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This article is devoted to the development and research of a mathematical model of water fluid dynamics with 
variable depth. This model describes the water flow movement, the thermodynamics of ice formation and 

melting, considers the Coriolis force, horizontal and vertical turbulence of the water environment, the complex 

geometry of the coastline and bottom, friction on the bottom and wind currents, evaporation, wind speed, and 
atmospheric density, and the deviation of the pressure field value from the hydrostatic approximation. The 

article describes the influence of the spatial distribution of temperature, salinity, ionic composition, and 

hydrostatic pressure on the processes of ice cover formation. The Caspian Sea-was chosen as the object of the 
simulation. The changes in the temperature and salinity distributions measured by the electrical conductivity 

of the water, considering the ionic composition of the Caspian Sea waters over a long-term period, are used as 

input data. Modeling the movement of water flow will allow you to respond to man-made threats in an 

accelerated time mode. The models of hydrodynamics presented in this paper can be adapted for other 
reservoirs using the appropriate geoinformation systems. 
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Introduction. To ensure the main marine sectors of the country's economy, information on 

the hydrometeorological situation in the waters of the Russian Federation is needed. At the same time, 

full-scale observation of the main fluid dynamics indicators in the open sea is difficult and costly. 

The information received from coastal hydrometeorological stations is not sufficient for use in the 

study and modeling of the hydrodynamics of reservoirs. Data from coastal stations only allow us to 

summarize the main indicators. 

This problem was identified during the development of natural resources of the seas, namely 

shelf zones. Successful development of oil and gas resources requires the use of technologies and 

methods for determining the main hydrometeorological parameters, such as sea level, wind speed and 

current velocity, density, temperature and salinity. 

As part of the study of this topic, it was found that, despite numerous studies of the 

hydrodynamics of the seas and oceans, a number of poorly studied factors remain [2-4]. In addition, 

part of the research is based on a significant simplification of physical processes and idealization of 
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the computational domain, which in turn leads to low accuracy of models and the lack of the 

possibility of their real application. 

To minimize idealistic simplifications and increase the efficiency of the process of developing 

a mathematical model and modeling in general, a reservoir was chosen for the study – the Caspian 

Sea, which is a sea-lake by geographical location. The Caspian Sea is a closed body of water with a 

complex geometry of the coastline and bottom. Fig. 1 shows the conditional division of the reservoir 

into the Northern, Middle and Southern Caspian, along the Mangyshlak and Absheron rapids, 

respectively. The Northern Caspian is shallow, the Middle Caspian is deep – water (Derbent 

Depression), the Southern Caspian is deep-water (South Caspian Depression). The maximum depths 

reach 25 m, 800 m and 1025 m for the Northern, Middle and Southern Caspian, respectively. 

The sea is located in three climatic zones, which allows for extensive research on the influence 

of climate on the dynamics of marine systems. Thus, in the northern part of the reservoir, the 

continental climate prevails, in the middle – moderate and subtropical in the southern part. Due to the 

closeness of the reservoir, special attention should be paid to the water balance formed by river runoff, 

evaporation, precipitation and groundwater inflow. Changes in the components that make up the 

water balance are reflected at the sea level. Over the past hundred years, the level of the Caspian Sea 

relative to the World Ocean has changed from -26 m, to a minimum level of -29 m. The maximum 

rise in sea level per year corresponds to 30 cm, which is accompanied by overtaking phenomena and 

a significant change in the sea surface area. With such a change in sea level, the coastline shifts by 

tens of kilometers, which is especially noticeable in the shallow Northern Caspian Sea. It also has a 

strong effect on the ionic composition of water, that is, on the salinity and density of water, especially 

near the Kara-Bogaz-Gol Bay. 

 

 
Fig. 1. Caspian Sea bathymetry  
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Problem statement. The Navier-Stokes and continuity equations are used to describe the 

dynamics of a sea with a lateral surface ∑, variable depth 𝐻 in the Cartesian coordinate system, with 

the 𝑂𝑧 axis pointing vertically down, the 𝑂𝑦 axis pointing north, and the 𝑂𝑥 axis pointing east [5]: 
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′ + 𝜐𝑢𝑦
′ + 𝑤𝑢𝑧
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𝜌𝑡
′ + (𝑢𝜌)𝑥

′ + (𝜐𝜌)𝑦
′ + (𝑤𝜌)𝑧

′ = 0, (4) 

where, 𝐮 = {𝑢, 𝜐, 𝑤} are the components of the flow velocity vector; 𝑝 is the pressure; 𝜌 is the density 

of sea water; 𝛺 is the angular velocity of the Earth's rotation; 𝛩 is the angle between the vertical and 

angular velocity; 𝜇, 𝑣 are the horizontal and vertical components of the turbulence coefficient. 

Also, boundary and initial conditions have been added to the system (1) – (4): 

 entrance (river mouths): 𝐮 = 𝐮0, 𝜌𝐧
′ = 0, 

 lateral surface (shore and bottom): 𝜌𝜐𝜇(𝐮𝜏)𝐧
′ = −𝛕, 𝐮𝐧 = 0 , 𝑝𝐧

′ = 0, 

 upper bound: 𝜌𝜇(𝐮𝛕)𝐧
′ = −𝛕, 𝑤 = −𝜔 − 𝑝𝑡

′/(𝜌𝑔) , 𝑝𝐧
′ = 0, 

 drain: 𝑝𝐧
′ = 0, 𝐮𝐧

′ = 0, 

where 𝜔 is the evaporation rate of the liquid; 𝛕 is the tangent stress vector; 𝐮𝐧, 𝐮𝛕 are the normal and 

tangential components of the velocity vector of the water flow; 𝜌𝜐 is the density of the suspension. 

The vector of tangential stresses for a free surface has the form: 𝛕 = 𝜌𝑎𝐶𝑑𝑠|𝐰|𝐰, 𝐰 is the 

vector of wind speed relative to water, 𝜌𝑎 is the density of the atmosphere, 𝐶𝑑𝑠 is the dimensionless 

surface coefficient of resistance depending on the wind speed. 

The vector of tangential stresses in the case of a bottom surface has the form: 𝛕 = 𝜌𝐶𝑑𝑏|𝐮|𝐮, 

𝐶𝑑𝑏 = (𝑔𝑘2) ℎ1 3⁄⁄ ,, where 𝑘 is the Gokler-Manning coefficient; ℎ = 𝐻 + 𝜂 is the total depth of the 

reservoir, [m]; 𝐻 is the depth of the undisturbed liquid, [m]; 𝜂 is the position of the free surface 

relative to the geoid (sea level), [m]. 

The calculation of the density of seawater was carried out using the equation of state of 

seawater in 1980 [link to US-80]: 

𝜌 = 𝜌0 + 800.969062 ⋅ 10−4 + 588.194023 ⋅ 10−4𝑇 + 

+797.018644 ⋅ 10−3𝑆 − 811.465413 ⋅ 10−5𝑇2 − 

−325.310441 ⋅ 10−5𝑇𝑆 + 131.710842 ⋅ 10−6𝑆2 + 

+476.600414 ⋅ 10−7𝑇3 + 389.187483 ⋅ 10−7𝑇2𝑆 + 

+287.971530 ⋅ 10−8𝑇𝑆2 − 611.831499 ⋅ 10−10𝑆3, 

(5) 

where β is the coefficient given in specialized oceanological tables, reflecting the dependence of 

density changes on temperature changes; 𝑘(𝑇, 𝑆, 𝑝) is the average modulus of elasticity; T is the water 

temperature; S is the salinity of water; p is the hydrostatic pressure. 
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Due to the fact that the linear equation of the density of seawater gives extremely rough results 

and can significantly reduce the accuracy of the developed model, the model described earlier will 

use the equation of the state of seawater in 1980, approved by UNESCO. 

To expand the range of use and increase the versatility of the hydrodynamic model, it is 

proposed to use bulk formulas that connect the heat flow from water to ice with the temperature 

contrast on the lower surface of the ice and the speed of ice drift. In an open water space, the heat 

flow is described by the formula 

𝑄𝑂𝑊 = 𝑄𝑆𝐻 + 𝑄𝐿𝐻 + 𝑘𝑄𝑆𝑊 + 𝑄𝐿𝑊 , 

(6) 𝑄𝐿𝐻 = 𝜌𝐴𝑞𝐸𝐶𝐷(𝐸0 + |𝑾|)(𝑄𝐴 − 𝑄𝑚𝑎𝑥),  𝑄𝑆𝐻 = 𝜌𝐴𝑐𝐴𝐶𝐷(𝐸0 + |𝑾|)(𝑇𝐴 − 𝑇), 

𝑄𝑆𝑊 = 𝑆𝑊𝐷𝑊(1 − 𝛼𝑊), 𝑄𝐿𝑊 = 𝐿𝑊𝐷𝑊 𝐸𝑊 − 𝐸𝑊𝜎𝑆𝐵𝑇4, 

where 𝑄𝑆𝐻 is the flow of explicit heat; 𝑄𝐿𝐻  is the flow of latent heat; 𝑄𝑆𝑊 is the balance of short-

wave radiation; 𝑄𝐿𝑊 is the balance of long – wave radiation; 𝜌𝐴 is the density of air; 𝑐𝐴 is the heat 

capacity of air; 𝑞𝐸 is the specific heat of vapor formation; 𝑄𝑚𝑎𝑥 = 𝑘1𝑒/(𝑃𝐴 − 0,378𝑒) is the humidity 

of saturated steam as a function of temperature and pressure; 𝑒 = 10
𝑘2+𝑘3𝑇

1+𝑘4𝑇
+2

 is the saturated vapor 

pressure; 𝑇 is the water surface temperature; 𝑾 is the wind velocity vector relative to the ocean 

surface; 𝐶𝐷 is the coefficient depending on the surface properties; 𝐸0 is a parameter characterizing 

the heat flow for windless weather; 𝛼𝑊 is the water reflection coefficient; 𝐸𝑊 is the coefficient 

characterizing the ability to emit water; 𝜎𝑆𝐵 is the Stefan-Boltzmann constant; 𝑘 = 0,6 is the 

coefficient reflecting part of the short-wave radiation acting on the water surface. 

To calculate the heat flow under the ice surface, the following ratio was used: 

𝑄𝑂𝐼 = −𝜌0𝑐𝑤𝐶𝑏(ℎ𝑖)(𝑇 − 𝑇𝐹) + 𝑄𝑆𝑊𝐼 , (7) 

where ℎ𝑖 is the thickness of the ice; 𝑐𝑤 is the heat capacity of the water; 𝑄𝑆𝑊𝐼  is the part of the short-

wave radiation penetrating under the ice in the absence of snow cover on it; the freezing temperature 

of the water 𝑇𝐹 at salinity 𝑆 and atmospheric pressure 𝑝𝑎: 

𝑇𝐹 = −𝑘5𝑆 + 𝑘6 ∙ 10−3𝑆3/2 − 𝑘7 ∙ 10−4𝑆2 − 𝑘8 ∙ 10−3𝑝𝑎; (8) 

where 𝑘𝑖, 𝑖 = 1,8̅̅ ̅̅  are constant coefficients; 𝐶𝑏 is a dimensionless coefficient depending on the 

thickness of the ice: 

𝐶𝑏 = {
1,26 ∙ 10−2𝑊∗√ℎ𝑖,   ℎ𝑖 < 3;

7,27 ∙ 10−3𝑊∗,           ℎ𝑖 ≥ 3.
 (9) 

The total normalized heat flow is determined by the expression: 

𝑞0 =
1

𝑐𝑤𝜌0

(𝐴0𝑄𝑂𝑊 + (1 − 𝐴0)𝑄𝑂𝐼) + 𝛾𝜃(𝜃𝑜𝑏𝑠 − 𝜃), (10) 

where 𝐴0 is the sea surface area not occupied by ice; 𝜃𝑜𝑏𝑠 is the model temperature values; 𝛾𝜃  is the 

coefficient that determines the negative feedbacks. 

To simulate the process of salt transport in the Caspian Sea, evaporation from the latent heat 

flow is calculated: 

𝐸 =
𝑄𝐿𝐻

𝑞𝐸𝜌0
. (11) 
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The boundary condition for the salinity flow in the sea, considering the change in the mass of 

ice and snow, is determined by the formula: 

𝑄𝑠 = (𝑆 − 𝑆𝑖)
1

𝜌0

𝜕𝑚𝑖

𝜕𝑡
+ 𝑆 min (0,

1

𝜌𝑤

𝜕𝑚𝑠

𝜕𝑡
) − 𝑆𝑃𝑅𝐴Ф(𝑇𝐴, 𝐴0) + 𝑆𝐸𝐴0 + 𝛾𝑠(𝑆𝑜𝑏𝑠 − 𝑆), (12) 

where 𝑆𝑖 is the average salinity of ice; 𝑚𝑖 , 𝑚𝑠 is the mass of ice and snow; 𝑃𝑅𝐴 is precipitation; 𝐸 is 

evaporation; 𝑆𝑜𝑏𝑠  is the model temperature values; 𝛾𝑆 is the coefficient determining negative 

feedbacks; Ф is the dependence of air temperature on water not occupied by ice: 

Ф(𝑇𝐴, 𝐴0) = {

1, 𝑇𝐴 ≥ 5℃;

𝐴0 +
(1 − 𝐴0)(𝑇𝐴 + 5)

10
, −5℃ < 𝑇𝐴 < 5℃

𝐴0, 𝑇𝐴 ≤ −5℃ .

; (13) 

Conclusion. The described model considers the dependence of heat fluxes on the thickness 

of ice in the case of thin annual ice and assumes that the salinity flow changes with changes in the 

mass of snow and as a result of melting ice under the snow. The nature of precipitation is considered, 

determined by the air temperature at an altitude of 0 to 2 meters above the surface of the reservoir. 

The application of this observation model together with the system of equations of 

hydrodynamics of the sea will allow us to build an all-season mathematical model that can be used 

in shipping and oil production, as well as in predicting the consequences of man-made disasters, their 

impact on the development of the biohydrocenosis of the reservoir. 

To model hydrophysical processes, data obtained from the database of the interdepartmental 

information system for access to the resources of marine information systems and integrated 

information support for marine activities (ESIMO), as well as from the Atlas of Climate Change in 

Large Marine Ecosystems of the Northern Hemisphere were used [1]. 
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Работа посвящена разработке и исследованию математической модели гидродинамики 

водоема переменной глубины. Модель описывает движение водного потока, термодинамику 

формирования и таяния льда, учитывает силу Кориолиса, горизонтальную и вертикальную 

турбулентность водной среды, сложную геометрию береговой линии и дна, трение о дно и 

ветровые течения, испарение, скорость ветра и плотность атмосферы, отклонение значения 

поля давления от гидростатического приближения. В работе проведено исследование влияния 

пространственного распределения температуры, солености, ионного состава и 

гидростатического давления на процессы формирования ледового покрова. В качестве объекта 

моделирования был выбран водоём (озеро) – Каспийское море. В качестве входных данных 

используются изменения распределений температуры и солености, измеренные по 

электропроводности воды с учетом ионного состава вод Каспийского моря за многолетний 

период. Моделирование движения водного потока позволят реагировать на техногенные 

угрозы в ускоренном режиме времени. Представленные в работе модели гидродинамики, 

могут быть адаптированы для других водоемов при использовании соответствующих 

геоинформационных систем. 

Ключевые слова: Каспийское море, гидродинамические процессы, льдообразование, ионный 

состав, математическое моделирование 
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