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Abstract

Introduction. The criterion for the success of an advertising campaign is the maximum profit from sales, taking into account
the costs of its implementation, while the sale of the same type of goods is sales occur in a competitive environment.
The article examines a model for predicting mass sales of two similar products depending on the tactics of an advertising
campaign. First of all, the distribution of funds between its separate types is considered: expenses for advertising paper
products, banners and advertising in electronic media (EMM).

Materials and methods. The model is formulated in the form of a Cauchy problem for a system of two ordinary differential
equations with nonlinear right-hand sides, taking into account: the total number of potential solvent buyers of the first
and second goods; the intensity of the advertising campaign, mainly through EMM, the positive impact on sales of the
interaction of those who have already bought the first or second type of goods with potential buyers, as well as informal
(at the level of buyers) anti-advertising.

The results of the study. A solution is given for the case of constant coefficients determined by the above factors for the
corresponding Cauchy problem in closed form.

Discussion and conclusions. The results obtained can be used to replay model situations of advertising organization in

order to determine the conditions for extracting the greatest profit from sales minus advertising costs.

Keywords: sales forecasting model, Cauchy problem, advertising costs, advertising campaign, advertising main types,

competing products sales.
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AHHOTaNHUSA

Bgeoenue. Kpurepruem yCrenHOCTH peKIaMHOM KaMITaHUH SBISETCS MaKCHUMaJIbHOE U3BJICUCHUE MPUOBUINA OT IPOJax
C Y4YeTOM 3aTpaTr Ha ee NMpPOBEACHHE, PU ITOM peaH3allii OJHOTUIHBIX TOBApPOB SIBISAETCS MPONAXKH HMPOUCXOISIT B
KOHKYPEHTHOH oOcTaHOBKe. B craThe mccienyeTcss MOAeIh MPOTHO3HMPOBAHUS MACCOBBIX IMPONAXK JABYX ONHOTHITHBIX
TOBapOB B 3aBHCHUMOCTH OT TAaKTUKH PEKJIAMHOI KaMmmaHUH. PaccMmarpuBaeTcs, B MEpPBYIO Ouepenb, paclpeneiieHHe
CPEIICTB MEXKAY €€ OTACIbHBIMH BHIAMH: PAacXofbl Ha PEKIaMHYI0 OyMaXKHYIO NMPOIYKILHMIO, OaHHEPH W peKiamy B
AIIEKTPOHHBIX CpeacTBax MaccoBoit mHpopMarmm (DCMU).

Mamepuanvt u memoovt. ChopMmyaupoBaHa MOIe/Ib B BHIC 3adadr Kommu i CHCTEMbI M3 ABYX OOBIKHOBEHHBIX
mddepeHInaNbHBIX ypaBHEHUH ¢ HEJTMHEHHBIMU TPaBBIMH YaCTSIMH, YYUTHIBAIOIIMME: 00IIEe YHCIIO MTOTEHIINAIBHBIX
IDIaTEKECIOCOOHBIX MOKYMIATeNIel ePBOTO W BTOPOTO TOBAPOB; WHTCHCHBHOCTH PEKJIIAMHON KaMIIaHWW, B OCHOBHOM,
nocpencteoM DCMMU; onokuTensHOe BIUSHUE HAa IPOJaKd B3aUMOACHUCTBHS YK€ KyIHMBIIUX IIEPBBIN MM BTOPOIl BUI

TOBapa C NOTEHIMAJIbHBIMH MOKYTIATEISIMH, a TaK)Ke He(hopMaIbHYIO (Ha YpOBHE MTOKyMaTeIel) aHTHPEKIaMy.

© Sukhinov A. I, 2023
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Sukhinov A. 1. About the analytical solution for the advertising model of two competing firms

Pezynemamut uccnedosanus. IlpuBeneHo pemeHne st ciaydasi HOCTOSHHBIX K03((HUINEHTOB, ONPEAEIIEeMbIX yKa3aH-
HBIMH BbIIIE (haKTOpaMH JJIsl COOTBETCTBYyIoNIeH 3anaun Komu B 3aMKHYTOM BHIE.

Oécyscoenue u 3axniouenus. IlonyueHHbIe Pe3ynbTaThl MOTYT OBITH NCIIOJIB30BAHbI JUIS «IIPOUTPHIBAHUS» MOJEIBHBIX
CHUTyallMii OpPraHU3allM{ PeKJIaMbl C LIEJIBIO ONPEAENICHNS YCIOBHH M3BJIEUCHUS HAHOONbIIeH NPHOBUIM OT NMPOJax 3a

BbIYCTOM pACXOA0B Ha pCKIaMy.

KaoueBble cjioBa: Mojieib IIPOTHO3MPOBAHUS MPOJaXK, 3aaada Koiu, pacxoasl Ha pekiaMy, pekiiaMHas KaMIlaHHs,

OCHOBHBIC BH/Ibl PEKJIAMBbI, IPOJAXKHN KOHKYPHUPYIOIINUX TOBAPOB.

Jos nutupoBanus. CyxuHoB, A. . O0 aHaJIMTHYECKOM pPEUICHUH I MOJENH DPEKIaMbl JBYX KOHKYPHPYIOIIUX
¢upm / A. U. Cyxunos // Computational Mathematics and Information Technologies. — 2023. — Vol. 6, no 1. —
C. 22-26. https://doi.org/10.23947/2587-8999-2023-6-1-22-26

Introduction. The slogan “advertising is the engine of trade” is becoming more and more relevant with the development
of new electronic communication technologies. The main source of advertising was printed products at the beginning of
the development of advertising technologies, such as booklets and brochures, articles in newspapers and magazines,
posters, etc. The possibilities of advertising have increased significantly with the advent of radio and television, and the
costs of it have also increased significantly. Advertising has become an integral part of the Internet space at the present
stage. It has penetrated into all social networks and, thanks to computer and multimedia technologies, has turned into an
all-pervading electronic digital environment (electronic mass media). Overexpenditures for advertising could be a small
fraction of the cost of goods or services before, they reach 30 percent or more of the cost of goods and services sold now.
Sales forecasting is a very important issue, which is due to the tactics of the advertising campaign and the distribution
of costs between its individual types. It is important to make a timely decision about the moment of termination of
advertising, especially the most expensive types of advertising, for example, the demonstration of commercials on central
television channels in prime-time mode. The main criterion for the success of an advertising campaign is the extraction
of maximum profit from sales, taking into account the costs of its implementation. An important factor in the subsequent
sale of similar, long-term used goods (for example, iPhone) is the formation of a high consumer reputation on sales of
previous generations of goods. Their popularity is determined by a higher number of products sold and an informal
assessment of the product or service among buyers. Sales take place in a competitive environment and this fact is also
subject to accounting. A dynamic model of an advertising campaign for sales of two competing products of the same
type is proposed in the form of a Cauchy problem (with initial data) for first-order differential equations with nonlinear
right-hand sides that take into account the main types of advertising and the potential market capacity. The solution of this
problem is obtained in a closed form with some simplifying assumptions, which was previously repeatedly considered for
the sale of one type of product [1, 2] and led to solutions in the form of logistic functions. This model can be developed
and applied in other fields of activity where there is a competitive information struggle, for example, elections, public
opinion formation, etc. However, this aspect is not discussed here [3, 4].

Materials and methods. Differential equations describing the rate of change over time in the number of buyers who

have learned about the goods and bought them have the form:

ar =[oy1 D+ (XN ()00 () XN, (6)]*(Ng—N—N,),
dN, 2
7_ [(xm(t)+(122(t)><N2(t)—0le(t)><Nl(t)]X(NO _Nl _Nz)’
t>0,
N, (0)=N,, N,(0)=N,,t=0, (€)

where ¢ is the time elapsed since the beginning of the advertising campaign; N,(f) and N (¢) are the numbers of buyers of

the first and second goods, respectively; N, is the total number of potential solvent buyers of the first and second goods;
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a,,(¢) and a, (¢) characterize the intensity of the advertising campaign (mainly through the media) of the first and second
goods; a,(#) characterizes the positive result of the interaction of those who have already bought the first product with
potential buyers; the coefficient has a similar meaning a,,(¢) in the equation (2), (the word of mouth effect).

Terms a,(f) x N, m a () x N, inthe equations (1) and (2), respectively, show the influence of anti-advertising on the
part of buyers: in the first case — those who preferred the second product, and in the second case — those who bought the
first product, and not the second. To obtain a solution in a closed (analytical) form, all coefficients included in the system
(1), (2) are considered constants, i. e. o, = const; i, j = 1,2. For forecasts close to real ones, these coefficients should be
considered time—dependent, then it is necessary to apply numerical methods for integrating the problem (1)—(3).

As a result of the addition of equations (1) and (2), it turns out:

d(N, +N,)

dt =[oc11+(x21]><(N0—(N1+N2)) )

The substitution of variables in equation (4) is introduced:

V(1) = (N, = (N,)) + (N)1), ®)
then an equation with separable variables of the form is derived
dv
E:_[an*azl]x", t>0, (©)
with an initial condition
W(0) =N, — (N, + N,f),t=0, ™)

the solution of which will be the function
V(O=(Ng~(N19+N29) ) * exp(Hoy tap)),  1>0. ®)
The resulting solution allows us to obtain an ordinary differential equation (ODE) of the first order with respect to each

of the functions N (¢), N,(¢). Let’s express N (¢) from the ratio (8), taking into account the replacement (5):
9
Nz(t): Ny _Nl(t)_(NO _(NIO +N20))XeXp(_(O°11 +a’21)t)' ©)
This representation for N,(f) must be substituted into equation (1) and arrive at a first-order ODE with respect to the

function N, (#):

an,
ar =[ o1+ 0, N —0, (Ng—; ~(Ny=(N19+Ng)exp(—(a, +ap)1)|x

x (NO_NI_(NO_NI_(NO_(N10+N20)) exp(—(oy1+01)1))).

Let’s give similar terms and transfer the terms containing the function N (7) to the left side, linear with respect to the
desired function, an ODE of the form will turn out:

dN,
ar +((112+(122)(N0—(N10+N20))6XP(—((11 1 Fop)0)N, =

(10)
=- ((11 100, Ny o, (No— (N10+N20)) exp(—(ay1 o) )H) (Ng—(N, 4 +Nag ) Jexp(—(ay o )1).
The notation is introduced:
N30 = No - (NIO + Nzo)’ Oy =0y 0y, 0 =0, + 0,
The equation (10) takes the form:
dN,
7‘*0‘4]\730 exp(—038) Ny= —(ay1—az Nyt +05, N30 exp(—031) )N exp(—o31) . amn

This equation is solved by the method of variation of an arbitrary constant. It is not difficult to find a solution to a

homogeneous ODE function N, ():

dNOl Oy
7+(14N30 exp(~a3) Ngj=0, Ny () =C eXP(a—3N3oeXP(—‘13t)), (12)
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where C is the time-dependent function, C = C(¢):
N,(t) = C(t) N, (2). (13)

A new independent variable has been introduced for the convenience of further transformations, the new independent
variable has been introduced:

u = exp (—a,p). (14)
Then:
ﬂ:ﬂﬂ:_q3ﬂexp(—a3t):—a3ﬂu. (15)
dt du dt du du

The equality (12) is written taking into account the relation (14) in the form:

Ni(u) = C(u) exp (Z—jN3ou> (16)

and the equation (11) taking into account the equalities (14)—(16) takes the form:
dN,
— 0 d_ul+ 0 Ny Ny = [0*11 =0y, Ny + 0‘22]\]30”]1\]30“'

If both parts of the last equality are reduced by a function u # 0 from (14), and put (16) in the resulting equation, then

the ODE for C(u) takes the form:
dc o
d_:[a” =0, N, +0L22N30u]N30 eXp(__‘tho“j' (17
u o,
The solution of this equation with separable variables is not difficult, because C(u) can be represented as a sum of

easily taken integrals

o o o
I, :-[[all _azzNo]Nm exp[——4 30”}11” :(OczzNo_Otll)_}eXP[__4 30“} (18)
o, o, o,
and the integral 7,, which is calculated by a single application of the integration formula in parts
N
I, =l o, (N, Vu exp(—% 30quu = —Mexp(—&Nmuj - oc30§22 exp(—& 30u} (19)
o a, o, o o,

The equation is formed by adding (18) and (19) to calculate the coefficient C(u):

O3 O30 Nygu 03201,
Oy Oy (142

C) = (@nNo—0t,) yexp (~ & Nagu) (20)

Let’s substitute expression (20) for C(u) into equality (16), a general solution for the function N, is obtained, which

after multiplying by some constant K, defined in such a way as to satisfy the initial condition N,(0) = N, , gives a solution

10°

for the function N,, who which is part of the Cauchy problem:

Ny () = C(u) exp (Z—;‘ Nygu),

_ 03 O30pN3l 03200, Oy
C ) =K((anNo—0y) -~ o7 ) eXp (— u—3N3ou) :
As aresult , the last two equalities will take the form:
_ gy B GaUaNsgl 03°05 21
Ny () = K((aoNo—0, ) "y 0 P ) @n
u=exp(-ast) , N3g = Ny-(N1g+Nag), 03= )+ 0y, 0y = a5+ 0. (22)

To complete the formation of the solution for the function N (%), it is necessary to determine the constant K, based on
the initial condition (3) for NV,(0). Simple calculations lead to the following equality:

O3 O302N5) 03200
Oly Oy (142

(23)

K= No/((0paNo—a;,) )-

Determining the function N,(¢) from equality (5), in the case of the found function N (#) is not difficult:

N,(6) = NgN, (f)’(No_(Nlo"‘Nzo))X exp&(aytoy)0).
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Remark.

In the case of a non-simultaneous start of sales of goods (for example, sales of the second type do not start at the initial
moment of time, but at ¢ = T), it is necessary to determine N,(7), based on a known solution for the logistic model of an
advertising campaign for the sale of one type of product [1], then change the right parts of the ODE (1) and (2) and initial
conditions (3):

dNy(9)

72[011(1)“112(0 XN (8) = app (6)* N> () [*(Ng—N, () — N1 (T) — N,(2)),
dN-
7;:[0121 (O)+02, (D) XN, (D015 () XN ()] (Ng=N, (=N, (T)-N (1)),

t>T,

Nig =N, (1), N,(T) = Ny, t=T.

Research results. The solution is given for the case of constant coefficients determined by the following factors: the
total number of potential solvent buyers of the first and second goods; the intensity of the advertising campaign, mainly
through EMM; the positive impact on sales of the interaction of those who have already bought the first or second type
of goods with potential buyers, informal (at the level of buyers) anti-advertising, for the corresponding Cauchy problem
in closed form.

Discussion and conclusions. The results obtained can be used to “replay” model situations of advertising organization
in order to determine the conditions for extracting the greatest profit from sales minus advertising costs. For forecasts that
are close to real, we should abandon the assumption o= const; i, j = 1, 2 and consider these coefficients time-dependent.
Then it is necessary to apply numerical methods of integration of the problem (1)—(3). In addition, the determination of
these coefficients in predictive models is a separate task of mathematical statistics [3, 4], for which, for example, you can
use survey data at the exit from places of mass sales of goods (shopping centers). In fact, this approach is close to the exit

polls technology used in elections. These aspects of the study will be the subject of future work on this topic.
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