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The paper considers the application of the scheme based on linear combination of the Upwind and
Standard Leapfrog difference schemes with weight coefficients obtained by minimizing the
approximation error. According to the resulting error estimation, it is preferable to use the proposed

difference scheme with the approximation error O (chz) for small Courant numbers than the classical

Upwind and Standard Leapfrog difference schemes with the approximation errors O(hz). The paper

presents the comparison solution of the transfer problem based on the proposed scheme with the
results obtained using the scheme, which is the linear combination of the Upwind Leapfrog and
central difference schemes, as well as two-parameter difference scheme with the third order of
accuracy.
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Introduction. The paper considers numerical solution of the transfer problem based on a
modified Upwind Leapfrog scheme with difference operator of which is a linear combination of the
Upwind and Standard Leapfrog difference schemes [1]. Standard Leapfrog and Upwind Leapfrog
difference schemes have similar properties: they are non-dissipative and have a second order of
accuracy with respect to steps in the spatial and temporal coordinate directions. Despite these
properties of the scheme, they have low accuracy. The modified Upwind Leapfrog scheme based on
linear combination of central difference scheme and Upwind Leapfrog scheme [2] and two-parameter
family of difference schemes [3, 4] showed the high accuracy of the numerical solution of the transfer
problem.

In the linear combination of the Upwind and Standard Leapfrog difference schemes with
similar properties, there is often mutual compensation for approximation errors, and the resulting
scheme has better properties than the original schemes. The purpose of this work is to obtain a more
accurate difference scheme based on a linear combination of the Upwind and Standard Leapfrog
difference schemes.

* The reported study was funded by RFBR according to the research project 19-07-00623.
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The Upwind and Standard Leapfrog difference schemes
Consider the transfer equation [5]

—+u—=0, 1)

where t[0,T], xe[0,L], q(0,x)=09°(x), q(t,0)=0, u=const.
Let us introduce the uniform computational grid @=a@,xw,, Where
on={x|x =ih, i=01.,N, Nh=L}, o ={t|j=01.}, z=t,,—t, =const.

The following finite difference schemes can be used to solve the problem numerically:
— the Upwind Leapfrog scheme [1]:

n+l n no_ _”—1 n_ag"
qi 2 q| + ql—l2 ql—l +u q' hql_l = O, u= 0,
T T

n+l n n n-1 n n (2)
i Ui + Q.. —Uin +u Qs — Ui :0' u <0;
2T 27
— the Standard Leapfrog scheme:
n+1 _ _n—l .n _ .I’I
i q| +U q|+1 ql—l — 0 (3)

27 2h

Test problem 1. Find the solution of the transfer equation:
a—q+ua—q:0, u=05m/s, 0<t<T, 0<x<L, q(t,0)=0
ot OX
with initial conditions q°(x)=h(20—x)—h(10—x) , where h(x) is the Heaviside function.

Fig. 1 shows the numerical solutions of Test problem | based on the difference schemes (2)-
(3) (1 — accurate solution; 2 — numerical solution). The time step 7 is equal to 0.02 s. The space step
h is equal to 1 m. The length of time interval T is equal to 100 s.

Fig. 1 ((d) and (b)) shows that the Upwind and Standard Leapfrog difference schemes have
oscillations (entropic perturbations) [6]. The numerical solution based on the Upwind Leapfrog
difference scheme has oscillations in the right side of the computational domain (along the pulse
path). The numerical solution based on the Standard Leapfrog difference scheme has oscillations in
the left part of the computational domain (behind the impulse). In the considered schemes, oscillations
are generated by dispersion. In the Upwind Leapfrog scheme, high harmonics have a “phase velocity”
higher than the real one, and lower for the Standard Leapfrog scheme.

Upwind and Standard Leapfrog difference schemes are non-dissipative and, for this reason,
not monotonic. That’s why these schemes are not recommended for use in transfer problems with
discontinuous initial data without artificial viscosity or other monotonizing solution procedures. For
the Upwind Leapfrog scheme, it’s recommended to use nonlinear flow correction (limiters) [7-9]
based on the maximum principle. The solutions of Test problem I based on the Upwind and Standard
Leapfrog difference schemes with limiters are shown in Fig. 1 ((c) and (d)).
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Fig. 1. Solutions of Test problem I based on the difference schemes:
(a) the Upwind Leapfrog scheme (2); (b) the Standard Leapfrog scheme (3);
(c) the Upwind Leapfrog scheme with limiters [7-9];
(d) the Standard Leapfrog scheme with limiters [7-9]

Linear combination of the Upwind and Standard Leapfrog difference schemes
Consider the Upwind Leapfrog difference scheme (case u>0):

n+l

n n n-1 n n
G —0Gi + Gia Yy +u G Yy =0. (4)

2t 2t h
We use the decompositions of the functions g~ and q(“i

n+l
i

212 in the Taylor series in the

neighborhood of points (i,n) and (i—1/2,n), respectively:

2 3 4
gt =g +7(q,) +%(qtt)in i%(qm ) +%(qtttt ). +O(T5); (5)
n n h n
Uiizpra2 = Gicare * E(qx )i—1/2 +
h? "o h? n h* n hs
+E(qxx)i—1/2 —E(qXXX)i—uz +ﬁ(qxxxx )i—1/2 +O( ) (6)

We substituted (5) and (6) in (4):

qin+1_qin Qin_ _qin__l Qin _qin— n n th n
o7 + 121‘ L +u h : :(qt)i—llz +u(qx)i-1/z _E(qxxx)i_uz +
U2 h n U3 2 n
+ 41_- (qxxx)i_llz_TT(qXXX)i—llz-i_O(h‘l)' (7)
In view of (1)
g, =-ud,, q; = uqux’ O = _usqxxx’ Qe = u4qxxxx (8)
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the expression (7) takes the form:

QinJrl — Qin + qin—l — Qin:ll +u Qin — qin—l —
27 2t h
n c-1 2C -1 n
:(qt +ud, )i—1/2 _wuw_ (qxxx )i—1/2 +O(h4)' ©)

12
Let consider the Standard Leapfrog difference scheme (3). We use the decompositions of the

function g, in the Taylor series in the neighborhood of points (i,n):

h n n h2 n h3 n 4 n
qiil:qi ih(qx)| +?(qxx)i ia((qxxx)i +z(qxxxx)i +O(h5) (10)

We substituted (10) and (5) in (3):

Qin+l — qin_l +u qin+1 _ qin—l —
2t 2h

2

=(q)’ +%(qm)in +u(q,)’ +u%(qxxx)i" +O(r4 +h4). (11)

In view of (8), expression (11) takes the form:

n+l _qn—l qn _qn )
i L py L uh "+0(h*). (12
> T (d); +O(n*). (12)
Consider the difference scheme, which is a linear combination of the Upwind and Standard
Leapfrog difference schemes with weights 2/3 and 1/3, respectively
n+l n n n-1 n n n n-1 n n
4 —Gi +ﬂ 9:-G. (& —9%: |, & -4 Y9G =0, u>0;
T 3 27 h 3r 3h

1-c?

(9 +ua, ) +

(13)

, u<O0.
T 3 27 h 3r 3h

According to (8), (9) and (12) the scheme (13) has a local approximation error equaled to
c(l-c)

n+l n n n-1 n n n n-1 n n
4 —G +ﬂ(qi+l_qi+l cydia TG J_'_ 9 —4 L, %9a—9_

uh’q,,, +0(h*) relative to the fictional node (i-1/3,n).

According to the resulting error estimation, it is preferable to use the scheme (13) with the
approximation error O(chz) for small Courant numbers than the classical Upwind and Standard

Leapfrog difference schemes with the approximation errors O(hz).

Fig. 2 shows the numerical solutions of Test problem | based on the difference scheme (13)
(1 — accurate solution; 2 — numerical solution). The time step z is equal to 0.02 s. The space step h is
equal to 1 m. The lengths of time interval T are equal to 100 s and 900 s.
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Fig. 2. Solutions of Test problem | for different lengths of time interval T:
(@ T=100s; (b) T=500s
Test problem I1. Find the solution of the equation
2
A,,94_,9

o x o
0<t<T, 0<x<L, q(t,0)=q(t,L)=0

with initial conditions q°(x)=h(20—x)—h(10—x) , where h(x) is the Heaviside function.
The analytical solution of Test problem Il is written in the form [11]:

u=0.5m/s, u=const,

N 2 2 !
q(t,x)=>_coe™ ™ sin(wmx), cg = %Iqo(x+ ut) sin(wmx)dx, o = %
m=1 0

Fig. 3 shows solutions of Test problem Il (1 — analytical (accurate) solution; 2 — numerical
solution based on the difference scheme (13); 3 — numerical solution based on the Upwind Leapfrog
scheme with limiters). In case (a), parameter x is equal to 0.025 m?/s and grid Peclet number [4]

(Pe=uh/ ) is equal to 20. In case (b), x=0.0025 m*/s and grid Peclet number Pe=200.
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Fig. 3. Solutions of Test problem Il for different values of grid Peclet number:

(@) Pe=20; (b) Pe=200
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Fig. 4 shows the errors " of the numerical solution of Test problem Il based on the
difference scheme (13) and the Upwind Leapfrog difference schemes with limiters in the norm L,

which depends on the value of grid Peclet number.

The solution error is calculated using the formula ¥ = \/ZI (6, -, )Z/Zi g7, where g; is the

exact solution value of the diffusion problem in the node 1, §; is the numerical solution that depends
on the time step value [6].
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Fig. 4. Functions of approximation error for Test problem Il in the norm le which depends on the

value of grid Peclet number:
1 — solution based on the difference scheme (13);
2 — solution based on the Upwind Leapfrog scheme with limiters

Fig. 3 and 4 show that the proposed difference scheme (13) for solving Test problem Il has a
smaller error in a wide range of grid Peclet numbers.

Analytical solution of the convection-diffusion equation. Consider the initial-boundary
value problem for a parabolic equation

G +ug, = u0y, (14)
with initial conditions

q(0,x)=q°(x) (15)
and boundary conditions

q(t,0)=q(t,L)=0, (16)

where te[0,T], xe[0,L], u=const, z=const.
Find solution for
q(xt)eC?(0<x<L)NC(0<x<L)NCH(0<t<+0)NC(0<t <+0).

Write the finite sum of the trigonometric Fourier series for the function q(x,t) in complex
form:
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N

q(xt)= D C,(t)exp(jomx), (17)

m=-N

where @ = % m is number of mode, C_ (t)= %J'q (x,t)exp( jomx)dx is complex amplitude of the
0

m-th mode, j=~/-1.
Substitute (17) in (14):

!

( i C,, (t)exp( jomx) ] +u( Z C,, (t)exp( ja)mx)j =

m=—N X

—,u( Z C., (t)exp( Ja)mx)j ”

Change the sequence of differentiation and summation of a series, calculate the derivative
with respect to space:

XX

3" (Co (1)), exp(jomx)+ juom 3 C, (t)exp( jomx) =

m=—N m=-N
= —uw*m’ ZC )exp( jomx).

The functions exp(ja)mx) are linearly independent, therefore

(Co (1)), ==(juom+ua’m?)C, (t). (18)
The solution of equation (18) has the form:
Cp (£)=C,, (0)exp(—(ua’m’ + juwm)t). (19)

Substituting (19) into (18) and using the initial and boundary conditions (15)-(16), we obtain
a solution to equation (14):

z C, exp( (e’ m® + juwm)t)exp(ja)mx). (20)

Accuracy of difference scheme. For numerical solution of the problem (14), we covered the

computational domain by a uniform grid o= w_xwy, Where x —{ |x =ih; i=0,N, N,; N,h= L}

o, ={tn

nodes in time; N, is the number of nodes in space.

t"=nz;n=0,N,; Ntr:T}; 7 is the time step; h is the space step; N, is the number of

The approximation of equation (14) has the form

n+l

g % (qi”_lz— LA - o j R R P P P e o

T T 3r 3h h?
or

n+1

n n-1
g q| +2q|1 qll qi_qi +

T 3r 3r
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Qin+1 + 4qin — 5qin—1 qin+1 B 2qin + qin—l
+U -2 =0, 21
an 7 " (21)
where
N
G = Y, Cpexp(jmex). (22)

m=-—N
Substitute (22) in (21):
N n+l : \_ N : H
S Crexp( jomhi) CmeXp(ja)mhl)+

m=—N T

N, Cpexp( jmeh(i-1))—Cn™exp( jmeh(i-1))

+2)]

m=-N 3r

+

N n . i\ _ -1 i i
o3 Caexp(imahi)-Cyexp(jmoni) (23)

m=-N 3r

N Cp exp( jomh(i+1))+4C; exp( jomhi)-5C} exp( jomh(i-1))

+U Y an -

m=-N

. i Cpexp( jomh(i+1))-2C; exph(zja)mhi)+c; exp(jomh(i-1)) 0
m=-N

By making some simple arithmetic, we get:

N n+l __~n n n-1

N p—
>, Co —Cu exp( jomhi)+2 >’ o —C exp(—jomh)exp( jeomhi)+
T m=—N

m=-N 32’

N n n-1

+ "‘;TC'“ exp( jomhi)+

m=-N

N, Cpexp( jomh)+4C; —5C; exp(—jwmh)

+U Y

m=-—N 3h
N, Cnexp( jomh)-2C; +C) exp(—jomh)

—2,UZ

< h?
m=—N
The functions exp(jma)i) are linearly independent, therefore

Cn+1_Cn Cn _Cn—l ) Cn _Cn—l
m m 2 m m _ h m m
. + 3 exp( jom )+—3T
e exp( Ja)mh)+43;5exp(—1wmh) ~

exp( jomh)—2+exp(—jeomh)
h2

exp( jomhi) -

exp( jomhi) =0. (24)

—+

—2uC;

- 0. (25)

when 7 — 0, (25) takes form:
(C, (t))t' (E+ZMJ+L;C" exp( jomh)+4—5exp(-jomh)

3 " 3h
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exp( jomh)—2+exp(—jomh)
h2

—2uC,, =0,

or

exp( jomh)+4—5exp(—jomh)

(Cm(t))t' :(_u 2h(2+exp(—jwmh))

3(exp( ja)mh)—2+exp(—ja)mh))J )

+u (26)

h? (2+exp (- jomh)) "
Lemma. When approximating problem (14) by difference scheme (21) for each mode of

solution function g, the convective exchange u and diffusion exchange u rates are less than real

values and differ by

L exp( jomh)+4—5exp(—jomh)

2 jomh(2+exp(—jomh))

o, =

3(—exp( jomh)+2—exp(—jomh))
@*m*h?(2+exp (- jomh))

and a,=1-

respectively.
Proof. Using (25), when z — 0, we obtain:

(Cm (f))t' _ (—jua)m exp( jomh)+4—5exp(— jomh) .

2 jomh(2+exp (- jomh))

. 3(exp( jcomh)—2+exp(—ja)mh))JCn

o’m’h? (2+exp(—jomh)) "
Using (18), the solution based on difference scheme (21) corresponds to the solution of the

equation g =-u’qg) + 4 qy,, where u" =u(l-a,), 4 =u(l-a,),

e exp( jomh)+4—5exp(—jomh) y _1_3(—exp(ja)mh)+2—exp(—ja)mh))

L= =

2jomh(2+exp(—jomh)) " 7 @*m*h? (2+exp (- jomh))

g.e.d.
Analyze the approximation error of the convective term in space. Change the variable
jomh =s, when

o - _e5+4—5e’5_
' 25(2+¢7)
2 3 4 2 3 4
1+s+s—+s—+s—+0(55)+4—5+53—5i+5i—5i+0(55)
—1_ 2 6 24 2 6 24
2 s* &t
2s 2+1—s+———+—+0(55)
2 6 24
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—54+5+O(56) 3
_ 12 12 " _ 5 Lo(s)
6s—232+53—s—+s—+0(s6) 72
3 12
3
or al:j(cor?nsh) +O((a)mh)4). (27)

From the expression (27) we can obtain that the scheme (21) approximates the convective
term with the third order of accuracy in space.
Analyze the approximation error of the diffusion term in space:

g g e 63"
2 32(2+e‘5)
3+33+3;2+f+§+0(55)—6+3—3s+3§—f+§+0(55)
—1-
52[2+1—S+82—53+X4+O(85)j
2 6 24
352+£+O(35) 2 3, 4 5 2 4 5
L % 37 -5%+s /2+0(s%)—-3s"=s*/4+0(s )_
- 3sz—s3+s4/2+0(55)_ 35’ -s’+s"/2+0(s’) -

—s*+s*/4+0(s°
T2 3, o4 ( Z =_§+O(Sz)'
6s’-2s°+s'+0(s°) 6
Note that the variable r =7/wmh describes the number of nodes per half wave period, and
7 > wmh. Therefore, the solution accuracy depends on the number of nodes per half wave period.

we=———..="-""-—+—
1
%
o I%
0 01%%
MO”%*%%?
MO—“%%E
1*10'5%

L

1x107

1107

0 20 40 60 80 100

Fig. 5. The dependence of the approximation error of the convective term on the number of nodes: 1
— difference scheme (21); 2 — central difference scheme
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_exp(jyr/r)+4—5exp(—j7z/r)

Fig. 5 and 6 show functions ¢, (r)=1

d (") 2jr/r(2+exp(—jz/r))
3(—exp(jz/r)+2—exp(—jz/r))
a, (I’) =1- 2/,2 :

7 /r?(2+exp(-jx/r))
error of the convective and diffusion terms, respectively, by the difference scheme (21) on the number
of nodes in comparison with the central difference scheme [1].

Analyzing Fig. 5 and 6, we can conclude that linear combination of the central difference

scheme and the Upwind Leapfrog scheme (21) is applicable for problems in which convective
transport prevails over diffusion.

that describe the dependence of the approximation

1
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01 \ \
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- [ —
2 —————
— I ——
11074 —
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Fig. 6. The dependence of the approximation error 6f the diffusion term on the number of nodes: 1 —
difference scheme (21); 2 — central difference scheme

Conclusion. Solution of the transfer equation based on the Upwind Leapfrog difference
scheme has oscillations in the right side of the computational domain (along the path of the pulse).
Solution of the transfer equation based on the Standard Leapfrog difference scheme has oscillations
in the left part of the computational domain (behind the impulse). In the considered schemes,
oscillations are generated by dispersion. In the Upwind Leapfrog scheme, high harmonics have a
«phase velocity» higher than the real one, and lower for the Standard Leapfrog scheme. Mesh
refinement leads to a linear increase in the number of layers over time. From the obtained results, we
can conclude that the accuracy of numerical solution of the transport equation based on the Upwind
Leapfrog difference scheme at small Courant numbers does not increase with decreasing time step.

The paper presents the modified Upwind Leapfrog difference scheme which is a linear
combination of the Upwind and Standard Leapfrog difference schemes with weight coefficients 2/3
and 1/3, respectively, calculated by minimizing the order of approximation error to solve the transport
problem. According to the resulting error estimation, it is preferable to use the proposed difference
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scheme with the approximation error O(ch”) for small Courant numbers than the classical Upwind

and Standard Leapfrog difference schemes with the approximation errors O(hz) .

The paper presents the comparison solution of the transfer problem based on the proposed
scheme with the results obtained using the scheme, which is the linear combination of the Upwind
Leapfrog and central difference schemes, as well as two-parameter difference scheme with the third

order of accuracy. In the norm of the grid space L,, the dependences of the numerical solution errors

of the model transport problems based on the above schemes depending on the values of the Courant
numbers are given.

According to the presented examples, it follows that for small Courant numbers (0.1 or less)
of the proposed scheme, as well as scheme, which is the linear combination of the Upwind Leapfrog
and central difference schemes, is more accurate than the others considered in the work. But proposed
scheme has a stable solution in the range of Courant numbers from 0 to 1 (the difference scheme
obtained as a result of a linear combination of the central difference scheme and the Upwind Leapfrog
scheme does not have this property). For the unsteady convection-diffusion equation, the proposed
difference scheme has a small error in a wide range of grid Peclet numbers.
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MoaunduuupoBanHas cxema «kadape»”*

AM. Cyxunos!, A E. Uncrakos!, U.IO. Kysnenona?,
E.A. IIpouenxo’®, 10.B. Besnosal

! lonckoii rocynapcTBeHHbI TeXHUUecKuii yausepeuteT, Poctos-na-Jlony, Poccuiickas denepanus
2 1OsxubIi (enepanbHbIi yHEBEpCHTET, PocToB-Ha-Jlony, Poccuiickas ®enepanus
8 Taranporckuii mactuTyT umenn A.I1. Uexosa (pumuan) ®TEOY BO «PI'DY (PUHX)», Taraupor,

Poccniickas @enepanns

B pabote paccmarpuBaeTcsi IpUMEHEHHE PA3HOCTHOM CXEMBI, TOCTPOSHHON HAa OCHOBE JIMHEHHOU
KOMOHMHAIIMM PAa3HOCTHOM CXeMbl «Kabape» U «KpecT» ¢ BECOBBIMU Ko3(UIIMEeHTaMHU,
IMOJIYYCHHBIMU B PE3YJIbTATC MHHHUMH3AIKWN TOTrPCIIHOCTU aIIIPOKCHMAIUU. Honyqua OIICHKa
MOTPEIIHOCTH aNMpPOKCUMAIH ISl MIPEITI0KEHHOW Pa3HOCTHOM CXEMbI U3 KOTOPOH ClIeTyeT, YTO

pu MajelX yuciaax KypaHTa TaHHYIO cXeMy, UMEIOIIYIO MOTPEMIHOCTh ANNpPOKCUMAauU O(chz),

MPEIOYTHTEIBHEH WCIIOIBb30BaTh, Ye€M HMCXOJHBIE CXEMBl «Kabape» M «KpPECT», TMOTPEIIHOCTH
aNMpPOKCUMAIUI KOTOPBIX PABHEI O(hz). [IpoBeneHO cpaBHEHHME PAacyYEeTOB 3a/a4yd MEpeHOca Ha

OCHOBE TPEVIOKEHHON CXeMbl C pe3yJabTaTaMH, MOJYYEHHBIMU C MCIIOIb30BAHUEM: CXEMBI,
MOJTYYCHHON B pe3yibTaTe JIMHEWHOW KOMOWHAIMK IEHTPAIBHOM Pa3HOCTHOW CXEMBI U CXEMBI
«kabapey, a TaKKe ABYXIapaMeTPUIECKON Pa3HOCTHON CXEMOU TPEThEro MopsiIKa TOYHOCTH.

KiaroueBble cjaoBa: cxeMma «Ka6ape», CXeMa «KpeCT», MLCHTPAJIbHO-PA3HOCTHAA CXEMa,
ABYXITapaMETPpHUUICCKasA pa3sHOCTHAA CXEMa, TOYHOCTDb pa3HOCTHOI71 CXEMHI.
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CyxunoB Auekcanap HWBanoBu4, J[OHCKOM TrOCyJapCTBEHHBIM TEXHUYECKUN YHHUBEPCUTET
(344000, PocroB-Ha-/lony, mi. ['arapuna, 1), tokTop ¢u3znKo-MaTeMaTHUYECKUX HayK, mpodeccop,

3aBeayronuii kadenpoit, sukhinov@gmail.com, ORCID: 0000-0002-5875-1523
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(344000, PocroB-Ha-/lony, mn. ['arapuna, 1), tokTop ¢u3NKO-MaTeMaTHYECKUX HaYK, mpodeccop,

cheese_05@mail.ru

* MccnenoBanune BBIOIHEHO NpH (huHAHCOBOH noaaepkke PODU B pamkax HayaHoro npoekra Ne 19-07-00623.
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