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Abstract

Introduction. A finite-difference scheme approximating a boundary value problem for a parabolic-type equation in a
three-dimensional setting with boundary conditions of the first-third types is considered. This paper is a continuation of
the authors’ previous works devoted to the numerical solution of one of the pressing problems of hydrophysics in shallow
marine zones — the problem of transport, deposition, and transformation of suspended matter. The approximation of this
class of problems inside the domain leads to schemes converging at a rate of O(t + /%), where h* =h] +h) +h2, h, h, h,
and t are the steps of the difference grid along the spatial coordinates x, y, z and time, respectively. However, the case
of boundary conditions requires careful treatment, since an inaccurate approximation may reduce the overall order of
accuracy of the finite-difference scheme. The methods proposed by the authors for approximating boundary conditions
ensure the convergence of the finite-difference scheme at the rate of O(t + A2).

Materials and Methods. The authors focused on approximating third-type boundary conditions (with second-
type conditions considered as a particular case). The approach is based on the central difference approximation of
boundary conditions on an extended grid and the elimination of suspended matter concentration values in ghost
nodes (cells).

Results. Approximations of the second- and third-type boundary conditions were constructed for a boundary value
problem describing suspended matter transport. These approximations guarantee convergence of the finite-difference
scheme at the rate of O(t + A2).

Discussion. The study may be useful in convection—diffusion problems where achieving numerical solutions with
acceptable accuracy is required.

Conclusion. Future research may focus on the analysis of the constructed finite-difference schemes under physically
motivated constraints on the time step T and the grid Peclet number.

Keywords: coastal marine systems, convection—diffusion problem, finite-difference scheme, second- and third-type
boundary conditions, approximation error
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OPMZMHaJleoe meopemudecKkoe ucciedosanue

ANNpPoOKCHMALUSI TPAHUYHBIX YCJIOBHH BTOPOIro M TPeThero poaa
B KpaeBbIX 32/1a4ax JJIsl ypPAaBHeHUH KOHBeKUMUu-1uppy3un
€ NPUJIOKEHUEM K IKO0JIOTHYecKoi ruapopusnke

A.N. CyxunoB , B.B. Cunopsikuna [

JloHcKoM rocyiapcTBEHHBIN TEXHUUECKUN yHUBEpCUTET, I. PocToB-Ha-Jlony, Poccuiickas deneparust

P4 cvv9@mail.ru

AHHOTaN NS

Beseoenue. PaccmarpuBaeTcsi pa3HOCTHAs CXeMa, alllpOKCHUMUPYONas KpaeBylo 3a1ady Uil ypaBHEHHs mapadonuye-
CKOI'0 TUIIa B TPEXMEPHOU IOCTaHOBKE ¢ ycyoBusamu Ha rpaHune I-III pona. [lanHas cTarhs ABIISETCS TONOJHEHUEM
K IPEABLIYIUM paboTaM aBTOPOB, MOCBSIICHHBIM YHCICHHOMY PEIICHHUIO OJHOM M3 aKTyaJbHBIX 33734 IHIPOGU3UKI
30H MOPCKOTO MEJIKOBOJBS — 3aJa4ye MepeHoca, OCAKIACHUS (TPaHCIOPTa) U TpaHChOpMaIMK B3BEIICHHOIO BEIlle-
CTBa. ANIIPOKCHMAIUS YKa3aHHOTO Kjlacca 3aj1a4 BHYTPH OOJIACTH NMPHBOAUT K CXEMaM, CXOJISIIUMCS CO CKOPOCTBIO
O(t+h?),tne h*=h]+h+h: h,h,h v T— wark pasHOCTHOMN CCTKH 10 IPOCTPAHCTBEHHBIM KOOPIUHATAM X, Y, Z
1 BPEMEHH COOTBETCTBEHHO. IIpH 9TOM TpeGyeT aKKypaTHOro PACCMOTPEHHS Cllydail FPAHHYHBIX YCIIOBHIA, TOCKONBKY
IPY HEYauHOW MX allPOKCUMAIIMU MOXKET ITOHU3UTHCS MOPSI0K allPOKCUMAaIMU Pa3HOCTHON cXeMbl B LiesioM. [Ipen-
JIO)KEHHBIE aBTOPaMH METOJIbI alllIPOKCHUMAIK TPAHUYHBIX YCIOBHH 00ECIIEUNBAIOT CXOIUMOCTh PAa3HOCTHON CXEMBI
co ckopocThio O(T + h?).

Mamepuanst u memoodsl. B cBOUX HCClIeOBAaHUAX aBTOPaMH CleJIaH aKLEHT Ha allpoKCUMAaluKi TPaHUYHBIX YCIOBUIMA
TpeThero poza (anmpoKCUMaIHsi TPAaHUYHBIX YCIIOBHH BTOPOTO pOJia paccMaTpUBAaeTCs Kak X YacTHBIN ciydait). OpueH-
THUPOM CITYXKHT aIllIPOKCUMAaLUs YKa3aHHBIX TPAHUYHBIX YCIOBUI 110 (OpMYIie IIEHTPAIBHBIX PA3HOCTEH C TOCIIEAYFOLUM
muddepeHunpoBaneM obenx yacteil ypaBHeHUH AU HY3UH-KOHBEKLIIUH M UCKIIOUEHHEM U3 MOJTYYEHHBIX BBIPaKEHUN
(GyHKIMH pemieHus B QUKTUBHBIX y3JIaX paclIipeHHOH CETKH.

Pesynomamut uccnedosanus. IloctpoeHs! anmpokcuManuu rpanudnbix yenosuid [I-111 pona ans kpaeBoit 3agauu, onu-
CBIBAOLICH TPAHCHOPT YAaCTHIl B3BEIICHHOTO BELIECTBA, 00ECIEYHBAIOIIUE CXOMUMOCTh Pa3HOCTHOM CXEMBI CO CKOPO-
cteio O(T + h?).

Obcyscoenue. Pabota MOXXeT OBITH TIOJIE3HA B 3a7a4ax Au(dy3ur-KOHBEKIIUH, TI¢ HEOOXOMUMO TOOUTHCS YUCIICHHOTO
pEeLIeHus ¢ TPHUEMIIEMOMN TOYHOCTBIO.

3aknwuenue. JlanpHeinye ucciaeoBaHUs aBTOPOB MOT'YT OBITh HAaIlPaBJICHbl Ha HCCIIEI0BaHIE IOCTPOCHHBIX PA3HOCT-
HBIX CXEM C y4eTOM (pU3n4ecKn MOTUBHPOBAHHBIX OTPaHUYCHUII Ha [Iar BpEMEHHOW CETKH T U ceTouHoe unciio lekie.

KroueBble ciioBa: npuOpexHbIE MOPCKHE CHCTEMBI, 3a1ada Ju((y3nu-KOHBEKIMN, Pa3HOCTHAsI CXeMa, TPaHWYIHBIC
YCIIOBHSI BTOPOTO M TPETHETO POJa, IOTPELTHOCTh allIPOKCUMAIN

®dunancupoBanue. lccienoBanue BBHINOIHEHO 3a cdeT rpaHta Poccuiickoro HayuHoro ¢onma Ne 22-11-00295-11,
https://rscf.ru/project/22-11-00295/

Jas nutupoBanus. CyxunoB A.U., Cunopsxuna B.B. AnmpokcumMariusi rpaHUYHBIX YCIOBHH BTOPOTO M TPETHETO POjia B
KpaeBbIX 3aJa4yax JJisl ypaBHEHU I KOHBEKIMU-TU(Q]y3HUH C IPUIOKEHNEM K dKotorudeckor ruapodusuke. Computational
Mathematics and Information Technologies. 2025;9(3):16-29. https://doi.org/10.23947/2587-8999-2025-9-3-16-29

Introduction. We consider an initial-boundary value problem describing the transport of suspended matter of a
multi-fractional composition, taking into account three spatial variables as well as the following physical parameters and
processes: advective transport driven by the motion of the aquatic medium, microturbulent diffusion, and gravitational
settling of suspended particles, along with the transition of particles from coarse granulometric fractions into finer ones
(disintegration) and, conversely, the aggregation (coagulation) of particles of smaller fractions into larger ones [1-4].

For the continuous problem, the right-hand sides of the convection—diffusion—reaction equations governing the multi-
fractional suspensions are transformed on a “lagged” time grid. Specifically, on a temporal mesh with step t, the right-hand
sides of the equations for suspended matter transport are modified as follows: for the concentration functions of fractions
that enter the right-hand sides but do not belong to the fraction under consideration in the corresponding convection—
diffusion—reaction equation, their values are taken from the previous time level. This approach significantly simplifies the
subsequent numerical implementation of each convection—diffusion—reaction equation.

In the present study, we develop and analyze a finite-difference scheme approximating a boundary value problem for
a parabolic-type equation in a three-dimensional setting with boundary conditions of the first through third types. This
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paper extends the authors’ previous research devoted to the numerical solution of one of the pressing problems in the
hydrophysics of shallow marine areas — namely, the transport, deposition (settling), and transformation of suspended matter.

As is typical, the approximation of this class of problems within the computational domain leads to schemes converging
at the rate of O(t + h?), where h* = h? +h! +h?, h,, h,, h_are the spatial mesh steps and t is the time step. At the same time,
the treatment of boundary conditions requires special care, since their inaccurate approximation can reduce the overall
order of accuracy of the finite-difference scheme. The boundary approximation methods proposed by the authors ensure
convergence of the finite-difference scheme at the rate of O(t + /2).

Materials and Methods. We assume that particles of suspended matter dispersed in the water column are divided into
R fractions. The problem is formulated for the domain G

G={0<x<L,0<y<L,0<z<L}|

In the rectangular Cartesian coordinate system Oxyz, we consider the three-dimensional convection—diffusion—reaction
equation for particle settling, expressed using a skew-symmetric representation of the convective transport operator [5—10]:

6;’ +Cyc, =Dc,+F,r=1,..R, (x,y,2)€G,
t

_1},0c 0 0, 8(uc,)+8(vcr)+6(w,c,)

Ce, =—|u—L+ —+ ,
2| ox oy o0z Ox Oy oz

De, = ﬁ(“hr ac,) NN ﬁ(uw %} (1)
Ox ox) Oy oy ) Oz 0z
E = (Otzcz - Blcl) +v.6, FR = (BR—]CR—I - Q‘RCR) +VrCr>
F = (Br—lcr—l - arcr) + (ar+lc;‘+1 - Brcr) + yrcr’ r= 2""7R - l’

r

!

where ¢ , ¢ =c, (x, Y, z, ) is the particle concentration at time ¢, ¢ € [0; T]; u, v, w — are the components of the velocity
vector of the aquatic medium U; W, Wo=wEw, w,, is the particle settling velocity determined by hydraulic size;
M, 1, are the horizontal and vertical diffusion coefficients; F is a source term; o, B are the coefficients describing the
transformation rate of particles from one fraction to another, o, > 0, B > 0; y_is the intensity of an external particle source.

Equation (1) is supplemented with the initial condition:

¢, (%,3,2,0)=c, (x,3,2), (x,y,2) € G )
and boundary conditions:
— on the lateral faces of the parallelepiped G-

¢, =c,if u.<O0, ?3)
% 0, if u, >0
on

(4 is the projection of the velocity vector onto the outward normal 7 at the boundary, and ¢’are prescribed concentration
values);
— on the upper and lower boundaries of the domain G, respectively:

oc

—r =0, 5
0z ©)
Oc W, ,

o8 6
T ©)

In problem (1)—(6), we introduce a transformation from the z-coordinate system to the 0-coordinate system. In
this framework, a Cartesian system is retained in the horizontal plane, while the vertical coordinate is replaced with a
dimensionless variable 6, 6 € [0; 1].

The transformation is defined by the relation:

.
0=""1 x,=x, y,=» (7

where /% is the water depth, and 1 is the vertical coordinate measured relative to the free surface.

Using the methods described in [11], we apply a “lagged” transformation on the temporal grid
o, ={t,=nt,n=0,1,..,N,, Nt=T}. As aresult, we obtain a sequence of initial-boundary value problems, linked by the
initial and final data at each time level.
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Equation (1) is transformed as follows:

n
oc!

+Cycl =D’ +F",t _ <t<t,n=12,.,N,

S T K.~ L]

== +v
"2 ax oy "HO0 ox oo H 00 ®
. O oc! 0 oc! 1 0 oc!
Dcr =4 “’h,)' +— “h,r_ +_2_ “’v,r_ >
Ox Ox ) Oy dy) H”00 00
F = (0,65 (6,3,0,8,) =Byl ) +v7ers Fr = (Baoicin (5,250, 1) = pch) + Yich,
F = (B (6.008,,) = 0,0 )+ (0 el) (4,0,000,) = B,el ) 470, r =2, R-1.
with corresponding modifications of the initial and boundary conditions (2)—(6):
¢ (x,3,0,0)=c, ,(x,7.6,0)e G,
' 9
(3,0, )=c"" (x,.0,¢,,),n=2,..,N,,(x,,0) € G, ©)
¢ =c,if u, <0, (10)
a—Cj=o, if u, >0, (11)
on
oc!
%L o, (12)
00
0 u, (13)

It has been proved that the solutions of the transformed system converge to the solution of the original problem in the
norm of the Hilbert space L2(G) with accuracy O(t) as t—0 [11].

To calculate the velocity field components of the aquatic medium, we employ a three-dimensional hydrodynamic
model of bottom topography flow that accounts for bed friction and free-surface elevation [12—-14].
Pu v Ow Ow, Ow, On,
ot ot 00t o’ T oyt T o8’
52Mh,y azuh,r 52Hw

For S P ¢ o

mixed partial derivatives of ¢, with respect to x, y, 0 exist and are continuous up to the fifth order inclusively, while
the mixed partial derivatives with respect to x, y, 0, ¢ are continuous up to the second order. Furthermore, the mixed
derivatives of the velocity field components u”, v, w '" with respect to spatial variables x, y, 0 are assumed continuous up
to the second order inclusively.

To approximate problem (8)—(13), we introduce computational grids:

Results. We assume the existence and continuity of the derivatives aas

well as the continuity of its second-order partial derivatives: . Additionally, we require that the

O=0,XO, X0 HD=0, XD, XDy,
where
o ={x:x=ih;i=1..,N -5 (N, -1)h, =L -h}, ® ={x:x=ih;i=01..,N;Nh =L},

o, :{y: y=jh;j=1..,N, -1 (Ny —l)hy =L, —h},}, o, = {y: y=jh; j=0L...N;Nh, ELy},
W, ={0:0=khy; k=1,..,Ny—1; (N, —1)hy =1—hy}, ®, ={0: 0 =khy; k=0,1,...,Ny; Noh, =1}.

In [15], a finite-difference scheme was obtained that approximates problem (8)—(13) at the internal nodes of the

grid with second-order accuracy in spatial variables and first-order accuracy in time. The finite-difference scheme

approximating equation (8) can be written as:

—n-1

—n
Cr (xi’yj5ek)_cr
T

Cc;! Zj[u" (x,. +0.5hx,y‘,.,9k)5,_" (xl. +hx,yj,9k)—u" (xl. —O.ShX,y‘,.,Ok)Fr" (xl. —hx,yj,ek):|+

x

(x,-,yj,e,() +Cc' =Dt +F",r=123, (x,.,yj,e,() €n,t, €,

+j[v” (x,.,yj +0.5h_v,9k)5,f' (x[,yj +hy,9k)—v" (x[.,yj —0.5hy,ek)5,” (xl.,yj —hy,ek)]+

y
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+W[W;” (xi,y/.,ek +0.5h9)5,_" (xl.,yj,ek +he)—w£” (x,.,yj,ek —O.She)Er" (xl.,yj,ek —he)],

D!’ :h_lz[uh,r (xi +O'5hx’yj’ek)(€rn (xi +h, ’yj7ek)_€rﬂ (xi’yj’ek))_uh,r (‘xi —0.5h, syjaek)'

(Ern (xi’yj!ek)_dl (xf _hx’yj’ek))] +h_12[“h,r (xi’yj + O'Shysek)(?rn ('xi5yj + hysek)_an (xi’y_,'sek))_
v

1
Hz(x[,yj)hez

{67 047 (5,0,)) b (330,03 )2 13,0) 2 (5,6, )]},

My, (‘xi’yj _O'Shy 7ek)(€rn (xikyj’ek)_ErH (xi7yj _hy’ek)):| + [H’v,r (xi’yj’ek + O‘She)'

By = (00 (5.0.00,,) = B@") + 116 F = (B @it (v.0.0.1,) =005 ) + Vi
IT;‘" = (Bi‘*lf‘rn:l] (x’y’e’tnfl) - a’ra’l) + (arﬂgrri:ll (x’y’e’tnfl) - Brtlrn) + ’Y:‘ﬁrn » = 2""’R - 1 :
F;" = (BZEZH_I (x’y’eﬂtnfl) - (}’36'3") + Y;E;lﬁ (x[ﬂy_ﬂek) € o, tn € (T)‘r'

The overbar notation indicates that the quantities belong to the class of grid functions.
It is straightforward to verify that the approximation error " (xl., y{,,@,{) of the finite-difference scheme in the grid
nodes @ x satisfies the relation:

v’ (x,.,yj,ek) = 0(1:+ hz), n=0,L1,..,N,

It should also be noted that the initial condition (9) is imposed on the temporal grid ® xw exactly.

We proceed to construct a finite-difference scheme of second-order accuracy for the transport problem of suspended
matter at the boundary nodes.

We assume that the following conditions are satisfied:

h h
E<ky,, ks Sh—eﬁk”, (15)
y

h
kn Sh_;Sklzﬁ kz] SZ

where &, k,,, k,,, k,,, k,,, k,, are some positive constants.

To approximate the boundary conditions, we introduce an extended grid:
& ={(%,.9,,0,)si ==1,0,...N, +1,j = =1,0,.. N, + Lk =—1,0,.. .N, +Lx, = ih:y, = jh :0, = kh,,
N,h,=L;:Nh =L;Nh, =1},
For the nodes of the extended grid ®" \ @ the velocity vector components are assumed to vanish:
& (x%.;,0¢)=0,if (x,,7,,6,) e 3" \®. (16)
In addition, we assume the components of the velocity field and the hydraulic size of the suspended particles to be known
at extended grid nodes @ \@ with fractional indices, i. e. at half-grid positions: u" (—O.th,yj ,ek), u" (Lx + O.ShX,yj,ek),
V' (x,0.5h,,0,), v"(x,,L, +0.5h,.0,) and w!"(x,,y;,~0.5k,), " (x,,»,,1+0.5h,)-
The boundary conditions (10) are approximated as follows:
{E," (O,yj,ek) =c/, ecu u" (O.th,yj,é)k)+u" (—O.th,yj,ek) >0,

17
E,”(Lx,yj,e,()zc;, eciu u"(Lx —O.ShX,yj,E)k)+u"(LX +0.5hx,yj,6k)<0, (x,.,yj.,ek)e(Tf, a

{E," (x,,0,6,)=c/, ecim V" (xl.,O.Shy,ek)+ V! (xi,—O.Shy,ek) >0, (18)

¢’ (xl.,Ly,Gk) =c!, ecan v”(xl.,Ly —O.Shy,ek)+v" (xl.,L}, +0.5h},,9k)<0, (x,.,yj,Gk) o

The construction of finite-difference schemes for boundary conditions (11)—(13) is demonstrated on the example of the
third-type (Robin) condition — condition (13). Since boundary conditions (11) and (12) (Neumann conditions) represent
particular cases of condition (13), the construction of the corresponding finite-difference approximations can be carried
out by analogous reasoning.

For 0, = 1 the boundary condition (13) is equivalent to the following expression:

oc (x,y,1) o, ,,
T R AR
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On the grid ®" the nodes (x, Yy 1) are interior.
The finite-difference scheme at the nodes (x, Y 1) of ®" is written as follows:

g/ (x,:1) =8 (x.3,.1)
T

+Cc! (xl.,yj,l) =Dt/ (xl.,yj,l) +F" (xl.,yj,l), n=1,.,N,. (20)

In what follows we base our reasoning on approximating the considered boundary condition by central differences on
the extended grid and on eliminating from the resulting expression and from equation (20) the values of the function ¢
in the ghost node (x, v, 1+ hy).

In equation (20) the function ¢ (x,., yl+ he) enters the following terms:
1

W[W:n (x[,y‘,-,1+0.5he)5j (x[,yj,1+he)_w;" (an’_/’l_O'She)frn (pr’_/’l—he)l
7]
1

W[uw (x,.,yj,l + O.She)(Fr" (x,.,yj,l + he) -z’ (x[.,yj,l)) —-H,, (xl.,yj,l — O.She)-
{62 o )2 (5,1 1))
which we denote by C,c” (x,., y j,l) and D, (xl., y j,l) respectively.
Since on the considered boundary M(x’y’l) =0, the relation for C,C, (x,., yj,l) can be brought to the form:

W r —n —n
m[cr (xl. V1t hO) - (xl. BINES ho)].
Rewrite condition (19) in the form:
Er"(xi,yj,1+h9)—5,_" (xl.,yj,l—he) B 2w,, .
2hy - uv,r(xi’yj’l+0'5h0)+uv,r(xi’yj’l_O'ShO)cr (x”yj’l) @D
and from it we obtain:
Er”(xi,yj,l—i-he):?,_" (xl.,yj,l—he)— ML c’ (xi,yj,l).

H,, (x,.,yj,l + O.She) i, (x,.,yj,l - 0.5he) '
For a compact presentation of the subsequent reasoning we introduce the notation:

2w

8gr

o= w, (x.p,0+ 0.5h9) +n,, (x.0,.1- O.She)

and then
c' (xi,yj,l—i-he) =c’ (x,.,yj,l —he)— 2hyec' (xl.,yj,l). (22)

Substituting the value of ¢’ (xl., Y1+ he) obtained by formula (22) into the expression for C,C’ (x,., y j,l), we obtain
the approximation:

€ (50 = ), @
P27

As follows from equality (23), the quantity C,z" at the nodes of (x, Yy 1) is computed exactly.

Preliminary calculations show that if one uses equality (22) to approximate D,Z;’ (x[, y_,-,l) , then a first-order error in
0 is obtained. To approximate this operator with second-order accuracy in 0 the authors propose a different approach.

Expanding the functions ¢, (x[, vl he) in a Taylor series in the neighbourhood of the point (x,, y,, 1) adjacent to the
boundary, we obtain an expression for the left-hand side of equality (21):

fr"(x,.,y/.,l+h9)—cj” (xl.,yj,l—he) _ oc! (x,.,yj,l)+63cf(xi,yj,l)h§

+0(h3).
2h, o0 o 6 ()
The last expression, taking into account condition (19), can be transformed to the form:
cix,y., 1+h)-¢c'(x,y. ,1-h w 20%" (x,y.,1
’ ( i 9) r ( s 9)= gr cf(x,.,y.,l)+h—e r( r3y,/ )+O(hg). 24)
2h, K, (x,., yj,l) ! 6 00

21
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Using equality (24) we find the value of the function ¢ in the ghost node (x, Vv, 1+h):

@630;’ (xi,yj,l)

?,"(x,.,yj,l—i-he):fr" (x,.,yj,l—he)—Zhea,cf (x[.,yj,l)+ 3 Y

+O(k)). (25)

Using equality (25), we compose the expression for D,c (x,., yj,l):

De@"(x,-,y,-’l)%m[(uv,,(x,.,ybi,1+o.she)+ iy, (%,3,.1=0.5k,)) (e (x,,y,.1 = hy ) -
i)
=" n h3 630: xi>y"1
2 (x,.3,.1))-m,, (x.. yj,1+0.5h9)(2h98,cy( x,, yj,1)_?e%ﬂ.

oct 1 .
Clearly, to achieve the stated goal it is sufficient to approximate the derivative M with first-order accuracy

in 6. We now construct an approximation of this derivative with the prescribed accurac?6
Differentiate both sides of equation (8) with respect to the vertical variable 8 and, from the resulting equality, express

63cf(xl.,yj,1)_ Hz(xl.,yj) ’_620,’,’(xi,yj,l) 63cf(xl.,yj,1)
00w ()| a0 A L)
83cf (x,.,yj,l) . 8ph’r (x,,yj,l)wach (x,.,yj,l) . 6uh,r (x,.,yj,l)
'W—F u (xi,yj,l)— . J 2230 +|v (xi,yj,l)—T .
eyl 1 (2 oy )10 (), () 26
o0 H(x.y ) ¢ H(x.y) 00 ) o0 o9
6ch(x[,yj,1)_aph‘,(x[,yj,l)ach(x[,yj,l)+ aun(x[vyjal)_azuh,r(xmyjnl) .
ox’ 00 oy’ 00 0x00
6cf(x,.,yj,l)+ 8v”(xl.,yj,1)_62;1,”(xi,yj,l)wécf(xi,yj,l)+l qu"(xi,yj,l)+62v"(xl.,yj,1)_
ox 00 0yo0 J Oy 2 0x00 oy00
w,, 8u"(x,,yj,1)_ W, 8\/”()@,))].,1)+ 2w,, azuv’r(xl.,yj,l)) n( N )_8Fr”(xl.,yj,l)}
,(x.p,.0)  ox w,(x..0) oy H (x,p,)m,, (xo0,51) 007 T o |

It is evident that the following relations hold:

aEn _|_ Wg,Z W Al n n Wg,l n
00 —[ a, i, (xi’yj 1) ( ,,yj,l - 1)+Bl w, ( X l)cl J+YI W, (xi’yj’I)Q >

w w w,
F'= —B B Lc":l x:yalst,,, +0 g.R " _,Yn g.R C”,
! ( ! ll'leH (xi’yj’l) ! l( 1) Rl‘lv,R(xi’yj?l) ! RUV,R (xiayj’l) !

aF'r" | Wg . n—l Wg,r )
00 _[ B Myt (%52751) e (5 ’l’t"‘)m’uv,,.(x,.,y‘/.,1)c’J+

w w w
+ = g+l n 1 ,1 Z,, g, ;1 _ ;: g, rn
( o l”tvrﬂ( XisY J° l) o (x g 1) [3 “’v,r(xi’yj’l)c J ! l"l'v,r (xi’yj’l)c

For reader convenience, we approximate the expression in the square brackets on the right-hand side of (26) term by

H*(x,y.
term. First, note that for the coefficient % placed before this bracket we use the representation:
l”tv,r xi ’y Jj°
H(x,5,) 2H (x,.,)

. 27
uv,r('xwyj’l) Hv,r(xi’y_j’1+0'5h6)+uv,r(xi’yj91_0‘5h6) ( )

v,
Consider the derivative % For this derivative we have:
1
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o’c” (xl.,yj,l) 1 [ (x,.,yj,1+he,tn +17)—E,." (x,.,yj,l—i-he,tn —r)
000 2h, 2t

2t )+O(T2)J+O(h§)=

L (x,.,yj,l +hy,t, + ‘L') -c’ (xl.,yj,l —hyt, + r) (28)
T2t 2h, -
c’ (xl.,yj,1+ hyst, —r)—Er" (xl.,yj,l —hy,t, —1:) +LO(12)+O(h2)
2h, 2h, o
Using equality (28), the following relations can be written:
¢’ (xl.,yj,l-i- hyt, r)—?r" (xi,yj,l—he,tn + ’E) B
2h, 3 ( ) (29)
L W ., h; © e (x,y,,L0, £1 .
= —“w (Xi’yj ’l)cr (xl.,yj,l,tn + ‘E) + P + O(h9 )
By means of (29) we transform equality (28) into the form
62 :1 W, Ng n n
atge = o (jf,-,y‘,-,l)(cr (x,.,yj,l,tﬂ + ‘t) —c! (x[,yj,l,tn - ‘t)) +
(30)
W 630:’ X,y Lt +1T 630:’ xX,y,Lt =1 1
+ﬁ( ( aé3 )— ( 66-’3 )]+—90(rz)+0(h§).
For the expression m(d (xi,yj,l,tn + r) —c! (xl.,yj,l,tn - 'c)) we have:
L n _ _ _ Wer ac»n ('xi'»'yj’l’tn) 2
T (xl.,yj,l)(cr (xl.,yj,l,tn + r) c (xl.,yj,l,tn r)) = T (xl.,yj,l) P +0(‘E ) 31)

Taking into account relation (31), we transform expression (30). We obtain:

o . oc! (xl.,yj,l,tn)+ 1 hg(a%”_’(xi,yj,l,tn +r)_a3cr"(xi,y/.,1,tn _T)]+LO(12)+O(/¢§ +1:2).
0

a0 ot 2t6| 00’ o0’
o (x,y Lt +
Introducing the notation (P(xw ¥ L, + r) - Cr (x’ > ay (;3’ > T) , the last equality can be written in the form:
2" oc'(x,,y,,Lt, 2(olx,y,, Lt +1)—0(x,y,,Lt, —1
oc; __, rlnrybt) (0003 # )70l b T ) L ey e 1),
Oto0 ot 6 21 2h,

From this it follows that

%" . 6cf(xf’yf’1’t")+h_g(a(p(x"’y/’l’t”)+0(T2)j+L0(rz)+O(hez+1'2)-

o0 ot 6 ot )

In accordance with the Courant condition, the quantity t is bounded, and thus the equality L0(12) =O(h,) can be
. . . .. ] 2h,
considered valid. Taking this into account, we have: 6

82cf — ¢ acrn (xi’yj’l’tn) n hez a(p(xi’yj’l’tn) yy)

oo ot 6 ot
. . . . . 8(p(x[,y.,1,tnir)
Taking into account the last relation, and assuming boundedness of the derivative é—:
t
84cf (x,.,yj,l,tn i‘t)

otox’

(he +172).

, We can write:

o . act (x,, yj,l,tn)+ Ofh, +7°). 32)
0100 ot

23
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o’c! (xi,yj,l)
oo

Taking into account inequality k,, < % <k,, from (16), we have:

x

Next, consider the derivative

Lyl)i[a‘ (v.0.0+h) ("”y"’l_he)jm(h:)

ax’oe 2k, ox’ ox’

1 Er”(x[ +hx,yj,l+he)—25r”(xl.,yj,l+he)+€r”(x,. —hx,yj,1+he)
_% hf _

e (x, +hy, 1= hy) =22 (., 1= hy)+ ' (x, =k y 1= hy)

o2y TG R e e+0(hf)J+0(h§):

+h,y. ,1+h +h,y.,1-h 1+ hy 1-h
:hl_z[ (X y] )Zh (.X' y] ) 2 (X y )2h ()C y/ )+ (33)
X 0 0
e (x, = hy d+hy) =g (x, = by, 1- h)] o, ,
+ +—O(h])+O(hy )=
2h, 2h, (i) o)
1 (x+h yjl+h) (x+h Vsl h) 2 (xy/1+h) (xyjl h)
T 2h, 2h, i
e (x,—h.yd+h)-c (x, —h,y,,1- h)} ok +1)
2h,
Based on equality (24), the following relation can be written:
3
o (x, £ h,, yj1+h)2h (£ hoy, 1= hy) e (o i) 11628 (xa;h Y )+0(hg). 34)
Using (34), we transform relation (33) into the form:
o'c 1
62;02)/] )— zg(c:’(x,.+hx,yj,l)—Zc:'(x,,y/,l)ﬂ-cf(x[—hx,y/,l))+
., (35)
dc (x +h,y;, 1) 263 (x Y, 1) 63cr(xl.—hx,yj,1) +0(h§+hx).
6h 00’ 00’ 00’
Applying the equality:

2 .n
%(C}” (x,. +hx,yj,1) -2c’ (xi,yj,l)+cf (xl. —hx,yj,l)) =L';yj’l)+ O(hf),

expression (35) can be rewritten as:

63cr”(xl.,yj,1)__8 d’c (x Vi 1)+h_(§2(83cf(xi+hx,y,,l)_ dc (x Y; 1)+63 (x —hoys )j O(h92+hx).

P . 5 6h’ o0’ o0’ o0’

oc(x, th.,y,, o’c!(x,y,1
(6931)(‘0(3}1) (86/)

&c (x Vi 1) _Srazc:(xi,yj,l)Jrh_g (p(x,.+hx,yj,l)—2(p(x,.,yj,l)+(p(x,.—hx,yj,l) +0(h§+hx). 36)
ox*00 ox’ 6 "

Let (p(x[ +h,y, ,1) = . Then the last equality can be written in the form:

This equality can be transformed into the form:

oe; (xi’y"’l)z—s ki ( - 1) h_g[azw(x”zy/’l)+O(hj)J+0(h§+hx).

ox*00 : ox? 6 Ox
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o’o(x,y.,1) o°c(x,y,.1
Taking into account the last relation and assuming the boundedness of the derivative (p(xl i ) o (x’ i )
" (x, ¥, ) ox’ ox’ o0’

'Y 2277 ) on the right-hand side of equality (26), we can write:

, for

the term p, (xi,yj,l)

ox*00
oc(x,y,,1 o’c(x,,y,,1
IR kLT S M A LT ) (37)
By carrying out similar reasoning for the derivative %, we obtain:
X
o (x,y;,1 o’ (x,,y 1
W (xi’yj J);}Te]) =—€l,, (xi 5V ’1)% + O(ho)' (38)
Let us turn to the mixed derivative % Following the reasoning presented earlier, we have:
X
0’c; (x,.,yj,l) =L(8€: (xl.,yj,l +h9) _ ac;’ (xi,yj,l _he)}r O(hez) _ L
0x00 2h, Ox Ox 2h,
c' (xi + hpyj’l"'he)_frn (xi —h.y 1+ he) c' (xi + hxsijl_he)_fyn (xi —h.y.l _he)
' 2h, - 2h, ’
_n - 39)
. O(hf))+ O(hez) =L(c’ (x,. + hx,y/.,l-i-he)—cr (x[ +th,y,l —he) B
2h, 2h,
e oyl h) =2 (x _hx’yf’l_he)J+L0(hf)+o(hé).
2h, 2h,
Based on equality (39), the following relation can be written:
c'\x, h,y 1+h)-c'(x, £h . 1-h ., o' (x, th,y,,1
( / 6)2;16 ( ) =—g,c!(x £h,y, 1)+ 69 ( = / )+o(hg). (40)
Using (40), we transform relation (39) into the form:
o’c!(x,,,1 € [ ) (o (x,+h,y,,1) &c(x—h,y,1
@(xagj ): ZhX(Cr (x,.+hx,yj,l)—cr (xl.—hx,yj,l))jtlz‘;lx{ ( = J ) ( = J )J+O(hg+hx). 41)
Since the following equality holds:
oc’(x,v,,1
j(cr" (xl. + hx,yj,l)—cf (x,. —hx,yj,l)) = %+ O(h_f),
expression (41) can be rewritten as:
&% (x,3,,1) _ N oct (x,v,01) by (@l (x +3hx,yj,1) Lo —flx,y,-,l)J+ o(n2 +h)
ox00 ox 124, B o0
3 .n 3 .n
Let (P(xi th,,y, ,1) = W, (P(xi , y,-,l) - % Then the last equality can be written as:
%! (x,.3,.1) e oc; (x,,y;.1) +£((p(x,» +hey, ) =o(x - hx»y,-,l)J +O(h +h). (42)
0x00 ox 6 2h,

This expression can be further transformed into the form:

ach(x[,yj,l) . acf(x,.,yj,l)+h_92[8(p(x[,yj,l)

o0 7 ox 6l ox

+ O(hf)j +O(hg +h,).

ﬁ(p(xi,yj,l) _ o'c” (xi,yj,l)
Ox ox00’
on the right-hand side of equality (26), we can write:

Taking into account the last relation and assuming the boundedness of the derivative , for

oy, (xf’y.f’l)\azcrn (xi’yf’l)
o ) ox00

the term {u” (x,.,y/. ,1) -

25
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. O, (x,.,yj,l)\ %! (x,.,.1) N Oy, (xi’y«i’l)\ oc; (x,.7,.1)
[u (xl., yj,l) N J PRV €| u (xl., yj,l) N J e +O0(hy). (43)
2 .n
By applying similar reasoning to the derivative M with respect to the term
20 0yoo
n 6‘Mh,r (xi’yjﬂl)\)a C, (xi’yj’l) . . . . .
u (x[ Y j,l) - o } 2030 from the right-hand side of equality (26), we obtain the relation:
: 0w, %oy, )\ (st (L 0, (01 )0¢7 (x,7,1)
{v (xl.,y_,-,l) oy J 9y60 =€ |V (xi’yj’l) oy ) oy + O(ho)' (44)
Now let us turn to the derivative % . We have:
ach (xiayjﬂl) _ 1 66—1;1 (xi’yj91 +h9) aErn (xivyjal _he) 2
— s - p +0(hy ). (45)
Using expression (25), which defines the value of the function €' at the fictitious node (x, Yy 1+ h,), we obtain:
oc(x,y, 1+h P h363 X, Y1
—( 6(; ) 69( (x y;.l= h)+2hac (x Vs l) 3—(693 )+0(h§)J:
S lrploh) S rl) O l) )
00 3 00
Taking the last equality into account, we rewrite equality (45) in the form:
2 n n
e (woypl) 0 (xorpl) o). (46)

00’ ST 0

It is straightforward to derive the following approximations with accuracy O(4 ) and O(hy):

ow,, (x,3,,1) 0%cl (x,,p,.1 1
A (ae g ) gx i’ ) hh( (xi,y].,O.She)—Mv,(xi’yp—O.She)). @)

(& (% + oy, 1) =227 (x.0,0) +2 (3 = by o1)),
a“h,r(xisyj’l)azc:(xi’yj’l)~ 1 ( _ L .
0 ayz :heh;\uh,r(xisyj70'5h0) uv,r(xi’yj’ OShO)) (48)
(5,1 1) =227 (5,,0) 42 (5,3, 1),
ou" (3,3,,1) Oty (3,3,,0)10¢] (x000) 1 [
20 a0 ) ax  2h|h

—(u" (%3, 14+ 0.5k, ) —u" (x,,y,,1- 0.5k,)) -

: 1h (., (x, +0.5k,,y,.1+0.58) —p,, (x, = 0.5h,,y,.1+0.5h,) - (49)

x''0

-, (x,+0.5h,,y,,1-0.5h) +p,, (x, - 0.5h,,y,,1-0.5k ))}( (% Ry l) =g (x Ay L)),

——L (1, (50, 05,14 0.5,) 1, (3,9, = 0.5k, 1+ 0.5k, ) -

hhy
1, (%, +0.5h,1=0.5h, )+, (%, = 0.5h,,1-0.5k,)) |(& (., + b, 1) =2/ (.3, = b 1))- (50)
When approximating ¢ (x,., yl/.,l) we replace it with its discrete analogue ¢’ (xl., yj,l).
Then
62u"(xl.,yj,l)cn (1) ;L(u" (x +0.5h,,y,,1+0.5h,) —u" (x, = 0.5h,,y,,1+05h,)
0x00 T hy h,

C2))

u"(x,+0.5h,y,,1-0.5h ) —u" (x, = 0.5h,y . 1-0.5h,))
P c (x[,yj,l),

x
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62v"(xl.,yj,1)cn ()= [v"(x,.,yj+0.5hy,1+0.5he)—v"(xl.,yj—0.5hy,1+0.5h9)
oo TNy h, 52)
V' (x,,p, +0.5h,,1-0.5h,) =" (x,,y, —0.5h,,1-0.5h,)

P : ch (xi,yj,l),

¥y

W, ou" (x,,yj,l) ) 2w,,

w,, (x.2,.0) x (%7,1) = ut,’y(xi,yj,1+0.5he)+uv’y(xi,yj,l—O.She).

n e (53)
(u (xi+0.5hx,yj,l)h u'(x, O.thayjal)jc;,(xi’yﬂl)’
Wer avn('xi’yj’l) n )= 2W,, .
TH (xi,yj,l) oy “ (Xi’yj’ )_ K (xi,yj,l+0.5he)+uv,r (xi,yj,l—O.She) (54)
[l
,
2
2 2w,, ou,, (x;,yj,l)c: (xi,y/.,l)z : 2w, .
I (x,-7y,»)uv,r(xwy/’1) 20 : H (x,.,yj)(uv’,(x,.,yj,l+0.5h9)+uv,,(x,-ay,-,l—O.She)) (55)

1 "
.?(uw (xl. VLt O.Sh(,) -2u,, (x,.,yj ,1) +u,, (xl.,yl. - O.She))cr (x,.,yj ,1).
0
As a result of substituting approximations (32), (37), (38), (43)(55) into equality (26), with accuracy O(#,) (or
higher), and rearranging the terms, we obtain:

o’e’ (x,.,y/.,l)

863 = 81 + O(he)’ (56)

where

9, =9, (3“5:’ (xiayjal _he)+ 8,,¢ (x,.,yj + hyal)+‘913€rn (xi’yj _hy’l)+ 9. (xi’yj71+ he)"'

+815E(x,.,yj 1= he) + SIGE(xl.,yj ,1)).
After substituting the derived representations for the coefficients 8, ,i = 1..., 6 into the approximation formula given above, one

can obtain the final approximation of the third-kind boundary condition, which is not presented here due to its cumbersomeness.
Using equality (56) for D, (xl., y j,l), we can write:

1

Dean ()C[,yj,l) Em
i

(1, (x50, 1405k, )+ 11, (x,,3,,1 = 0.5h,))-
h3
.(Er" (x,.1,.1=hy) =T (x,.9, ,l))—uw (x,,p,.1+ O.Slze)(Zhe g,c!(x.v,.1) —?GSIH. (57)

The approximation error of scheme (57) at the boundary nodes of grid @" for 6, = 1 is 0(r +h )

Discussion. The paper addresses issues related to the finite-difference approximation of a spatially three-dimensional
problem of multifractional suspended matter transport. Certain difficulties arise in approximating this problem due to the
necessity of ensuring the required order of approximation up to the boundary. Methods are proposed for approximating
the problem with second-order accuracy in spatial variables and first-order accuracy in the temporal variable. Special
attention should be given to studies related to the approximation of boundary conditions of the second and third kind.
For this purpose, the authors propose methods based on approximations of boundary conditions using central difference
formulas, followed by differentiation of both sides of the diffusion—convection equations and the elimination of solution
functions at fictitious nodes of the extended grid.

Conclusion. Further research by the authors may focus on the analysis of the constructed difference schemes, taking
into account physically motivated constraints on the time step size T and the grid Peclet number.
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