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Abstract

Introduction. This study investigates the possibility of numerically solving a boundary value problem with a nonlinear
differential equation, continuous coefficients, and a right-hand side using the modified Bubnov-Galerkin method. In the
problem formulation, the partial derivatives of the equation’s coefficients are continuous functions of all arguments. The
order of the nonlinear differential equation # is strictly less than the number of coordinate functions m.

Materials and Methods. To numerically solve the nonlinear boundary value problem, the modified Petrov-Galerkin
method and the uniqueness property of decomposing a smooth function into a system of linearly independent polynomial
basis functions on the interval [—1,1] with a unit Chebyshev norm for each function in the system are used. The system
of linear algebraic equations includes linearly independent boundary conditions. The matrix elements and the right-
hand side of the system depend on the simple iteration index s. The coefficient vector of the solution decomposition
into basis functions also depends on the index s. The inverse matrix of the system was computed using the Msimsl
linear algebra library in Fortran.

Results. Sufficient conditions for the existence and uniqueness of the solution to the boundary value problem with a
nonlinear differential equation using the simple iteration method have been formulated. When the sufficient conditions are
met, the decomposition coefficients decrease absolutely as the basis function index increases.

Discussion and Conclusion. Three boundary value problems with a second-order nonlinear equation and one problem
with a third-order equation were solved exactly. The analytical solutions were compared with numerical solutions, with
the uniform norm of the difference having an order of 1073, 10", 10'%, 10'°, respectively. The modified Bubnov-
Galerkin method allows for solving each branch of a multivalued function in boundary value problems with nonlinear
differential equations.
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AHHOTAIHSA

Beeoenue. Viccnenyercs BO3MOXKHOCTD YHCJICHHOTO peElICHWs] MOIM(HIMPOBAaHHBIM MeToioM byOHoBa-I anepkuHa
KpaeBol 3amaun ¢ HeJMHEHHBIM An(epeHInaIbHBIM YpaBHEHHEM, HEMPEePhIBHBIME KO (UIMEHTaMI W TIPABOA YACTHIO.
B nocraHoBKe 3a/1auM 4acTHBIE POU3BOIHBIE KOA(D(DHIIMEHTOB YpaBHEHHS SBJISIOTCS] HETIPEPBIBHBIMU (DYHKIIMSIMH TI0 BCEM
aprymenTam. [Topsimok HermHeHHOro TuddepeHITHaTEHOTO YPAaBHEHHS 71 CTPOTO MEHBIIIE YKCIIAa KOOPANHATHBIX (DYHKIIUH 1.
Mamepuanst u memoosl. [l YICICHHOTO PEIICHUS HEIWHEHHOM KpaeBoil 3a1auy UCIIOIBE30BaH MOIU(PUIINPOBAHHBII
meton [lerpoBa-I"anepkuna 1 uest eTMHCTBEHHOCTH Pa3JIOKECHUS T KON (DYHKIHH 110 CHCTEME JITHEHHO He3aBHCHUMBIX
0a3uCHBIX (YHKIMH CTENeHHOro BHAa Ha oTpeske [—1,1] ¢ enuHnuHOW HOpMmoW YeOblmieBa Ui KXol (QyHKUHUU
CUCTeMBI. B cricTeMy TMHEHHBIX alreOpandecKiX ypaBHEHIH BKIIOUEHBI TMHEWHO HE3aBIHCUMBIC KpaeBbIe YCIIOBHSL. [Ipn
9TOM BJIEMEHTHI MaTPHIIBl U TpaBasl 4aCTh CUCTEMBI 3aBUCST OT MHJIEKCA MPOCTOi ureparuu s. OT MHIEKca § 3aBUCHT
U BEKTOP KOO (PHUIMEHTOB pa3ioKeHus1 peuieHus no 6aszucHeiM QyHkuusaM. OOpaTHas MaTpula CHCTEMbl HAXOAMIACh
6ubnnotekoil muHeHHOU anreOpsl Msimsl Ha si3p1ke Fortran.

Pezynemamut uccnedosanus. CHopMyInpoBaHbl JOCTATOYHBIE YCIOBUS CYIIECTBOBAHUS U €AMHCTBEHHOCTH PEIICHHS
KpaeBoW 3aJaul ¢ HEJIMHEHHBIM Au(PepeHInaIbHbIM YPaBHEHHEM METOAOM HPOCTON uTepauuu. [Ipu BBINONHEHUH
JOCTAaTOYHBIX YCIOBUH KOA(PPHUIINEHTHI pa3ioKeH!s a0COIIOTHO YMEHBIIAIOTCS C pOCTOM HOMepa 0a3uCcHON (yHKIIHN.

Oécyscoenue u 3akniouenue. ToUHO pEIICHB! TPU KPAEBBIX 33Jadll ¢ HEJIMHEHHBIM YpaBHEHHEM BTOPOTO IOPSAKA U
OJlHA 3aJiaya C YpPaBHEHHEM TPEThEro MNOpsAKa. AHaJUTUUYECKHE PELICHUS CPaBHEHBI C YHMCICHHBIMU PELICHUSIMHU,
paBHOMEpHast HopMa pasHocTH uMeet mopsimok 10713, 107!, 10719 10 coorBercTBeHHO. MOMMMDUIIMPOBAHHBIH METO
ByOnoBa-I"anepkiHa MO3BOJSIET HAXOANUTH PEUICHHE KaXJOW BETBM MHOTO3HAYHOW (YHKIMH B KPaeBBIX 3ajadax C
HeJMHEHHBIMU T depeHIHaNTbHBIME yPaBHEHUSIMH.

KiroueBble ciioBa: THAPOJANHAMHKKA, MCXAaHHKaA, YHCIICHHbBIC MCTO/bI, HEJIMHEHHBIC Z[I/I(l)(l)epeHL[I/IaHLHLIC YpaBHCHUA,
KpaeBbIC 3a/la4u, METO FanepKI/IHa

Juast uuTupoBanus. Bonocosa H K., Bonocos KA., BomocoBa A.K., Kapnos M.H., ITactyxoB I.9.,
[MactyxoB }0.®. Pemienne kpaeBbIX 3a7ad Ui HEKOTOPHIX HENMHEHHBIX U (GEepeHINATbHBIX —YpaBHCHUH
meronoM byOHoBa-TI'anepkuna. Computational Mathematics and Information Technologies. 2025;9(1):7-19.
https://doi.org/10.23947/2587-8999-2025-9-1-7-19

Introduction. Various methods are known for solving boundary value problems on an interval with a nonlinear
differential equation, such as Newton’s method [1, p. 460]. Methods for solving boundary value problems in
hydrodynamics and mechanics are also presented in [2, 3]. The methods for solving nonlinear boundary value problems
share many similarities with those used for linear problems [1, p. 458]. In this study, the modified Bubnov-Galerkin
method, previously proposed in [4, 5] for solving boundary value problems with linear differential equations, has been
extended to the case of boundary value problems with nonlinear differential equations.

In this work, any branch (graph) of a smooth solution of a nonlinear differential equation is represented as a linear
combination of polynomial-type basis functions (i. e., the numerical solution is expressed in functional form). All basis
functions are defined on the interval [—1,1] with a unit Chebyshev norm.

The solution of the nonlinear boundary value problem is reduced to the simple iteration method. At each iteration,
a system of linear algebraic equations (SLAE) is solved, where the matrix elements and the right-hand side coefficients
depend on the iteration index s. For a third-order equation, the SLAE includes n—1 linearly independent boundary
conditions and m—n+1 orthogonality conditions for the residual of the differential equation to the basis functions [1, 6]
(n is the order of the ODE, m is the number of basis functions).

New results and ideas for solving boundary value problems, including high-accuracy solutions and problems in
complex domains, have been obtained in [7—10].
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Materials and Methods

Problem Statement. Let the unknown function u(x), belonging to the class of functions that are n-times continuously
differentiable on the interval C"[a, b], be the solution of a boundary value problem with a nonlinear differential equation
of order n with variable coefficients g, (x,u(x),u (x),...,u"” (x)) € Cla,b],i =0,n

Llu(x)]= f(x,u(x)), x € (a,b),u(x) € (c,d)

g M
Lu() = {Zgl (o (x)... “(x))%jum,

) (ocilu(i) (a)+Bu"” (b)) =Y, u=Ln. 2)

i=0

In the boundary value problem (1)—(2), the given functions g, (x,u(x),u (x),....u'”(x)) € C[a,b],i = 0,n are continuous
on the interval [a, b] with respect to all arguments. Each term of the nonlinear equation (1) can be expressed such that the

coefficient g, (x,u(x),u (x),...,u"” (x)),i =0,n, multiplying the derivative a”u(_x)
function u”(x), p=0,i up to order i at most. dx’

For simplicity, the boundary conditions (2) at the points x=a, x=>b are given as linear forms with respect to the function
and its derivatives up to order n—1 similar to a linear boundary value problem. To ensure the well-posedness of problem
(1), the total number of boundary conditions must be equal to n. The coefficient matrices (xL,BL, i=0,n—1u= I,_n, as
well as the values of y,, p=1,n are predefined. To uniquely determine a specific branch of the nonlinear solution of
equation (1), one or more additional conditions can be imposed on the boundary conditions of type (2).

Assume that the coefficients g, (x,u(x),u (x),...,u" (x)) € C[a,b],i =0,n are continuously differentiable with respect

, depends only on derivatives of the

0g; n -
oy € Cle,,d,],p=0,i.

to their variables u®), i. e. 5
u

We generalize the Bubnov-Galerkin method, proposed in [4, 5] for solving boundary value problems with linear
ordinary differential equations, to the case of a nonlinear differential equation. Suppose that any smooth function u(x) or
its specific branch (a solution of equation (1)) can be uniquely represented as a linear combination of polynomial basis
functions [4, 5]:

(o0}, = {(2—xb_—aa_bj xeladli- W} Io 0l = max o ol =1vi=0m ®
m - 2(x—c J a+b
u(x):u(c)+z¢j(x)DjZM(C)-FZ( h—a J Dj’C: > . (4)

The goal of the numerical algorithm is to determine the decomposition vector D, for solving the boundary value
problem (1)—(2) using the basis functions ¢j(x). We define the residual of the nonlinear equation (1) and take into account
the representation of its solution using formula (4):

R(u(x)) = L{u(x)] = 1 (x,u(x)) = (zgi Cru(x),u (x),u” (X))j—);]u(X) = f(xu(x)) =

i=0

=" D, > g (x,u(x), 4 (x),....u" (x)) ¢()+go(xu(x>) w(x) =/ (x,u(x)) = (5)
=D, Y & (), (x),..,u” () ¢()—f(x u(x)), £ u(x)) = f () = & (x,u(x)) -u(x).

j=1 i=1

We require [1, 4-6] that the residual R(u(x)) be orthogonal to the maximum number of m—n+1 basis functions (where
m is the number of basis coordinate functions and # is the order of the differential equation):

(R(u(x)), ¢, (x)) =0 <k =0,m—n,
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<ZDjzgi(x,u(x),u'(x),. u?(x)) d) (x )—f( Lu(x)), ¢k(x)>:0Vk:0,m—n<:>
Jj=1 i=1 (5)

4D, = = (70,6, ()

- <Zgi(x,u(x),u'(x),...,u

i=1

d',(x)
dx'

(x)>,k =0,m—n.

Other linearly independent boundary conditions (2) for the system of linear algebraic equations (5) should be selected
from the set of admissible functions of the original boundary problem (1) [11].

We will solve the system of linear algebraic equations (5), where the matrix coefficients and the coefficients of the right-
hand side depend implicitly on the solution, using the simple iteration method. To do this, we will consider the implicit
dependence of the solution on the decomposition vector D;,s =0,1,2,...,j = 1,m, (4) by the system of basis functions with
iteration number s.

From (5) we obtain:

=4, ()= A (D) o= ) = o u(0)). D= 7,

iA,w. (DS)-D?+1 =F, (DS),j:L_m, k=0,m—n, D" = 4" (DS)-F(DS),S =0,1,2,.... (6)

J

Let us denote the limiting values

EHI;A(D‘Y): ;1, }EEF(D‘T):I;,}LIED‘ _D.

We will write the limiting form of equation (6):

E *

AD=F. @)

Theorem 1 (sufficient conditions for the existence and uniqueness of the solution D of equation (7) in the simple
iteration (6)). o
Let the coefficients of equation (1) be continuous g, (x,u(x),u (x),...,u""(x)) € C[a,b],i =0,n and continuously

Clc,.d,],p=0,i,i=1n. Let the limiting

matrix 4 in (7), computed according to formulas (5), be non-singular. Let the conditions for a contraction mapping

*

S

*

q= |Gll<1 be satisfied. Then, in the boundary value problem (1) with boundary conditions (2), there exists a

unique solution. The residual norm decreases according to the formula ||5D“ " < ||6D°| ; (1 - q) , where s is the iteration
number in the algorithm (6).

Proof. Consider the increment of equation (6) in the vicinity of all its limiting values:

* ok

AD = F:>6AD+A8D OF,

where 04’ = AY A is the increment of the matrix of dimension m ><m A is the matrix of dimension m xm;
D! =D — D is the increment of the vector of dimension m; 8F° = F* F is the increment of the vector of dimension
m. Introduce an integer index = 1 m and consider the increment of the specified quantities 84°, 8/* as a function of the
increment of the component of the vector 60°, using formula (5): 8D = D; — D,

SA,(J(SD;)5:<ZD Zz %, ¢<p>(x) 0% (x), ¢,{(x)>6D;,upEu(m(x) t=Lm, k=0,n—m,j=1m.

zlpO

In the last formula, summation over the index p, has been added because the coefficients of the nonlinear ODE
g, (x,u(x),u (x),...,u"” (x)) depend on the function and its derivatives up to the i-th order, inclusively. The effective right-
hand side of the nonlinear equation f(x,u(x)) = f(x,u(x))— g,(x,u(x))-u(x) depends only on the function u(x):

5F, (3D;) = <W¢ (s <x>>6D:,r “im.
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%=1 *
We obtain 8D°*' = 4 (SF T -84° Dj and replace the last equation with a similar equation of simple iteration

5D =(4) (8F° ~34°D*)=(£") G*8D". (8)

In equation (8)

Ay, = <Z”: g (xu’ (x),° (x),.c0yu™ (x) dgj fx) , (x)>,k =0,m—-n,j= l,_, )
P X

i=l p=0

G = <8f t, ”(x))d),( )¢k(x)> <ZDAZZag L4 ()40 (), ¢k(x)> k=Om-nt=Lm, (10

8D =8D =0, t=m—n+1,m the last rows of the matrix coefficients and the coefficients of the right-hand side in
equation (5) are determined by the boundary conditions and are constant numbers. In formula (10), ¢!”’ denotes the p-th order
derivative of the basis coordinate function with index #. Similarly, for ¢ (x) . Explicit formulas ¢ (x) are provided in [4, 5].
Let us estimate the right and left sides of equation (8)
«\—1
“{(4

[sp1] < (Af)’l‘ G
<Ls=012,..

(11)

a0l =) o

by the norm in complete metric spaces [12]. If the compression parameter

* _1 *
ol ;
for the mapping 8§D° — §D**! = ( A )71 G’8D’ is less than one, the solution to the boundary value problem (1)—(2) exists

and is unique.
According to the work of A.N. Kolmogorov and S.V. Fomin [12, p. 87], the residual norm decreases according to the

<fortlar 1-0). [so|=or -0 =o( 0.0}
Theorem 1 is proved.

Let us consider three examples of solving a nonlinear boundary value problem with a second-order equation and one
example with a third-order equation.
Example 1.

ofe ot

formula ||8DS

we' (x)—u -u'(x) =1’ (x) = f(x,u),
u(0)=1u(l)=e€"?, x €[0,1]. (12)

The exact solution of the problem was obtained by considering the transformations:

. L 5 u ' .ouu —(u')2
w-u' (X)—u -u(x)=w’(x) | —| =(Inux)) =————=1<
u u
)C2 — ﬁ+C1x —_ 1 1
In(u(x)) =7+C,)C+C2 sSu(x)=Ce? ,u(0)=1<C, =Lu()=e"” < 5+ C = 5:> C =0.

X2

As a result, the exact solution of Example (1) is of the form u(x)=e? .

Let us convert the condition of the example to a numerical algorithm (5)—(6). It is also necessary to specify the
initial function — a solution that satisfies the Dirichlet boundary conditions, i. e., the given values of the function at the
boundaries of the interval.

We obtain that

u0+u

W (x) =2 1 g ()Df =

¢](x)( j,Df:...:D,?:O, (13)

since

(@) =Ly (b) =L’ (@) =21 (u";uoj:uo,u"(b)="°§”"+(u";u0j=u,,

and the boundary conditions for the initial function u°(x) are satisfied. The coefficients and the right-hand side in
Example 1 are as follows:

11
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gz(x,u,u',u") =u,g (x,u,u') = —u',go(x,u) =0, f(x,u) =u2(x).

In the numerical algorithm, in addition to formulas (5)—(6), we use the detailed formulas from the work [5], which
account for the Dirichlet boundary conditions for the second-order linear differential equation:

m

s

s s+l _ S . —
Zai’ij =S ,.,z—O,m 1 (14)

J=1

Here, the elements of the matrix a; ,,i=0,m—1,j = 1,m and the coefficients of the right-hand side 7, of the system

of equations (14) are:

2J?

(L';.4,)./ =1(mod2),i =0,m =2,
oo <L (9, —1),¢,.>,j =0(mod2),i = 0,m -2,

a’,
" Li=m-1,j=1(mod2),
0,i=m—1,j=0(mod2),
o (U, tu, L
f(X,u )_L —— ,(]),-(x) ,l=0,m—2,
— 2
=t
Bt m-1.
2

However, the operator L“d)j for the matrix coefficients @, in (14) is nonlinear and is computed using formula (1), unlike
in [5]. The absolute and relative Chebyshev vector norm of the residual for the problem:

num exact
—u

num exact

u
=1.072313895664201E - 013, < =6.503912545562317E - 014.

c exact
||u

c

The number of intervals for calculating the scalar product of two functions in (14) is #n,=20, the number of coordinate
functions m=15, and the number of iterations n =30.

The scalar product of functions was computed using the formulas from [5]:
b-a

n

b n
<J’17y2>:J.yl(x)yz(x)dle()h;yl (xi)yz(xi)ci"'o(hzz),nl =20s,h = ,SEN, (15)

1145302367137 ... .

,ifi=0ori=n,,
48426042384720
1145302367137 , if (i = 0m0d20) and (0 <i< nl),
24213021192360
335582304250 , if (i=1mod20) or (i =19mod20),
1470076286679
_19467909708875, if (i=2mod20) or (i =18mod20),
41162136027012
—8274871497250, if (i=3mod20) or (i =17mod20),
3430178002251
-413929922392625

, if (i=4mod20) or (i =16mod20),
54882848036016 (16)

C =
20652939811062 it (; _ Smod20) or (i =15mod20),
2450127144465

155790561130375 , if (i=6mod20) or (i =14mod20),
3430178002251
286953364893000 it (1 = 7mod 20) or (i =13mod20),
3430178002251
202376261017625 4t (; _ 8 mod 20) or (i =12mod20),
3920203431144
1704056522480500 ¢ (; ~ 9mod 20) or (i =11mod20),
10290534006753
1684005984173647 if i =10mod 20,
9355030915230
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The results of the program (Example 1) are presented in Table 1.

Table 1
Numerical u"** and exact " solutions of the problem (12)

-x[ uinumerical uiexucl uinumerifal _ uiexacl
0.0000000000000E+000 1.00000000000000 1.00000000000000 0.00000E+000
5.0000000000000E-002 1.00125078157569 1.00125078157562 6.533608E-014

0.100000000000000 1.00501252085944 1.00501252085940 3.497831E-014
0.150000000000000 1.01131351922362 1.01131351922361 5.002183E-015
0.200000000000000 1.02020134002678 1.02020134002676 2.150048E-014
0.250000000000000 1.03174340749917 1.03174340749910 7.15878E-014
0.300000000000000 1.04602785990882 1.04602785990872 1.072313E-013
0.350000000000000 1.06316467213420 1.06316467213410 9.834472E-014
0.400000000000000 1.08328706767501 1.08328706767496 5.269027E-014
0.450000000000000 1.10655324549790 1.10655324549789 4.473201E-015
0.500000000000000 1.13314845306681 1.13314845306683 —1.17629E-014
0.550000000000000 1.16328744359303 1.16328744359302 1.449849E-014
0.600000000000000 1.19721736312188 1.19721736312181 6.498762E-014
0.650000000000000 1.23522112174449 1.23522112174439 1.029619E-013
0.700000000000000 1.27762131320499 1.27762131320489 1.004986E-013
0.750000000000000 1.32478475872893 1.32478475872887 6.074600E-014
0.800000000000000 1.37712776433597 1.37712776433596 1.600000E-014
0.850000000000000 1.43512219658388 1.43512219658387 5.959208E-015
0.900000000000000 1.49930250005679 1.49930250005677 2.719775E-014
0.950000000000000 1.57027380147662 1.57027380147660 1.296022E-014

1.00000000000000 1.64872127070013 1.64872127070013 4.737963E-017

The numerical solution of the problem (1)—~(2) can be brought to the form (17) by transforming formula (4) with
Dirichlet boundary conditions [4]:

() :(ua ;rub)JriH(Z?;-_i‘bjj +[‘1+(2—1)j+] HZ),-. (17)

J=1

In (17), the limiting values D; of the decomposition vector of the solution by basis functions are used, and D; is the
solution of the system of linear algebraic equations (14) on the last iteration.
Example 2.

{2“ -u"(x)+2u' -u'(x) =X= f(xau)> (18)

u()=Lu(2)=2, x<[1,2].
Since

(uz(x))‘ =2uu, (uz(x))" = 2(u')2 +2uu’ =x=u’(x)= %+ Cx+C, &

3 u(l)=l<:>l=l+C +C C +C =§
¥ 6 1 2 1 2 6 11
u(x)=%,[—+Cx+0C,, & s C=—,C,=-1.
6 4 8 6

u(2):2<:>4:§+2C1+C2 2C1+C2:§

3 J—
it follows that u(x) =, /Lw is the exact solution of the boundary value problem (18).

Note that in this case, the boundary conditions (18) unambiguously choose one branch of the solution; otherwise,
additional conditions can be set to select one branch.

13
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The number of intervals for calculating the scalar product of two functions in (18) is #,=100, the number of coordinate
functions m=18, and the number of iterations n =30, g, (x,u,uu')= 2u, g, (x,u,u’)=2u, go(x,u) =0, f(x,u) =x.

Table 2

Numerical u"** and exact u *““ solutions of the problem (18)

X

i

numerical
ui

u exact
i

numerical exact
ui - ul.

1.00000000000000

1.00000000000000

1.00000000000000

0.0000000000E+000

1.05000000000000

1.05732563573

1.05732563574331

—9.187983707E-012

1.10000000000000

1.11287914887

1.1128791488746

3.6390890301E-012

1.15000000000000

1.16696722317

1.16696722319009

—1.377342684E-011

1.20000000000000

1.21983605454

1.21983605455815

—1.174038644E-011

1.25000000000000

1.27168687184

1.27168687183599

4.801492536E-012

1.30000000000000

1.32268665978

1.32268665979513

—8.256284544E-012

1.35000000000000

1.37297578272

1.37297578274345

—2,059930004E-011

1.40000000000000

1.42267353949

1.42267353950230

—5.676792369E-012

1.45000000000000

1.47188229828

1.47188229828339

5.4383164638E-012

1.50000000000000

1.52069063256

1.52069063257455

—8.254952277E-012

1.55000000000000

1.56917573902

1.56917573904264

—1.900479773E-011

1.60000000000000

1.61740532952

1.61740532953246

—6.780798145E-012

1.65000000000000

1.66543913128

1.66543913128040

3.2989166953E-012

1.70000000000000

1.71333009078

1.71333009078811

—7.917888567E-012

1.75000000000000

1.76112535043

1.76112535045067

—1.482725053E-011

1.80000000000000

1.80886704873

1.80886704873520

—2.779998453E-012

1.85000000000000

1.85659298177

1.85659298178141

—1.615374500E-012

1.90000000000000

1.90433715501

1.90433715502271

—6.362910198E-012

1.95000000000000

1.95213024668

1.95213024667925

6.6588956570E-012

2.00000000000000

2.00000000000000

2.00000000000000

0.0000000000E+000

The Chebyshev vector norm (absolute and relative norms) of the residual for the problem in Example (18) are:

num exact
—u

u

num exact
—u

u

=2.059930004350008E -011, < =1.029965002175004E - 011.

c exact

c

Note. If the boundary conditions in Example (18) are chosen as u(1) =—1, u(2) =-2, and the exact solution of the

3
problemiis y(x) = — /w , the program gives the same Chebyshev vector norm of the residual due to the symmetry
6

of Example (18) with respect to the transformation (x,u) — (x,—u).

Therefore, the algorithm using formulas (1), (5), (6), (13), (15), (16), (17) for the nonlinear Dirichlet boundary value
problem with a second-order equation finds the solution for each branch of the multi-valued solution function. If the
boundary conditions for the branches coincide, an additional condition can be selected, for example, the value of the

. . . . a+b . . . . .
function at the midpoint of the interval u(c)= u( J and this condition can be included in the system of linear

algebraic equations (14), thereby reducing the number of orthogonality conditions for the residual of the ODE with
respect to the basis functions by 1.
Example 3.

{cos(u) u (x)—sin(u)u -u' (x) =2 = f(x,u), (19)

u(0)=0,u(l)==n/6, x €[0,1].
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Since

"

(sin(u))v = cos(u)u , (sin(u)) =cos(u)u — sin(u)(u' )2 =2 < sin(u(x)) =x" +Cx+C, =

u(x) = arcsin(x2 +Cx+C, ),

u(0) =0 < 0 =arcsin(C,)

1 =
u)=n/6& —=1+C +C,

C,=0

1< C

C1+C2 2—5

The function u(x) = arcsin (xz - %J is the exact solution to the problem (19).

———.C,=0.

In Example (19) &, (x,u,u ,u’) = cos(u), g, (x,u,u’) =—sin(u)u , g,(x,u) =0, f(x,u) = 2. The number of intervals for
the scalar product of two functions is #,=120, the number of coordinate functions is m=17, and the number of iterations

is n,=30.

Numerical ui”“’""”’"“’ and exact u ot

solutions of the problem (19)

Table 3

X.

i

numerical
ui

exact
ui

numerical exact
ut. - ul.

0.0000000E+000

0.0000000000E+000

0.00000000000E+000

0.00000E+000

4.16666666E-002

—1.90983832E-002

—-1.9098383217E-002

—-3.18418E-013

8.33333333E-002

—3.47292032E-002

—3.47292030514E-002

—2.030325E-010

0.125000000000

—4.68921831E-002

—4.68921831332E-002

—1.491510E-011

0.166666666666

—5.55841730E-002

—5.5584173280E-002

2.1348351E-010

0.208333333333 —6.08013439E-002 —6.08013437340E-002 —2.052915E-010
0.250000000000 —6.25407621E-002 —6.25407617964E-002 —-3.182648E-010
0.291666666666 —6.08013435E-002 —6.0801343734E-002 1.7451315E-010
0.333333333333 —5.55841729E-002 —5.5584173280E-002 3.3926163E-010
0.375000000000 —4.68921832E-002 —4.6892183133E-002 -1.666960E-010
0.416666666666 —-3.47292035E-002 —-3.47292030514E-002 —5.013826E-010
0.458333333333 —1.90983833E-002 —-1.90983832179E-002 —8.629465E-011
0.500000000000 4.30824846E-010 0.00000000000E+000 4.3082484E-010
0.541666666666 2.25713611E-002 2.25713609537E-002 2,0268367E-010
0.583333333333 4.86302760E-002 4.86302764989E-002 —4.379981E-010
0.625000000000 7.82046914E-002 7.82046919347E-002 —4.480854E-010
0.666666666666 0.1113410145 0.111341014340964 2.1420220E-010
0.708333333333 0.1481103594 0.148110359030227 3.9991367E-010
0.750000000000 0.1886163853 0.188616386175404 —2.500614E-010
0.791666666666 0.2330054316 0.233005432127055 —4.563276E-010
0.833333333333 0.2814800734 0.281480073230845 2.1672891E-010
0.875000000000 0.3343179941 0.334317994036368 1.4096033E-010
0.916666666666 0.3918993389 0.391899339315036 —3.222679E-010
0.958333333333 0.4547481928 0.454748192610442 2.4028019E-010
1.000000000000 0.523598775598299 0.523598775598299 2.8514517E-017

The Chebyshev vector norm of the residual for the problem in Example (19) is

num exact
e

c

= 5.602360454820782E-010 .

Example 4 (with a nonlinear third-order differential equation).

—sin(u)-u" (x)—3cos(u) -u -u'(x) +sin(u).(u')2 ' =6= f(x,u),
u(0)=n/3,u(l)=n/2,u(1)=0,xe[0,1]]>uec[rn/3,n/2].

(20)

15
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Since
(cos(u))' = —sin(u)u, (cos(u))" = —sin(u)u’ —cos(u)(u' )2 ,(cos(u))m = —sin(u)u" —3cos(u)uu’ + sin(u)(u' )3 ,

cos(u) = x* +Cx* + Cyx + Cy,u(x) = arccos(x3 +C x> +Cyx +C, ),

(cos(u)) = —sin(u)u’ =3x* +2C,x +C,, u(0) =1/3 < cos(n/3)=1/2=C,,

u(l)=m/2 < cos(n/2)=0=1+C,+C, +1/2

2 C+C,=-3/2 3
, (3x +2C1x+C2) & S CG=-=
ul)=0= : 1 3420, +C, =0 (26 +C =3

—sin(u =m/2)

2
The function u(x) = arccos [x3 —% + %] = arccos (%} is the exact solution to the problem (20).

The coefficients of the differential equation in Example (20) are

g (ouu u'u’) =—sin(u), g, (x,u,u ,u’) = -3cos(u)u’, g, (x,u,u’) —sm(u)( ) 8 (x,u) =0, f(x,u)=6.
For the third-order equation, the formulas of the algorithm from the work [5] need to be modified, taking into account

the iteration index:

m JR—

Z ”Dj+l £, i=0,m—1. @1

Jj=1

where the elements of the matrix a; Hi=0m-1j= 1,_m, s=0,1,2,... and the coefficients of the right-hand side f of
the system of equations (21), considering the nonlinear form of the differential operator L*, computed using formula (1), are:

Ll ()] = Zg (v (), (' () ’---a(u“’(x))ﬁj—)ﬂu%x),
i=0

3 g e (0.’ ,...,(u“”(x))s)j—;,)@,

i=0

L'e,]

(L'¢,.9,), ifj=1(mod2),i=0,m=3,
<L‘(¢j —1),¢,.>, if j =0(mod2),i=0,m—3,
a;, =41, ifi=m—-2,j=1(mod2),

0, ifi=m—2,=0(mod2),

Jj,ifi=m-1,

<f( )— L‘(””” j ¢<x>> ifi=0,m—3,f(”°;”"j{”‘);”"jgo(x),

s u, —u

S 0 ifi=m =2,
Y 2

0, ifi=m-1.
The last row of coefficients for a,;B (21) in (21) is obtained by differentiating formula (4), since at the right end of the
interval in Example (20) «/(b=1)=0:

c > 2 (@x—a-bYT o ,
&) Zd)(x)D Z(b_fa)(( j D=0 D; +2D; +3D; +...+mD}, = 0.

b_a x=b

J=1

The number of intervals for the scalar product of two functions in (20) is #,=100, the number of coordinate functions
m=17, and the number of iterations n =30.

Table 4
Numerical u"*' and exact u*“" solutions of the problem (20)
x; uinumen’cal uiexact uim{mert’cal _ uiexact
0.00000000E+000 1.047197551196 1.047197551196 —3.118165448E-016
5.00000000E-002 1.05137830714 1.051378307162 -1.8182033E-011
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End of table 4

X.

i

numerical
Mi

exact
ui

numerical exact
H,. —U.

0.1000000000000

1.06328930398

1.063289303975

8.411912659E-012

0.1500000000000

1.08193034985

1.081930349812

4.527497062E-011

0.2000000000000 1.10626929727 1.106269297375 —1.03325620E-010
0.2500000000000 1.13528395573 1.135283955730 3.742097994E-012
0.3000000000000 1.16799174328 1.167991743151 1.319257321E-010
0.3500000000000 1.20346614669 1.203466146733 —3.93724372E-011
0.4000000000000 1.24084180881 1.240841808965 —-1.47600610E-010
0.4500000000000 1.27931122393 1.279311223897 3.508758333E-011
0.5000000000000 1.31811607179 1.318116071652 1.431814589E-010
0.5500000000000 1.35653572032 1.356535720348 —2.54165034E-011
0.6000000000000 1.39387479319 1.393874793328 —1.33199911E-010
0.6500000000000 1.42945115362 1.429451153606 1.359530738E-011
0.7000000000000 1.46258526518 1.462585265086 1.018387917E-010
0.7500000000000 1.49259163483 1.492591634860 —2.76735182E-011

0.8000000000000

1.51877286350

1.518772863566

—6.40170944E-011

0.8500000000000

1.54041665402

1.540416653986

3.963527726E-011

0.9000000000000

1.55679586942

1.556795869421

—1.078461321E-013

0.9500000000000

1.56717131885

1.567171318855

—3.809447874E-012

1.000000000000

1.570796326794

1.570796326794

—6.125742274E-017

The Chebyshev vector norm (absolute and relative norms) of the residual for the problem in Example (20) are

num exact

u
= =1.454304895709992E - 010.

exact
||u

c

num exact
Jua

- =1.522944525480727E - 010,

c

Note 2. It should be noted that in the systems of linear algebraic equations (14) and (21) for the 4 examples, the library
of linear algebra msimsl in FORTRAN was used for the computation of D]F“.

Note 3. A comparison of the results of numerical solutions of the examples in this paper with the solutions of examples [4], [5]
shows that the accuracy of solving boundary value problems is achieved greater than 103—-10'* if a small number of
intervals were used in the scalar product formula (n;ﬂ) in the first example of this paper, 7,=20) and the rounding
error is not it managed to grow due to fewer calculations. If the number of intervals is large (n,=100) in the second, third
and fourth examples of this work, then the accuracy of calculations is low (107'%) due to the increase in rounding error and
its effect on the overall error.

Discussion and Conclusion. A numerical solution algorithm for the boundary value problem on the interval with
a nonlinear differential equation of order n, modified by the Bubnov-Galerkin method, is proposed. The possibility of
decomposing the smooth solution of the nonlinear problem into a system of linearly independent basis functions with a
unit Chebyshev norm on the interval [—1,1] is assumed. The number of basis functions m is greater than the order of the
differential equation 7. Formulas for the elements of the matrix and the coefficients of the right-hand side in the system
of linear algebraic equations of the second and third orders are obtained. The systems of linear algebraic equations (14)
or (21) are solved sequentially using the simple iteration method, with the number of iterations n =30. The theorem —
sufficient conditions for the existence and uniqueness of the solution of the boundary value problem with the nonlinear
ODE using the simple iteration method is proven.

Four nonlinear boundary value problems are solved analytically. The Chebyshev norm of the difference between the
exact and numerical solutions in the solved examples has an order of magnitude, 1073, 107", 107°, 10™® respectively.
This accuracy of the solution is intermediate between single 10-* and double precision 107°, and is also comparable to the
accuracy 107" of the solution of the linear boundary value problem in the work [4].
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