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The paper considers the application of various modern technologies of high-performance computing to
accelerate the numerical solution of the problems of propagation of dynamic wave disturbances using the grid-
characteristic method. Technologies are considered both for central processing units (CPUs) and for graphic
processors (GPUs). Comparative results of applying MPI, OpenMP, CUDA technologies are presented. As
examples of the work of the developed software package, a number of examples of calculating the problems
of seismic and geophysics are given. Separately, the issue of parallelizing problems with the presence of
contacts of many grids and the topography of the day surface using curvilinear grids is considered.
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Introduction. Numerical simulation of the propagation of dynamic wave disturbances in
solids is used to solve a wide range of problems. These tasks include, among other things, the tasks
of seismic exploration and computational geophysics. The role of numerical simulation in each of
these areas is very important. The search for minerals, such as hydrocarbons, is an expensive task,
for which various methods of petrophysics, seismic and geology are used. As a result of applying
these methods, an approximate model of the geological environment is built. Further, this model is
used to test various hypotheses about the position in space of geological layers and the distribution
of minerals. One of the methods of such an analysis is the exact solution of the direct problem of the
propagation of elastic waves using numerical simulation. In addition, the solution of the direct
problem is an integral part of the inversion and migration methods, the purpose of which is to
determine the parameters of the environment and the positions in the space of sections between the
media, which ultimately makes it possible to detect minerals in the earth's thickness. Numerical
modeling of the propagation of seismic waves is an essential part of the work in geological exploration
in the oil industry. Mathematical modeling is carried out in various geological environments,
including stratified media and media with various inhomogeneities (for example, cracks or caverns).
Tasks of this kind seem to be very resource intensive in terms of computational resources.

The characteristic dimensions of computational domains in such problems for each
measurement are about 1000-10000 nodes, and reasonable computation times are about a day. The
performance of modern desktop computers makes it possible to solve the direct problem by explicit
numerical methods in the two-dimensional case in a reasonable time. And the performance of clusters
is already enough to solve three-dimensional problems. The increased interest of industry in solving
the direct problem is due to the increase in the performance of modern central processors, as this has
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allowed fast simulation results for large geological models. The intensive development of
technologies for parallel programming of general-purpose applied problems on graphic processors
also contributes to an increase in interest. As a rule, explicit numerical methods can be rewritten for
efficient execution on the GPU, which, depending on the type of problem and the numerical method,
can improve performance by several orders of magnitude compared to the implementation for the
CPU. Thus, the increased interest in numerical simulation in the industry explains the relevance of
this work. The paper considers a grid-characteristic method for solving the equation of wave
propagation in an elastic medium. This method has a number of features, due to which its use in
certain formulations is more appropriate than the use of classical methods such as finite difference.
In [1], the discontinuous Galerkin method was compared with the grid-characteristic method on an
unstructured grid and on a regular grid [24-25]. The authors demonstrated a higher calculation speed
using the CX method, and the accuracy of the calculation showed the applicability of the method to
practical problems.

In this paper, we consider a software package designed to simulate the problems of
propagation of dynamic wave disturbances in solids. The software package uses two-dimensional and
three-dimensional structural block grids with inhomogeneities. For numerical integration, grid-
characteristic [1,2] and finite-volume [3] methods of 2-4 orders of accuracy are used. The algorithm
is parallelized using various technologies for writing parallel applications. At present, parallelization
efficiency of up to 70% has been achieved using MPI technology while scaling up to 16 thousand
computing cores. In systems with shared memory, the algorithm is parallelized using OpenMP
technology. Also, the code is parallelized using CUDA technology, which gives an acceleration of
up to 50 times compared to a single CPU core. The program can use several cards within one host. In
this paper, the results of the same algorithm using different technologies are considered.
Parallelization tests for up to 16 thousand CPU cores and 8 CUDA devices are given.

Mathematical model and method. The basic equations of motion of the linear-elastic
medium can be written as follows [24]:
pv, = (V-T)T, 1)

T=AV-VI+u(VRv+ (VR WD), (2)

where p is density, v is velocity, T is the stress tensor, and A, u are the Lamé parameters,

characterizing the elastic properties of the medium.
We use the following mathematical notations throughout this paper:

a; = Z—‘; is the partial derivative of field a with respect to time ¢;

a®b is a tensor product of two vectors, a and b, (a®b);; = a;b;;

I is identity tensor of rank 2.

The grid-characteristic method (GCM) uses the characteristic properties of the systems of
hyperbolic equations, describing the elastic wave propagation [24]. The mathematical principles of
the GCM approach are summarized in Appendix A. It is based on representing the equations of
motion of the linear-elastic medium in the following form:

q; +A1q, + Axq, + Azq, = 0. ©)

In the last equation, q is a vector of unknown fields, having 9 components and equal to
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\'4
q= [T] =[vi V2 vz Tyy Ty T3z Tz Tiz Tro]". (6)
where q(t, x,y,z) is a vector of the unknown fields; q, denotes the partial derivative of q with
respect to t; q, , q, and q, denote the partial derivatives of vector q with respect to x, y, and z,

respectively.
Matrices Ay, k = 1,2,3, are the 9 x 9 matrices given by the following expression:

000 ptoo0 0 07
0 0 0 o o000 0 pt
0 0 0 0 00 0 pt o0
A+2u 0 0 0 0 O 0 0 0
Aj=—-| 2 00 00O 00 0 | (7)
A 0O 0 0 0 O 0 0 O
0 0 O 0 0 O 0 0 O
0 0 u 0 0 0 0 0 0
L 0 u 0 000 0 0 0
matrix A, is given by the following expression:
[ 0 0 O 0 0 0 0 0 p4
0 0 O 0 pot 0 0 0 0
0 0 O 0 0 0 pt o0 O
0 A 0 0 0 O 0 0 O
A,=-]0 2+2u 0 0 0 0 00 0 | (8)
0 A 0 0 0 O 0 0 O
0 0 u 0 0 O 0 0 O
0 0 O 0 0O 0 0 O
[ u 0 0 0 0 0 0 0 0
and matrix A5 can be written as follows:
0 0 0 00 0 0 ptlo
0 0 O 0O 0 O p™l 0 0
0 0 O 0 0 pt 0 0 0
0 0 A 0 0O 0 0 O
A;=-l0 0 2 0 0 0 0 0 0 (9)
0 0 A+2u 0 O O 0 0 O
0 u O 0 0 O 0 0 O
w 0 0 0 0 O 0 0 O
0 0 O 0 0 O 0 0 O

The product of matrix A, and vector q can be calculated as follows:

v “1(T'n
Ak[T]:_A(v-n)l-fy(gl®3+v®n)' (10)
where @ denotes the tensor product of two vectors.

In the last equation n is a unit vector directed along the x, y, or z directions for matrices A;,
A,, or As, respectively.

As we discussed above, the GCM approach is based on representing the solutions of the
acoustic and/or elastic wave equations at later time as a linear combination of the displaced at a certain
spatial step solutions at some previous time moment. This representation can be used to construct a
direct time-stepping iterative algorithm of computing the wave fields at any time moment from the
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initial and boundary conditions. In order to develop this time-stepping formula, we represent matrices
A, using their spectral decomposition. For example, for matrix A; we have:

A, = (Q)7'A Q4 (11)
where A, is a9 x 9 diagonal matrix, formed by the eigenvalues of matrix A;; and (,)"1isa9x 9
matrix formed by the corresponding eigenvectors. Note that, matrices A;, A, and A; have the same
set of eigenvalues:

{cp —cpr sy —Cs, €5, —5,0,0,0}. (12)

In the last formula, ¢, is a P-wave velocity being equal to (p‘l(/l + 2;1))1/2 and cg is an S-
wave velocity being equal to (p~1u)/2.

Let us consider some direction x. We assume that the unit vector n is directed along this
direction, while the unit vectors n; and n, form a Cartesian basis together with n. We also introduce
the following symmetric tensors of rank 2:

1
Nij =3 (n; ®n; +n; @ m), (13)
where indices i and j vary from 0 to 2 in order to simplify the final formulas, and n, = n.
It is shown in Appendix A that, the solution of equation (5), vector q, along the x, y, and z
directions can be written as follows:
qt +1,x,y,2) = Zlexlqu(t, x — Ay ;T,y, Z),
q(t +1,x,y,2z) = Z§=1X2_jq(t, x,y —A,,7,2), (14)
qt +1,x,y,2) = Z§=1X3Jq(t, x,Yy,Z— A3,jT)-

Here 7 is the time step of the solution, and X, ;, X, ; and X3 ; are the characteristic matrices
expressed through the components of matrices A,, A, and A5 and their eigenvalues as follows:

Xi,j = 'G)'*l',jmi,j, i:1,2,3; (15)
where @,;; is the j’s column of matrix (2;)7%, and @;; is the j’s row of matrix Q;. The scalar
components of the column matrices w,; are defined by the following expressions:

v —_ -1
W12 = (91 [TD1 , =V + (Cpp) (Ngo * T), (16)
w34 =15V F (csp) ' (Nog * T), (17)
Wseg =Ny "V + (Csp)_l(Noz *T), (18)
0)7 == N12 * T, (19)
wg = (N3 — Ngp) * T, (20)
21
(1)9 - (N11 + N22 - mNoo) * T (21)

In equations (16) - (21) the asterisk “*”denotes the convolution of two tensors of rank 2.

Expressions (14) can be used to find the solution, vector q, at any time moment, ¢ + t, from
the given initial conditions, thus representing a direct time-stepping algorithm of numerical modeling
the elastic wave propagation in inhomogeneous media.

MPI parallelization. To work in systems with distributed memory, the software package is
parallelized using MPI technology [16]. In parallelization, standard algorithms for decomposition of
the computational domain and exchange of boundary cells were used, which are widely used for
explicit grid methods [17-20]. Since this implementation of the grid-characteristic solver uses regular
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grids, the nodes can be stored in 2D/3D arrays (they are stored in memory as continuous one-
dimensional arrays). The input to the program is the number of processes for each grid, which will
recalculate the nodes inside these grids. The algorithm determines the best partitioning of arrays into
blocks of equal size for distributing work between processes by calling MPI_Dims_create. In
addition, it is possible to manually set the desired distribution of processes. The number of blocks
into which the grid is divided is the same as the number of processes associated with the grid. This
means that each process recalculates nodes for the next time step for at most one grid block. While
processes can be responsible for no more than one grid block, they can process multiple blocks from
different grids at the same time.

To simplify the synchronization of nodes on block boundaries within one grid, a special
communicator (MPI_Comm) and a special group (MPI_Group) are created for this grid. The number
of processes that are given as input determines the list of processes from the MPI_COMM_WORLD
communicator, on the basis of which a new communicator is created. Synchronization within the grid
is performed between time steps, and each process can obtain information about the processes
processing neighboring blocks. Knowing the exact numbers of processes that are ready to exchange
recalculated nodes on block boundaries, processes can perform asynchronous receive and send
operations (MPI_lsend, MPI_Irecv).

In contrast to synchronization at the block boundary, when synchronizing at the boundaries
of the contact surfaces between two meshes, the processes do not know the numbers of the processes
with which to exchange data, since the geometry of the contacts can be arbitrary. The original
implementation used the MPI_Alltoall function to ensure that all MPI_COMM_WORLD
communicator processes contain the same decomposition information. The main reason for the
inefficiency of such a strategy was that processes that did not need synchronization to continue the
calculation were still required to participate in this interaction. In other words, a global
synchronization point was created at each time step that could be eliminated.

Then, lists accessible to all processes with the properties of all grids were introduced. These
properties contain information about the sizes of the grids, the numbers of the processes associated
with the grids, the exact positions of the blocks and their sizes for each of these processes. Lists of
properties are created at the beginning of the initialization of the computational algorithm, are
synchronized between all processes and then remain unchanged (this is possible due to the static
structure of grids and connections between them). For each mesh it is possible to get the process
numbers from MPI_COMM_WORLD that process each block. Therefore, when a process needs to
update the nodes on a contact boundary to synchronize with another process, it knows which process
contains data from another mesh with that contact, so it can only communicate with that process.
Moreover, this approach allows us to take into account the case in which several processes on the
boundary of one grid communicate with independently distributed processes on the boundary of
another grid. This means that mesh decompositions can be independent of each other.

Information about contacts at the grid boundaries is specified in a generalized way. The
position of a region in one mesh that is to be sent to a given region in another mesh is input to the
solver. The list of such hints contains complete information about the contacts in the multi-grid model.
This information is used at each time step when synchronization occurs. If the positions of the grid
nodes do not match exactly, then re-interpolation is performed.
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The performance of our parallel implementation of the grid-characteristic method was
measured. Fig. 1. shows the results. In the test, a computational grid with a size of 12000x1000x1000
nodes was used. Testing was carried out on the HECToR cluster. This supercomputer consists of
2816 computing nodes. Each of the nodes is equipped with two 16-core AMD Opteron 2.3GHz
Interlagos processors. RAM is 32 GB per node. The countdown is from 128 MPI processes, in order
to get correct results, and with a small number of processes, the calculation times can be unacceptably
long. It can be seen that the presented implementation scales up to 4096 processes with almost no
efficiency loss. As the number of processes increases, there is an expected decrease in efficiency, but
the algorithm still performs well even at 16384 processes.
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Fig. 1. MPI efficiency (left) and speedup (right)

OpenMP parallelization. Parallelization was carried out for systems with shared memory
using OpenMP [10, 21] and POSIX Threads technologies. The resulting acceleration is shown in fig.
2. Due to insignificant differences in acceleration and ease of implementation of parallel code using
OpenMP, it was decided to use only OpenMP technology in calculations. The code is parallelized
according to the principle of geometric parallelism. The computational grid is divided into rectangular
areas, each of which is recalculated by one OpenMP thread. The superimposed meshes used to specify
cracks are split in the same way. Global thread synchronization occurs between time steps. In this
case, values are exchanged in nodes that are on the boundary of partitions and must be available
simultaneously to several threads.

19

‘Veropenne

0 —3— OpenMP

7 ~—@--POSIX Threads
J

3

1

1 3 5 7 9 m 13 15 17 19 21 23 25

Yue. 10 noToKon

Fig.2. Dependence of acceleration on the number of threads for systems with shared memory

74% acceleration efficiency of the resulting algorithm was achieved on a machine with Intel
Xeon E5-2697 processors (on 24 cores).
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CUDA parallelization. The algorithm was also parallelized on NVidia GPU GPGPUs using
CUDA technology. This technology is widely used for parallelization, including explicit,
computational algorithms [11-15]. A complete rewriting of a part of the calculation module for this
architecture was required [21]. The version of this program optimized for execution on the central
processor was taken as the basis for the implementation of the algorithm on graphic processors. The
most computationally expensive part of the algorithm was subjected to optimizations. Since splitting
along the spatial coordinate was used, two steps were required to recalculate the entire grid: along the
X axis and along the Y axis. In the initial version (cudal in Fig. 3), 2 times more memory is allocated
on the graphics device than is required to store the computational grid. Two copies of it are kept in
memory.
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Fig. 3. Speed up compared to CPU
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Fig. 4. Acceleration depending on the number of graphics devices

At each step, the values of the grid nodes stored in one of the copies are recalculated. In this
case, the calculation result is written to another copy of the computational grid. As a result,
synchronization occurs only between calls to CUDA kernels. This was done because the global
synchronization of the entire device creates large time delays. Thus, it was possible to reduce the
number of global synchronizations to two times per time step. The next optimization (cuda2) was to
use the device's shared memory. Reading from global memory occurs only once at each step, and
accesses become sequential (coalesced), which also leads to better performance. Further,
optimizations are used that give a slight increase in performance. In the cuda3 version, additional data
is computed on the CPU and passed through kernel call parameters. Thus, each thread is expected to
have a local copy of these values. In the cuda4 version, block sizes are selected in such a way as to
minimize the number of nodes that require memory exchanges between blocks.
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For execution on multiple GPUs, the most optimized variant was used. GPUDirect technology
was also used, which allows data to be transferred via the PCI Express bus, bypassing the central
processor. The maximum acceleration obtained compared to the CPU on a single graphics device is
55 times on the GeForce GTX 780 Ti in single precision calculations and 44 times on the Tesla K80
in double precision calculations (Fig. 3). The maximum achieved acceleration from the number of
graphics devices is 7.1 times on 8 graphics devices (Fig. 4) for double precision. GPUDirect
technology has increased the acceleration by 10% from what was achieved without it in single
precision calculations. When calculating with double precision, the acceleration was 2.4%.

Computational examples. We carried out the computations of the wave field for the models
with and without the fractures [26]. The height of the model was 4.65 km, the width and length were
20 km and 20 km, accordingly. The point source of Reiker impulse was set in the center of the
computational grid on the surface of the medium. The central frequency of the seismic source was 10
Hz as the full waveform inversion is usually carried out using the low frequencies. The receivers were
situated on the surface of the medium with the 50 x 50 m steps in the x and y directions. First, we
computer simulated the seismic waves in heterogeneous medium without fractures. Fig. 5 presents a
schematic view of the model. The color bar denotes the values of the longitudinal velocity.

Fig. 6. Schematic representation of the model with the fractures
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Then, we calculated the wave field in the heterogeneous medium with 200 vertical extremely
thin fractures. The size of a single fracture was 200 x 200 m?, The fractures were situated at a depth
of 2 km in the center of the computational grid. Fig. 6 depicts a schematic representation of the model
with fractured structures.

The seismograms for the models with and without fractures are shown in Fig. 7. The pictures
in Fig. 4 reflect the values for the vertical field components V; in the receivers for the XY plane on
the surface (Z = 0) at the same moment of time equal to 2.4 s. The leftmost picture in Fig. 7 shows
the anomalous wave field from the cluster of fractures. The middle picture shows the wave field for
the model without fractures. The rightmost picture presents the overall wave field for the model with
the cluster of vertical fractures. The color scale is the same for all the pictures in Fig.7.
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Fig. 7. The vertical field component (V) in the receivers at time moment of 2.4 s for different models

a) the anomalous field from  b) the total field in the model c) the total field
the model without fractures in the with fractures

The last figure shows that the response from the fractured structures is smaller than the value
of the total response, but it is still quite noticeable. This result illustrates a possibility of reconstructing
a response from the fractured structures with the help of full-wave seismic modeling.

Conclusions. The paper considers a software package designed to simulate the propagation
of dynamic wave disturbances in solids. The calculation algorithm is based on the grid-characteristic
method for solving systems of hyperbolic equations in partial derivatives. This method makes it
possible to take into account the wave structure of the equation and to correctly set the boundary and
contact conditions. An algorithm has been implemented that makes it possible to perform calculations
using block-structural grids. The algorithm is parallelized using MPI, OpenMP, CUDA technologies.
At present, parallelization efficiency of up to 70% has been achieved using MPI technology while
scaling up to 16 thousand computing cores. In systems with shared memory, the algorithm is
parallelized using OpenMP technology. Also, the code is parallelized using CUDA technology, which
gives an acceleration of up to 50 times compared to a single CPU core. The program can use several
cards within one host. In this paper, the results of the same algorithm using different technologies are
considered. Parallelization tests for up to 16 thousand CPU cores and 8 CUDA devices are given. The
performance of the algorithm on test examples is shown.
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HNPUMEHEHUE CETOYHO-XAPAKTEPUCTHYECKOI'O METOJA J1JIAA
PEHIEHUA 3AJAY PACITPOCTPAHEHUSA IUHAMHUYECKHUX
BOJIHOBBIX BOSMYIIEHU C UCITIOJIb30OBAHUEM CUCTEM HPC

H. 1. XoxJao0B

MockoBckuii pU3NKO-TeXHUUECKUN HHCTUTYT, Jloaronpynusiii, Poccuiickas @eneparus
& khokhlov.ni@mipt.ru

B pabote paccMaTpuBaeTcsi IpUMEHEHHE PA3TUYHBIX COBPEMEHHBIX TEXHOJIOTHI BBICOKOIIPOU3BOUTEIBHBIX
BBIYUCIICHUN MAJISl YCKOPEHHUS YMCICHHOI'O PEIleHHs 3ajad pPacHpOCTPaHEHHs AMHAMHYECKHX BOJHOBBIX
BO3MYILIEHHUH C HCTIOIB30BAHUEM CETOYHO-XapaKTEPUCTHIECKOT0 MeTo1a. PaccMaTpuBaroTCs TEXHOJIOTHH Kak
Ui neHTpanbHbIX mnporeccopoB (CPU), tak m s rpaduueckux mnpoueccopoB (GPU). ITlpuseneHst
CpaBHHTEIBHBIE Pe3yabTaThl IpuMeHeHus TexHonoruit MPL, OpenMP, CUDA. B kauectBe mpuMepoB paboTsI
pa3paboTaHHOIO MPOTPAMMHOIO KOMIUIEKCA NPHUBOAWUTCS PsAI HPUMEPOB pacyeTra 3agad CEHCMHUKH U
reousuku. OTAEIbHO PACCMOTPEH BOIPOC pacliapauleIMBaHus 3a/1a4 C HATMYMEM KOHTAKTOB MHOTHX CETOK
U Tonorpaduu THEBHON MOBEPXHOCTH, UCTIONB3YS KPUBOJIHMHEHHBIE CETKH.
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