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The paper covers stoichiometric ratios of nutrients for phytoplankton algae on the basis of
which a limiting substance can be determined. Observational models describing the consumption,
accumulation of nutrients by phytoplankton and the growth rate of phytoplankton are considered.
Three-dimensional mathematical transformation model of phosphorus, nitrogen and silicon forms in
the problem of phytoplankton dynamics for shallow waters is developed and researched. It takes into
account the convective and diffusive transports; absorption and isolation of nutrients by
phytoplankton; transformation cycles of phosphorus, nitrogen and silicon forms.
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Introduction. Many papers devoted to the prediction of models of biogeochemical cycles as
stochastic systems is appeared in 1980s. For example, paper by Straten u Keesman [1]. Many models
were calibrated according to observations by researchers such as Park [2], Bierman [3], Chen [4],
Jorgensen [5, 6], etc. use The Michaelis-Menten expression is used in most models for reflection the
restriction of individuals' development by nutrients. Three-dimensional-space models of
biogeochemical cycles with high resolution are necessary for development hydrobiology models of
shallow waters.

Main factors, affecting the consumption rate of nutrients by living organisms, are the intensity
of solar radiation and the availability of water nutrients, which are the energy and material bases of
activity and growth of organisms. The temperature effects on the reaction rate, occurring in living
organisms. Salinity and pH also have an effect.

Organisms can used specific resource that will help them to compete better with each other or
protect themselves from environmental harm or predation at adaptation in the water environment.
The Liebig minimum law is used in the case if the organism uses more than one resource for the
development [7].
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We described nutrients that can limit the development of living organisms in the water
environment [8]. Carbon and hydrogen are the main constituents of the atoms of most organic
substances. It available for autotrophs in the water environment mainly through the combined CO>
and the water directly. Oxygen is also available in a combined form; it requires for animals and plants
in elemental form for respiration. Its presence or absence controls by many reactions between other
nutrients in sediments and in some ways in the water. Nitrogen is a significant component of many
molecules, amino acids, nucleic acids, etc. Phosphorus has a leading role in the photosynthetic
process in the ATP/ADP energy transfer system. Sulfur is a component of amino acids and has an
essential role in the anaerobic benthic environment. Iron has an important role as a limiting nutrient
in some areas. Silicon is a key element in the development of diatoms, which are characterized by
silicon structures (frustules).

The main processes in the cycle of nitrogen transformations are the ammonium, ammonia
consumption by phytoplankton, nitrification and denitrification. Ammonium is the conversion
process of nitrogen organic forms (especially proteins) to ammonia. Nitrogen is mainly in the form
of amino acids, purines and pyrimidines in bottom sediments. They are divided into a series of
enzymes in aerobic and anaerobic conditions in carbon dioxide, ammonia or hydrogen sulfide,
depending on the presence of oxygen, sulfur, obtained from amino acids.

The ammonification process (or, as it is called, a mineralization or hydrolysis) is taken into
account in the construction of many models of hydrobiological processes. It is assumed that there is
a certain limit level of nitrogen consumption, which is expressed by the Michaelis-Menten equation,
in which the half-saturation constant for inorganic nitrogen and the nitrogen concentration is defined
and expressed by the sum of the forms of nitrate and ammonium.

Kact = Kmax NH NH4 + N03 1
. +NO, +KN,,

where K, IS @ maximum value of the consumption level; K

is the current value of the

act

consumption level; KN, is a half-saturation coefficient. Note that the current value of the

consumption level is equal to half the maximum value of the consumption level if the total
concentration of ammonium and nitrate is equal to the half-saturation coefficient.

Nitrification bacteria were considered by Kowalchuk [9]. Chemolithotrophic bacteria convert
the ammonia into nitrite ions, which is oxidized to the nitrate mainly by bacteria of the Nitrobacter
genus, in aerobic environment. Therefore, the concentration of nitrite is relatively low. Nitrification
process includes the changing of a nitrogen ion from positive to negative. It is especially important
in bottom sediments where positive ions are attached to clay particles while negative ions move freely
in water.

Denitrification is carried out by a group of anaerobic bacteria that can reduce the amount of
nitrate by assimilating it. The process does not occur if there is already a lot of ammonium. Some
bacteria separate the oxygen from the remaining nitrite, converting it to ammonium ions (the
ammonium nitrate process). The sequence of denitrification resulting from the activity of some
anaerobic heterotrophs can lead to nitrogen losses due to the formation of gaseous forms. If the
concentration of nitrogen exceeds the concentration of phosphorus more than seven times, the lack
of phosphorus will limit the development of organisms.
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The phosphorus transformation cycle is simpler in comparison with the nitrogen
transformation cycle. It includes the consumption of inorganic phosphorus forms by plant organisms
and subsequent decomposition or hydrolysis for transformation the dead matter back into inorganic
forms.

Silicon is a part of the chemical composition of all natural waters, unlike other components,
as silicon compounds are ubiquitous in rocks. The source of silicon in water are precipitation; the
death of terrestrial and water plant organisms; waste water enterprises, producing the ceramic,
cement, glass products, silicate paints, binders, organosilicon rubber, etc. Part of the silicon is in the
dissolved condition in the form of silicic acid and polysilic acids:

H,SiO, &> H +H,SiO, .

Hydrogen, oxygen, nitrogen, phosphorus, magnesium, iron, copper, manganese, zinc,
molybdenum, sulfur, potassium and calcium and other elements are necessary for all seaweeds. The
ratio of essential nutrients in seaweeds was determined by Redfield [10] in 1950s: the C:N:P
proportion is equaled to the 42:7:1 in a weight and 106:16:1 in atomic equivalents respectively. The
equation of average algal composition and absorption was developed by Stumm and Morgan and has
the form:

106CO, +16NO; +HPO, +122H,0 +18H " <> (C,45H,5,0,10NyP, +1380, ).

Conversion factors to the organic matter of silicon, nitrogen and phosphorus for natural
populations of phytoplankton are determined in accordance with the ratio by Redfield as Si:N:P =
23:16:1 in atomic equivalent. In the Sterner u Elser paper, the absorption of nutrients by plants and
subsequent transfer of these substances to other organisms is possible in different stoichiometric
ratios.

Problem statement. The model of biochemical transformation of phosphorus, nitrogen and
silicon forms is based on the system of transport equations of biogenic substances, the form of which
for each F model block has the form [11-15]:

%+u%+v%+w%=div(kgradqi)+Rq_, (1)
ot X oy 0z '
where F. is a concentration of i-th component; u,v,w are the components of water flow velocity
vector; u=(u,v,w), div(kgrad qi):g(kh %j-l- +E ki, ) +£(kv %j ; R, is the chemical-
OX OX oy oy ) ot 0z '
biological source, index i is indicated the type of substances, i eM, M={F1, F», F3, PO4, POP, DOP,

NOs, NO2, NHg4, Si} (the symbols in curly brackets are explained below).
Chemical-biological sources were described by the following equations [16-22], [23-26]:

RF, = CFi a- KF.R)qE - KF.DqF. B KFiEqF- !

3
Reop = ZSPKF,DqF, — KepUpop = Ken Opop »
i=1

3
Roor = ZSPKFiEqu + Keppor — Koy Uoor »

i=1
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Reo, = ZSPCF. (KF.R _l)qF. + KenGror + Ko oo »

i=1

S f 2 (NH,)
Rui. = SyCr (Ker -1 N 4 —_K 1
. = 2230 Cr (Ko 2 450N, iy O ~ e
fr\gl)(Noa’ NG,) Yo,

3
RNOz - ZSNCF; (KF.R -1) Qg + K42qNH4 - Kzanoz’
i=1

fy (NO;, NO,, NH,) Ono, T Yo,

2 £ (NO,, NO,) q
R, = C. (K., —1)—2N 8 2] . NO K :
o, = 250G, (Kes )fN(NO3,NOZ,NH4) Ono, +Ono, O T Pl

R =S5 K0, 1€{1,2,3},
where 1 is the ChV , 2 isthe AF — A, 3isthe Sc, ChV, AF — A, Sc are the symbolic definition of
plankton types) K is the specific respiration rate of phytoplankton; K. is the specific rate of
phytoplankton dying; K. is the specific rate of phytoplankton excretion; K. is the specific speed
of autolysis POP; K, is the coefficient of potatopolice POP; K, is the coefficient of potatopolice
DOP; K, is the specific rate of ammonium oxidation to nitrites during nitrification; K, is the specific
oxidation rate of nitrite to nitrate in the nitrification process; s;, s, , Sg; are the normalization factors

between the content of N, P, Si in organic matter.
The growth rate of phytoplankton is determined by the expressions:

CFI,Z = KNFl,Z min { fP (PO4)’ fN (NO3, NOZ,NH4)},
C. =K, min{f,(PQ,), fy (NO,,NO,,NH,), f; (Si)},

where Knr is the maximum specific growth rate of phytoplankton.
Let us describe the dependencies of nutrient content by the following expressions:

— for phosphorus: fg (0, ) = o, ,te Kpo is the phosphates half-saturation constant;
qPO4 + PO,
— for silicon: fg(qg) = O , rie K, is the silicon half-saturation constant;
Si + Si

— for nitrogen: fy, (Clyo, \Ono, :Onpr, ) = £V (G, o, )+ fhﬁz)(qNHA) —
_ (C]No3 +qN02)eXp(_KpsinH4) n qNH4
KNO3 +(qN03 +qNOZ) Ky, + O, ,

where K, is the nitrates half-saturation constant; K, is the ammonium half-saturation constant;

K is the ammonia inhibition coefficient.
The velocity vector of the water flow at any time for the system (1), initial conditions g, are
defined as:

G (% Y,2,0)=0(x,y,2), (xy,2)eG, ieM. ()
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Let the boundary X of a cylindrical domain G is the sectionally smooth; =%, UX U0,
where X, is the water bottom surface; X, the unperturbed surface of the water environment; o is
the lateral (cylindrical) surface. Let u, is the normal component of the water flow velocity vector to
the X surface; n is the outer normal vector to the X . Let assume the concentrations g; in the form:

— at the lateral boundary

g =0,ifu,<0,ieM; %=O, ifu,>0,ieM;,

. 0q, - .
- atX;: a——(pl, eM;

— on the bottom:

oq. .
%zgl,iqi! IE{FU F, Fs} acll =&,

i e{PO,, POP, DOP, NO;, NO,, NH,, Si},
where ¢, is the given functions; &, &,; are nonnegative constants, ¢,;,ie{F,F, F,} take into

account the lowering of algae to the bottom and their  deposition;
& ie{PO4, POP, DOP, NO,, NO,, NH 4,Si} take into account absorption the nutrient by bottom

sediments.
Approval. Let the initial boundary value problem for the system of equations, linearized for

the right side, be set as:
a(:' +div(u,q,)=div(kgradg,)+R; (q;),

RE (0 ) =Cf (1= Kep)0e —Keply, —Krele, 1=1,2,3,

RSOP qpop ZS KFDqF PDqPOP - KPNqPOP’
3

RBOP (qDOP ) = ZSPKFiEqE, + KPDq;OP — KonYoop »

i=1

3
RBo, (Gro, ) = D" S5Ci (Keg ~D)E + Koy Gop + Koy Uop -
i=1

'qNH4 - K42qNH4 J

g 5uCh (Kee —1) a7
NH4 (qNH4) ; ( " _|_q:”_|4)(q"\‘lo3 +q,'\‘loz )EX[Z)(—KpSiq,Z,_,4 ) .
- . NH,
Ko, +(C]No3 + qNOZ)
3 suCr (Ken —1)exp(—K i, )

No3 (qNO3) Z : : n
§ (q:IO + 0o )eXp(—Kpsiq’r\‘lH )+ A, (KN03 "'qNS3 +qNOZ)
S 4 Ko, A,

+

’ qNo3

n
"'Kzsqwo2 J
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uC. (Kre ~1)exp(K i, ) 0
Gi, (Ko, o, + o, )
Ky, + O,
+K42QEH4 —Ky0yo, » Rs (qsi ) =S K@DQ%
with  appropriate initial and boundary conditions. Let g belong to the class

CZ(G)mcl(é)mcl(O<tST), k,(2)., k,(2) € Cl(é), R, (x.y.2) € Cl(E) : and inequalities

'QNO2 +

" (G, + A, )EXP(—K G, )+

are executed foreach n=0,N —1:

4k, 4 i ) _
H2 H2 HkV+KFD+KFE > Ky, min{ 7 (PO, ), £ (NO;, NO,, NH, )} (1- Ky, );
4k, 4 L i _
H2 H2 szv Kep+Kee > Ky mln{fp(PO4),fN(NO3,N02,NH4)}(1—KF2R),
4k, 4k, 4
H_2+H2 sz KFD+KFE

> Ky, min{ £7(PO, ), £l (NOy, NO,,NH, ), 3 (Si)}(1- K, );

Ak, ak, dk S 54Cr (Kee —1)a |
B e e o oK)
. . + Oyn,
KNo3 +(qNO3 +qN02)
T-'LZ ll‘r_lkz ;‘:|2>i SNC;(KFiR_l)eXp(_Kpsiqlr\]lH4)qlr:];

n n n
A, (Kio, + Ao, + o, )
n
KNH4 + On,

. (q:lo3 + qrr\‘lo2 )exp(_KpsiqlTlHA )+

So, the solution of the considered problem exists only.

Conclusion. The stoichiometric ratios of nutrients for phytoplankton algae were considered on
the basis of which a limiting substance can be determined. Observational models describing the
consumption, accumulation of nutrients by phytoplankton and the growth rate of phytoplankton are
considered. Three-dimensional mathematical transformation model of phosphorus, nitrogen and
silicon forms in the problem of phytoplankton dynamics for shallow waters is developed and
researched. It takes into account the convective and diffusive transports; absorption and isolation of
nutrients by phytoplankton; transformation cycles of phosphorus, nitrogen and silicon forms. The
analytical researching of the constructed continuous model was performed; the inequalities that
guarantee the existence and uniqueness of the problem were determined.
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