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The paper considers the application of the scheme based on linear combination of the Upwind and 

Standard Leapfrog difference schemes with weight coefficients obtained by minimizing the 

approximation error. According to the resulting error estimation, it is preferable to use the proposed 

difference scheme with the approximation error  2O сh  for small Courant numbers than the classical 

Upwind and Standard Leapfrog difference schemes with the approximation errors  2O h . The paper 

presents the comparison solution of the transfer problem based on the proposed scheme with the 

results obtained using the scheme, which is the linear combination of the Upwind Leapfrog and 

central difference schemes, as well as two-parameter difference scheme with the third order of 

accuracy. 
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Introduction. The paper considers numerical solution of the transfer problem based on a 

modified Upwind Leapfrog scheme with difference operator of which is a linear combination of the 

Upwind and Standard Leapfrog difference schemes [1]. Standard Leapfrog and Upwind Leapfrog 

difference schemes have similar properties: they are non-dissipative and have a second order of 

accuracy with respect to steps in the spatial and temporal coordinate directions. Despite these 

properties of the scheme, they have low accuracy. The modified Upwind Leapfrog scheme based on 

linear combination of central difference scheme and Upwind Leapfrog scheme [2] and two-parameter 

family of difference schemes [3, 4] showed the high accuracy of the numerical solution of the transfer 

problem. 

In the linear combination of the Upwind and Standard Leapfrog difference schemes with 

similar properties, there is often mutual compensation for approximation errors, and the resulting 

scheme has better properties than the original schemes. The purpose of this work is to obtain a more 

accurate difference scheme based on a linear combination of the Upwind and Standard Leapfrog 

difference schemes. 

                                         
 The reported study was funded by RFBR according to the research project 19-07-00623. 
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The Upwind and Standard Leapfrog difference schemes 

Consider the transfer equation [5] 

0
q q

u
t x

 
 

 
,     (1) 

where          00, ,  0, ,  0, ,  ,0 0,  .t T x L q x q x q t u const      

Let us introduce the uniform computational grid 
h     , where 

    1, 0,1,..., , ,  0,1,... ,  h i i j n nx x ih i N Nh L t j t t const            . 

The following finite difference schemes can be used to solve the problem numerically: 

– the Upwind Leapfrog scheme [1]: 
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   (2) 

– the Standard Leapfrog scheme: 
1 1

1 1 0.
2 2

n n n n

i i i iq q q q
u

h

 

  
       (3) 

 

Test problem I. Find the solution of the transfer equation: 

 0,  0.5 m/s, 0 ,  0 ,  ,0 0
q q

u u t T x L q t
t x

 
       

 
 

with initial conditions  0 (20 ) (10 )q x h x h x    , where ( )h x  is the Heaviside function. 

Fig. 1 shows the numerical solutions of Test problem I based on the difference schemes (2)-

(3) (1 – accurate solution; 2 – numerical solution). The time step τ is equal to 0.02 s. The space step 

h is equal to 1 m. The length of time interval T is equal to 100 s. 

Fig. 1 ((a) and (b)) shows that the Upwind and Standard Leapfrog difference schemes have 

oscillations (entropic perturbations) [6]. The numerical solution based on the Upwind Leapfrog 

difference scheme has oscillations in the right side of the computational domain (along the pulse 

path). The numerical solution based on the Standard Leapfrog difference scheme has oscillations in 

the left part of the computational domain (behind the impulse). In the considered schemes, oscillations 

are generated by dispersion. In the Upwind Leapfrog scheme, high harmonics have a “phase velocity” 

higher than the real one, and lower for the Standard Leapfrog scheme. 

Upwind and Standard Leapfrog difference schemes are non-dissipative and, for this reason, 

not monotonic. That’s why these schemes are not recommended for use in transfer problems with 

discontinuous initial data without artificial viscosity or other monotonizing solution procedures. For 

the Upwind Leapfrog scheme, it’s recommended to use nonlinear flow correction (limiters) [7–9] 

based on the maximum principle. The solutions of Test problem I based on the Upwind and Standard 

Leapfrog difference schemes with limiters are shown in Fig. 1 ((c) and (d)). 
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Fig. 1. Solutions of Test problem I based on the difference schemes: 

(a) the Upwind Leapfrog scheme (2); (b) the Standard Leapfrog scheme (3); 

(c) the Upwind Leapfrog scheme with limiters [7-9]; 

(d) the Standard Leapfrog scheme with limiters [7-9] 

 

Linear combination of the Upwind and Standard Leapfrog difference schemes 

Consider the Upwind Leapfrog difference scheme (case 0u  ): 
1 1

1 1 1 0
2 2

n n n n n n

i i i i i iq q q q q q
u

h 

 

    
   .   (4) 

We use the decompositions of the functions 1n

iq   and  1/2 1/2

n

i
q

 
 in the Taylor series in the 

neighborhood of points  ,i n  and  1 2,i n , respectively: 
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We substituted (5) and (6) in (4): 
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In view of (1) 
2 3 4, , ,t x tt xx ttt xxx tttt xxxxq uq q u q q u q q u q         (8) 
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the expression (7) takes the form: 
1 1

1 1 1
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Let consider the Standard Leapfrog difference scheme (3). We use the decompositions of the 

function 1

n

iq   in the Taylor series in the neighborhood of points  ,i n : 

         
2 3 4

5

1 .
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We substituted (10) and (5) in (3): 
1 1

1 1

2 2
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u
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In view of (8), expression (11) takes the form: 

     
1 1 2

2 41 1 1
.
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n ni i i i

t x xxxi i
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h
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   
      (12) 

Consider the difference scheme, which is a linear combination of the Upwind and Standard 

Leapfrog difference schemes with weights 2/3 and 1/3, respectively 

1 1 1

1 1 1 1 1
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1 1 1 1 1
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    
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 
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 

 (13) 

According to (8), (9) and (12) the scheme (13) has a local approximation error equaled to 

 2 3(1 )

6
xxx

c c
uh q O h


  relative to the fictional node  1 3,i n . 

According to the resulting error estimation, it is preferable to use the scheme (13) with the 

approximation error  2O сh  for small Courant numbers than the classical Upwind and Standard 

Leapfrog difference schemes with the approximation errors  2O h . 

Fig. 2 shows the numerical solutions of Test problem I based on the difference scheme (13) 

(1 – accurate solution; 2 – numerical solution). The time step τ is equal to 0.02 s. The space step h is 

equal to 1 m. The lengths of time interval T are equal to 100 s and 900 s. 
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Fig. 2. Solutions of Test problem I for different lengths of time interval T: 

(a) 100 sT  ; (b) 500 sT   

Test problem II. Find the solution of the equation 
2

2
,  0.5 m/s, ,

q q q
u u const

t x x
 

  
   

  
 

   0 ,  0 ,  ,0 , 0t T x L q t q t L       

with initial conditions  0 (20 ) (10 )q x h x h x    , where ( )h x  is the Heaviside function. 

The analytical solution of Test problem II is written in the form [11]: 

 
2 2

1
0 0 0

1 0

2
, sin( ),  ( )sin( ) ,  .

lN
m t

m m

m

q t x c e mx c q x ut mx dx
L L

 
  






      

Fig. 3 shows solutions of Test problem II (1 – analytical (accurate) solution; 2 – numerical 

solution based on the difference scheme (13); 3 – numerical solution based on the Upwind Leapfrog 

scheme with limiters). In case (a), parameter   is equal to 0.025 m2/s and grid Peclet number [4] 

 /Pe uh   is equal to 20. In case (b), 20.0025 m /s   and grid Peclet number 200Pe  . 

 

 
Fig. 3. Solutions of Test problem II for different values of grid Peclet number: 

(a) 20Pe  ; (b) 200Pe   
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Fig. 4 shows the errors n  of the numerical solution of Test problem II based on the 

difference scheme (13) and the Upwind Leapfrog difference schemes with limiters in the norm 
1L , 

which depends on the value of grid Peclet number. 

The solution error is calculated using the formula  
2 2 ,i i ii i

q q q     where iq  is the 

exact solution value of the diffusion problem in the node i , iq  is the numerical solution that depends 

on the time step value [6]. 

 

 

Fig. 4. Functions of approximation error for Test problem II in the norm 1L , which depends on the 

value of grid Peclet number: 
1 – solution based on the difference scheme (13); 

2 – solution based on the Upwind Leapfrog scheme with limiters 

 

Fig. 3 and 4 show that the proposed difference scheme (13) for solving Test problem II has a 

smaller error in a wide range of grid Peclet numbers. 

Analytical solution of the convection-diffusion equation. Consider the initial-boundary 

value problem for a parabolic equation 

t x xxq uq q         (14) 

with initial conditions 

   00,q x q x      (15) 

and boundary conditions 

   ,0 , 0,q t q t L       (16) 

where    0, ,  0, ,  ,  .t T x L u const const     

Find solution for 

         2 1, 0 0 0 0q x t C x L C x L C t C t              . 

Write the finite sum of the trigonometric Fourier series for the function  ,q x t  in complex 

form: 



COMPUTATIONAL  MATHEMATICS  AND  INFORMATION  
TECHNOLOGIES 

VOL. 1. № 1 / 2020   

  
 

62 

 

     , exp ,
N

m

m N

q x t C t j mx


      (17) 

where ,
L


   m  is number of mode,      

0

2
, exp

L

mC t q x t j mx dx
L

   is complex amplitude of the 

m-th mode, 1j   . 

Substitute (17) in (14): 

       exp exp
N N

m m

m N m Nt x

C t j mx u C t j mx 
 

    
    

   
   

   exp .
N

m

m N xx

C t j mx 


 
  

 
  

Change the sequence of differentiation and summation of a series, calculate the derivative 

with respect to space: 

        exp exp
N N

m mt
m N m N

C t j mx ju m C t j mx  
 

     

   2 2 exp .
N

m

m N

m C t j mx 


    

The functions  exp j mx  are linearly independent, therefore 

      2 2 .m mt
C t ju m m C t         (18) 

The solution of equation (18) has the form: 

      2 20 exp .m mC t C m ju m t       (19) 

Substituting (19) into (18) and using the initial and boundary conditions (15)-(16), we obtain 

a solution to equation (14): 

        2 2, 0 exp exp .
N

m

m N

q x t C m ju m t j mx  


    (20) 

Accuracy of difference scheme. For numerical solution of the problem (14), we covered the 

computational domain by a uniform grid ,x     where  ; 0, ; ;x i i x xx x ih i N N h L      

 ; 0, ; ;n n

t tt t n n N N T         is the time step; h  is the space step; tN  is the number of 

nodes in time; xN  is the number of nodes in space. 

The approximation of equation (14) has the form 

1 1 1

1 1 1 1 1 1 1

2

24

3 2 3 3

n n n n n n n n n n n n n

i i i i i i i i i i i i iq q q q q q q q q q q q q
u u

h h h  

  

      
       

     
 

 

or 
1 1 1

1 12
3 3

n n n n n n

i i i i i iq q q q q q

  

  

   
    
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1 1 1 1

2

4 5 2
2 0,

3

n n n n n n

i i i i i iq q q q q q
u

h h
      

      (21) 

where 

 exp .
N

i m i

m N

q C jm x


       (22) 

Substitute (22) in (21): 

   1 exp expn nN
m m

m N

C j mhi C j mhi 








  

     1exp 1 exp 1
2

3

n nN
m m

m N

C jm h i C jm h i 







  
   

   1exp exp

3

n nN
m m

m N

C jm hi C jm hi 








     (23) 

       exp 1 4 exp 5 exp 1

3

n n nN
m m m

m N

C j mh i C j mhi C j mh i
u

h

  



   
   

       
2

exp 1 2 exp exp 1
2 0.

n n nN
m m m

m N

C j mh i C j mhi C j mh i

h

  




   
   

By making some simple arithmetic, we get: 

     
1 1

exp 2 exp exp
3

n n n nN N
m m m m

m N m N

C C C C
j mhi j mh j mhi  

 

 

 

 
     

 
1

exp
3

n nN
m m

m N

C C
j mhi








   

   
 

exp 4 5 exp
exp

3

n n nN
m m m

m N

C j mh C C j mh
u j mhi

h

 




  
   

   
 2

exp 2 exp
2 exp 0.

n n nN
m m m

m N

C j mh C C j mh
j mhi

h

 
 



  
   (24) 

The functions  exp jm i  are linearly independent, therefore 

 
1 1 1

2 exp
3 3

n n n n n n

m m m m m mC C C C C C
j mh

  

    
     

   exp 4 5exp

3

n

m

j mh j mh
uC

h

   
   

   
2

exp 2 exp
2 0.n

m
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when 0  , (25) takes form: 
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   (26) 

Lemma. When approximating problem (14) by difference scheme (21) for each mode of 

solution function q , the convective exchange u  and diffusion exchange   rates are less than real 

values and differ by 
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respectively. 

Proof. Using (25), when 0  , we obtain: 
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Using (18), the solution based on difference scheme (21) corresponds to the solution of the 

equation * * ,t x xxq u q q      where    * *
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q.e.d. 

Analyze the approximation error of the convective term in space. Change the variable 

j mh s  , when 
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From the expression (27) we can obtain that the scheme (21) approximates the convective 

term with the third order of accuracy in space. 

Analyze the approximation error of the diffusion term in space: 
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Note that the variable r mh   describes the number of nodes per half wave period, and 

.mh   Therefore, the solution accuracy depends on the number of nodes per half wave period. 

 

 
Fig. 5. The dependence of the approximation error of the convective term on the number of nodes: 1 

– difference scheme (21); 2 – central difference scheme 
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Fig. 5 and 6 show functions  
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 that describe the dependence of the approximation 

error of the convective and diffusion terms, respectively, by the difference scheme (21) on the number 

of nodes in comparison with the central difference scheme [1]. 

Analyzing Fig. 5 and 6, we can conclude that linear combination of the central difference 

scheme and the Upwind Leapfrog scheme (21) is applicable for problems in which convective 

transport prevails over diffusion. 

 

 
Fig. 6. The dependence of the approximation error of the diffusion term on the number of nodes: 1 – 

difference scheme (21); 2 – central difference scheme 

 

Conclusion. Solution of the transfer equation based on the Upwind Leapfrog difference 

scheme has oscillations in the right side of the computational domain (along the path of the pulse). 

Solution of the transfer equation based on the Standard Leapfrog difference scheme has oscillations 

in the left part of the computational domain (behind the impulse). In the considered schemes, 

oscillations are generated by dispersion. In the Upwind Leapfrog scheme, high harmonics have a 

«phase velocity» higher than the real one, and lower for the Standard Leapfrog scheme. Mesh 

refinement leads to a linear increase in the number of layers over time. From the obtained results, we 

can conclude that the accuracy of numerical solution of the transport equation based on the Upwind 

Leapfrog difference scheme at small Courant numbers does not increase with decreasing time step. 

The paper presents the modified Upwind Leapfrog difference scheme which is a linear 

combination of the Upwind and Standard Leapfrog difference schemes with weight coefficients 2/3 

and 1/3, respectively, calculated by minimizing the order of approximation error to solve the transport 

problem. According to the resulting error estimation, it is preferable to use the proposed difference 
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scheme with the approximation error  2O сh  for small Courant numbers than the classical Upwind 

and Standard Leapfrog difference schemes with the approximation errors  2O h . 

The paper presents the comparison solution of the transfer problem based on the proposed 

scheme with the results obtained using the scheme, which is the linear combination of the Upwind 

Leapfrog and central difference schemes, as well as two-parameter difference scheme with the third 

order of accuracy. In the norm of the grid space 1L , the dependences of the numerical solution errors 

of the model transport problems based on the above schemes depending on the values of the Courant 

numbers are given. 

According to the presented examples, it follows that for small Courant numbers (0.1 or less) 

of the proposed scheme, as well as scheme, which is the linear combination of the Upwind Leapfrog 

and central difference schemes, is more accurate than the others considered in the work. But proposed 

scheme has a stable solution in the range of Courant numbers from 0 to 1 (the difference scheme 

obtained as a result of a linear combination of the central difference scheme and the Upwind Leapfrog 

scheme does not have this property). For the unsteady convection-diffusion equation, the proposed 

difference scheme has a small error in a wide range of grid Peclet numbers. 
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Модифицированная схема «кабаре» 

А.И. Сухинов1, А.Е. Чистяков1, И.Ю. Кузнецова2,  

Е.А. Проценко3, Ю.В. Белова1 

1 Донской государственный технический университет, Ростов-на-Дону, Российская Федерация 

2 Южный федеральный университет, Ростов-на-Дону, Российская Федерация 

3 Таганрогский институт имени А.П. Чехова (филиал) ФГБОУ ВО «РГЭУ (РИНХ)», Таганрог, 

Российская Федерация 

 

В работе рассматривается применение разностной схемы, построенной на основе линейной 

комбинации разностной схемы «кабаре» и «крест» с весовыми коэффициентами, 

полученными в результате минимизации погрешности аппроксимации. Получена оценка 

погрешности аппроксимации для предложенной разностной схемы из которой следует, что 

при малых числах Куранта данную схему, имеющую погрешность аппроксимации  2O сh , 

предпочтительней использовать, чем исходные схемы «кабаре» и «крест», погрешности 

аппроксимаций которых равны  2O h . Проведено сравнение расчетов задачи переноса на 

основе предложенной схемы с результатами, полученными с использованием: схемы, 

полученной в результате линейной комбинации центральной разностной схемы и схемы 

«кабаре», а также двухпараметрической разностной схемой третьего порядка точности. 

Ключевые слова: схема «кабаре», схема «крест», центрально-разностная схема, 

двухпараметрическая разностная схема, точность разностной схемы. 
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