Computational Mathematics and Information Technologies. 2026;10(2):17—-30. eISSN 2587-8999

MATHEMATICAL MODELLING
MATEMATUYECKOE MOJAEJIUPOBAHHUE

UDC 519.6:504.05 Original Empirical Research
https://doi.org/10.23947/2587-8999-2026-10-2-17-30

Mathematical Model of Plankton Dynamics Accounting
for the Transformation of Nutrient Compounds, Suspended
and Dissolved Substances

Inna Yu. Kuznetsova , Yulia V. Belova
Don State Technical University, Rostov-on-Don, Russian Federation
P ikuznecova@donstu.ru

Abstract

Introduction. In the context of increasing anthropogenic pressure and imbalance of nutrients, the development of
phytoplankton dynamics models becomes particularly relevant. The proposed approach integrates the description of
oxygen and carbon dioxide cycles, which is critically important for assessing the risks of cyanobacterial water “blooms”
and reservoir deoxygenation.

Materials and Methods. An approach to constructing a comprehensive mathematical model is considered. Unlike existing
analogues, this model simultaneously accounts for the dynamics of three functionally distinct phytoplankton groups with
their specific preferences for nitrogen and phosphorus sources, as well as the complete silicon cycle, which is critically
important for diatoms. The model integrates gas exchange processes, enabling the assessment of plankton dynamics’
impact on the oxygen regime of the aquatic environment and acidity, which are key indicators of ecosystem health.
Results. Stationary solutions were obtained for the problem of plankton dynamics, considering the transformation of nutrient
compounds, suspended and dissolved substances, including oxygen and carbon dioxide. Depending on external conditions
(light, temperature, input nutrient concentrations), several qualitatively different stable stationary states are possible.
Discussion. The obtained results can be used for forecasting the consequences of reservoir eutrophication and water
“blooms”; assessing the seasonal succession of plankton communities; developing strategies to reduce anthropogenic load
on water bodies; and evaluating the role of marine and freshwater ecosystems in CO: absorption and oxygen production.
Conclusions. Understanding the conditions under which the system reaches a particular stationary state (equilibrium)
allows us to predict the long-term consequences of anthropogenic impact and develop effective management solutions.
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OpueunaﬂbHoe amnupudeckoe ucciedosamue

MaremaTunyeckasi MOJeJIb JTMHAMUKH QUTONIAHKTOHA
¢ y4eToM TpaHchopManum OMOreHHbIX COeIMHEHUI, B3BellIeHHbIX
U PacTBOPEHHBIX BElleCTB

N.10. Ky3uenoa [<, 10.B. BesoBa

JloHcKoM rocyiapcTBEHHBIN TEXHUUECKUN yHUBEpCUTET, I. PocToB-Ha-Jlony, Poccuiickas deneparnus

P4 ikuznecova@donstu.ru

AHHOTaLUA

Bgeoenue. B ycnoBusx Bo3pacTarollieii aHTpOIIOTeHHOW Harpy3Ky M HapylleHus: OajlaHca OMOTE€HHBIX 3JIEMEHTOB 0CO-
OyI0 aKTyaJIbHOCTh IPUOOpETacT pa3padboTKka MojecH AMHAMUKH (puToruTankToHa. [IpemmaraeMelii B HaCTOsIIIICH paboTe
MTOJXOA WHTETPUPYET OMHCAHUE MUKIOB KHUCIOPOAa M YIIEKUCIIOTO Ta3a, YTO KPUTHUECKH BaKHO IS OLICHKH PUCKOB
«UBETEHHS» BOJbI IMAHOOAKTEPHUAMH U JIEOKCUT'€HAIIH BOJJOEMOB.

Mamepuanwt u memoodsl. PaccMOTpeH NOIXO]] K TOCTPOSHUIO KOMIUIEKCHON MareMaTHyecKoi MOJIeH, KOTopast B OTIIHYHE
OT CYIIECTBYIOIINX aHAJIOTOB OJHOBPEMEHHO YUUTHIBACT NWHAMHUKY TPeX (YHKIIMOHAIBHO Pa3IMYHBIX TPYIIT (PUTOILIAH-
KTOHA C UX cHeUU(pUIECKUMH TPEANIOYTEHUSIMI K HCTOYHHKAM a30Ta U ¢ocdopa, a TakKe MOJIHBIA UK KPEMHHUS, KpH-
THYECKH BaKHBIN JJIA HHaTOMeﬁ. MO}ICJ’[B HUHTCTPUPYET KIFOYEBBIC TTOKA3aTC/IN 310POBbA OKOCUCTEMbBI — KUCJIIOTHOCTb U
MIPOIIeCCHI Ta3000MEeHa, YTO MO3BOJISCT OIICHUBATH BIUSHNC JHHAMUKY IDTAHKTOHA Ha KHCIOPOIHBIA PEKUM BOITHON CPEIbI.
Pezynomamut uccnedosanus. IlonyueHpl cTalioHapHbIe PEILICHUS 33a4i JUHAMHKH IUIAHKTOHA C Y4eTOM TpaHchop-
Maluu OHMOTE€HHBIX COGHHHGHHﬁ, B3BCUICHHBIX U paCTBOpéHHBIX BEHICCTB, B TOM YHUCJIC KHUCJIOPOJa U YITICKUCJIOrO rasa.
B 3aBuCcHMOCTH OT BHEIIHWX YCIIOBHHU (CBET, TEMIepaTrypa, BXOIHBIC KOHIICHTPALUN OHOTCHHBIX BEIICCTB) BO3SMOXKHBI
HECKOJILKO KaueCTBEHHO Pa3JIMUHbIX YCTOMYHMBBIX CTAIIMOHAPHBIX COCTOSHUH.

Oécyscoenue. TlonydeHHbIe pe3yabTaThl MOTYT OBITh HCIIONB30BaHbI JUIS MPOTHO3a MOCJEJACTBUI IBTpOodUKAIUU BO-
JIOEMOB, «IIBETEHHS» BOJ, OLICHKH CE30HHOW CYKIECCHH TUTAHKTOHHBIX COOOIIECTB; pa3paOOTKU CTpPAaTerWil CHIKCHUS
AQHTPOIOTE€HHOW HAarpy3KH Ha BOJOEMBI; OLIEHKH POJIM MOPCKHMX M IPECHOBOIHBIX IKOCHCTEM B roriowennu CO: u npo-
IYLUPOBAHUU KUCIIOPOAA.

3akniouenue. IIpoaHATN3NPOBAHBI YCIOBHSA, IIPH KOTOPBIX CHCTEMa MPHXOAUT K TOMY WJIH HHOMY CTaIlHOHApHOMY CO-
CTOSIHUIO (PaBHOBECHIO), YTO ITO3BOJIUT CHPOTHO3UPOBATH JIOJITOCPOYHBIE MOCIIEACTBHUS aHTPOIIOT€HHOTO BO3IEHCTBHS U
pa3pabarsiBaTh 3G GEKTUBHBIC YIIPABIIAIOIINE PEIICHHUS.

KaroueBble c10Ba: qUMHAMHUKA [UIAHKTOHA, OMOTECHHBIE BELIECTBA, PACTBOPEHHBIH KHCIOPO/, YINICKUCIbIH ra3, cTanuo-
HapHOE pelLIcHHe

BaaromapHocTH. ABTOPHI BRIPAXAIOT HCKPEHHIOO OaronapHocTh Asekcanapy VBanoBuuy CyXHHOBY, JOKTOPY (H3H-
KO-MaTeMaTHYeCKUX HayK, podeccopy, wieH-koppecnonaeHTy PAH 3a BHUMaTeIbHOE OTHOIIICHHE M TIOMOIIb B paboTe,
KOHCTPYKTHBHEIC 3aMeUaHsI ¥ ICHHBIE PEKOMEHAAINH, KOTOPBIE CIIOCOOCTBOBAIH YITYUIICHHIO KA9€CTBA HCCIICIOBAHMS.

®uHaHcupoBaHue. VccienoBannue BBITOJHEHO 3a cueT rpaHta Poccuiickoro Haywnoro ¢onma Ne 22—71-10102-11,
https://rscf.ru/project/22-71-10102/

Jna nurnpoanus. Kysuerosa M.1O., bemosa 10.B. Maremarnueckass Mopenb JUHAMUKH IUIAHKTOHA C Y4YETOM
TpaHc(opManuy OMOTEHHBIX COSIMHEHHH, B3BEIICHHBIX W pacTBOPEHHBIX BemecTB. Computational Mathematics and
Information Technologies. 2026;10(2):17-30. https://doi.org/10.23947/2587-8999-2026-10-2-17-30

Introduction. The ecosystem of a water body is a complex organized structure in which different groups of aquatic
organisms interact both with organic substances and with environmental factors such as salinity, temperature, and others.
The level of dissolved oxygen has a substantial effect on the ecosystem, since oxygen deficiency may lead to mass
mortality of living organisms. Growth in industrial production and the discharge of industrial waste and pollutants into
water bodies sharply increase the load on aquatic ecosystems. For example, in recent decades the carbon cycle has had
a significant impact on aquatic ecosystems, because the level of carbon dioxide uptake by the world ocean has been
increasing. This, in turn, affects both the pH of water and the chemical reactions occurring in the water column, which
substantially influence the vital activity of living organisms.

Phytoplankton, as the main producer in most aquatic ecosystems, plays a key role in global biogeochemical cycles
by producing oxygen and absorbing carbon dioxide. However, under anthropogenic impact, primarily eutrophication, i. e.
enrichment of waters with biogenic elements (nitrogen and phosphorus), the natural balance of plankton communities is
disturbed. This disturbance is often manifested as massive water blooms, which may be caused by different phytoplankton
groups. Blooms of cyanobacteria (blue-green algae) are especially hazardous, since many of them produce toxins dangerous
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to aquatic organisms, animals, and humans. In addition, the decomposition of dead plankton biomass leads to deoxygenation
of water, resulting in “dead zones”, hypoxic and anoxic areas unsuitable for aerobic organisms [1]. A shift in dominant
phytoplankton species, for example from diatoms to cyanobacteria, is an indicator of serious changes in ecosystem status.

A key aspect of aquatic ecosystem functioning is the transformation of substances. The input of mineral forms of
phosphorus and nitrogen stimulates phytoplankton growth. The death and excretion of organic matter initiate degradation
processes that are closely related to the dynamics of dissolved oxygen (O-) and carbon dioxide (CO-). The oxygen regime
in surface waters is formed mainly by production processes, whereas in near-bottom waters it is determined primarily
by the biochemical decomposition of bottom sediments [2]. Dissolved oxygen is not only a source for the respiration of
aquatic organisms but also a factor determining the completeness and rate of organic matter mineralization in a water
body. A characteristic feature of the oxygen regime of the Sea of Azov is its instability, which is determined by a number
of permanent and seasonal factors: absorption of atmospheric oxygen by the surface water layer, uneven inflow of river
and Black Sea waters, development and decline of organism activity, circulation processes that control the penetration of
oxygen into near-bottom layers, and other processes [3].

In this regard, the relevant task is not merely to forecast the growth of phytoplankton biomass, but to provide integrated
modeling of the plankton community structure and the associated biogeochemical cycles. Mathematical modeling
becomes an indispensable tool for solving this problem, since it makes it possible to integrate heterogeneous data on
physical, chemical, and biological processes and to predict the response of the system to changing external conditions.

Classical models, such as the Monod equation or the Michaelis-Menten model, describe the dependence of
phytoplankton growth rate on the concentration of a single limiting substance (nitrogen or phosphorus) [4]. More complex
models take into account simultaneous limitation by several resources. To describe phytoplankton adaptation to changing
conditions, models of phytoplankton growth have been developed in which the growth rate depends on the internal content
of nutrients in the cell, rather than only on their concentration in the surrounding environment (the Droop model) [5].

The competitive exclusion model (Gause’s law or principle) predicts that, in a stationary state, only as many species
can survive as there are limiting resources [6]. This stimulated the development of models that include additional factors
allowing a larger number of species to coexist: spatial heterogeneity, temporal variability of parameters, allelopathy, and
the presence of predators (zooplankton). In the context of the present study, models that consider competition among
phytoplankton with different strategies for consuming nutrients, for example the ability of cyanobacteria to fix atmospheric
nitrogen, are of particular importance.

The works of such researchers as Riley, Steele, and Lorenz laid the foundations for including biogeochemical processes
in ecosystem models [7, 8]. Models of the nitrogen cycle incorporating nitrification and denitrification were developed,
including WASP (Water Quality Analysis Simulation Program) [9] and ERSEM (European Regional Seas Ecosystem
Model) [10]. In the 1990s and 2000s, models of plankton dynamics were integrated with biogeochemical models, which
made it possible to describe seasonal variability in species composition and the related changes in elemental cycles.

The dynamics of O. and CO: are traditionally modeled through the balance of photosynthesis, respiration, and air-
water gas exchange [11]. The complexity lies in the need to account for diurnal dynamics, which are often averaged in
models intended for long-term forecasts. Recently, increasing attention has been paid to modeling the carbonate system
(pH, alkalinity) and its effect on the growth of different phytoplankton species.

Classical models, such as the NPZ (Nutrient-Phytoplankton-Zooplankton) model [12], focus on the interaction among
nutrients, phytoplankton, and zooplankton. However, they often treat biogenic elements in a simplified way, for example
by representing “nitrogen” or “phosphorus” as a single pool.

More complex models take into account the transformation of different forms of elements. For example, the nitrogen
cycle is detailed by considering nitrification (oxidation of ammonium to nitrites and then to nitrates) and denitrification
[13]. This is critically important because different phytoplankton species have different preferences for nitrogen sources:
diatoms prefer nitrates, many green algae prefer ammonium, and some cyanobacteria are able to fix atmospheric nitrogen
(N2), which gives them a competitive advantage in nitrogen-poor waters.

Similarly, to describe the dynamics of diatoms adequately, the silicon cycle must be taken into account, since their frustule
consists of silica (Si0:). Models that ignore silicon limitation may substantially overestimate forecasts of diatom biomass.

Models that include oxygen and CO- dynamics represent the next level of complexity. They make it possible to assess
the consequences of eutrophication not only in terms of algal biomass, but also in terms of ecosystem health (oxygen
regime) and its role in the carbon cycle. Such models are often based on stoichiometric ratios (Redfield ratios [11]) among
carbon, nitrogen, and phosphorus in plankton biomass.

Despite the existence of integrated models, such as the ERSEM family of models, the literature still lacks models that
simultaneously account for competition among several specific phytoplankton species with different nutritional strategies,
the complete silicon cycle, and gas dynamics within a closed system of equations. The present study aims to fill this gap
by constructing an integrated model and conducting a systematic analysis of its stationary states, which is a fundamental
task for understanding the resilience of aquatic ecosystems to anthropogenic impact.
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Materials and Methods
1. Mathematical model of plankton dynamics. The proposed model of plankton dynamics is based on a system of
transport equations for nutrients [11, 13, 14]:

oq; 0(ug, (g, o((w+w,;)q: 0 oq; 0 0q, 0 oq;
ag, , d(ug,) 0(va,) o ) ):_( %j*@(“%j*é(”a_qz)”%w‘“ )

ot ox oy oz ox
where ¢, is the concentration of the i-th component, mg/L (the components are listed in Table 1); V = {u,v,w} are the
components of the water-flow velocity vector, m/s; w_ is the gravitational settling velocity of the i-th component if it is
suspended; i, v are the horizontal and vertical compohents of the turbulent exchange coefficient, m*s; R, is the source
function for nutrients, mg/(L-s); C, is the flux of oxygen and carbon dioxide from the atmosphere, mg/(L-s).
The model under consideration accounts for the following factors (components), presented in Table 1 and forming the
system of equations (1).

Table 1
Components of the mathematical model (1)

i Sym. Name

l. F, concentration of green algae (Chlorella vulgaris)

2. F, concentration of blue-green algae (Aphanizomenon flos-aquae)

3. F, concentration of diatoms (Sceletonema costatum)

4, PO, concentration of phosphates, mineral phosphorus

5. POP concentration of suspended organic phosphorus

6. DOP concentration of dissolved organic phosphorus

7. NO, concentration of nitrates

8. NO, concentration of nitrites

9. NH, concentration of ammonium
10. Si concentration of dissolved inorganic silicon (silicic acid, Si(OH)a)
11. 0, concentration of dissolved oxygen
12. Co, concentration of carbon dioxide (gaseous carbon dioxide, dissolved organic carbon, and total

inorganic carbon)

In the further consideration of the model, the following assumptions are adopted:

1. Temperature and light regime are specified as external control parameters.

2. Hydrodynamic processes are taken into account. The velocity vector of the aquatic environment is calculated on the
basis of a mathematical model of shallow-water hydrodynamics [15].

3. Zooplankton and higher aquatic vegetation are excluded from consideration in order to focus on primary production
and decomposition processes.

4. The input of nutrients (POs, NOs, NH., Si) from external sources is constant.

5. Nitrification proceeds in two stages: oxidation of NHa" to NO-~ and oxidation of NO:™ to NOs".

6. Mineralization, nitrification, and respiration processes depend on temperature according to the Van’t Hoff law.

7. The stoichiometric ratios of elements in phytoplankton biomass (C:/N:P:Si) are assumed to be constant for each species.

2. Equations for phytoplankton. The chemical-biological reactions for phytoplankton describing the nutrient source
function can be written as follows [11, 14]:

R =Cr (1-K2 )qr —Kppqr —Kepqr, i =1,3, 2

where C;, is the growth rate of the i-th phytoplankton species; K, is the specific respiration rate of the i-th phytoplankton
species; K., is the specific mortality (natural death) rate of the i-th phytoplankton species; K 1. is the specific phytoplankton
excretion rate.

The growth rate of the i-th phytoplankton species is modeled with multiple-resource limitation: for 1 and F>, silicon
limitation is absent; for F», fixation of molecular nitrogen (N2) may be taken into account, which removes nitrogen
limitation at low NHs and NOs concentrations (this can be represented by introducing an additional term K , that
depends on O: concentration, since fixation is inhibited by oxygen), but N: is not considered in the present study; for F3,
silicon limitation is mandatory; for F3, NHa uptake is preferred over NOs uptake (suppression effect).
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Taking these constraints into account, the following function is obtained to describe the phytoplankton growth rate:
CFLZ = KNF,vng (T)fl (I)fs (S)min{fp (QPO4 )afN (QNO3 sqno, »4nm, )}a
Cp = KNF3fT (T)fi (1) fs (S)min{fp (qPO4 )7fN (qN03 >qno, »9NH, ):fSi (qs )},

where K, is the maximum specific phytoplankton growth rate; f.(7), f(0), /{(S) are functions describing the dependence
of the growth rate of a particular phytoplankton species on temperature, illumination, and salinity, respectively; f» ( q P()4)7
fv (qNO3 »qNo, ,qN,,A), fs: (g5 ) are functions describing the dependence of the phytoplankton growth rate on the water
content of phosphorus, nitrogen compounds, and silicon, respectively.

Liebig’s law of the minimum, in the form min{ f,(qp0, ). /v (vo»9no,-9um, )} and  min{ 7. (g, ),
Iy (@no,»Gno, +dnm, )s s (s )} is used to account for the combined limiting effect of several nutrient compounds.

The dependence of phytoplankton growth on temperature and salinity is described by:

fo(T)=exp(=a{(T=T,)/T,, } ), £5(S) = exp(-BL(S = S, ) /S } ) @

where T, - is the temperature, Sapt is the salinity optimal for a particular phytoplankton species, and o> 0 and > 0 are
the coefficients determining the width of the phytoplankton tolerance intervals for temperature and salinity, respectively.
The dependence of phytoplankton growth on illumination is described by Steele’s model:

fT(T):(1/10pr)exp(1_1/[0pt)’ (5)

where 1, is the optimal light intensity for photosynthesis.
The phosphorus limitation function is:

(€)

_ 4o,
Se(dro, ) = ot K (6)

where K, is the phosphate half-saturation constant.
The nitrogen-compound limitation function is:

Sy ( 4dno, »9no, »4nn, ) = 1\(/1) ( 4no, »49no, »9nn, )+ .fl\(IZ) (th'4 )a

_ (QNO;, + 4no, )exp(_Kpsinm )
szo3 '*‘(qzvo3 + 4 yo, )

J(VI) ( 9 no, »4no, »InH, )

; (7

qnu,

(2) TV
b
Ky, + 9w,

N (qNH4 ) =
where K, is the nitrate half-saturation constant; K, is the ammonium half-saturation constant; Kp”. is the ammonium
inhibition coefficient.

The silicon limitation function is:

fSi(qSi):L 8)

b
gs + Ky

where K, is the silicon half-saturation constant.

3. Equations for the transformation of nutrients

3.1. Phosphorus cycle. Equation for phosphates (PO4): the chemical-biological reaction describing the source function
for phosphates (POs) can be written as follows [11, 14]:

3
Rpo, = _Z spCr, (1 —Kpp )CIF,. + Kpvqpror + Kpvdpors 9
=1

where s, is the normalization coefficient corresponding to the stoichiometric ratio, K, is the POP phosphatization

coefficient; K is the DOP phosphatization coefficient. The first term in (9) reflects phosphate uptake by phytoplankton.

It should also be noted that mineralization (hydrolysis) of DOP to phosphates occurs faster than mineralization of POP.
Equation for suspended organic phosphorus (POP):

3
Rpop = ZSPKF,D‘IF, = Krpqror = KpnGrors (10)
i

where K, is the specific POP autolysis rate. The first term in (10) reflects the input of POP from dead phytoplankton
biomass, while the second and third terms represent loss due to the transition of a part of POP to DOP during decom-
position and mineralization (phosphatization) of POP.

21



22

Kuznetsova L. Yu. et al. A Mathematical Model of Plankton Dynamics Accounting ...

Equation for dissolved organic phosphorus (DOP):
3
Rpop = ZSPKF,.EQF,. + Kppqror = Kpngpor- (1)
i=l1

The first term in (11) reflects the input of DOP due to lysis and exosmosis of dead phytoplankton biomass; the second
term represents the transition of a part of POP to DOP during decomposition; and the third term represents mineralization
of DOP to phosphates.

3.2. Nitrogen cycle. Equation for ammonium (NH.): the chemical-biological reaction describing the source function
for ammonium (NH4) can be written as follows [11, 14]:

(2)

3 Do, 3
RNH4 = _ZSNCF, (1 - KF,R ) = ( = ) qr t ZSN (KF,D + KF,E )qF, - K42qNH4 > (12)
i=1 fN(CINOpQNoz’qu ) im1

where s, is the normalization coefficient corresponding to the stoichiometric ratio, K,, is the specific rate of ammonium
oxidation to nitrites during nitrification (in the general case, it depends on the concentrations of ammonium and oxygen).
The first term in (12) reflects ammonium uptake by phytoplankton.

Equation for nitrites (NO:):

f/\(/l) (QNO3 sqno, Y9N, ) . o,
I (‘]No3 »dno, s NH, ) 9no, T qno,

3
szo2 = _ZISNCF, (I_KF,R ) qr, +K42qNH4 _K23Q1w)za (13)
where K, is the specific rate of nitrite oxidation to nitrates during nitrification. The first term in (13) reflects nitrite
uptake by phytoplankton (usually insignificant), the second term represents the inflow due to the first stage of nitrification
(oxidation of ammonium to nitrites), and the third term represents the outflow due to the second stage of nitrification
(oxidation of nitrites to nitrates).
Equation for nitrates (NOs):

]\(ll)(qNO3’qN02anH4 ) 4 no,

Sy (qlvo3 >4 no, >4 Nh, ) o, T dno,

3
RNO3 = _ZSNCE (1 - KF,R ) qr, t K23‘IN02~ (14)
i=1
The first term in (14) reflects nitrate uptake by phytoplankton, while the second term represents the inflow due to the
second stage of nitrification (oxidation of nitrites to nitrates).
3.3. Silicon cycle. The chemical-biological reaction describing the source function for dissolved silicon (Si) can be
written as follows [11, 14]:

Ry = _SS[CF3 (1 - KI-}R )qF_z + S.V[KF_quE; > (15)

where s is the normalization coefficient corresponding to the stoichiometric ratio. The first term in (15) represents silicon
uptake by diatoms, and the second term represents the inflow due to dissolution of biogenic silicon from the frustules of
dead diatoms.

4. Equations for dissolved gases

4.1. Dissolved oxygen

3
RoZ = SOZSPCF} (KF,.R -1 )‘]F,. +50 (KPNqPOP + K pn49por )+ ’YE)IZ)K42qNH4 - Y(ozz)KzsqNoz + CoZ B (16)
P

where s, is the normalization coefficient corresponding to the stoichiometric ratio, v(()lz) is the oxygen consumption
coefficient for the first stage of nitrification (oxidation of ammonium to nitrites), y(ozz) is the oxygen consumption coefficient
for the second stage of nitrification (oxidation of nitrites to nitrates), and C, is gas exchange with the atmosphere. The first
term in (16) reflects O production during photosynthesis and O. consumption for phytoplankton respiration; the second
and third terms reflect the participation of O in phosphatization; and the fourth and fifth terms reflect the participation of
O: in nitrification. To describe oxygen gas exchange between the atmosphere and the ocean, we use [16]:

Se
COz =koz (@j (COZE‘I _qOZ )’ (17)

where k,, is the relative gas-exchange rate, which can be calculated as a function of wind speed, k,, (u )= 0.365*+ 0.4u [16],
where u is wind speed; Sc is the Schmidt number, which reflects the ratio between kinematic viscosity and the turbulent
exchange coefficient; for oxygen at 20 °C, Sc = 660; and C, ,, is the equilibrium oxygen concentration, calculated as a

function of temperature and salinity according to UNESCO standards (1986) [17]; at 20 °C it is 31 mL/L.
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4.2. Carbon dioxide
3
Reo, =3¢ ). Cr (Kpx =1)45 + Ceo,» (18)
i=1

where s . is the normalization coefficient corresponding to the stoichiometric ratio, Cc,, is gas exchange with the atmosphere.
The first term in (18) reflects CO- consumption during photosynthesis and CO: release during phytoplankton respiration.
To describe carbon dioxide gas exchange between the atmosphere and the ocean, we use the following formula [18]:

CcoZ = kco2 (CCOZeq —Yco, )= (19)

where k,, is the exchange coefficient calculated from near-surface wind speed using empirical formulas according to
[19], and C¢y,,, is the equilibrium carbon dioxide concentration calculated by Henry’s law: C = kP, where P is the partial
pressure of carbon dioxide and k is Henry’s constant, which depends on the gas and the liquid.

5. Specification of initial and boundary conditions. For system (1), we prescribe the vector field of water-flow
velocities calculated on the basis of a mathematical model of shallow-water hydrodynamics [15, 20], the salinity field S
and temperature field T, as well as the initial values of the concentration functions ¢, where the index i corresponds to the
components presented in Table 1:

4. (%,9,2,0)=¢"(x,3,2), (x,5,2)€G, t =0, (20)
V(x,,2,0) =V (x,y,2), T(x,y,2,0) = T (x,9,2), S(x,y,2,0) = S (x,9,2).

We consider the mathematical model (1)—(19) in the computational domain G, which is a closed basin bounded by
the undisturbed water surface o, the bottom %, =%, (x,y) and the cylindrical (lateral) surface ¢ over the time interval
0<t<T X=%2,UZX, Uoc is the piecewise smooth boundary of the domain G. Let n be the outward normal vector to
the surface X, and u_ be the component of the water-flow velocity vector normal to X.

For the concentrations of all substances except O: and CO:, we assume that there is no substance input through the
upper boundary of the computational domain:

% _ o, i =110. Q1)

For dissolved oxygen and carbon dioxide, gas exchange with the atmosphere is calculated according to formulas (17)
and (19):

9 9>

% =C02(Q11)a oz =CC02(C]12)- 22)

On the lateral boundary o, the following conditions are specified for the concentrations of all substances presented in Table 1:
0q,

q; =0, ecmn u,, < O0; F 0, ecmm u, > 0. (23)

At the bottom X the following conditions are specified for the concentrations of all substances presented in Table 1:

% =¢84, 24)
where ¢, is the absorption coefficient of the i-th component by bottom sediments.

The proposed model (1)—(24) can be used to simulate the movement and accumulation of dissolved oxygen and
carbon dioxide in the water column and to study their effect on the ecosystem of a water body.

Model parameter selection. To refine the parameters of the phytoplankton-dynamics model accounting for the
transformation of nutrient compounds, suspended and dissolved substances, including oxygen and carbon dioxide,
we find stationary solutions of the model (1)—(24). For the computational experiment, a program was written in the R
programming language. It implements the solution of the system of ordinary differential equations (ODEs) (2), (9)—(16),
(18) by the fourth-order Runge-Kutta method, constructs plots of the resulting stationary solutions for the concentrations
of phytoplankton, nutrient compounds, suspended and dissolved substances, and checks the stability of the obtained
stationary solutions. Numerical experiments were performed under the assumption that phytoplankton development
depends on a single limiting substance.

The input values of the parameters of the phytoplankton-dynamics model accounting for the transformation of
nutrient compounds, suspended and dissolved substances, including oxygen and carbon dioxide, as well as the initial
concentrations of phytoplankton, nutrient compounds, suspended and dissolved substances, are presented in Table 2.

Limitation by temperature, salinity (4), and illumination (5) was not taken into account: 7=7 I=1 S§=§ .
opt opt opt
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Table 2

Values of phytoplankton-dynamics model parameters and initial concentrations of the studied substances

Sym. Name ‘ Value Unit
Model parameters
Green alga (Chlorella vulgaris)
Kyr maximum specific growth rate 2.8000 1/day
Kpr specific respiration rate 0.1500 1/day
Kpp specific mortality rate 0.0500 1/day
Krg specific excretion rate 0.1500 1/day
Ko, phosphate half-saturation constant 0.2400
Ko, nitrate half-saturation constant 0.3000
Ky, ammonium half-saturation constant 0.2000
Blue-green alga (Aphanizomenon flos-aquae)
Ky, maximum specific growth rate 2.8000 1/day
Kpr specific respiration rate 0.1500 1/day
Krp specific mortality rate 0.0500 1/day
K specific excretion rate 0.1500 1/day
Ko, phosphate half-saturation constant 0.2400
Ko, nitrate half-saturation constant 0.3000
Ky, ammonium half-saturation constant 0.2000
Diatom (Sceletonema costatum)
Ky, maximum specific growth rate 2.8000 1/day
Kk specific respiration rate 0.1500 1/day
Kip specific mortality rate 0.0500 1/day
K specific excretion rate 0.15 1/day
Ko, phosphate half-saturation constant 0.2400
Ko, nitrate half-saturation constant 0.3000
Ky, ammonium half-saturation constant 0.2000
K silicon half-saturation constant 3.0000
Phosphorus cycle
K, specific POP autolysis rate 0.0150 1/day
K, POP phosphatization coefficient 0.0200 1/day
K., DOP phosphatization coefficient 0.1000 1/day
s, normalization coefficient 0.0100
Nitrogen cycle
K, specific rate of ammonium oxidation to nitrites 0.9000 1/day
K., specific rate of nitrite oxidation to nitrates 2.5000 1/day
K . ammonium inhibition coefficient 1.4600 1/day
Sy normalization coefficient 0.0160
Silicon cycle
S, normalization coefficient 0.0230
Dissolved oxygen
s, normalization coefficient 0.0500
Ygz) oxygen consumption coefficient for the first stage of nitrification 0.0500 1/day
V(ozz oxygen consumption coefficient for the second stage of nitrification | 0.0015 1/day
Co, equilibrium oxygen concentration' 9,1000 mg/L

! For simplicity, the equilibrium oxygen concentration was calculated based on an empirical temperature dependence formula: Ce,,, () = 14.6 —

nq 042 T+0ME: I, T=T,=25°C.
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End of Table 2
Sym. Name ‘ Value Unit
Model parameters
Carbon dioxide
s, normalization coefficient 0.0020 1/day
Ceo,eq equilibrium carbon dioxide concentration 1.5000 mg/L
Initial concentrations
q, initial concentration of green algae 2.5000 mg/L
q, initial concentration of blue-green algae 2.6000 mg/L
q, initial concentration of diatoms 0.9100 mg/L
dro, initial concentration of phosphates 0.0050 mg/L
9pop initial concentration of suspended organic phosphorus 0.0700 mg/L
9por initial concentration of dissolved organic phosphorus 0.0700 mg/L
4o, initial concentration of nitrates 0.3040 mg/L
4o, initial concentration of nitrites 0.0178 mg/L

Fig. 1 presents the simulation results for the stationary regime of the ODE system under the assumption that
phytoplankton development is limited by phosphorus, nitrogen, and silicon. The limitation functions are calculated on the
basis of (6)—(8).

The computational experiments show that, for the initial concentrations and equation parameters specified in Table 2,
stationary regimes arise for the ODE system (2), (10)—(17), (19), which describes the case of a spatially uniform
distribution of substances.
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Fig. 1. Stationary regimes of the phytoplankton-dynamics model

Over time, the dynamics become smooth and oscillations decrease until a stationary state is reached. For nitrates
in Fig. 1, an increase in concentration is observed, but it does not exceed 10° mg/L. The decrease in carbon dioxide
concentration in Fig. 1 also does not exceed 10~° mg/L. These results illustrate the stable distribution of algae and oxygen
in the water body achieved by the model.

Silicon deficiency scenario. On the basis of the refined model parameters, several scenarios of phytoplankton
dynamics accounting for the transformation of nutrient compounds, suspended and dissolved substances, including
oxygen and carbon dioxide, are considered. As the first scenario, we consider the case of a low silicon concentration.
The model parameters and initial concentrations were specified according to Table 2, except for the silicon concentration,
which was set to g, = 0.01 mg/L. The simulation results are presented in Fig. 2. As shown by the obtained results, silicon
deficiency substantially affected the concentration of diatoms, which by the end of the simulation period did not exceed
2-107° mg/L. At the same time, the concentrations of green and blue-green algae were higher than in Fig. 1 (with the initial
silicon concentration g, = 0.4 mg/L).
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Fig. 2. Stationary regimes of the phytoplankton-dynamics model under silicon deficiency

Nitrogen deficiency scenario. As the second scenario, we consider the case of nitrogen deficiency. The model
parameters and initial concentrations were specified according to Table 2, except for the concentrations of nitrates, nitrites,
and ammonium, which were set to qxo, = 0,001 mg/L, g0, =0,001 mg/L, ¢yy, = 0,01 mg/L.

The simulation results are presented in Fig. 3. The deficiency of nitrogen compounds substantially reduced the biomass
of all three phytoplankton species (to 7.7-10~° mg/L, 8-10~° mg/L, and 2.8-10 mg/L for green, blue-green, and diatom
algae, respectively) and also affected the concentrations of other nutrient and dissolved substances.
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Fig. 3. Stationary regimes of the phytoplankton-dynamics model
under nitrogen deficiency

Phosphorus deficiency scenario. As the third scenario, we consider the case of phosphorus deficiency. The model
parameters and initial concentrations were specified according to Table 2, except for the concentrations of phosphates and
suspended and dissolved organic phosphorus: ¢, = 0.0005 mg/L, ¢,,,,= 0.007 mg/L, g,,,,= 0.007 mg/L.

The simulation results are presented in Fig. 4. The deficiency of phosphorus compounds reduced the biomass of all
three phytoplankton species, although not as strongly as nitrogen deficiency.
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Fig. 4. Stationary regimes of the phytoplankton-dynamics model under phosphorus deficiency

Nutrient abundance scenario. As the fourth scenario, we consider the case of abundant compounds of all nutrients. The
model parameters were specified according to Table 2. The initial concentrations of substances were as follows: g, = 2.5 mg/L;
q,=2.6 mg/L; g, =0.91 mg/L; gro, =0.05mg/L;q,,,=0.7mg/L;q,,.=0.7mg/L; 9vo, =0.09 mg/L; gro, =0.17 mg/L;
qwu, = 0.8 mg/L; g, =2 mg/L; g, = 9.1 mg/L; gco, = 2.5 mg/L.
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The simulation results are presented in Fig. 5. As expected, an abundance of nutrients leads to accelerated growth of
all three phytoplankton species. The final concentrations of substances are as follows: g, = 15.14 mg/L; ¢, = 15.75 mg/L;
g, =5.51 mg/L; 9ro, = 0.0018 mg/L; g, = 0.52 mg/L; q,,, = 0.624 mg/L; 4o, = 4.786 mg/L; dno, = 0.052 mg/L;
g, =0.145mg/L; g, = 1.89 mg/L; g0, = 9.44 mg/L; qgco, = 0.819 mg/L.
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Fig. 5. Stationary regimes of the plankton-dynamics model under nutrient abundance

Discussion. In the course of the study, an integrated mathematical model of plankton dynamics was considered with
allowance for the transformation of nutrient compounds, suspended and dissolved substances, including oxygen and
carbon dioxide. The model is characterized by a high level of detail in the description of biogeochemical cycles, which
makes it possible to describe processes in real aquatic ecosystems more adequately.

The main result of the study is a qualitative investigation of stationary solutions of this model. Various scenarios of
nutrient concentrations were considered. The obtained solutions are consistent with data from field experiments.
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It was established that the key factors determining the structure of the plankton community at equilibrium are the
ratios of biogenic elements. The rate of gas exchange with the atmosphere and O.-dependent nitrification processes are
critical feedbacks that can stabilize or destabilize the system.

Conclusion. The results of the study make it possible to forecast the consequences of anthropogenic impact on water
bodies. For example, the model predicts that a set of measures may be required to shift the system to a more favorable
state, such as diatom dominance. Such measures may include reducing the input of phosphorus compounds, managing
silicon runoff, and intensifying water mixing to improve the oxygen regime.

Further research should focus on increasing the model complexity by including zooplankton, detailing light-
transmission processes, accounting for spatial heterogeneity, and validating the model against field data.
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