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Abstract
Introduction. A two-dimensional hydrodynamic problem in the “stream function–vorticity” variables is numerically 
solved in an open rectangular cavity simulating blood flow in a blood vessel aneurysm. Two solution algorithms are 
proposed for Reynolds numbers Re < 1 and for Re ≥ 1.
Materials and Methods. To accelerate the numerical solution with an explicit finite-difference scheme for the vorticity 
dynamics equation, the initial condition damping method, the n-fold splitting method of the explicit finite-difference 
scheme (n = 100, 200), and the symmetry plane of the rectangular cavity–aneurysm were employed. In the splitting 
method, the maximum time step proportional to the square of the spatial step was used without violating the spectral 
stability of the explicit scheme in the vorticity equation. On half of the rectangular aneurysm, symmetric solutions 
were considered with a uniform 100 × 50 grid and equal steps h1= h2= 0.01. The inverse matrix for solving the Poisson 
equation in the “stream function–vorticity” variables with a finite number of elementary operations was computed using 
the MSIMSL library.
Results. The numerical solution showed that the number and location of circulation regions in the aneurysm at small Reynolds 
numbers depend on the ratio of the vessel diameter to the aneurysm diameter. At small values of this parameter, the aneurysm 
contains a single large vortex that narrows the vessel lumen in the case of thrombus formation inside the aneurysm. The 
narrowing of the blood flow tube inside the aneurysm reaches 34%. It was found that the formation of the hydrodynamic 
structure in the aneurysm occurs in a time negligible (0.002%) compared to the period between pulsation waves (1 s). For the 
first time, a boundary condition with fourth-order accuracy was proposed to relate velocity, vorticity, and stream function.
Discussion and Conclusion. The approximation of the equations in systems (4) and (22) has sixth-order accuracy at 
interior nodes and fourth-order accuracy at boundary nodes. The problem was also solved for blood motion in arteries 
at high Reynolds numbers (Re = 1500). The solution shows that in the aneurysm symmetry plane a chain of connected 
vortices is formed with alternating signs of vorticity, carried by the blood flow along the vessel. The initial–boundary 
value problems (4), (22) formulated in this work make it possible to qualitatively model blood flow in aneurysms of 
capillaries, arterioles, and arteries at low and high velocities, as well as blood motion in elements of medical equipment.
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Аннотация
Введение. Численно решается двумерная гидродинамическая задача в переменных «функция тока — вихрь» в 
открытой прямоугольной каверне, моделирующей течение крови в аневризме кровеносного сосуда. Предложены 
два алгоритма решения задачи для чисел Рейнольдса Re < 1 и для чисел Re ≥ 1.
Материалы и методы. Для ускорения численного решения задачи с явной разностной схемой уравнения ди-
намики вихря использовался метод торможения начальных условий, метод n-кратного расщепления явной раз-
ностной схемы (n = 100, 200) и наличие плоскости симметрии прямоугольной области каверны — аневризмы. 
В методе расщепления используется максимальный шаг времени, пропорциональный квадрату координатного 
шага без нарушения спектральной устойчивости явной схемы в уравнении вихря. На половине прямоугольной 
аневризмы рассматривались симметричные решения и применялась равномерная сетка 100 × 50 с равным шагом 
h1= h2= 0,01. Обратная матрица для решения уравнения Пуассона в переменных «функция тока — вихрь» за ко-
нечное число элементарных операций вычислялась библиотекой Msimsl.
Результаты исследования. Численное решение задачи показало, что число и расположение областей циркуля-
ции крови в аневризме при небольших числах Рейнольдса зависят от параметра отношения диаметра сосуда к 
диаметру аневризмы. Именно при небольшом значении этого параметра аневризму занимает один большой вихрь 
и сужает просвет сосуда в случае образования тромба внутри аневризмы. Сужение диаметра трубки тока крови 
внутри аневризмы достигает 34 %. Обнаружено, что формирование гидродинамической структуры в аневризме 
происходит за время, малое (0,002 %) по сравнению с периодом между пульсационными волнами (1с). Впервые 
предложено краевое условие с четвертым порядком погрешности для связи скорости, вихря и функции тока.
Обсуждение. Аппроксимация уравнений в системах (4) и (22) имеет шестой порядок погрешности во внутренних 
и четвертый в граничных узлах. Задача решена также для движения крови в артериях при больших числах Рей-
нольдса (Re = 1500). Ее решение показывает, что в плоскости симметрии аневризмы образуется цепочка связан-
ных вихрей с чередованием знака функции вихря и сносимых кровью вдоль кровеносного сосуда.
Обсуждение и заключение. Сформулированные в работе начально-краевые задачи (4), (22) позволят качественно 
моделировать движение крови в аневризмах капилляров, артериол и артерий кровеносных сосудов при малых и 
больших скоростях, а также движение крови в элементах медицинского оборудования.

Ключевые слова: гидродинамика, численные методы, уравнения в частных производных, начально-краевая 
задача, аневризма
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Introduction. This study models a two-dimensional hydrodynamic problem of blood flow in an open rectangular 
cavity in the “stream function–vorticity” formulation [1]. The velocity field exhibits four corner singular points at the inlet 
and outlet segments of the cavity–aneurysm, since the streamlines at these points may undergo a 90-degree deflection. 
Consequently, steep velocity gradients appear in these regions, and the points act as sources of vortices under high blood 
flow velocity. The present work employs the initial velocity field damping method described in [2]. References [3–7], [8] 
are related to the solution of two-dimensional hydrodynamic problems or to their high-accuracy approximation. Study [7] 
specifically addresses blood flow and coagulation processes in blood vessels. In the present research, the n-fold splitting 
method of the vorticity equation (n = 100, 200) with an explicit finite-difference scheme, as introduced in [9], is applied. 
Due to the symmetry of the rectangular cavity (aneurysm), the computational cost can be reduced by half by solving the 
problem only on one side of the rectangle.
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Materials and Methods 
Problem Statement. In the two-dimensional formulation, we consider the flow of fluid (blood) in a rectangular 

cavity–aneurysm, which defines the geometry of the problem. Therefore, it is convenient to adopt a rectangular coordinate 
system with a uniform grid  n1 × n2 = 100 × 100.

We derive the Poiseuille formula for the velocity profile u(y) of plane fluid flow between two parallel rectangular plates. 
In Fig. 1, the center of the rectangular coordinate system coincides with the symmetry center of a liquid parallelepiped 
with side lengths 2y⸳ l ⸳ b, with edge length b perpendicular to the plane of the figure. Pressure values p1, p2 act on the left 
and right faces, respectively; the pressure is constant along the y-axis and varies along the x-axis. The difference in 
pressure forces is equal to  ( ) 1 2

1 2 2 2 2p
p p pF p p yb ybl ybl

l x
− ∆∆ = − = =

∆
. This pressure force difference ∆Fp is balanced by 

the viscous friction force acting on the lower and upper faces of the block. 

Fig. 1. Illustration of the Poiseuille formula for plane fluid flow

The difference in forces is given by:

 2
1 2 1

1 12 2 2 ( ) , .
2p тр

p p pdu duF ybl F bl y u y C y C C const
x dy dy x x

∆ ∆ ∆∆ = = = µ ⇔ = ⇔ = + = =
∆ µ ∆ µ ∆

Let us denote the half-width of the plane channel for fluid motion as the velocity of the fluid on the symmetry plane as   
umax and determine the unknown constants C1, C2 from the no-slip condition on the rigid rectangular plates:

 2
2 max2

1 2 2 max 1 max2 2 2( ) 0 0, (0) , , ( ) 1 .uC yu C C u C u C u y u  ∆ = ⇔ ∆ + = = = = − = − = − ∆ ∆ ∆ 

An aneurysm represents a small segment of a blood vessel whose diameter usually exceeds the vessel diameter by 
a factor of about two. The aneurysm length L is typically comparable to its diameter 2H, where H is the aneurysm half-
width. To simplify the problem in the rectangular coordinate system, we assume that in an infinite rectangular region 
between the upper and lower plates a plane fluid flow is formed with the velocity profile (1). A rectangular cavity with 
inlet and outlet will be referred to as an open cavity.

For further simplification, we also assume that the velocity profile (1) is preserved at the inlet to the rectangular 
aneurysm and at the outlet from it within a narrow symmetric strip relative to the plane 0xz of width 2Δ = 2d. To accelerate 
the numerical solution, we exploit symmetry by considering only half of the aneurysm and two halves of the rectangular 
channel supplying and removing the fluid. According to the symmetry principle, we seek solutions in which, on the 
symmetry axis, the velocity of fluid particles is directed along the axis at every point; its magnitude may vary numerically, 
but its direction remains unchanged.

In Fig. 2, the origin of the coordinate system coincides with the lower-left corner of the aneurysm; the x-axis is directed 
to the right, and the y-axis is directed upward. Let denote (u(x,y),v(x,y)) the velocity vector of a fluid particle. On the rigid 
boundary-namely, on the lower segment and on the lower portions of the side segments of height H–d of the rectangular 
cavity — the velocity is zero (no-slip condition). Therefore, the stream function on this boundary can be taken as zero. 
In addition, the normal velocity component is zero on the upper segment of the rectangular cavity v(x,H) = 0,0 ≤ x ≤ L.

It is necessary to modify the boundary conditions for velocity and stream function in the formulation of the classical 
hydrodynamic problem in the “stream function–vorticity” variables for a rectangular cavity, as considered in [1, 2].

x 

y 
l 

p2

Fтp

Fтp

p12y 

(1)
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Fig. 2. Geometry of the computational domain

We rewrite the velocity profile (1), taking into account the shift of the coordinate origin shown in Fig. 2:

 
( ) ( )2

max 2, ( ) 1 , [ , ].
y H

y y H u y u y H u y H H
 −

= + = − = − ∈ −∆  ∆ 

Integrating equation (2) with respect to y, and taking into account the relation u = ψy, we obtain the dependence of the 
stream function in the gaps along the side walls of the cavity:

 ( ) ( )
3

max 0 0 max2
2( ) , ( ) 0 ,

3 3
y H

y u y C H C u H
 −

ψ = − + ψ −∆ = ⇔ = − − ∆  ∆ 
 

( )3

max 2

0, [0, ],

(0, ) ( , ) 2 , [ , ].
3 3

y H

y L y y H
u y H y H H

∈ −∆
  ψ = ψ = − + ∆ − − ∈ −∆   ∆ 

As in [2], we denote the characteristic length by L, time by  
max

,L
u  velocity by umax, stream function by Lumax, vorticity 

by  max ,u
L

 and Reynolds number by Re. We introduce the following dimensionless variables: the horizontal coordinate is 

denoted by  x , the vertical coordinate by  y , the stream function and vorticity by  ,wψ , respectively, the velocity vector 
by  ( ),u v , and time by  t . These quantities are nondimensionalized as follows:

 
max max

max

0 1, 0 , , ,yx Hx y k Lu
L L L

ψ≤ = ≤ ≤ = ≤ = ψ = ψ =
ψ

 max
max

max max max

, , ,uu v wu v w w
u u w L

= = = =

 max

max

, ,Re .u Lt Lt T
T u

= = =
ν

The kinematic viscosity of blood is  
3 2

6
3

3,5 10 3,33(3) 10 .
1050 /

Па с м
кг м с

−
−µ ⋅ ⋅ν = = = ⋅

ρ
The hydrodynamic system in nondimensional variables and functions, following [1, 2], for an open cavity at high 

Reynolds numbers can be written as:

 

( )

( )
( )

1 2

max

1

3

max 2

max

( , ), 0 1, 0 ,

,
; ,

1 ,0 ,
Re

0, 0, 0, 0,

0, [0, ],

/ /2(0, ) ( , ) , [ , ],
3 3 /

2 , ,
3

x x y y

x y

y x

t x y x x y y

ГГ Г Г

xw x y x y k
L

w v u
u v

tw u w v w w w t
T

v u v

y H

y L H Ly Hy L y u L y H H
L L L L

u y H

ψ +ψ = − < = < < <

= −

= ψ = −ψ

+ ⋅ + ⋅ = + < =

ψ ≡ ≡ = =


 ∈ −∆


 − ∆ψ = ψ = + − − ∈ −∆   ∆  

∆ =


















  

d

H

umax umax

y

0 x
L

(2)

(3)

(4)
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( ) ( ) ( )2

max 2

0, [0, ],
( )0, , , [ , ],

1

y H
u yu y u L y y H Hy H
u

∈ −∆
 = = = ∈ −∆− −  ∆ 

 

( )
( )

( )
3

2
max

0, [0, ],

/(0, ) 2(0, ) ( , ) / / , [ / , / ],
3 3 /

2 , / .
3

y H

y H Lyy L y y L H L y H L H L
L

y H L
L


 ∈ −∆

 −ψ  ψ = ψ = = + ∆ − − ∈ −∆ ψ ∆ 
 ∆ =


Here Г1 denotes the union of the lower side segments and the bottom boundary, Г2 corresponds to the upper segment 
of the rectangle Г. The first equation in system (1) is the Poisson equation for the stream function and vorticity. The two-
dimensional Poisson equation on the rectangle is solved in matrix form with a finite number of arithmetic operations and 
sixth-order accuracy [2]. Below, for brevity, we omit the overbars on nondimensional functions, time, and coordinates, 
except in formulas (24).

The second line of system (4) defines vorticity in terms of the velocity field derivatives. The third line gives the 
velocity components as derivatives of the stream function. The fourth equation is the vorticity dynamics equation, which 
is the only time-dependent equation in system (1). On the left-hand side, it contains the full (convective) time derivative.

On the boundary of the rectangle, the vertical velocity component is zero; the horizontal component is unspecified on 
the upper boundary, set to zero on the lower boundary, and described by formula (1) on the side boundaries.

Using the method of undetermined coefficients [10], the velocity on the upper boundary is specified by the quadrature 
formula (5.1) with tenth-order accuracy in problems (4) (Re = 1500) and (22) (Re = 0.75). Formula (5.1) is applied only 
to problem (4).

 ( )
( )( 2 2 2 2 2 22 2 , 1, 2, 3, 4, 5,

2

1 83711 55 165 462( , ) , 11 55
27720 2 2 5y n j n j n j n j n j n ju n j n j

h − − − − −= ψ = − ψ + ψ − ψ + ψ − ψ + ψ −
−

 ) ( )
2 2 2 2 2 2

10
6, 7, 8, 9, 10, 11, 1

330 165 55 11 177 , 1, 1,
7 8 9 10 11n j n j n j n j n j n j O h j n− − − − − −− ψ + ψ − ψ + ψ − ψ + ψ + = −

 
( )( ) ( )

2 2 2 2 2 2

4
2 , 1, 2, 3, 4, 5, 1

2

1 137 10 5 1( , ) 5 5 , 1, 1.
60 3 4 5n j n j n j n j n j n ju n j O h j n

h − − − − −= − ψ + ψ − ψ + ψ − ψ + ψ + = −
−

Following [2], we choose a nonzero and continuous initial velocity field in the central part of the cavity:

 
( ) ( )2

2 2 1 12

0, [0, ],

1 , [ , ], , 0, , , 0,

m

m n m
m m n

y H

u x y y H
y H H y mh m n x nh n n

∈ −∆

 = − − ∈ −∆ = = = =  ∆ 

 ( ) 2 2 1 10, , 0, , , 0, .m n m nv x y y mh m n x nh n n= = = = =

In the new hydrodynamic problem for an open rectangular cavity in the “stream function–vorticity” variables, where 
the velocity on the upper segment of the cavity is evaluated by formulas (5), we specify the computational sequence, since 
it differs substantially from the algorithm described in [1]:

1 step: impose the (time-invariant) boundary conditions on the rectangle boundary for the stream function and for the 
vertical component of velocity;

2 step: modify the right-hand side of the Poisson equation for the stream function (i.e., the vorticity term) according 
to formulas (12), (13);

3 step: solve the Poisson equation ((7)–(11)), i.e. find the stream-function values at the interior grid points of the 
rectangular mesh;

4 step: compute the velocity on the upper segment of the cavity using formulas (5);
5 step: compute the new velocity field at interior grid nodes (formula (18));
6 step: obtain new boundary values of vorticity using formulas (24);
7 step: compute new vorticity values at interior nodes via equation (19).
After step 7 the cycle returns to step 1.
We now describe each step in greater detail. According to [1], the first equation of system (1) — the Poisson equation — is 

solved by a matrix method in a finite number of elementary operations [2] with sixth-order accuracy at interior points:

(5.1)

(5.2)

(6)
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 ( ) ( )( )0,0 1,0 0, 1 1,0 0,1 1, 1 1, 1 1,1 1,12
1 10 2 1( , )

3 3 6xx yy f x y w
h − − − − − −∆ψ = ψ +ψ = = − ⇔ − ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ =

 ( ) ( ) ( )
4 (4)2 4

(4) (4) 6 .
12 360 90

xxyy
xx yy x y

h fh hf f f f f O h= + + + + + +

To solve Poisson equation (7) for the stream function in system (4) with accuracy O(h6) we set f = ‒w, represent the 
derivatives  fxx, fyy with accuracy O(h4), and approximate  (4) (4) (4), ,x y xxyyf f f  with accuracy O(h2).

In [2, 10], by the method of undetermined coefficients, formulas for the interior-node values of a function f with indices 
 1 22, 2, 2, 2 :n n m n= − = −  were obtained:

 ( ) ( )( ) ( )

( )( ) ( )

( )

4
0,0 1,0 0, 1 1,0 0,1 2,0 0, 2 2,0 0,22

(4) (4) 2
0,0 1,0 0, 1 1,0 0,1 2,0 0, 2 2,0 0,24

(4)
0,0 1,0 0, 1 1,0 0,1 1, 1 1,1 1,4

1 4 15 ,
3 12

1 12 4 ,

1 4 2

xx yy

x y

xxyy

f f f f f f f f f f f O h
h

f f f f f f f f f f f O h
h

f f f f f f f f f
h

− − − −

− − − −

− − − − − −

+ = − + + + + − + + + +

+ = − + + + + + + + +

= − + + + + + +( ) ( )2
1 1,1 .f O h






 + +

Thus, formulas (7) and (8) together approximate the Poisson equation in problems (4) and (22) with accuracy O(h6) 
at interior nodes.

Reference [2] describes a matrix method for solving the finite-difference Poisson equation (7) in a finite number of 
arithmetic operations using a vectorized sweep (block tridiagonal/vector Thomas) method. The finite-difference equation 
can be written as:

 ( ) ( )( ) ( )
2

, 1, 1, , 1 , 1 1, 1 1, 1 1, 1 1, 1 ,2
1 10 2 1

3 3 6 12m n m n m n m n m n m n m n m n m n m n xx yy
hf f f

h − + − + − − + − − + + +
− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ = + + +

 ( ) ( )( ) ( )( ) ( )4 4 44 6
, 1 2

1 1 , 1, 1, 1, 1.
360 90x y xxyy m nh f f f O h F n n m n+ + + + ≡ = − = −

Define the square matrices A, B of size (n1 ‒ 1) × (n1 ‒ 1):

 
1 1 1 1

, ,

10 2, ; 1, 1, 1, 1, , ; 1, 1, 1, 1,
3 3

2 1, 1 1, , 1 1,
3 6
0, 2 2, 0, 2 2.

m n m n

m n m n n n m n m n n n

a m n или m n b m n или m n

m n или m n m n или m n

 − = = − = − = = − = − 
  = = + = − = = + = − 
 

≥ + ≤ − ≥ + ≤ − 
  

In the present work, the matrix algorithm for solving (9) is identical to that in [2]:
1. Using the formula 

 ( ) ( ) ( )( ) ( )( ) ( )
4

4 4 42 6 8
, ,

,

1 1
12 360 90

n m

Т
m n m n xx yy x y xxyy

x x y y

hF f h f f h f f f O h
= =

= + + + + + +

compute the right-hand side of the Poisson equation at all interior nodes of the uniform rectangular grid (m=1, …, n2–1; 
n=1, …, n1–1). 

2. Modify the right-hand sides of the linear system (11) according to formulas (12), (13) at the nodes of the rectangular 
contour adjacent to the boundary contour, i. e. determine  ,m nF  from the values Fm,n computed in step 1:

 

2 2 2

1 2 1

1 1 2

2 1 1

,

, 2, 2,

.

Т Т Т

Т Т Т Т
m m m m

Т Т Т
n n n

A B F

B A B F m n

B A F
− +

− − −

 ψ + ψ =
 ψ + ψ + ψ = = −

ψ + ψ =

(7)

(8)

(9)

(10)

(11)
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 ( ) ( )

( ) ( )

( )

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

1, 1 2, 1 1, 2 1, 0, 1 2, 2 0, 2 2, 0, 1, 1

1, 1 1, 1 1, 0, 1 0, 2 2, 0,

1,1 2,1 1,2 1,0 ,1 2,2 ,2

10 2 1 ,
3 3 6

2 1 ,
3 6

10 2 1
3 3 6

n n n n n n n n n n

n n n n n n n

n n n n n n n n

F

F F

− − − − − − −

− − − −

− − − − − −

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ =

≡ − ψ +ψ − ψ +ψ +ψ

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ( )

( ) ( )

( ) ( )

2 2

2 2 2 2 2 2 2

2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1

2 1 2 1

2,0 ,0 1,1

1,1 1,1 1,0 ,1 ,2 2,0 ,0

1, 1 2, 1 1, 2 1, , 1 2, 2 , 2 2, , 1, 1

1, 1 1, 1

,

2 1 ,
3 6

10 2 1 ,
3 3 6

n n

n n n n n n n

n n n n n n n n n n n n n n n n n n n n

n n n n

F

F F

F

F F

−

− − − −

− − − − − − − − − − − − − −

− − − −

+ ψ =

≡ − ψ +ψ − ψ +ψ +ψ

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ =

≡ − ( ) ( )

( ) ( )

( ) ( )

2 1 2 1 2 1 2 1 2 11, , 1 , 2 2, ,

1,1 2,1 1,2 1,0 0,1 2,2 0,2 2,0 0,0 1,1

1,1 1,1 1,0 0,1 0,2 2,0 0,0

2 1 ,
3 6

10 2 1 ,
3 3 6

2 1 .
3 6

n n n n n n n n n n

F

F F

− − − −
















ψ +ψ − ψ +ψ +ψ

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ =

 ≡ − ψ +ψ − ψ +ψ +ψ

 ( ) ( )

( )

( )
2 2 2 2 2 2 2 2

1, 1, 1 2, 1, 1 0, 2, 1 2, 1 0, 1 0, 1 1, 1

1, 1, 0, 0, 1 0, 1 1

1, 1, 1 2, 1, 1 , 2, 1 2, 1 , 1

10 2 1 , 2, 2,
3 3 6

2 1 , 2, 2,
3 6

10 2 1
3 3 6

n n n n n n n n n n

n n n n n

n n n n n n n n n n n n n n n n

F n n

F F n n

− + − + − +

− +

− − − − − + − − − + −

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ = = −

= − ψ − ψ +ψ = −

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ( )

( )

( ) ( )

( )

2 2

2 2 2 2 2

, 1 1, 1

1, 1, , , 1 , 1 1

,1 1,1 ,2 1,1 ,0 1,2 1,2 1,0 1,0 ,1 2

,1 ,1 ,0 1,0 1,0 2

, 2, 2,

2 1 , 2, 2,
3 6

10 2 1 , 2, 2,
3 3 6

2 1 , 2, 2,
3 6

10
3

n n n n

n n n n n n n n n n

m m m m m m m m m m

m m m m m

F n n

F F n n

F m n

F F m n

+ −

− − − +

− + − + − +

− +

= = −

= − ψ − ψ +ψ = −

− ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ = = −

= − ψ − ψ +ψ = −

− ( ) ( )

( )
1 1 1 1 1 1 1 1 1 1

1 1 1 1 1

, 1 1, 1 , 2 1, 1 , 1, 2 1, 2 1, 1, , 1 2

, 1 , 1 , 1, 1, 2

, , 2 1

2 1 , 2, 2,
3 6

2 1 , 2, 2,
3 6

, 2, 2, 2, 2.

m n m n m n m n m n m n m n m n m n m n

m n m n m n m n m n

m n m n

F m n

F F m n

F F m n n n

− − − − + − − − + − − + −

− − − +


















 ψ + ψ +ψ +ψ +ψ + ψ +ψ +ψ +ψ = = −



= − ψ − ψ +ψ = −

= ∀ ∈ − ∈ −







3. Compute the forward sweep (matrix recurrence) coefficients by formulas (14), (15)  21, 2 :m n= −     

 1 1
1 1 1, ,ТA B A F− −λ = − ν =

   
  

 ( ) ( ) ( )1 1
1 1 1 2, , 2, 2.Т

m m m m m mB A B B A F B m n− −
− − −λ = − λ + ν = λ + − ν = −      

4. Compute the solution row vector  
2 1
Т
n −ψ  by formula (16):

   
 ( ) ( )2 2 2 2

1
1 2 1 2 .Т Т

n n n nB A F B
−

− − − −ψ = λ + − ν                     

5. Compute the remaining rows of the solution matrix ψT
m using formulas (17):  

    
 

2 21 2 1 1, 2,1, .Т Т Т
m m m m n nm n+ − −ψ = λ ψ + ν = − ν = ψ

The matrix sweep algorithm (9)–(17) preserves sixth-order accuracy in accordance with formulas (7) and (8) for the 
Poisson equation.

The second and third equations of system (4)  , ,x y y xw v u u v= − = ψ = −ψ  are linear with respect to the first derivatives. 
We present quadrature formulas for the first derivative with various stencils. For the equation  yu = ψ  we have:

(12)

(13)

(14)

(15)

(16)

(17)
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Analogous formulas can be written for the equation  .xv = −ψ  To accelerate the numerical solution, the vorticity 
equation in (4) was treated using the splitting method [9].

Analytically, the n-fold splitting method for the vorticity equation over the time interval τ0 / n can be written as:                  
 ( )

(( 1)/ ) ( / )
( / ) ( / ) ( / ) ( / )

0

1 , 0, 1.
/ Re

k i n k i n
k k i n k k i n k i n k i n

x y xx yy
w w u w v w w w i n

n

+ + +
+ + + +− + ⋅ + ⋅ = + = −

τ

                               

The recurrence system (19) for the vorticity with a frozen velocity field  ( )( , ), ( , ) , 0, 1, , 1,2,...k ku x y v x y i n k const k= − = =  
consists of n intermediate steps   0, 1,i n= −  the superscript i denotes the intermediate time-layer index in equation (19), 
and subscript k denotes the multiplicity index of the time layer in system (19). Velocity and stream-function fields remain 
fixed in equations (19) at values k = const while the index i changes  0, 1,i n= − . In this system only the vorticity field 
 ( / ) , 0, 1.k i nw i n+ = −  is updated. The velocity field changes by a jump in systems (4) or in (22), (19) when the time index of 
the vorticity increases by one (from k to k+1) in the recurrence system (19).

The idea of splitting system (19) lies in reducing the accumulation of rounding errors and the computational time 
required for its solution. The differential operators with respect to coordinates in (19) are approximated at interior nodes 
with accuracy O(h6), as are all equations of system (4); the boundary conditions are approximated with accuracy O(h4), 
and the time derivative with accuracy O(τ).

Thus, over the time interval τ0 / n (associated with the reduction of stability due to the presence of four singular points 
of the velocity field), solving equation (19) n times yields a temporal jump of magnitude τ0 (which is n times larger than 
sequentially solving the full system of equations (4)).

Equation (19) is linear with respect to the coordinate derivatives  , , , .i i i i
x y xx yyw w w w  In [9] it was shown that for spectral 

stability of the vorticity dynamics equation (19), it is sufficient to choose the ratio of the time step and spatial step in the 

form of the inequality:  ( )2 2
0 0

3 3Re (4), (22) .
16 16

h hτ ≤ − τ ≤ −

For the derivative wy in (19), we write quadrature formulas (the formulas for wx are analogous):

 ( ) ( ) ( )( ) ( )

( )

( ) ( )( ) ( )

6
( , ) 1, 1, 2, 2, 3, 3, 2 1

0, 4, 5, 4
(1, ) 1, 2, 3, 1

4
(2, ) 3, 1, 4, 0, 1

(

1 3 3 1 , 3, 3, 1, 1,
4 20 60

1 13 2 , 1, 1,
5 12 3 20

1 8 , 1, 1,
12

y i j i j i j i j i j i j i j

j j j
y j j j j

y j j j j j

y

w w w w w w w O h i n j n
h

w w w
w w w w O h j n

h

w w w w w O h j n
h

w

+ − + − + −= − − − + − + = − = −

 
= − − + − + − + = − 

 

= − − − + = −

( )

( ) ( )( ) ( )

2 2 2

2 2 2 2

2 2 2 2 2

, 4, 5, 4
1, ) 1, 2, 3, 1

4
( 2, ) 3, 1, 4, , 1

1 13 2 , 1, 1,
5 12 3 20

1 8 , 1, 1.
12

n j n j n j
n j n j n j n j

y n j n j n j n j n j

w w w
w w w O h j n

h

w w w w w O h j n
h

− −
− − − −

− − − −










  

= − − − + − + − + = −  
 


= − − − − + = −


The second derivatives wyy in (19) take the form:
 ( ) ( ) ( )( ) ( )

( ) ( )

6
( , ) , 1, 1, 2, 2, 3, 3, 2 12

4
(1, ) 0, 1, 2, 3, 4, 5, 6, 12

(2, ) 2

1 49 3 3 1 , 3, 3, 1, 1,
18 2 20 90

1 137 49 17 47 19 31 13 , 1, 1,
180 60 12 18 12 60 180

1 5
2

yу i j i j i j i j i j i j i j i j

yу j j j j j j j j

yу j

w w w w w w w w O h i n j n
h

w w w w w w w w O h j n
h

w
h

+ − + − + −= − + + − + + + + = − = −

= − − + − + − + = −

= − ( ) ( )( ) ( )

( ) ( )

( )
2 2 2 2 2 2 2 2

2 2 2 2

4
2, 1, 3, 0, 4, 1

4
( 1, ) , 1, 2, 3, 4, 5, 6, 12

( 2, ) 2, 1, 3,2

4 1 , 1, 1,
3 12

1 137 49 17 47 19 31 13 , 1, 1,
180 60 12 18 12 60 180

1 5 4
2 3

j j j j j

yу n j n j n j n j n j n j n j n j

yу n j n j n j n j

w w w w w O h j n

w w w w w w w w O h j n
h

w w w w
h

− − − − − − −

− − − −

+ + − + + = −

= − − + − + − + = −

= − + + − ( )( ) ( )
2 2

4
4, 1

1 , 1, 1.
12 n j n jw w O h j n−












 + + = −


(18)

(19)

(20)

 ( ) ( ) ( )( ) ( )

( )

( ) ( )( ) ( )

2

6
( , ) 1, 1, 2, 2, 3, 3, 2 1

0, 4, 5, 4
(1, ) 1, 2, 3, 1

4
(2, ) 3, 1, 4, 0, 1

( 1

1 3 3 1 , 3, 3, 1, 1,
4 20 60

1 13 2 , 1, 1,
5 12 3 20

1 8 , 1, 1,
12

i j i j i j i j i j i j i j

j j j
j j j j

j j j j j

n

u u O h i n j n
h

u O h j n
h

u O h j n
h

u

+ − + − + −

−

= ψ −ψ − ψ − + ψ −ψ + = − = −

ψ ψ ψ 
= − − ψ + ψ −ψ + − + = − 

 

= ψ −ψ − ψ −ψ + = −

( )

( ) ( )( ) ( )

2 2 2

2 2 2

2 2 2 2 2

, 4, 5, 4
, ) 1, 2, 3, 1

4
( 2, ) 3, 1, 4, , 1

1 13 2 , 1, 1,
5 12 3 20

1 8 , 1, 1.
12

n j n j n j
j n j n j n j

n j n j n j n j n j

O h j n
h

u O h j n
h

− −
− − −

− − − −










 ψ ψ ψ 

= − − − ψ + ψ −ψ + − + = −  
 


= − ψ −ψ − ψ −ψ + = −



(21)
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Analogous formulas are written for the derivative wxx. Problem (4) and its algorithm (steps (5)–(21), (23), (24)) apply 
to blood motion in the aorta and arteries at high velocities and large Reynolds numbers. However, at small Reynolds 
numbers, using the diffusion time scale [9], we arrive at problem (22):

 2
max, ,Re ,dif

u Lt Lt T T
T

= = = =
ν ν

 
max max

max

0 1, 0 , , ,yx Hx y k Lu
L L L

ψ≤ = ≤ ≤ = ≤ = ψ = ψ =
ψ

 max
max

max max max

, , ,uu v wu v w w
u u w L

= = = =

 2 2 2 2
max

2 22 2 2
1 uw w w w w w w w w wu v u v

t x y x y T t L x y L x y

    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ν ∂ ∂+ + = ν + ⇔ + + = + ⇔      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     

 2 2 2 2
max

2 2 2 22 2 Re .uw w w w w w w w u uu v u v
L t L x y L t x yx y x y

    ν ∂ ∂ ∂ ν ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + = + ⇔ + + = +     ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂    

 

( )

( )

1 2

max

1

3

2

( , ), 0 1, 0 ,

,
; ,

Re ,0 ,

0, 0, 0, 0,

0, [0, ],

1 2(0, ) ( , ) , [ , ],
3 3

2 , , [0, ].
3

x x y y

x y

y x

t x y x x y y

ГГ Г Г

xw x y x y k
L

w v u
u v

tw u w v w w w t
T

v u v

y H

y H
y L y y H y H H

L

const y H x L
L

ψ +ψ = − < = < < <

= −

= ψ = −ψ

+ ⋅ + ⋅ = + < =

ψ ≡ ≡ = =


 ∈ −∆


 −ψ = ψ = + ∆ − − ∈ −∆   ∆  
 ∆ = = ∀ ∈



















 

 
( ) ( ) ( )2

max 2

0, [0, ],
( )0, , , [ , ].

1

y H
u yu y u L y y H Hy H
u

∈ −∆
 = = = ∈ −∆− −  ∆ 

The remaining equations of problem (22) are the same as in problem (4). According to the general algorithm (step 6), 
it is necessary to compute the vorticity w at the boundary of the rectangle and then solve the vorticity equation (19) at the 
interior nodes of the cavity.

In the linear approximation, we assume that velocity, vorticity, and stream function at the boundary and the nearest 
interior nodes are linked by a single linear quadrature formula. The boundary values of the vorticity are approximated 
with fourth-order accuracy [10], since in [1] only first- and second-order formulas were given:

 
( ) ( ) ( ) ( ) ( )( )4

5 1 0 5
0 0 1 1 2 2 3 3 4 4 0 02 2

1 01 1 1 1

0 01 10
!

k k
x x

xx i
i k

C ih C
C C C C C C C

h h h k h

∞

= =

 ψ ψ ψ
ψ = ψ + ψ + ψ + ψ + ψ + = ψ + ⋅ + =  

 
∑∑

 ( ) ( )( ) ( )0 1
0 1 2 3 4 1 2 3 4 5 2 3 42

1 1

0 92 3 4 0 2 8
2 2

x
xx

CC C C C C C C C C C C C C
h h

ψψ  = + + + + + + + + + +ψ + + + + 
 

 ( ) ( )

( ) ( )

(3) 2 (4)1 1
1 2 3 4 1 2 3 4

3 (5) 41
1 2 3 4 1

8 27 64 16 81 2560 0
6 6 6 6 24 24 24 24

32 243 10240 .
120 120 120 120

x x

x

C Ch C C C h C C C

Ch C C C O h

   + ψ + + + + ψ + + + +   
   

 + ψ + + + + 
 

(22)
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 0 1 2 3 4

1 2 3 4 5

1 2 3 4
0 1 2 3 4 5

1 2 3 4

1 2 3 4

1 2 3 4

0
2 3 4 0
4 9 16 2 415 8 1 25, 8, 3, , , .
8 27 64 0 72 9 8 6
16 81 256 0
32 243 1024 0

C C C C C
C C C C C
C C C C

C C C C C C
C C C C
C C C C
C C C C

+ + + + =
 + + + + =
 + + + =⇔ ⇔ = − = = − = = − = − + + + =
 + + + =


+ + + =

Taking (22) into account, we obtain the general boundary condition for vorticity in the open cavity with fourth-order 
accuracy by differentiating (22) twice with respect to y:

 ( ) ( )
0 1 2 3 42

1 1

0,1 415 8 1 25( , ) 8 3 , .
72 9 8 6xx yy yy x

v y
w x y v

h h
= −ψ −ψ = ψ − ψ + ψ − ψ + ψ − −ψ = −ψ

 ( ) ( )

( )

,0
,0 ,1 ,2 ,3 ,4 3 222

1 1
,0

,0
,0 ,1 ,2 ,3 ,4 32

1 1

( / ))1 415 8 1 258 3 2 , , ,
72 9 8 6 /

1 415 8 1 258 3 , 0, , .
72 9 8 6

m m
m m m m m

m

m
m m m m m

y H Lv m n n
h h L

w
v m n left

h h

− ψ − ψ + ψ − ψ + ψ − + = ∆= 
 ψ − ψ + ψ − ψ + ψ − =

 ( )
( ) 2

2 2 2 2 2

0,
0, 1, 2, 3, 4, 12

2 2
0,

,
, 1, 2, 3, 4, 12

2 2

1 415 8 1 258 3 , 0, , , ,
72 9 8 6

1 415 8 1 258 3 , 0, , .
72 9 8 6

n
n n n n n y

n
n n

n n n n n n n n n n

u n n u bottom
h h

w
u n n top

h h− − − −

 ψ − ψ + ψ − ψ + ψ + = = ψ= 
 ψ − ψ + ψ − ψ + ψ − =


 ( )
( ) 2

2 2 2 2 2

0,
0, 1, 2, 3, 4, 12

2 2
0,

,
, 1, 2, 3, 4, 12

2 2

1 415 8 1 258 3 , 0, , , ,
72 9 8 6

1 415 8 1 258 3 , 0, , .
72 9 8 6

n
n n n n n y

n
n n

n n n n n n n n n n

u n n u bottom
h h

w
u n n top

h h− − − −

 ψ − ψ + ψ − ψ + ψ + = = ψ= 
 ψ − ψ + ψ − ψ + ψ − =


Unlike the closed-cavity case treated in [2], where derivatives of the vorticity function up to fifth order are computed 
explicitly, in problems (4) and (22) the application of formula (23) is appropriate. In fields with discontinuities of velocity 
the vorticity and its partial derivatives may attain large values. In deriving formula (23) derivatives of the stream function 
above second order were discarded. Table 1 gives a classification of blood vessels.

Table 1 

Classification of blood vessels

Type Diameter Blood velocity Reynolds number Re Governing system
Capillaries (5–10) μm (0.5‒1.0) mm/s 0.00075‒0.00300 (21)
Arterioles (10‒100) μmm (0.5–10.0) cm/s 0.015‒3.000 (21),(4)
Arteries (2‒10) mm (10‒40) cm/s 60‒1200 (4)
Aorta (2‒3) cm 0.5 m/s 3000 (4)

For definiteness, we solve problem (22) numerically when Re < 1 and problem (4) when Re > 1 (h1 = h2 = 0,01). 

Experience shows that for a rapid solution in arterioles one should choose an inertial time interval  
max

L
u

, whereas to 

solve the hydrodynamic problem for an arteriole aneurysm it is appropriate to use system (4) analogously to the 
aneurysm-in-artery case.

(23)

(24.1)

(24.2)

(24.3)
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Fig. 3. Limiting streamline pattern in arterioles using formula (5.1):

а — Re = 0.75, n1 × n2 = 100 × 50, ∆ / H = 0.5; L = 1, H = 50 μm, umax =  5 cm/s,  2
1

6 h
16

τ = , n = 400000 steps, 

splitting multiplicity m = 100, t = 0,512 s; b — Re = 0.75, n1 × n2 = 100 × 50, ∆ / H = 0.2; L = 1, H = 50 μm, 
umax =  5 cm/s,  2

1
6 h
16

τ = , n = 200000 steps, splitting multiplicity m = 100, t = 0.256 s

Fig. 4. Results of solving problem (4) with application of (5.1): 
а — Re = 1500, n1 × n2 = 100 × 50, ∆ / H = 0.6; L = 1, H = 1 сm, umax =  50 сm/s, streamline field in arteries after 

n = 10000 steps, splitting multiplicity m = 200; b — plot of the vorticity function in the symmetry plane

Fig. 5. Results of solving problem (4) with application of (5.1):
а — Re = 1500, n1 × n2 = 100 × 50, ∆ / H = 0.6; L = 1, H = 1 сm, umax =  50 cm/s, streamline field in arteries after 

n = 20000 steps, splitting multiplicity m = 200; b — plot of the vorticity function in the symmetry plane
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Fig. 6. Results of solving problem (4) with application of (5.1): 
а — Re = 1500, n1 × n2 = 100 × 50, ∆ / H = 0.6; L = 1, H = 1 сm, umax =  50 сm/s streamline field in arteries after 

n = 34000 steps, splitting multiplicity m = 200; b — plot of the vorticity function in the symmetry plane
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Fig. 7. Results of solving problem (4) with application of (5.2):
 Re = 1500, n1 × n2 = 100 × 50, ∆ / H = 0.6; L = 1, H = 1 сm, umax =  50 сm/s,

 streamline field in the artery for n = 2310000 steps, splitting multiplicity m = 200

Discussion. Two numerical algorithms have been proposed for solving the two-dimensional problem in an open cavity 
((5)–(21), (23), (24)) in the stream function–vorticity variables, modelling blood flow in an aneurysm under laminar 
(Re < 1 (22)) and turbulent (Re > 1, (4)) regimes.

In capillaries and arterioles (Fig. 3), the flow structure establishes within 0.002% of the period between pulsation 
waves (1 s). Therefore, the clot formation region is determined by the blood circulation region within the aneurysm.

The structure of circulation zones at low Reynolds numbers strongly depends on the ratio of the vessel diameter to the 
aneurysm diameter (Fig. 3). If the parameter  , the circulation zone is located in the corners of the aneurysm (Fig. 3a). If 
the parameter  , the circulation occupies the entire aneurysm (Fig. 3b), resulting in a narrowing of the channel diameter 
by 34%. This explains the phenomenon of “lumen constriction” during thrombus formation.

For high-speed flows (Re = 1500) in arteries and the aorta, the circulation region encompasses the entire aneurysm for 
any value of the parameter ∆ / H (∆ / H = 0.6 ) (Figs. 6a and 7).

Along the symmetry plane of the aneurysm, in the direction of blood flow, a sequence of alternating-sign vortices 
forms. In Fig. 4b, two vortices with signs w +, – appear. In Fig. 5b, three vortices with signs +, –, + are present. In Fig. 6b, 
five vortices form a sequence +, –, +, –, +. This chain of alternating-sign vortices resembles a Kármán vortex street in the 
wake of an obstacle.

The presence of vortices in the symmetry plane violates the assumption of solution symmetry. Therefore, it is necessary 
to allow for a nonzero normal velocity component in the symmetry plane and to include the entire aneurysm when solving 
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problem (4) for blood flow in the aorta. The formulations of problems (4) and (22) and their solution algorithms have been 
generalized for an open cavity, i. e., when cavity boundaries are intersected by fluid flows.

Conclusion. The initial-boundary value problems formulated in this study ((4), (22)) allow for a high-quality modelling 
of blood flow in aneurysms of capillaries, arterioles, and arteries at both low and high velocities, as well as blood flow in 
elements of medical devices.
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