0,ifi=m-1
The action of a third-order linear differential operator in problem (5) on a basis function with index j can be represented
by the system of formulas (17):

8(x), ifj =0,
2g1(x) 2x—a-b) ...
(b— ) 0( )[ —a j lf]_L
~b
1, ={8g 00—+ g 020 g o )(Mj ifj=2,
(b —a) (b—a) a

o ) (Zx—a—b)/ ’ ( a—b)/f2
81 -1 - 22,0 ) g - 2t
-a) -a)
(2x—a—b)j7l

g () (2x—a-b)

(b-a) (b-a)’

The numerical solution of problem (5) is obtained by substituting (13) into formula (10), resulting in the expression (18):

B )

In solution (18), the unknown vector D is determined from the system of linear algebraic equations (16) D = A’I?, .
The estimate of the uniform norm of the solution u(x) yields the following result:

| ) | u, ot
ZZ|D | <=

+2jg,(x) ifj > 3.

-y vamo), <L Ll a7 =

+ 2mmax Dj =
Jj=l,m

o ===

where the norm of the inverse matrix 4 is determined by the formula "Arl "C = max i|d; i |

i=l,m =

In work [4], to compute all matrix elements a, and the coefficients of the right-hand side f of the system of linear algebraic
equations (16) through the scalar product of two functions (12), a composite quadrature integral formula (19) with a uniform
step and 12th-order error O(/'?) was applied. This formula was used by the program for the numerical solution of test example 3:

b-
(7.32) Iyl(xm(x)dx Sthl (3)C, +O(").m =10p.h=""5 p N, (19)

1

where the weight coefﬁments of the integral quadrature formula (19) are determined by the remainder of the division of
the node index i on the uniform grid by 10.

16067
299376’
16067
149688’(
26575 ,(i=1mod10)v (i =9mod10),
74844
-16175
‘ 99792
%l,(i =3mod10)v (i = 7mod10),
6237

—4825

5544
17807
12474

i=0vi=n,

zzOmole)/\(0<i<n1),

,(i=2mod10) v (i =8mod10), (20)

,(iE4m0d10)v(i = 6mod10),

,i =5mod10.
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Applying the scalar product formula for two functions using formula (19) with weight coefficients (20) and the Petrov-
Galerkin algorithm (16)—(18) with m = 16 basis functions and », = 20 integration intervals, the program computes the
uniform norm of the residual in problem (5). The exact solution is calculated using formula (8) on a uniform grid:

b-a

n

exact

u™ . x,=a+h-i,i=0,n,h=

num exact
—u

u = max

C i=0,n

u™" —ut ~ 2.016997679987753E-012.

In this study, a novel quadrature integral formula with a uniform step and a 22nd-order error O(4?) is proposed for the
first time. This formula enhances the accuracy of the scalar product computation and the evaluation of matrix elements
and the coefficients of the right-hand side of the system of linear algebraic equations (16), thereby reducing the norm of
the residual error in problem (5).

For the quadrature integral formula on a uniform grid [a, b] [1, p. 87], with an error of O(h*?) and considering
symmetry, the quadrature formula is written relative to the midpoint of the interval [a, b]:

c=(a+b)/2<z=0, x:@+@z,z e[-1L1],x e[a,b],dx=(b;—a)dz

we obtain:

i=10

If(x)dxz@jf(z)dz,ff(z)dz=Cof(O)+ZCi(f(—z[.)+f(z,.)),z[ =i/10. 2n

By substituting even-degree power functions into formula (21), we simplify the computations as follows (odd-degree
functions result in the trivial identity 0=0) f(z) = {0, 22, 2%, 25, 28, 20, z!2, 214, z16, '8 220} we obtain a system of 11 linear
inhomogeneous algebraic equations for the variables C,,i =0,10:

10
C +25C.k=0
0 Z : (22)

10 -
2> 2C,k =1,2,3,4,5,6,7,8,9,10;z, =i/10,i = 1,10.
i=1

Results. The system of equations (22) was solved symbolically without rounding using a symbolic computation
environment. The coefficients C, are provided in formula (24), and Table 1 illustrates the comparison between
computed and exact values. The table presents the numerical values of /", (the right-hand side of formula (22))

_1+ (=D

and the exact values of the integral 7°“¢, (the left-hand side of formula (22)) for power functions

f2)={1,z, 2% ... 2%, 2%} on the interval [-1, 1] taking into account the coefficients.

Table 1
Comparison of Numerical and Exact Values
k e, = ey D’ Jrm
k+1 k
0 2.00000000000000 2.00000000000003
1 0.000000000000000E+000 1.379105163401562E-015
2 0.666666666666667 0.666666666666679
3 0.000000000000000E+000 2.586472702681419E-015
4 0.400000000000000 0.399999999999999
5 0.000000000000000E+000 —3.694961003830599E-016
6 0.285714285714286 0.285714285714285
7 0.000000000000000E+000 —4.388850394221322E-016
8 0.222222222222222 0.222222222222222
9 0.000000000000000E+000 —-1.752070710736575E-016
10 0.181818181818182 0.181818181818181
11 0.000000000000000E+000 —1.613292832658431E-016
12 0.153846153846154 0.153846153846153

13
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End of table 1

k e, = I+ D' Juem

k+1 k
13 0.000000000000000E+000 —-8.500145032286355E-017
14 0.133333333333333 0.133333333333333
15 0.000000000000000E+000 2.602085213965211E-017
16 0.117647058823529 0.117647058823529
17 0.000000000000000E+000 1.092875789865388E-016
18 0.105263157894737 0.105263157894737
19 0.000000000000000E+000 1.578598363138894E-016
20 9.523809523809523E-002 9.523809523809518E-002
21 0.000000000000000E+000 1.717376241217039E-016
22 8.695652173913043E-002 8.695652174444995E-002

The conditions of the system (22) and Table 1 demonstrate that the quadrature formulas (22) and (23) achieve twenty-

second order accuracy.
If

then

b—aznh,nzZOs,seN,(

jf(x)dx =104

b-a

n=20s

leOsh,xl. =a+i-h, l':(),_n,

> Cf(x)+0(h”).x, =a+i-h,i=0,n,
i=0

The scalar product of two functions, as defined by formulas (19) and (20), is expressed as follows:

b "
(3>32) = [ 2102, (0)dx =108 3, (x,) v, (%,)C, + O(h™ ),y = 20s,h =
a i=0

where C, are the weight coefficients in the composite quadrature integral formula (23), which are obtained by solving the

system of linear algebraic equations (22):

14

b-a

,SEN,

1

1145302367137 . .
,ifi=0ori=n,
48426042384720
45302367137 4t (i — 0mod 20) and (0<i<n,),
24213021192360
w, if (i =1mod 20) or (i =19mod20),
1470076286679
~19467909708875 , if (i =2mod 20) or (i =18 mod20),
41162136027012
w, if (i =3mod20) or (i =17mod20),
3430178002251
—13929922392633 i (i = 4mo0d20) or (i =16mod20),
54882848036016
>0652939811064 , if (i=5mod20) or (i =15mod20),
2450127144465
—155790561130375, if (i=6mod20) or (i =14mod20)
3430178002251
286953364893000 i (i = 7mod 20) or (i =13mod 20)
3430178002251
_ 202376261017623 "4p (; — §mod 20) or (i =12mod 20)
3920203431144
1704056522480500 , if (i =9mod20) or (i =11mod20)
10290534006753
—1684005984173647,ifiElOInOdZO.
9355030915230
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We will find the characteristic equation and the particular solutions of the homogeneous equation (5) with the chosen
parameters:

e=—,r :l,sum(x)-i-ru"(x):%um(x)—i-u"(x) =0 A +20° =0 A, =4, =0,A, =-2,

| —

These correspond to three linearly independent solutions:

{U,(0) =1U, (x) = x,U, (x) = exp(-2)}{U; (x) = 0,U; (x) = LU, (x) = ~2exp(-2x)}

{U;(x)=0,U;(x) = 0,U; (x) = 4exp(-2x)}..

Next, we verify the existence and uniqueness of the solution to the boundary value problem (5) with parameters € = —,r =1.

1
2
Finally, we compute the elements of the matrix, as defined in formula (4), for solving the system of equations:
n-1 B — '
A, =2 (U (@) +BU (1)), j =1om, u(0) =0, u()) =0, u' (1) =0 <
i=0
a) =Loy =0;a7 =0 = 0;p; =087 =0,
ay =0;0, =005 = 0;8; =L, =0;B; =0,
ay =00, = 0;05 = 05 = 08, = 1;B; =0,
4, =0UP0)+B U 1)+ UL (0) +BUL 1)+ a2UP (0) +BUP (1) =1-14+0-1+0-0+0-0+0-0+0-0=1,
Ay, = a2U (0)+BUO (D) + o, UN(0)+ LU (1) + 02U (0)+BUP (1) =0-1+1-140-0+0-0+0-0+0-0 =1,
Ay, = o2U(0)+ U 1) +alUL (0)+BLUL (1) + 02U (0)+B2UP (1) =0-1+0-1+0-0+1-0+0-0+0-0 = 0,
A, =) UL (0)+BULY 1)+ iU (0)+BULY () + ot U (0)+BUP (1) =1-0+0-1+0-1+0-1+0-0+0-0 =0,
Ay, = a3US (0)+BIU (1) +a UL (0)+BLUY (1) + 03U (0) +BUP (1) =0-0+1-1+0-1+0-1+0-0+0-0 =1,
Ay, = alUL (0)+BUL (1) + kUL (0)+BLUL (1) + a2UP (0) +BUP (1) =0-0+0-1+0-1+1-1+0-0+0-0 =1,
Ay = U (0)+ B0 ) +0,U3" (0)+BUL" (1) + af UL (0)+BIUY () =11+ 0-¢7 +0-(=2) +
+0-(-2e°)+0-4+0-4e =1,
Ay = o3U;" (0)+BU5" (1) + 0,U5” (0) +BU5Y (1) + 03U (0) + U7 (1) = 01+ 1-e7 +0-(=2) +

2

+0-(-2¢7)+0-4+0-4e 7 =¢?,
(i
Ay, = QUL (0)+BUL (1) + oiUL" (0) +BLU (1) + a3US (0) + BIUT (1) = 0-1+0-€7 +0-(=2) +
+1-(2¢7)+0-4+0-4¢” = -2e.

1 0 1
1 = 1
Since [1 1 €7 |= | ; S|t 1‘ =-3¢” +1#0, according to Theorem 1, the boundary value problem (5)
01 -2 I 7
. 1 . . . . . . 1 .
with parameters € = > r =1 has a unique solution. The exact solution with the right-hand side f(x)=1l,e= E,r =1is

given by function (8). No other solutions exist.

The inverse matrix 4! in the system of linear algebraic equations (SLAE) (16) is computed using the msimsl linear
algebra library to find the coefficient vector D,, j = 1, m. The program, using formulas (16), (17), (18), (23), and (24),
provides the numerical solution to problem (5)

X =a+h-i,i=0,n,h= o =20,a=0,b=1.

. 1 1 .
with parameters &= E,r =1, f(x)=lg,(x)=¢e= E,gz (x)=r=1g,(x)=0,g,(x) =0, as presented in Table 2. The

number of basis functions is m = 18.

15
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Table 2
Numerical #"" and Exact u“ Solutions to Problem (5)

X, um e e
0.000000E+000 0.0000000000E+000 0.00000000000E+000 0.00000000E+000
5.0000000E-002 1.99620012886537E—002 1.99620012886524E—-002 1.231653667E-015

0.1000000000 3.48011017443269E-002 3.48011017443259E-002 1.006139616E-015
0.1500000000 4.52427162923431E-002 4.52427162923431E-002 6.938893903E-018
0.2000000000 5.19432275007362E—002 5.19432275007366E—002 —3.816391647E-016
0.2500000000 5.54965548776091E-002 5.54965548776098 E—002 —6.800116025E-016
0.3000000000 5.64400990171948E—-002 5.64400990171955E-002 —7.563394355E-016
0.3500000000 5.52601200856299E-002 5.52601200856307E—002 —8.118505867E-016
0.4000000000 5.23966044761353E-002 5.23966044761364E—002 —1.033895191E-015
0.4500000000 4.82476683407243E-002 4.82476683407254E-002 —1.075528555E-015
0.5000000000 4.31735420704626E—-002 4.31735420704638E—-002 —1.221245327E-015
0.5500000000 3.75001756023005E-002 3.75001756023019E-002 —1.415534356E-015
0.6000000000 3.15225006355969E-002 3.15225006355983E-002 —1.450228825E-015
0.6500000000 2.55073824076967E—002 2.55073824076980E-002 —1.356553758E-015
0.7000000000 1.96962905709227E-002 1.96962905709242E-002 —1.467576060E-015
0.7500000000 1.43077159020167E—002 1.43077159020178E—002 —1.103284130E-015
0.8000000000 9.53935703127063E—003 9.53935703127128E-003 —6.574601973E-016
0.8500000000 5.57009907686709E—003 5.57009907686645E—003 6.435824095E-016
0.9000000000 2.56180398726754E-003 2.56180398726446E—003 3.080001531E-015
0.9500000000 6.609305099950E-004 6.609305099896E—-004 5.435105490E-015
1.0000000000 0.0000000000E+000 —1.110223024625157E-016 1.110223024E-016

In the first column of Table 1, the values of the nodes x, on the uniform grid are given. In the second column, the
numerical solution ™" is recorded, and in the third column, the exact solution #“ at the nodes is presented. The last
exact

. . . . num
column contains the difference between the numerical and exact solutions %; — u;

Fig. 1. Program Results

Taking into account formulas (23)-(24), the program gives an error norm
"u'""” —u o = maxju"" —u"| ~ 5.435105E-015 with a result several times smaller than when using the scalar
i=0,m

product formulas (19)—(20). Fig. 1 shows that the number of basis functions is optimal when the coefficients decrease in
absolute value as their index increases. The advantage of the scalar product formulas (23)—(24) over formulas (19)—(20)
also lies in the weak dependence of the error norm on the number of basis functions over a wide range of their values.
Discussion and Conclusion. The theorem of existence and uniqueness of the solution to the boundary value problem
with a linear ordinary differential equation of order n has been generalized to the case of non-separated boundary
conditions, provided that » linearly independent particular solutions of the corresponding homogeneous equation are
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known. The boundary value problem with a third-order differential equation in the boundary layer for an incompressible
fluid, with parameters € = 0,5, » = 1 and constant right-hand side f{x) = 1 has been solved analytically. A Bubnov-Galerkin
method with a system of linearly independent basis functions on the interval [-1,1] has been proposed for the numerical
solution of the boundary hydrodynamic problem with a strong boundary layer. The basis functions are bounded by the
Chebyshev unit norm. A new quadrature integral formula with a uniform step has been introduced for calculating the
matrix elements and right-hand side coefficients in the Bubnov-Galerkin method, which results in a second-order error
bound. The Chebyshev vector norm for the difference between the exact solution and the numerical solution on a uniform
grid, using the scalar product formulas (23) and (24), is comparable to 10~ and is several orders of magnitude smaller
than the norm of the residual using the scalar product formulas (19) and (20) in the same hydrodynamic problem.
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