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Abstract
Introduction. This study investigates the numerical solution of a two-dimensional hydrodynamic problem in a rectangular 
cavity using the method of initial velocity field damping and the method of accelerating the initial conditions in terms 
of stream function and vorticity variables. The damping method was applied at Reynolds numbers Re ≤ 3000, and the 
acceleration method was used for Re = 8000.
Materials and Methods. To speed up the numerical solution of the problem using an explicit finite-difference scheme 
for the vorticity dynamics equation, the method of initial condition damping and the method of n-fold splitting of the 
explicit difference scheme (with n = 100) were used. Compared to the traditional method of accelerating from stationary 
fluid, the initial velocity field damping method reduced the computation time by a factor of 57. The splitting method 
used a maximum time step proportional to the square of the spatial step, while maintaining spectral stability of the 
explicit scheme in the vorticity equation. The majority of computation time was spent solving the Poisson equation in the 
“stream function — vorticity” variables. By freezing the velocity field and solving only the vorticity dynamics equation, 
computation time was further reduced in the splitting method. The inverse matrix for solving the Poisson equation using 
a finite number of elementary operations were computed using the Msimsl library.
Results. Numerical solutions demonstrated the equivalence of the damping and acceleration methods for the initial velocity 
field at low Reynolds numbers (up to 3000). The equivalence of solutions obtained using the “stream function — vorticity” 
algorithm and the implicit iterated polyneutic recurrent method for accelerated initial conditions was numerically 
confirmed. For the first time, an initial horizontal velocity field was proposed, smooth at internal points and composed of 
two sine waves, with a stationary center of mass for the fluid in the rectangular cavity.
Discussion and Conclusion. An algorithm for numerically solving a two-dimensional hydrodynamic problem in a 
rectangular cavity using “stream function — vorticity” variables is proposed. The approximation of the equations in 
system (1) has sixth-order accuracy at internal grid points and fourth-order accuracy at boundary points. A novel damping 
method is introduced using an initial horizontal velocity field formed by smoothly connecting two sine waves. The 
proposed algorithms enhance the efficiency of solving hydrodynamic problems using an explicit finite-difference scheme 
for the vorticity equation. 
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Аннотация
Введение. Исследуется численное решение двумерной гидродинамической задачи в прямоугольной каверне ме-
тодом торможения и методом разгона начальных условий в переменных «функция тока — вихрь». Метод тормо-
жения применялся при числах Рейнольдса Re ≤ 3000, а метод разгона при числах Re = 8000.
Материалы и методы. Для ускорения численного решения задачи с явной разностной схемой уравнения ди-
намики вихря использовался метод торможения начальных условий и метод n-кратного расщепления явной раз-
ностной схемы (n = 100). Метод торможения начальных условий поля скорости по сравнению с методом разгона 
неподвижной жидкости позволил сократить время счета задачи в 57 раз. Метод расщепления использовал мак-
симальный шаг времени, пропорциональный квадрату координатного шага, не нарушая при этом спектральной 
устойчивости явной схемы в уравнении вихря. Наибольшее время программа затратила на решение уравнения 
Пуассона с переменными «функция тока — вихрь». Используя замороженное поле скоростей и решая только 
динамическое уравнение вихря, было сокращено время счета в методе расщепления. Обратная матрица для реше-
ния уравнения Пуассона за конечное число элементарных операций вычислялась библиотекой Msimsl.
Результаты исследования. Численное решение задачи показало эквивалентность методов торможения и разгона 
начального поля скорости при небольших числах Рейнольдса (до 3000). Численно доказана эквивалентность ре-
шения гидродинамической задачи алгоритмом в переменных «функция тока — вихрь» и алгоритмом с неявным 
полилинейным рекуррентным методом в случае разгона начальных условий. Впервые предложено начальное 
горизонтальное поле скорости, гладкое во внутренних точках и состоящее из двух синусоид с неподвижным цен-
тром масс всей жидкости в прямоугольной каверне.
Обсуждение и заключение. Предложен алгоритм численного решения двухмерной гидродинамической задачи 
в прямоугольной каверне в переменных «функция тока — вихрь». Аппроксимация уравнений в системе (1) име-
ет шестой порядок погрешности во внутренних узлах и четвертый в граничных узлах. Впервые предложен ме-
тод торможения с начальным полем горизонтальной скорости посредством гладкого соединения двух синусоид. 
Предложенные алгоритмы позволяют более эффективно решать задачи гидродинамики с явной разностной схе-
мой уравнения вихря.

Ключевые слова: гидродинамика, численные методы, уравнения в частных производных, начально-краевая за-
дача, граничные условия, начальные условия
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Introduction. This paper examines a two-dimensional hydrodynamic problem in a rectangular cavity with a moving 
upper lid, formulated in the “stream function — vorticity” variables [1]. The velocity field features two singular points 
in the upper corners of the cavity—both in magnitude and direction—making this problem a benchmark for testing 
numerical algorithms designed to solve various hydrodynamic problems [2]. For instance, studies [3–5] focus on exact 
or highly accurate approximate solutions to hydrodynamic problems. Problems involving large velocity field gradients 
at singular points are presented in [6, 7], while flows in viscous fluids are addressed in [8, 9]. Several approaches to 
formulating initial and boundary conditions in hydrodynamics are discussed in [10, 11].

The present work builds upon the method of n-fold splitting of the vorticity equation using an explicit finite-difference 
scheme (n = 100), as described in [11], and employs a uniform grid n1 × n2 = 100 × 100. 

Materials and Methods 
Problem Statement. We consider the classical hydrodynamic problem in a rectangular domain (cavity), described by 

a system of partial differential equations along with initial and boundary conditions for the physical fields [1], formulated 
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in the “stream function — vorticity” variables. Let (u(x,y), v(x,y)) denote the velocity vector of a fluid particle. On the 
solid boundaries — the lateral and bottom sides of the rectangular cavity — the velocity is zero (no-slip condition for 
fluid particles). The normal component of the velocity is also zero along the entire rectangular boundary. We position the 
origin of the coordinate system at the lower left corner of the rectangle, with the y-axis directed upward and the x-axis to 
the right. Let L be the width of the rectangular cavity and H its height. 

In this hydrodynamic problem within a closed cavity, the moving upper lid translates to the right with a constant 
velocity umax. We define the characteristic scales: length scale: L, time scale:  

max

L
u

, velocity scale: umax, stream function 

scale: Lumax, vorticity scale:  maxu
L

, Reynolds number: Re. We introduce the following dimensionless variables:  x  is the 

horizontal coordinate,   y  is the vertical coordinate,  ,  wψ  are the stream function and vorticity, respectively,  ( ),  u v  is the 
dimensionless velocity vector,  t  is the dimensionless time:

 
max max

max

0 1, 0 , , ,yx Hx y k Lu
L L L

ψ≤ = ≤ ≤ = ≤ = ψ = ψ =
ψ

 max
max

max max max

, , ,uu v wu v w w
u u w L

= = = =

 max

max

, ,Re .u Lt Lt T
T u

= = =
ν

Let us write the system of hydrodynamic equations using the dimensionless variables and functions [1, 5, 11]:
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Here Г1 denotes the union of the side walls and the bottom segment of the rectangular boundary, Г\Г1 represents 
the upper segment of the rectangle. The first equation in system (1) is the Poisson equation for the stream function and 
vorticity. The two-dimensional Poisson equation on a rectangular domain is solved in matrix form using a finite number 
of arithmetic operations with sixth-order accuracy [5, 12]. From this point forward, we will omit the overbars above the 
dimensionless functions, time, and coordinates for convenience.

The second line of system (1) describes the vorticity function, which is computed through the spatial derivatives of the 
velocity field. The third line calculates the velocity components as partial derivatives of the stream function. The fourth 
line is the vorticity dynamics equation, the only one in system (1) that explicitly depends on time. On the left-hand side 
is the total (convective) time derivative. On the boundary of the rectangle, the vertical component of velocity is zero; the 
horizontal component is equal to one on the upper segment and zero on the bottom and side segments.

In addition to the two mentioned singular points of the velocity field, for testing the algorithm in the method of 
initial velocity field damping, a highly unsteady and vortical initial velocity field was used. This field should, by its 
parameters, be close to a steady-state velocity field, satisfy the continuity equation for incompressible flow, and—as 
numerical experiments show—be continuously differentiable at all points in the domain.

For the first time in this work, an initial horizontal velocity field on a uniform rectangular grid is proposed, defined 
by formula (2). The horizontal velocity profile on the upper segment of the rectangular cavity is constructed by smoothly 
stitching together two cubic polynomials:
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In formula (2), the lower part of the fluid moves to the left, the upper part moves to the right, and the horizontal 
component of the velocity is bounded by u0(xn), i. e., it does not exceed unity. The profile of the horizontal velocity is 
continuous with respect to the variable y:  ( ) ( ) ( ) ( ) ( )1 1 0,0 , , 0, , .n n n n nu x u x k u x k u x k u x− − + += = = =  At the boundary point, 
the sine curve graphs are tangent to each other:

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 1 11
1 1 0 0 0
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2 2 22 2 2
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Integrating the profile (2) with respect to y from 0 to k while keeping the variable х, constant, and denoting the integral 

by 
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This last integral shows that, at the initial moment in time, the center of mass of each sufficiently thin vertical column 
of fluid lies on the х-axis. Thus, according to the law of conservation of momentum, the center of mass of the entire fluid 
does not move along the x-axis either initially or at any subsequent moment in time. 

The profile of the horizontal velocity component (3) on the upper segment of the cavity (y = k = 1) had the form of a 
smooth and continuous symmetric curved trapezoid without singular points in the velocity field:
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= = − = = = − =  i. e., at the two junction points x = τ, 
x = 1 ‒ τ the profile of the horizontal component of velocity on the upper segment of the rectangular cavity is smooth.

The vertical component of the fluid particle velocity at the initial moment, according to the continuity equation, was 
calculated using the trapezoidal rule  2 11, 1, 1, 1:m n n n= − = −
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According to the algorithm described in [1], the first equation to be solved in system (1) is the Poisson equation, which 
is computed using a finite number of elementary operations [5]. The Poisson equation is approximated with sixth-order 
accuracy at all internal points.

To approximate the Laplace operator, we expand the nodal values of the stream function ψ(x, y) in a Taylor series 
around the central node on a 3×3 rectangular stencil. Due to symmetry, the odd-order partial derivatives of the stream 
function vanish. When expanding in a Taylor series, we also take into account the Poisson equation:
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Using equation (5) for equation (6), as well as the boundedness of the solution at each node of the rectangular grid, 
we get that

 0 1 2

1 2

4 4 0,
2 1.

С С С
С С

+ + =
 + =

Note that
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Considering the transformations above, we can rewrite formula (6) as:
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To use the Poisson equation (7) for the stream function in the system of equations (1) with an accuracy of O(h6) it is 
necessary f = ‒w, the derivatives fxx, fyy be represented with an accuracy of O(h4), and  (4) (4) (4), ,x y xxyyf f f  with an accuracy of  O(h2).

Using the method of undetermined coefficients [12], formulas for the internal nodes of the function f with indices   
 1 22, 2, 2, 2 :n n m n= − = −  were obtained:
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h

f f f f f f f f f f f O h
h

f f f f f f f f f
h

− − − −

− − − −

− − − − − −

+ = − + + + + − + + + +

+ = − + + + + + + + +

= − + + + + + +( ) ( )2
1 1,1 .f O h






 + +

Thus, formulas (7) and (8) together approximate the Poisson equation for the stream function and the vorticity function 
in (1) with sixth-order accuracy at the interior nodes of the rectangle.

In [5], an algorithm for the matrix method of solving the difference Poisson equation (7) is described, which involves 
a finite number of elementary arithmetic operations using the vector sweep method.

Consider the difference equation (9):

 ( ) ( )( ) ( )
( ) ( )( ) ( )( ) ( )

2

, 1, 1, , 1 , 1 1, 1 1, 1 1, 1 1, 1 ,2

4 4 44 6
, 1 2

1 10 2 1
3 3 6 12

1 1 , 1, 1, 1, 1.
360 90

m n m n m n m n m n m n m n m n m n m n xx yy

x y xxyy m n

hf f f
h

h f f f O h F n n m n

− + − + − − + − − + + +
− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ = + + +

+ + + + ≡ = − = −

(7)

(8)

(9)
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We define square matrices A, B of dimension (n1‒1)×(n1‒1):

 
1 1 1 1

, ,

10 2, ; 1, 1, 1, 1, , ; 1, 1, 1, 1,
3 3

2 1, 1 1, , 1 1,
3 6
0, 2 2, 0, 2 2.

m n m n

m n m n n n m n m n n n

a m n m n b m n m n

m n m n m n m n

 − = = − = − = = − = − 
  = = + ∨ = − = = + ∨ = − 
 

≥ + ∨ ≤ − ≥ + ∨ ≤ − 
  

Let us briefly write the matrix algorithm for solving the difference equation (9) [5]:
1. Using the formula:

 ( ) ( ) ( )( ) ( )( ) ( )
4

4 4 42 6 8
, ,

,

1 1
12 360 90

n m

Т
m n m n xx yy x y xxyy

x x y y

hF f h f f h f f f O h
= =

= + + + + + +

compute the right-hand side of the Poisson equation at all interior nodes of the uniform grid of the rectangle (m = 1, …, 
n2 – 1; n = 1, …, n1 – 1).

2. Modify the right-hand side of the system of equations (11) using formulas (12) and (13) at the nodes of the rectangular 
contour adjacent to the boundary contour, i. e., calculate  ,m nF  based on the values Fm,n from step 1:

 

2 2 2

1 2 1

1 1 2

2 1 1

,

, 2, 2,

.

Т Т Т

Т Т Т Т
m m m m

Т Т Т
n n n

A B F

B A B F m n

B A F
− +

− − −

 ψ + ψ =
 ψ + ψ + ψ = = −

ψ + ψ =

 ( ) ( )

( ) ( )

( )

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

1, 1 2, 1 1, 2 1, 0, 1 2, 2 0, 2 2, 0, 1, 1

1, 1 1, 1 1, 0, 1 0, 2 2, 0,

1,1 2,1 1,2 1,0 ,1 2,2 ,2

10 2 1 ,
3 3 6

2 1 ,
3 6

10 2 1
3 3 6

n n n n n n n n n n

n n n n n n n

n n n n n n n n

F

F F

− − − − − − −

− − − −

− − − − − −

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ =

≡ − ψ +ψ − ψ +ψ +ψ

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ( )

( ) ( )

( ) ( )

2 2

2 2 2 2 2 2 2

2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1

2 1 2 1

2,0 ,0 1,1

1,1 1,1 1,0 ,1 ,2 2,0 ,0

1, 1 2, 1 1, 2 1, , 1 2, 2 , 2 2, , 1, 1

1, 1 1, 1

,

2 1 ,
3 6

10 2 1 ,
3 3 6

n n

n n n n n n n

n n n n n n n n n n n n n n n n n n n n

n n n n

F

F F

F

F F

−

− − − −

− − − − − − − − − − − − − −

− − − −

+ ψ =

≡ − ψ +ψ − ψ +ψ +ψ

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ =

≡ − ( ) ( )

( ) ( )

( ) ( )

2 1 2 1 2 1 2 1 2 11, , 1 , 2 2, ,

1,1 2,1 1,2 1,0 0,1 2,2 0,2 2,0 0,0 1,1

1,1 1,1 1,0 0,1 0,2 2,0 0,0

2 1 ,
3 6

10 2 1 ,
3 3 6

2 1 .
3 6

n n n n n n n n n n

F

F F

− − − −
















ψ +ψ − ψ +ψ +ψ

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ =

 ≡ − ψ +ψ − ψ +ψ +ψ

 ( ) ( )

( )

( )
2 2 2 2 2 2 2 2

1, 1, 1 2, 1, 1 0, 2, 1 2, 1 0, 1 0, 1 1, 1

1, 1, 0, 0, 1 0, 1 1

1, 1, 1 2, 1, 1 , 2, 1 2, 1 , 1

10 2 1 , 2, 2,
3 3 6

2 1 , 2, 2,
3 6

10 2 1
3 3 6

n n n n n n n n n n

n n n n n

n n n n n n n n n n n n n n n n

F n n

F F n n

− + − + − +

− +

− − − − − + − − − + −

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ = = −

= − ψ − ψ +ψ = −

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ( )

( )

( ) ( )

( )

2 2

2 2 2 2 2

, 1 1, 1

1, 1, , , 1 , 1 1

,1 1,1 ,2 1,1 ,0 1,2 1,2 1,0 1,0 ,1 2

,1 ,1 ,0 1,0 1,0 2

, 2, 2,

2 1 , 2, 2,
3 6

10 2 1 , 2, 2,
3 3 6

2 1 , 2, 2,
3 6

10
3

n n n n

n n n n n n n n n n

m m m m m m m m m m

m m m m m

F n n

F F n n

F m n

F F m n

+ −

− − − +

− + − + − +

− +

= = −

= − ψ − ψ +ψ = −

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ = = −

= − ψ − ψ +ψ = −

− ( ) ( )

( )
1 1 1 1 1 1 1 1 1 1

1 1 1 1 1

, 1 1, 1 , 2 1, 1 , 1, 2 1, 2 1, 1, , 1 2

, 1 , 1 , 1, 1, 2

, , 2 1

2 1 , 2, 2,
3 6

2 1 , 2, 2,
3 6

, 2, 2, 2, 2.

m n m n m n m n m n m n m n m n m n m n

m n m n m n m n m n

m n m n

F m n

F F m n

F F m n n n

− − − − + − − − + − − + −

− − − +


















 ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ = = −



= − ψ − ψ +ψ = −

= ∀ ∈ − ∈ −







(10)

(11)

(12)

(13)
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3. Find the matrix coefficients for the forward sweep using formulas (14) and (15)  21, 2 :m n= −

 1 1
1 1 1, ,ТA B A F− −λ = − ν =

 ( ) ( ) ( )1 1
1 1 1 2, , 2, 2.Т

m m m m m mB A B B A F B m n− −
− − −λ = − λ + ν = λ + − ν = −

4. Find the vector-row  
2 1
Т
n −ψ  using formula (16):

 ( ) ( )2 2 2 2

1
1 2 1 2 .Т Т

n n n nB A F B
−

− − − −ψ = λ + − ν

5. Find the remaining rows of the solution matrix ψT
m using formulas (17):    

   2 22 1 2 1 12,1 , 2,1, .Т Т Т
m m m m n nm n m n+ − −= − ψ = λ ψ + ν = − ν = ψ

The matrix algorithm for the sweep (9)–(17) preserves sixth-order accuracy according to formulas (7) and (8) for the 
Poisson equation.

The second and third equations of the system (1)  , ,x y y xw v u u v= − = ψ = −ψ  are linear with respect to the first partial 
derivatives, which can be calculated independently. Let us present the quadrature formulas for the first derivative with 
different stencil centers.

For example, for the equation  yu = ψ  we obtain:

 ( ) ( ) ( )( ) ( )

( )

( ) ( )( ) ( )

2

6
( , ) 1, 1, 2, 2, 3, 3, 2 1

0, 4, 5, 4
(1, ) 1, 2, 3, 1

4
(2, ) 3, 1, 4, 0, 1

( 1

1 3 3 1 , 3, 3, 1, 1,
4 20 60

1 13 2 , 1, 1,
5 12 3 20

1 8 , 1, 1,
12

i j i j i j i j i j i j i j

j j j
j j j j

j j j j j

n

u u O h i n j n
h

u O h j n
h

u O h j n
h

u

+ − + − + −

−

= ψ −ψ − ψ − + ψ −ψ + = − = −

ψ ψ ψ 
= − − ψ + ψ −ψ + − + = − 

 

= ψ −ψ − ψ −ψ + = −

( )

( ) ( )( ) ( )

2 2 2

2 2 2

2 2 2 2 2

, 4, 5, 4
, ) 1, 2, 3, 1

4
( 2, ) 3, 1, 4, , 1

1 13 2 , 1, 1,
5 12 3 20

1 8 , 1, 1.
12

n j n j n j
j n j n j n j

n j n j n j n j n j

O h j n
h

u O h j n
h

− −
− − −

− − − −










 ψ ψ ψ 

= − − − ψ + ψ −ψ + − + = −  
 


= − ψ −ψ − ψ −ψ + = −



Similar formulas can be written for the equations  , .x yxv w v u= −ψ = −  Consider the vortex dynamics equation in 
the system of equations (1). To accelerate the numerical solution of the problem (1), the splitting method [11] was used.

Analytically, the method of n-fold splitting of the vortex equation for the time interval τ0 ⸳ n can be written as:

 ( )
1

0

1 , 0, 1.
Re

k i k i
k k i k k i k i k i

x y xx yy
w w u w v w w w i n

+ + +
+ + + +− + ⋅ + ⋅ = + = −

τ

The system of recurrence equations (19) for the vortex with a frozen velocity field 
 ( )( , ), ( , ) , 0, 1, , 1,2,...k ku x y v x y i n k const k= − = =  consists of n intermediate steps  0, 1,i n= −  where the upper index i 
indicates the number of the intermediate time layer in the vortex equation (19), and the index k is the number of the 
multiple time layer in the system (19) (if k is a multiple of n). The velocity fields and stream functions are constant in 
equations (19) for given values of k = const and the change in index  0, 1,i n= − . In this system of equations, only the 
vortex field changes  , 0, 1.k iw i n+ = −  The velocity field changes abruptly in systems (1) and (19) when the time index of 
the vortex function increases by n from k to k + n in the vortex equation system (19).

The idea of splitting the system of equations (19) is to reduce the accumulation of rounding errors and the computational 
time when solving it. Differential operators with respect to the coordinate in (19) are approximated in the internal nodes 
with accuracy O(h6), as are all the equations in the system (1), boundary conditions with accuracy O(h4), and the time 
with accuracy O(τ).

Thus, by solving equation (19) τ0 ⸳ n, n times in time we get a time jump τ0 ⸳ n (which is n times larger than the 
sequential solution of the system of equations (1)) and reduce the rounding error without solving the other equations in 
the system (1) inside the system (19).

Equation (19) is linear with respect to the coordinate derivatives  , , , .i i i i
x y xx yyw w w w   In work [11], it is shown that for 

spectral stability of the vortex dynamics equation (19), it is enough to choose the ratio of the time and spatial steps in the 

form of the inequality  2
0

3 Re.
16

hτ ≤  This maximum time step was set by the authors in the program.

For the first partial derivatives of equation (19), approximation formulas were used, for example, for wy  ((formulas for 
the derivative with respect to wx are similar):

(14)

(15)

(16)

(17)

(18)

(19)
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 ( ) ( ) ( )( ) ( )

( )

( ) ( )( ) ( )

6
( , ) 1, 1, 2, 2, 3, 3, 2 1

0, 4, 5, 4
(1, ) 1, 2, 3, 1

4
(2, ) 3, 1, 4, 0, 1

(

1 3 3 1 , 3, 3, 1, 1,
4 20 60

1 13 2 , 1, 1,
5 12 3 20

1 8 , 1, 1,
12

y i j i j i j i j i j i j i j

j j j
y j j j j

y j j j j j

y

w w w w w w w O h i n j n
h

w w w
w w w w O h j n

h

w w w w w O h j n
h

w

+ − + − + −= − − − + − + = − = −

 
= − − + − + − + = − 

 

= − − − + = −

( )

( ) ( )( ) ( )

2 2 2

2 2 2 2

2 2 2 2 2

, 4, 5, 4
1, ) 1, 2, 3, 1

4
( 2, ) 3, 1, 4, , 1

1 13 2 , 1, 1,
5 12 3 20

1 8 , 1, 1.
12

n j n j n j
n j n j n j n j

y n j n j n j n j n j

w w w
w w w O h j n

h

w w w w w O h j n
h

− −
− − − −

− − − −










  

= − − − + − + − + = −  
 


= − − − − + = −



The second partial derivatives wy y in equation (19) are given by:

 ( ) ( ) ( )( ) ( )

( ) ( )

6
( , ) , 1, 1, 2, 2, 3, 3, 2 12

4
(1, ) 0, 1, 2, 3, 4, 5, 6, 12

(2, ) 2

1 49 3 3 1 , 3, 3, 1, 1,
18 2 20 90

1 137 49 17 47 19 31 13 , 1, 1,
180 60 12 18 12 60 180

1 5
2

yу i j i j i j i j i j i j i j i j

yу j j j j j j j j

yу j

w w w w w w w w O h i n j n
h

w w w w w w w w O h j n
h

w
h

+ − + − + −= − + + − + + + + = − = −

= − − + − + − + = −

= − ( ) ( )( ) ( )

( ) ( )

( )
2 2 2 2 2 2 2 2

2 2 2 2

4
2, 1, 3, 0, 4, 1

4
( 1, ) , 1, 2, 3, 4, 5, 6, 12

( 2, ) 2, 1, 3,2

4 1 , 1, 1,
3 12

1 137 49 17 47 19 31 13 , 1, 1,
180 60 12 18 12 60 180

1 5 4
2 3

j j j j j

yу n j n j n j n j n j n j n j n j

yу n j n j n j n j

w w w w w O h j n

w w w w w w w w O h j n
h

w w w w
h

− − − − − − −

− − − −

+ + − + + = −

= − − + − + − + = −

= − + + − ( )( ) ( )
2 2

4
4, 1

1 , 1, 1.
12 n j n jw w O h j n−












 + + = −


Similar to formulas (20), formulas for the derivative with respect to wxx are written.
According to the algorithm of A. Salih [1], it is necessary first to update the values of the vortex function w at the 

boundary of the rectangle and only then solve the vortex equation (19) in the internal points of the cavity.
Let’s expand the stream function at the first coordinate node at a distance h from the left wall along the x-axis, which 

is normal to the left wall:
 ( )

2 3 4 5
6

1 0 .
2 6 24 120x xx xxx xxxx xxxxx
h h h hh O hψ = ψ +ψ +ψ +ψ +ψ +ψ +

From the equation  0yu = ψ =  it follows that on the lateral walls the stream function does not change, and from the 
equation  0xv = −ψ =  it follows that the stream function does not change on the bottom and top segments of the cavity. 
Therefore, on all four sides of the rectangular cavity, we set the stream function to be equal to zero.

Considering that on the left wall of the cavity  0 0, ,x xxv wψ = ψ = − ψ = −  we rewrite equation (21) as:

 ( ) ( )
2 3 4 5 2 3

6 41
1 2

22 .
2 6 24 120 3 12 60xxx xxxx xxxxx xxx xxxx xxxxx
h h h h h h hvh w O h w v O h

h h
ψ

ψ = − − +ψ +ψ +ψ + ⇔ = − − +ψ +ψ +ψ +

From equation (22), it can be seen that it is sufficient to approximate the derivatives of the stream function ψxxx, 
ψxxxx,ψxxxxx at the left boundary with the 3rd, 2nd, and 1st orders of accuracy, respectively. Equation (22) has an invariant 
form since the order of the derivative and the step size h have the same parity. For example, for  ψxxxxx , h

3 the 3rd and 5th 
orders, respectively, the product of the difference operator applied to ψxxxxx  by h3 does not change the sign and has the same 
form relative to both the right and left walls.

The program used the following approximation of derivatives for the formula (22) (in each formula (23), the index j 
changes within the range  11, 1j n= − ):

 ( ) ( )

( ) ( )

(3) 4
(0, ) 0, 1, 2, 3, 4, 5, 6,2

(4) 2 4
(0, ) 0, 1, 2, 3, 4, 5, 6,2

(5) 3
(0, ) 0, 1, 2, 3,2

1 49 461 307 1529 62 13 ,
8 8 8 8

1 35 137 242 107 1731 19 ,
6 2 3 2 6

1 7 95 8520 60
2 2

y j j j j j j j j

y j j j j j j j j

y j j j j j

w h w w w w w w w O h
h

w h w w w w w w w O h
h

w h w w w w
h

= − + − + − + − +

= − + − + − + +

= − + − + −( ) ( )

( ) ( )
2 2 2 2 2 2 2 2

2 2 2 2 2 2 2

4
4, 5, 6,

(3) 4
( , ) , 1, 2, 3, 4, 5, 6,2

(4) 2
( , ) , 1, 2, 3, 4, 5,2

516 ,
2 2

1 49 461 307 1529 62 13 ,
8 8 8 8

1 35 137 242 10731 19
6 2 3 2

j j j

y n j n j n j n j n j n j n j n j

y n j n j n j n j n j n j n j

w w w O h

w h w w w w w w w O h
h

w h w w w w w w
h

− − − − − −

− − − − −

+ − +

= − + − + − + − +

= − + − + −( ) ( )

( ) ( )

2

2 2 2 2 2 2 2 2

4
6,

(5) 3 4
( , ) , 1, 2, 3, 4, 5, 6,2

17 ,
6

1 7 95 85 520 60 16 .
2 2 2 2

n j

y n j n j n j n j n j n j n j n j

w O h

w h w w w w w w w O h
h

−

− − − − − −














+ +



= − + − + − + − +

(20)

(20)

(21)

(22)

(23)
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In the work by A. Salih [1], it is pointed out that the stability of the numerical solution to problem (1) depends on 
the order of approximation of the boundary values of the vortex function in an equation analogous to equation (23). For 
example, he claims that approximating the boundary conditions of the vortex with the first order is more stable than with 
the second order. Using the method of splitting the vortex equation (19) with an explicit finite difference scheme, the 
authors did not notice any influence of the order of approximation of the vortex boundary conditions on the stability of the 
problem, even with a fourth-order approximation. The stability of the solution to the general problem (1) depended only 
on the Reynolds number Re and the choice of initial conditions.

Similarly to equation (22), for the vortex at the lower (upper) wall, we have:

 ( )
2 3

41
2

22 .
3 12 60yyy yyyy yyyyy
h h hw u O h

h h
ψ

= − +ψ +ψ +ψ +

The profile of the initial horizontal velocity component (2), (3) and the vertical velocity component (4) refers to the 
deceleration method and is stable for a Reynolds number Re ≤ 3000. The acceleration method assumes initially stationary 
fluid in the cavity and was first proposed by A.A. Fomin and L.N. Fomina in their work [2]. The upper cover of the cavity, 
slowly accelerating from the stationary state, drags the fluid along with it inside the closed cavity. In work [2], the Fomins 
proposed the velocity of the upper cover as a function of time, according to the formula:

 ( )( )( )1 1

1

1 sin 2 / 1 1 ,0 ,
( , ) 0, ( , ) 2 2

1, .

t t t t
v x k u x k

t t

π − + ≤ ≤= = 
 >

In this work, the acceleration method used a similar formula:

 
1

1

1

sin ,0 ,
( , ) 0, ( , ) 2

1, .

t t t
v x k u x k t

t t

  π ≤ ≤  = =   
 >

а)

1.00

Y

X

0.75

0.50

0.25

0.00
0.00 0.25 0.50 0.75 1.00

b)

Fig. 1. Results of the solution: а — Re = 2000, deceleration method, lower boundary of the stream function 
(first number), boundaries of horizontal and vertical velocity components, and vortex function at time t = 24000;

 b — the limiting field of streamlines in the deceleration method Re = 2000, n1 × n2 = 100 × 100

 

(24)

(25)
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а)
1.00

Y

X

0.75

0.50

0.25

0.00
0.00 0.25 0.50 0.75 1.00

b)
Fig. 2. Results of the solution: а — Re = 2000, acceleration method, lower boundary of the stream function 

(first number), boundaries of horizontal and vertical velocity components, and vortex function at time t = 1260000; 
b — the limiting field of streamlines in the acceleration method Re = 2000, n1 × n2 = 100 × 100 

By comparing the intervals of variation of the stream function values, the fields of horizontal and vertical velocities, 
and the vortex function in Figures 1 and 2, we see that they coincide with an accuracy of up to 16 significant digits. 
Therefore, the fields of streamlines in Figures 1 and 2 also coincide.

Thus, the acceleration and deceleration methods for the initial velocity field (2), (3), (4) are equivalent for Reynolds numbers 
Re ≤ 3000. However, the time required to establish steady fields in the deceleration method is tens of times (57 times) shorter 
than the time required to solve problem (1) using the acceleration method.
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Fig. 3. Results of the solution: а — Re = 8000, acceleration method, lower boundary of the stream function 

(first number), boundaries of horizontal and vertical velocity components, and vortex function at time t = 1044000; 
b — the limiting field of streamlines in the acceleration method Re = 8000, n1 × n2 = 100 × 100
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The field of streamlines in Figure 3b shows three second-order vortices located at the corners of the cavity and fully 
coincides with the streamlines field presented in work [13, p. 22] for Re = 8000. From Figures 1, 2, and 3, it is evident 
that the maximum values of the vortex function occur at nodes on the upper and right walls of the cavity, near the points 
where the velocity profile joins or near special velocity points at the upper corners of the cavity [14].

Discussion and Conclusion. A numerical solution algorithm for a two-dimensional hydrodynamic problem in a 
rectangular cavity, in terms of “stream function — vortex”, is proposed. The approximation of the equations in the 
system (1) has a sixth-order error in the interior nodes and fourth-order error in the boundary nodes. For the first time, a 
deceleration method with an initial horizontal velocity field is proposed using a smooth connection of two sinusoids. The 
initial conditions in the deceleration method are suitable for Reynolds numbers Re ≤ 3000. The numerical equivalence 
of solutions using the acceleration and deceleration methods is demonstrated, with final fields of the stream function, 
horizontal and vertical velocity components, and the vortex field coinciding up to 15 significant digits. The problem in 
terms of “stream function — vortex” has been numerically solved for Re = 8000 and its solution and the structure of the 
primary and secondary vortices qualitatively match the results of other authors.
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