
Computational Mathematics and Information Technologies. 2024;8(4):35−42. еISSN 2587‒8999

35

UDC 004.032.26
https://doi.org/10.23947/2587-8999-2024-8-4-35-42

Application of Neural Networks for Solving Nonlinear Boundary Problems
for Complex-Shaped Domains
Alexander V. Galaburdin
Don State Technical University, Rostov-on-Don, Russian Federation 
lGalaburdin@mail.ru

Abstract
Introduction. Many practically significant tasks reduce to nonlinear differential equations. In this study, one of the 
applications of neural networks for solving specific nonlinear boundary problems for complex-shaped domains is consid-
ered. Specifically, the focus is on solving a stationary heat conduction differential equation with a thermal conductivity 
coefficient dependent on temperature.
Materials and Methods. The original nonlinear boundary problem is linearized through Kirchhoff transformation. A neural 
network is constructed to solve the resulting linear boundary problem. In this context, derivatives of singular solutions to the 
Laplace equation are used as activation functions, and these singular points are distributed along closed curves encompassing 
the boundary of the domain. The weights of the network were tuned by minimizing the mean squared error of training. 
Results. Results for the heat conduction problem are obtained for various complex-shaped domains and different forms 
of dependence of the thermal conductivity coefficient on temperature. The results are presented in tables that contain the 
exact solution and the solution obtained using the neural network. 
Discussion and Conclusion. Based on the computational results, it can be concluded that the proposed method is 
sufficiently effective for solving the specified type of boundary problems. The use of derivatives of singular solutions to 
the Laplace equation as activation functions appears to be a promising approach. 
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Аннотация
Введение. Многие практически важные задачи сводятся к нелинейным дифференциальным уравнениям. В на-
стоящей работе рассмотрен один из вариантов применения нейронных сетей к решению некоторых нелинейных 
краевых задач для областей сложной формы, а именно к решению стационарного дифференциального уравнения 
теплопроводности с коэффициентом теплопроводности, зависящим от температуры.
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Материалы и методы. Исходная нелинейная краевая задача сводится к линейной с помощью преобразования 
Кирхгофа. Нейронная сеть строится для решения полученной линейной краевой задачи. При этом в качестве ак-
тивационных функций принимаются производные от сингулярных решений уравнения Лапласа, а сингулярные 
точки этих решений распределены по замкнутым кривым, охватывающим границу области. Для настройки весов 
сети минимизировалась среднеквадратическая ошибка обучения. 
Результаты исследования. Получены результаты решения задачи теплопроводности для различных областей слож-
ной формы и различных форм зависимости коэффициента теплопроводности от температуры. Полученные результаты 
представлены в виде таблиц, которые содержат точное решение и решение, полученное при помощи нейронной сети. 
Обсуждение и заключение. По результатам проведенных расчетов можно сделать вывод о том, что предложенный 
метод является достаточно эффективным для решения указанного типа краевых задач. Использование в качестве 
активационных функций производных от сингулярных решений уравнения представляется весьма перспективным. 

Ключевые слова: нелинейные краевые задачи для областей сложной формы, нейронные сети
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Introduction. In constructing models of various natural phenomena, the apparatus of differential equations is often 
employed. The complexity of the modeled phenomena leads to complex systems of differential equations with intricate 
domain shapes. Currently, in solving such boundary problems, the method of neural networks is increasingly utilized.

It should be noted that the theoretical foundations of the neural network method were laid in the mid-20th century by 
A.N. Kolmogorov [1]. The development of the theory in [2] is applied to solving the problem of membrane deflection. 
In [3], a neural network structure is proposed that allows solving Laplace, Poisson, and heat conduction equations. 
The numerical solution of the Poisson equation in a two-dimensional domain, obtained by the Galerkin method and 
Ritz method with deep neural networks, is presented in [4]. In article [5], approaches to solving heat and mass transfer 
problems based on a perceptron-type neural network are explored.

Recently, there has been a frequent use of physically-informed neural networks to solve partial differential equations 
[6]. Article [7] presents solutions to classical mechanics problems through the application of physically-informed neural 
networks. In [8], an approach to solving direct and inverse scattering problems using radial basis function neural networks 
is discussed. In article [9], based on the method of trust regions, a training method for RBF networks with a customizable 
functional basis is developed for solving boundary problems in mathematical physics. Article [10] studies the use of 
physically-informed neural networks in solving unsteady nonlinear differential equations describing the motion of a one-
dimensional heat-conducting gas. In works [11, 12], neural networks are applied to solve the Navier-Stokes equations. 
In works [13, 14], radial basis functions are used as activation functions in the neural network, and their parameters are 
varied during training.

This work is a development of the approach to solving partial differential equations using neural networks as presented 
in article [15]. The aim of this study is to develop a method for applying neural networks to solve nonlinear boundary 
problems for complex-shaped domains.

Materials and Methods. Consider the boundary problem for the nonlinear differential equation

 
( ) ( ) 0W Wk W k W

x x y y
 ∂ ∂ ∂ ∂  + =  ∂ ∂ ∂ ∂   

on the planar domain G bounded by a closed curve γ.
This equation describes a stationary thermal field. In this context, W represents the temperature and k(W) represents 

the thermal conductivity coefficient. Using the Kirchhoff transformation [16, 17], this problem is reduced to a linear form. 
The essence of the transformation is to introduce a function u(W), such that

)) = du (W )
dW

grad (u (W grad (W ). 

Then we have

dW
=

du (W ) (k W )

where the original differential equation takes the form of Δu(x, y) = 0.

(1)

(2)
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From equation (2) we obtain
 
( ) ( ), ,

o

W

w

u x y k W dW= ∫

where Wо is an arbitrary initial quantity.
If the boundary conditions are given for the values of W = Wо, on the boundary of the domain, then for u we obtain 

boundary conditions:
 

( ) .
o

o

W

o
w

u k W dW= ∫

Expressing W, gives the solution to the original boundary problem.
Thus, the original nonlinear problem is reduced to a Dirichlet problem, which is solved using a neural network [15]. 

The basis of the neural network is the relationship: 

[U ] ]
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In this expression [U]ik and 
ik

U
n

∂ 
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 can be viewed as activation functions, and 
kn

c 
∂ u 
∂ 

k  and ck[u]k as weights.

Using the least squares method and requiring the specified relationship to hold at each point of the boundary for 
all functions of the training set, a system of equations can be obtained for determining the weights. To improve the 

conditioning of this system of equations, it is necessary to increase the singularity of the quantities [U]ik and 
ik

U
n

∂ 
∂  

, 
shifting the contour integration a certain distance from the boundary of the domain γ.

The solution to the Dirichlet problem is sought in the form:

,σ )
1 1

N N

k k ,σ ) ,k k k k
k k

u( )x
=

w (p s )U (x
=

v (p s )V (x= ∑ +∑

where p(sk) — is the value of the unknown function u at the boundary of the domain; U(x, σk) and V(x, σk) are activation functions; 
σk and τk are points on the closed curves γ1 and  γ2, that cover the boundary of the domain; γ, x are points in the domain G.

The closed curves γ1 and γ2 are similar to the contour γ and are obtained by displacing each point in the direction of the 
outward normal to the boundary by distances ρ1 and ρ2 respectively. During the training process, the weights and values 
ρ1 and ρ2 are determined. To do this, the error functional is minimized:

( ) ( )
2

1 2
1 1

, ,
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,v ρ, ,
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where xi is the coordinate of the i-th point on the boundary contour γ; pk
j is the boundary value of the j-th function of the 

training set at the point xk.
From these relationships, for   0

m

П
w
∂

=
∂

 and  0
m

П
v
∂

=
∂

 , m = 1,2,...N  a system of linear equations is obtained to 

determine wm and vm. The value ρ1 is determined by simple enumeration, and ρ2 = ρ1+1.
To assess the accuracy of the obtained solution, the values of u on the boundary of the domain, calculated using the 

neural network

1 1
s( ) , ,

N N

i k k i k k k i k
k k=

w (p s )U (s
=

σv (p s )V (s)σ +∑u = ∑ )  

are compared with the specified boundary conditions u(s).
The obtained network parameters do not provide the desired accuracy of the obtained solution. The accuracy can be 

increased by iterative refinement of the obtained result according to the following scheme:

Δu0(si) = p(si), q
0(si) = p(si),

( )s U ( τ )s( ) , ,
N N

v +1n
i k k i k k k i kw ∆un s
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s( )n+1 ),i i i∆u = ∆u s( ) − ∆n n+ +1 1v (s s( )n+1 + sn ( )1 s( )n+ ,1
t ti i iu = ∆u − ∆u

where s( )n+1 ),i i i∆u = ∆u s( ) − ∆n n+ +1 1v (s s( )n+1 + sn ( )1 s( )n+ ,1
t ti i iu = ∆u − ∆u represents the values of the refined solution at the boundary of the domain. 

The process of refining the solution continues until the value 

 1

1

( )

( )

n
i

n
t i

u s

u s

+

+

∆

will not be small enough (less than the set value δо) or until it starts to grow. The results below are obtained at  δо = 0.0025.
To determine the value of u at any point x in the domain G use the formula:
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k t ,τ ).k k k t k i k
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( )x
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For the training set, a set of functions that are solutions to the Laplace equation was used

r kk cos arccos x  x
 r


  +r

sinr k arcck os ,  r = x +2 2y

where k = 0,1, 2, 3, …, M. Calculations were conducted for M = 75.
The specified functions were defined in various coordinate systems rotated relative to each other by angles that are 

multiples of 2π/5. 
Activation functions:
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R R

β − β δ + β δ − βδ δ − δ β + δ β − δβ
= +

where  δ = x ‒ t; β = y ‒ s;  2 2R = δ +β ; nx; ny are the coordinates of the outward normal vector to the boundary of the domain.
Research Results. The proposed method was applied to solve equation (1) for domains whose boundary γ was defined as

 ( ) ( )
( ) ( )1 1

cos sin

cos sin

x a t g t

y a t g t

= + ω


= + ω

where a, a1, g, g1, ω are variable parameters.
Task 1. Consider the domain G1, corresponding to the parameter values: a = 1.15; a1 = 1.15; g = 0.05; g1 = –0.05; ω = 7 (Fig. 1).

1.5

1.0

0.5

0.0

‒0.5

‒1.0

‒1.5
‒1.5 ‒1.0 ‒0.5 0.0 0.5 1.0 1.5

3

4
10

11
9

8 1

5

6
7

13

12

14

20 21
19
18

17 16
15

2

Y

X
Fig. 1. Domain G1

t ∈[0,2π],



Computational Mathematics and Information Technologies. 2024;8(4):35−42. еISSN 2587‒8999

39

Stars indicate the locations of points in domain G1, where the exact solution values and those obtained using the neural 
network for ρ1 = 7, ρ2 = 8 were calculated.

The equation (1) was considered for the case k(W) = th(5W), which has the exact solution:

oW = arch(11.25((x 1.− 5)2 (y+ −1.5) )2 5.

The computational results are presented in Table 1.
Task 2. Let us consider domain G2 (Fig. 2), corresponding to parameter values a = 1; a1 = 1; g = 0; g1 = 0.3; ω = 3; 

ρ1 = 10.51; ρ2 = 11.51.  
In equation (1), k(W) = ch(5W), was used, with the exact solution:

 5(5 sin 5 ) / 5.x
oW arsh e y=

The computational results for this case are presented in Table 2.

Fig. 2. Domain G2

Тable 1

Calculation Results 

Point No. 1 2 3 4 5 6 7
x 1.0534 0.6865 ‒0.1869 0.8848 ‒0.9709 ‒0.3193 0.5811
y 0.1275 0.8240 1.0218 0.3939 ‒0.3832 ‒0.9998 ‒0.9001
Exact Solution 3.0529 2.6521 2.3621 2.8550 3.3731 3.8462 4.1520
Neural Network Solution 3.0535 2.6479 2.3629 2.8491 3.3771 3.8434 4.1566
Point No. 8 9 10 11 12 13 14
x 0.6937 0.4521 0.1231 ‒0.5826 ‒0.6035 ‒0.1984 0.3612
y 0.0839 0.5426 0.6729 0.3252 ‒0.2382 ‒0.6215 ‒0.5595
Exact Solution 3.2590 3.0804 2.9504 3.1696 3.4495 3.7625 3.9935
Neural Network Solution 3.2584 3.0790 2.9487 3.1681 3.4494 3.7628 3.9947
Point No. 15 16 17 18 19 20 21
x 0.3340 0.2176 ‒0.0592 ‒0.2805 ‒0.2361 ‒0.0776 0.1413
y 0.0404 0.2612 0.3240 0.1566 ‒0.0932 ‒0.2431 ‒0.2189
Exact Solution 3.5104 3.4526 3.4064 3.4820 3.5887 3.7314 3.8544
Neural Network Solution 3.5100 3.4520 3.4058 3.4815 3.5885 3.7315 3.8547
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Table 2

Calculation Results

Point No. 1 2 3 4 5 6 7
x 0.9085 0.6728 ‒0.1902 ‒0.8641 ‒0.9230 ‒0.3228 0.5679
y 0.1291 0.8320 0.6703 0.5138 ‒0.4025 ‒0.7484 0.8587
Exact Solution 0.3489 0.6987 0.6948 0.5361 0.3820 0.2615 0.1561
Neural Network Solution 0.3510 0.6982 0.6941 0.5346 0.3850 0.2666 0.1589
Point No. 8 9 10 11 12 13 14
x 0.5983 0.4430 ‒0.1253 ‒0.5690 ‒0.5737 ‒0.2006 0.3530
y 0.0850 0.5479 0.4414 0.3383 ‒0.2502 ‒0.4652 ‒0.5338
Exact Solution 0.1849 0.5233 0.5761 0.4537 0.3508 0.29214 0.1806
Neural Network Solution 0.1879 0.5231 0.5753 0.4533 0.3521 0.29578 0.1836
Point No. 15 16 17 18 19 20 21
x 0.2880 0.2133 ‒0.0603 0.2739 ‒0.2245 ‒0.0785 0.1381
y 0.0409 0.2638 0.2125 0.1629 ‒0.0979 ‒0.1820 ‒0.2088
Exact Solution 0.0585 0.2897 0.3780 0.3021 0.2534 0.2496 0.1573
Neural Network Solution 0.0607 0.2901 0.3780 0.3026 0.2544 0.2512 0.1591

Task 3. Consider equation (1) in domain G3 (Fig. 3).

Fig. 3. Domain G3

For this case, the parameters are set as follows: a = 1; a1 = 1; g = 0, g1 = 0.3; ω = 5; ρ1 = 11.65; ρ2 = 12.65. 
K(W) = W1.5, the exact solution is given by:

 ( )( ){ }0.4
2 22.5 cos1.5 1,5 2 sin1.5 1.5 25 5 .oW x y xch y xy xsh y= − + +

The results of the calculations are presented in Table 3.
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Table 3

Results of Calculations

Point No. 1 2 3 4 5 6 7
x 0.9090 0.4788 ‒0.1752 ‒0.8421 ‒0.9238 ‒0.2642 0.4126
y 0.1524 0.5207 1.0491 0.5014 ‒0.4754 ‒0.9563 ‒0.6755
Exact Solution 4.9224 5.0814 4.9816 4.7718 4.7525 4.9738 5.0741
Neural Network Solution 5.0164 5.0845 5.0215 4.8410 4.7800 5.0122 5.1008
Point No. 8 9 10 11 12 13 14
x 0.5986 0.3153 ‒0.1154 ‒0.5546 ‒0.5742 ‒0.1642 0.2564
y 0.1004 0.3429 0.6908 0.3962 ‒0.2955 ‒0.5944 ‒0.4199
Exact Solution 4.9672 4.9862 4.9595 4.9035 4.8956 4.9575 4.9874
Neural Network Solution 5.0201 5.0286 5.0030 4.9507 4.9375 4.9987 5.0289
Point No. 15 16 17 18 19 20 21
x 0.2882 0.1518 ‒0.0555 ‒0.2671 ‒0.2246 ‒0.2246 0.1003
y 0.0483 0.1651 0.3326 0.1910 ‒0.1156 ‒0.2326 ‒0.1643
Exact Solution 4.9643 4.9616 4.9576 4.9483 4.9471 4.9575 4.9625
Neural Network Solution 5.0060 5.0049 4.9998 4.9910 4.9893 4.9988 5.0040

Fig. 4 and 5 illustrate the comparison between the exact solution of Problem 3 and the solution obtained using the 
neural network.

Fig. 4. Exact solution of Problem 3

Fig. 5. Solution of Problem 3 obtained using the neural network

Discussion and Conclusion. The presented results advance the approach to solving partial differential equations 
using neural networks, as outlined in [15]. They convincingly demonstrate the effectiveness of the proposed method for 
constructing a neural network to solve boundary value problems in domains of complex shape.

This method shows significant potential, making it amenable to further development and refinement for solving a wide 
range of boundary value problems.
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