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This article is devoted to the development and research of a mathematical model of water fluid dynamics with
variable depth. This model describes the water flow movement, the thermodynamics of ice formation and
melting, considers the Coriolis force, horizontal and vertical turbulence of the water environment, the complex
geometry of the coastline and bottom, friction on the bottom and wind currents, evaporation, wind speed, and
atmospheric density, and the deviation of the pressure field value from the hydrostatic approximation. The
article describes the influence of the spatial distribution of temperature, salinity, ionic composition, and
hydrostatic pressure on the processes of ice cover formation. The Caspian Sea-was chosen as the object of the
simulation. The changes in the temperature and salinity distributions measured by the electrical conductivity
of the water, considering the ionic composition of the Caspian Sea waters over a long-term period, are used as
input data. Modeling the movement of water flow will allow you to respond to man-made threats in an
accelerated time mode. The models of hydrodynamics presented in this paper can be adapted for other
reservoirs using the appropriate geoinformation systems.

Keywords: Caspian Sea, mathematical modeling, water flow velocity field, ice formation, ionic composition,
temperature

Introduction. To ensure the main marine sectors of the country's economy, information on
the hydrometeorological situation in the waters of the Russian Federation is needed. At the same time,
full-scale observation of the main fluid dynamics indicators in the open sea is difficult and costly.
The information received from coastal hydrometeorological stations is not sufficient for use in the
study and modeling of the hydrodynamics of reservoirs. Data from coastal stations only allow us to
summarize the main indicators.

This problem was identified during the development of natural resources of the seas, namely
shelf zones. Successful development of oil and gas resources requires the use of technologies and
methods for determining the main hydrometeorological parameters, such as sea level, wind speed and
current velocity, density, temperature and salinity.

As part of the study of this topic, it was found that, despite numerous studies of the
hydrodynamics of the seas and oceans, a number of poorly studied factors remain [2-4]. In addition,
part of the research is based on a significant simplification of physical processes and idealization of
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the computational domain, which in turn leads to low accuracy of models and the lack of the
possibility of their real application.

To minimize idealistic simplifications and increase the efficiency of the process of developing
a mathematical model and modeling in general, a reservoir was chosen for the study — the Caspian
Sea, which is a sea-lake by geographical location. The Caspian Sea is a closed body of water with a
complex geometry of the coastline and bottom. Fig. 1 shows the conditional division of the reservoir
into the Northern, Middle and Southern Caspian, along the Mangyshlak and Absheron rapids,
respectively. The Northern Caspian is shallow, the Middle Caspian is deep — water (Derbent
Depression), the Southern Caspian is deep-water (South Caspian Depression). The maximum depths
reach 25 m, 800 m and 1025 m for the Northern, Middle and Southern Caspian, respectively.

The sea is located in three climatic zones, which allows for extensive research on the influence
of climate on the dynamics of marine systems. Thus, in the northern part of the reservoir, the
continental climate prevails, in the middle — moderate and subtropical in the southern part. Due to the
closeness of the reservoir, special attention should be paid to the water balance formed by river runoff,
evaporation, precipitation and groundwater inflow. Changes in the components that make up the
water balance are reflected at the sea level. Over the past hundred years, the level of the Caspian Sea
relative to the World Ocean has changed from -26 m, to a minimum level of -29 m. The maximum
rise in sea level per year corresponds to 30 cm, which is accompanied by overtaking phenomena and
a significant change in the sea surface area. With such a change in sea level, the coastline shifts by
tens of kilometers, which is especially noticeable in the shallow Northern Caspian Sea. It also has a
strong effect on the ionic composition of water, that is, on the salinity and density of water, especially
near the Kara-Bogaz-Gol Bay.
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Fig. 1. Caspian Sea bathymetry
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Problem statement. The Navier-Stokes and continuity equations are used to describe the
dynamics of a sea with a lateral surface Y, variable depth H in the Cartesian coordinate system, with
the Oz axis pointing vertically down, the Oy axis pointing north, and the Ox axis pointing east [5]:

Uy + Uy + Uy + wu, = —% + (uu)y + (uu;); + (vuy), + 202(vsin® — wcos@), (1)

!

v + uvy + vy, +wuy = —%y + (uvy)s + (uv})’y + (vv}), + 20Qusind, )

wi + uwy +vwy, + ww, = —% + (uwy)l + (uw;,); + (vw}), + 20ucosO + g (% — 1), 3)

pe + (wp)i + (vp)y + (wp); = 0, (&)
where, u = {u, v, w} are the components of the flow velocity vector; p is the pressure; p is the density
of sea water; £ is the angular velocity of the Earth's rotation; @ is the angle between the vertical and
angular velocity; u, v are the horizontal and vertical components of the turbulence coefficient.

Also, boundary and initial conditions have been added to the system (1) — (4):
— entrance (river mouths): u = uy, p;, = 0,

— lateral surface (shore and bottom): p,u(u;)y = —t,u, = 0,py =0,

— upper bound: pu(u), = -t w=—-w—p;/(pg) ,rs =0,
— drain: p, = 0,u, =0,

where w is the evaporation rate of the liquid; T is the tangent stress vector; u,,, u, are the normal and
tangential components of the velocity vector of the water flow; p,, is the density of the suspension.

The vector of tangential stresses for a free surface has the form: T = p,Cd;|w|w, w is the
vector of wind speed relative to water, p, is the density of the atmosphere, Cd; is the dimensionless
surface coefficient of resistance depending on the wind speed.

The vector of tangential stresses in the case of a bottom surface has the form: T = pCd,|u|u,
cd, = (gk?)/h'/3, where k is the Gokler-Manning coefficient; h = H + 7 is the total depth of the
reservoir, [m]; H is the depth of the undisturbed liquid, [m]; n is the position of the free surface
relative to the geoid (sea level), [m].

The calculation of the density of seawater was carried out using the equation of state of
seawater in 1980 [link to US-80]:

p = po +800.969062 - 10~* + 588.194023 - 107T +

+797.018644 - 10735 — 811.465413 - 107°T2% —

—325.310441-107°TS + 131.710842 - 107652 + (5)
+476.600414 - 1077T3 + 389.187483 - 107 'T2S +

+287.971530 - 1078TS% — 611.831499 - 1071083,

where B is the coefficient given in specialized oceanological tables, reflecting the dependence of
density changes on temperature changes; k(T, S, p) is the average modulus of elasticity; T is the water
temperature; S is the salinity of water; p is the hydrostatic pressure.
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Due to the fact that the linear equation of the density of seawater gives extremely rough results
and can significantly reduce the accuracy of the developed model, the model described earlier will
use the equation of the state of seawater in 1980, approved by UNESCO.

To expand the range of use and increase the versatility of the hydrodynamic model, it is
proposed to use bulk formulas that connect the heat flow from water to ice with the temperature
contrast on the lower surface of the ice and the speed of ice drift. In an open water space, the heat
flow is described by the formula

Qow = Qsu + Quy + kQsw + Quw,
Qua = paqeCp(Eo + IWD(Qa — Qmax), Qsy = pacaCp(Eg + IW(T, —T), (6)
Qsw = SWow (1 — ay), Quw = LWpw Ew — EyospT*,
where Qgy is the flow of explicit heat; Q. is the flow of latent heat; Qg is the balance of short-

wave radiation; Q. is the balance of long — wave radiation; p, is the density of air; ¢, is the heat
capacity of air; gy is the specific heat of vapor formation; Q,,,., = k1e/(P, — 0,378e) is the humidity

ko+k3T
of saturated steam as a function of temperature and pressure; e = 10 t+kaT "2 is the saturated vapor

pressure; T is the water surface temperature; W is the wind velocity vector relative to the ocean
surface; Cp, is the coefficient depending on the surface properties; E, is a parameter characterizing
the heat flow for windless weather; ay, is the water reflection coefficient; Ey, is the coefficient
characterizing the ability to emit water; oggz is the Stefan-Boltzmann constant; k = 0,6 is the
coefficient reflecting part of the short-wave radiation acting on the water surface.

To calculate the heat flow under the ice surface, the following ratio was used:

Qor = —PoCwCp(h) (T — Tr) + Qsw1, (7
where h; is the thickness of the ice; c,, is the heat capacity of the water; Qg is the part of the short-
wave radiation penetrating under the ice in the absence of snow cover on it; the freezing temperature
of the water T at salinity S and atmospheric pressure p,:

Tr = —ksS+ kg-107353/2 — k- 107452 — kg - 107 3py; (8)
where k;,i = 1,8 are constant coefficients; C, is a dimensionless coefficient depending on the
thickness of the ice:

{1,26-10—2m h;, h; <3;
Cb =

7,27 -1073W,, h; = 3. )
The total normalized heat flow is determined by the expression:
Qo = ) (AoQow + (1 — Ag)Qo1) + v (8ops — 6), (10)
w

where A, is the sea surface area not occupied by ice; 6, is the model temperature values; y, is the
coefficient that determines the negative feedbacks.

To simulate the process of salt transport in the Caspian Sea, evaporation from the latent heat
flow is calculated:
. QL

E = .
dePo

(11)
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The boundary condition for the salinity flow in the sea, considering the change in the mass of
ice and snow, is determined by the formula:

—(5—$) 1 ami+S ) (0 1 dmg
@ = S T S T
where S; is the average salinity of ice; m;, m; is the mass of ice and snow; PR, is precipitation; E is
evaporation; S,,s is the model temperature values; ys is the coefficient determining negative
feedbacks; @ is the dependence of air temperature on water not occupied by ice:

1, T, = 5°C;
(1-A))(T,+5) _, o

Ay, Ty < =5°C.

) — SPR®(Ty, Ag) + SEAo + ¥5(Sons = ), (12)

D(Ty Ap) = {4, +

Conclusion. The described model considers the dependence of heat fluxes on the thickness
of ice in the case of thin annual ice and assumes that the salinity flow changes with changes in the
mass of snow and as a result of melting ice under the snow. The nature of precipitation is considered,
determined by the air temperature at an altitude of 0 to 2 meters above the surface of the reservoir.

The application of this observation model together with the system of equations of
hydrodynamics of the sea will allow us to build an all-season mathematical model that can be used
in shipping and oil production, as well as in predicting the consequences of man-made disasters, their
impact on the development of the biohydrocenosis of the reservoir.

To model hydrophysical processes, data obtained from the database of the interdepartmental
information system for access to the resources of marine information systems and integrated
information support for marine activities (ESIMO), as well as from the Atlas of Climate Change in
Large Marine Ecosystems of the Northern Hemisphere were used [1].
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Paborta mocesmena pa3pabOTKe W HCCICIOBAHWIO MAaTEMAaTHYECKOH MOJENW THAPOJMHAMUKA
BOOJOEMaA HepeMeHHOﬁ FJ'IY6I/IHI>I. MO)IG.]'H) OIMHCBIBACT JABWKXCHUC BOAHOI'O IIOTOKA, TCPMOJIHMHAMUKY
(dbopMHpOBaHUS M TasHUS JIbAA, YUUThIBaeT cuity Kopuonuca, ropu30HTaNIbHYIO U BEPTUKAIbHYIO
TypOYJIE€HTHOCTh BOJHON CpEJlbl, CIOXKHYIO F€OMETPUI0 OEperoBoi JUHUM U JIHA, TPEHUE O THO U
BETPOBBIC TEUYEHUS, UCMIAPEHUE, CKOPOCTh BETPa M IUIOTHOCTH aTMOC(hepbl, OTKIOHCHNE 3HAYCHUS
TIOJIS TABJICHUS OT THAPOCTATUYECKOTO MPUONIMKeHUs. B paboTe MpoBeeHO NCCIIeIOBaHUE BIHSHUS
MPOCTPAHCTBEHHOTO  PACHpeleNieHHsl  TEMIepaTyphl, COJEHOCTH, HMOHHOTO COCTaBa |
THJIPOCTATUYECKOTO JaBIICHHS Ha MTPOIECCHl (JOPMUPOBAHUS JIEZIOBOTO TIOKPOBa. B kauecTBe 0ObekTa
MOJIETMPOBaHUs ObLT BEIOpaH BOJI0EM (03epo) — Kacrnmiickoe mope. B kauecTBe BXOJHBIX JTaHHBIX
WCTIONB3YIOTCS W3MEHEHHsI PpACIpE/ICICHUH TEeMIIepaTypbl W  COJICHOCTH, W3MEPEHHBIC 10
AIIEKTPOIIPOBOIHOCTH BOJIBI C YY€TOM HMOHHOTO cocTaBa BoJ Kacmmiickoro mMopsi 32 MHOTOJICTHUI
nepuoja. MojenupoBaHuEe JIBUKCHUS BOJHOTO TOTOKA IO3BOJISAT pearupoBaTh HAa TEXHOTECHHBIC
yrpo3bl B YCKOPEHHOM pexuMme BpeMeHH. [IpencraBieHHbIE B padOTe MOJEITU THIPOJUHAMUKH,
MOTyT OBITh aJaNTHPOBAHBI Ui JAPYTHX BOJOEMOB NPU HKCIIOJIB30BAaHHUA COOTBETCTBYIOIIMX
TreOMH(POPMAIMOHHBIX CUCTEM.

Kirouesnle ciaoBa: Kacnmiickoe MOPE, THAPOJUHAMHUYCCKUE IIPOUCCCHI, J'IB,Z[OO6paSOBaHI/Ie, HOHHBIN
COCTaB, MAaTCMATHUYCCKOC MOJCIIUPOBAHUC
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