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Abstract
Introduction. Differential equations are often used in modelling across various fields of science and engineering. Recently, 
neural networks have been increasingly applied to solve differential equations. This paper proposes an original method 
for constructing a neural network to solve elliptic differential equations. The method is used for solving boundary value 
problems in domains with complex geometric shapes.
Materials and Methods. A method is proposed for constructing a neural network designed to solve partial differential 
equations of the elliptic type. By applying a transformation of the unknown function, the original problem is reduced to 
Laplace’s equation. Thus, nonlinear differential equations were considered. In building the neural network, the activation 
functions are chosen as derivatives of singular solutions to Laplace’s equation. The singular points of these solutions are 
distributed along closed curves encompassing the boundary of the domain. During the training process, the weights of the 
network are adjusted by minimizing the mean squared error. 
Results. The paper presents the results of solving the first boundary value problem for various domains with complex 
geometries. The results are shown in tables containing both the exact solutions and the solutions obtained using the neural 
network. Graphical representations of the exact and the neural network-based solutions are also provided.
Discussion and Conclusion. The obtained results demonstrate the effectiveness of the proposed neural network 
construction method in solving various types of elliptic partial differential equations. The method can also be effectively 
applied to other types of partial differential equations.
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Аннотация
Введение. При построении моделей в различных областях науки и техники часто используют дифференциальные 
уравнения. В настоящее время при решении дифференциальных уравнений все чаще применяются нейронные 
сети. В данной работе предложен оригинальный метод построения нейронной сети для решения эллиптических 
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дифференциальных уравнений. Этот метод применяется при решении краевых задач для областей сложной гео-
метрической формы.
Материалы и методы. Предлагается метод построения нейронной сети, предназначенной для решения дифферен-
циальных уравнений в частных производных эллиптического типа. Используя замену неизвестной функции, исходная 
задача сводится к уравнению Лапласа.  Таким образом, рассматривались нелинейные дифференциальные уравнения. 
При построении нейронной сети в качестве активационных функций принимаются производные от сингулярных ре-
шений уравнения Лапласа. Сингулярные точки этих решений распределены по замкнутым кривым, охватывающим 
границу области.  При настройке весов сети минимизировалась среднеквадратическая ошибка обучения. 
Результаты исследования. Представлены результаты решения первой краевой задачи для различных областей 
сложной геометрической формы. Результаты представлены в виде таблиц, содержащих точные решения задачи 
и решения, полученные с помощью нейронной сети.  Дано графическое представление точного решения и реше-
ние, полученное предложенным методом.
Обсуждение и заключение. Полученные результаты доказали эффективность предложенного метода построения 
нейронной сети при решении различных видов дифференциальных уравнений в частных производных эллип-
тического типа. Данный метод может эффективно применяться при решении других типов дифференциальных 
уравнений с частными производными.

Ключевые слова: дифференциальные уравнения в частных производных эллиптического типа, область сложной 
геометрической формы, нейронные сети

Для цитирования. Галабурдин А.В. Применение нейронных сетей при решении эллиптических уравнений 
для областей сложной формы. Computational Mathematics and Information Technologies. 2025;9(2):44‒51. 
https://doi.org/10.23947/2587-8999-2025-9-2-44-51

Introduction. Differential equations play a crucial role in modelling processes across various fields of science 
and engineering. Traditional analytical and numerical methods for solving differential equations do not always yield 
satisfactory results. As a result, different machine learning methods are increasingly being applied to solve differential 
equations. In particular, artificial neural networks are often used for this purpose.

The theoretical foundations of the neural network method can be traced back to the work of A.N. Kolmogorov [1]. 
Today, neural networks are widely em-ployed for solving different types of differential equations. In [2], the transition 
from neural network architecture to ordinary differential equations and the Cau-chy problem is discussed.

Papers [3, 4] focus on the application of neural networks to solve Laplace’s equation. In [5], deep learning methods 
are applied to solve the Poisson equation in a two-dimensional domain. Radial basis function (RBF) neural networks have 
become particularly widespread in solving partial differential equations [6].

In studies [7, 8], radial basis functions with tunable parameters are used as activation functions. Works [9–11] 
demonstrate the successful use of neural networks for solving boundary value problems related to the Navier–Stokes 
equations. Physics-informed neural networks (PINNs) have shown high effectiveness in solving partial differential 
equations, particularly in classical mechanics problems [12, 13]. In [14], a perceptron-type neural network is applied to a 
heat and mass transfer problem.

These studies highlight the growing popularity of neural networks for solving differential equations. The present 
research is devoted to the analysis of boundary value problems for partial differential equations in domains with complex 
geometries and builds on the approach developed in [15, 16].

Materials and Methods. Let us consider a boundary value problem for a differential equation:

 1 1 2 2 0.U b U b U cU+ ∂ + ∂ + =

By representing the solution in the form U=Ve(λx+αy) and appropriately selecting the parameters λ and α, the problem 
can be reduced to a simpler equation:

 0.V aV+ =

i. e., the Laplace equation.
The resulting equation was solved using a neural network with respect to the function V. The constructed neural 

networks for solving the Laplace equation can also be used to solve nonlinear elliptic equations, provided they are 
properly transformed.

As an example, consider the differential equation:

 2 2
1 2(( ) ( ) ) .(3 )2  / 0U U U V− ∂ + ∂ =
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The original differential equation is reduced to the Laplace equation by introducing a new unknown function V = U1/3.
The neural network construction was based on the method described in [15, 16]. This method relies on a formula 

similar to Green’s formula, in which integrals are replaced by sums:

 
1 1

( ) ( ) ( , ) ( ) ( , ),
N N

k k k k k k
k k

V x w f s U x v f s G x
= =

= σ + τ∑ ∑

where f(sk) is the value of the unknown function u on the boundary of the domain; U(x, σk) and G(x, τk) are activation 
functions;  σk and τk are points on closed curves γ1 and γ2, which surround the boundary γ of the domain; x is a point inside 
the domain G.

By requiring that this relation holds at every point on the boundary for all functions in the training set, and applying 
the least squares method, a system of equations is obtained for determining the weights wk and vk.

To improve the conditioning of the matrix in the resulting system of equations, the activation functions were chosen 
as derivatives of the fundamental solution of the Laplace equation

 5 3 2 4 5 3 2 4

10
10 5 10 5( , , , ) ,U x y t s

R
β − β δ + βδ + δ − δ β + δβ=

 7 5 2 3 4 6

14

β 21β δ +35β δ 7βδ( , , , ) ,xG x y t s n
R

− −
=

 7 2 5 3 4 6

14
δ δ β δ ,21β +35δ 7β

yn
R

− −
+

 2 2δ ,β , δ β .x t y s R= − = − = +

This increased the singularity of the activation functions. The points σk and τk were taken on the contours γ1 and γ2, 
which were obtained by shifting each point of the boundary contour γ outward along the external normal to the domain 
boundary by distances ρ1 and ρ2 respectively. During the training process, the weights as well as the values of ρ1 and ρ2 
were determined. The values ρ1 and ρ2 were found using a simple brute-force search.

As a training set, a set of functions that are solutions to the Laplace equation in polar coordinates was used:

 2 2( ( )) ( ( )),  ( ),k kx xr cos karccos r sin karccos r x y
r r

+ = +

where k = 0, 1, 2, 3, …, M.
These functions were specified in different coordinate systems, each rotated relative to one another by an angle that 

is a multiple of 2π/5.
Results. The proposed method was applied to solving problems in domains whose boundary γ is defined by the equation:

where t∈[0,2π]; a, a1, g, g1, ω are adjustable parameters.
In all cases, the number of functions in the training set was taken as M = 75, and the number of neurons in the network 

was N = 100.
Problem 1. As an example, consider the following differential equation:

 1 2 5 6.5 0.U U U U∆ −∂ + ∂ + =

A new unknown function V is introduced, which satisfies the Laplace equation:

 0.5 2( .5 ) .x yU Ve −=

The first boundary value problem was considered.
Fig. 1 shows the domain whose boundary corresponds to the following parameter values: a = 1.15, g = 1.15, 

a1 = 0.07, g1= ‒0.03, ω = 9.
The points in the domain where both the exact solution and the neural network solution are evaluated are marked with 

asterisks in the diagram.

 [ ]0,2π ,t∈
 

1 1

cos( ) cos(ω ),
sin( ) sin(ω ),

x a t g t
y a t g t
= +

 = +
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Fig. 1. Shape of the domain for Problem 1

The points in the domain where the exact solution and the neural network solution are computed are marked with 
asterisks on the diagram. Table 1 presents the computational results corresponding to the solution of the equation:

 5 )2.5(0. .x yU xye −=

Table 1
Computation Results for Problem 1

Point Number 1 2 3 4 5 6 7

Exact Solution 0.1158 0.2214 0.1055 0.0241 ‒0.0142 ‒0.0473 ‒0.0835

Neural Network Solution 0.1148 0.2216 0.1054 0.0240 ‒0.0142 ‒0.0473 ‒0.0838

Point Number 8 9 10 11 12 13 14

Exact Solution 0.0385 0.1092 0.0769 0.0244 ‒0.0157 0.0457 ‒0.0629

Neural Network Solution 0.0382 0.1090 0.0768 0.0243 ‒0.0158 0.0458 ‒0.0630

Point Number 15 16 17 18 19 20 21

Exact Solution 0.0051 0.0213 0.0222 0.0098 ‒0.0069 ‒0.0175 ‒0.0188

Neural Network Solution 0.0047 0.0210 0.0220 0.0096 ‒0.0071 ‒0.0177 ‒0.0190

Problem 2. The following differential equation was considered:

  1 25  3 8.5 0.U U U U∆ + ∂ + ∂ + =

The introduction of a new unknown function V:

  
)2.5 5( 1.x yU Ve− +=

allows the original differential equation to be reduced to the Laplace equation with respect to the function V. The shape 
of the domain in this case was determined by the parameters в a = 1.1, g = 1.1, a1 = 0.05, g1 = 0.1, ω = 4 (Fig. 2). The 
first boundary value problem was considered. Table 2 presents the computational results and the exact solution of the 
differential equation:

 (2 .5 ).5 1 .x x yU e chye− − +=

1.5

1.0

0.5

0.0

‒0.5

‒1.0

‒1.5
‒1.5 ‒1.0 ‒0.5 0.0 0.5 1.0 1.5

*6
*7

*1

*13
*5 *12 *20

*19
*21

*14

*4 *11
*18

*17 *16
*15 *8

*9
*2*10

*3

Y

X



Computational Mathematics and Information Technologies. 2025;9(2):44−51. еISSN 2587‒8999

48

Fig. 2. Shape of the domain for Problem 2

Table 2

Computation Results for Problem 2

Point Number 1 2 3 4 5 6 7
Exact Solution 0.0198 0.0143 0.0245 0.0622 0.1929 1.4682 9.0855

Neural Network Solution 0.0198 0.0143 0.0245 0.0622 0.1928 1.4640 9.0885
Point Number 8 9 10 11 12 13 14
Exact Solution 0.0818 0.0700 0.1163 0.2289 0.4502 1.4325 3.9076

Neural Network Solution 0.0817 0.0700 0.1162 0.2288 0.4499 1.4320 3.9104
Point Number 15 16 17 18 19 20 21
Exact Solution 0.3377 0.3321 0.4896 0.6716 0.7856 1.1957 1.6099

Neural Network Solution 0.3377 0.3320 0.4896 0.6716 0.7857 1.1959 1.6104

Problem 3. The following differential equation was considered:

 2 2
1 12  0,(( ) ( ) )

3
U U

V
U ∂ + ∂

∆ − =

By introducing a new unknown function   the original equation is reduced to the Laplace equation. The first boundary 
value problem was considered. The shape of the domain was defined by the parameters a = 1.1, g = 1.1, a1 = 0.07, 
g1 = 0.07, ω = 9 (Fig. 3).

Fig. 3. Shape of the domain for Problem 3
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Table 3 presents the computational results and the exact solution of the differential equation:

 3.2.( )5U xy x y= + +

Table 3

Computation Results for Problem 3

Point Number 1 2 3 4 5 6 7
Exact Solution 24.613 28.736 32.687 7.2807 0.0363 ‒2.0562 10.894

Neural Network Solution 24.613 28.878 32.610 7.3419 0.0380 ‒2.0870 10.834
Point Number 8 9 10 11 12 13 14
Exact Solution 5.7339 5.9627 6.3055 1.4899 0.0169 0.2857 ‒2.0582

Neural Network Solution 5.7405 5.9727 6.3164 1.4937 0.0169 0.2865 ‒2.0625
Point Number 15 16 17 18 19 20 21
Exact Solution 0.3331 0.3060 0.2982 0.0754 0.0017 ‒0.0088 ‒0.0950

Neural Network Solution 0.3328 0.3058 0.2982 0.0753 0.0017 ‒0.0089 ‒0.0957

Fig. 4 and 5 show graphical solutions obtained using the neural network, as well as the exact solution of Problem 3.

Fig. 4. Solution of Problem 3 obtained by the neural network

Fig. 5. Exact solution of Problem 3
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Discussion and Conclusion. The presented results once again demonstrated the effectiveness of the neural network 
construction method for solving boundary value problems in domains of complex shape for various types of elliptic partial 
differential equations. This method can efficiently handle all types of partial differential equations. Future development of 
the method will focus on expanding the classes of solvable problems and improving training techniques.
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