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Abstract
Introduction. Mathematical modeling of hydrodynamic processes in shallow reservoirs of complex geometry in the 
presence of coastal engineering systems requires an integrated approach in the development of algorithms for constructing 
computational grids and methods for solving grid equations. The work is devoted to the description of algorithms that 
allow to reduce the time for solving SLAE by using an algorithm for processing overlapping geometry segments and 
organizing parallel pipeline calculations. The aim of the work is to compare the acceleration of parallel algorithms for 
the methods of Seidel, Jacobi, modified alternately triangular method and the method of solving grid equations with 
tridiagonal preconditioner depending on the number of computational nodes.
Materials and Methods. The numerical implementation of the modified alternating-triangular iterative method for solving 
grid equations (MATM) of high dimension is based on parallel algorithms based on a conveyor computing process. The 
decomposition of the computational domain for the organization of the pipeline calculation process has been performed. 
A graph model is introduced that allows to fix the connections between neighboring fragments of the computational grid. 
To describe the complex geometry of a reservoir, including coastal structures, an algorithm for overlapping geometry 
segments is proposed.
Results. It was found that the efficiency of implementing one step of the MATM on the GPU depends only on the 
number of threads along the Oz axis, and the step execution time is inversely proportional to the number of nodes of 
the computational grid along the Oz axis. Therefore, it is recommended to decompose the computational domain into 
parallelepipeds in such a way that the size along the Oz axis is maximum, and the size along the Ox axis is minimal. Thanks 
to the algorithm for combining geometry segments, it was possible to speed up the calculation by 14–27 %.
Discussion and Conclusions. An algorithm has been developed and numerically implemented for solving a system of 
large-dimensional grid equations arising during the discretization of the shallow water bodies’ hydrodynamics problem 
by MATM, adapted for heterogeneous computing systems. The graph model of a parallel-pipeline computing process is 
proposed. The connection of water body’s geometry segments allowed to reduce the number of computational operations 
and increase the speed of calculations. The efficiency of parallel algorithms for the methods of Seidel, Jacobi, modified 
alternately triangular method and the method of solving grid equations for problems of hydrodynamics in flat areas, 
depending on the number of computational nodes, is compared.
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Аннотация
Введение. Математическое моделирование гидродинамических процессов в мелководных водоёмах сложной гео-
метрии при наличии прибрежных инженерных систем требует комплексного подхода при разработке алгоритмов 
построения расчетных сеток и методов решения сеточных уравнений. Работа посвящена описанию алгоритмов, 
позволяющих уменьшить время решения СЛАУ за счёт использования алгоритма обработки наложения сегмен-
тов геометрии и организации параллельно-конвейерных вычислений. Целью работы является сравнение уско-
рения параллельных алгоритмов для методов Зейделя, Якоби, модифицированного попеременно-треугольного 
метода и метода решения сеточных уравнений с трехдиагональным предобуславливателем в зависимости от ко-
личества вычислительных узлов.
Материалы и методы. Численная реализация модифицированного попеременно-треугольного итерационного 
метода решения сеточных уравнений (МПТМ) высокой размерности основана на параллельных алгоритмах, по-
строенных на основе конвейерного вычислительного процесса. Произведена декомпозиция  расчётной области 
для организации процесса конвейерного вычисления. Введена графовая модель, позволяющая зафиксировать 
связи между соседними фрагментами расчетной сетки. Для описания сложной геометрии водоёма, включающей 
прибрежные сооружения, предложен алгоритм наложения сегментов геометрии.
Результаты исследования. В ходе исследований было установлено, что время расчета одного шага МПТМ на 
GPU зависит от количества потоков по оси Oz и обратно пропорционально количеству узлов расчетной сетки по 
данной оси. Поэтому рекомендуется декомпозировать расчетную область на параллелепипеды таким образом, 
чтобы их размер по оси Ox был наименьшим, а по Oz — наибольшим. Предложенный алгоритм объединения сег-
ментов геометрии позволил уменьшить время вычислений на величину от 14 до 27 %. 
Обсуждение и заключения. Разработан и численно реализован алгоритм решения системы сеточных уравнений 
большой размерности, возникающих при дискретизации задачи гидродинамики мелководного водоема методом 
МПТМ, адаптированный для гетерогенных вычислительных систем. Предложена графовая модель параллельно-
конвейерного вычислительного процесса. Соединение сегментов геометрии водного объекта позволило сокра-
тить количество вычислительных операций и увеличить скорость расчетов. Проведено сравнение эффективности 
параллельных алгоритмов для методов Зейделя, Якоби, модифицированного попеременно-треугольного метода 
и метода решения сеточных уравнений для задач гидродинамики в плоских областях в зависимости от количества 
вычислительных узлов.

Ключевые слова: математическое моделирование, геометрия расчетной области, параллельное программирова-
ние, графический ускоритель.
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     Introduction. Mathematical modeling is used to predict the state of shallow reservoirs in emergency situations caused 
by human activity or natural and climatic disasters. It is necessary to take into account such features of each specific water 
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actualize the improvement of methods for solving systems of grid equations of high dimension in the case of a non-self-
adjoint operator. It is necessary to use multiprocessor computing systems and video adapters to increase the speed of 
obtaining a solution, due to the large amount of data and the complexity of calculations.

Modeling of many hydrophysical and hydrobiological problems reduces to the need to solve the diffusion-convection-
reaction equation with a non-self-adjoint operator. The review of actual numerical methods of solution is carried out 
in the work of P. Vabishevich [1], where a number of theorems are formulated that allow determining the numerical 
parameters and the limits of applicability of the studied methods for solving grid equations. Iterative methods for solving 
such problems are actively developing. In the work of Geiser, Hueso, Martinez [2], various types of splitting methods are 
analyzed, modifications of SLIS and SQIS methods are proposed, on the basis of which effective adaptive algorithms are 
built that allow increasing the time step without reducing the accuracy of calculations.

There has been a significant increase in the number of studies aimed at developing algorithms that are efficient in 
computing speed and designed to solve systems of high-dimensional grid equations over the past few years. Russian 
and foreign scientists are developing parallel algorithms for heterogeneous computing environments, studying the 
performance of cluster computing systems for various methods of discretization of various differential equations. For 
example, Subbaian G. and Reddy Sathi [3, 4] analyzed the performance of several iterative methods for solving the 
Navier-Stokes equation with accelerated computing on a graphics processor (GPU) using CUDA technology. Scientists 
Lakshmiranganatha S., Muknahallipatna S., Paliwal M., Chilla R., Prasanth N., Goundar S. and Raja S.P. compared 
the performance of various parallel algorithms for finding solutions to time-dependent ordinary differential equations 
on CPU and GPU using three parallelization technologies: OpenMP, OpenACC and CUDA. It was found that CUDA 
technology is the most effective accelerator for solving these equations as a result of the study [5, 6]. Russian and Kazakh 
scientists have developed parallel algorithms for finding solutions to systems of linear algebraic equations. The algorithms 
were implemented on multicore processors using OpenMP technology [7, 8]. The efficiency of parallel algorithms for 
solving the one-dimensional thermal conductivity problem for three finite-difference approximation methods was tested 
on central and graphics processors in the programming languages C (CPU) and CUDA C (GPU). GPU computing 
acceleration increased up to 60 times [9, 10]. In [11], the construction of parallel algorithms based on the functional 
decomposition of the counter-run method for solving tridiagonal grid equations is considered. D. B. Volkov-Bogorodsky, 
G. B. Sushko and S. A. Kharchenko in their work [12] describe hybrid parallel algorithms for approximating solutions 
of the nonstationary thermal conductivity equation with phase transitions based on the analytical method blocks, namely 
MPI+threads technology.

It is necessary to develop a parallel version of the algorithm, which will reduce the time of solving SLAE by using an 
algorithm for processing the overlapping of geometry segments and parallelizing the calculation process, in this study,

Materials and Methods
1. Problem statement. Shallow water bodies’ hydrodynamics mathematical model includes [13]:
– Navier-Stokes equations:

– continuity equation in the case of variable density:

where  { }wvuV ,,=  are the velocity vector components; P  is the total hydrodynamic pressure; ρ is the aqueous medium 
density; μ, v are the horizontal and vertical turbulent exchange coefficient components;  ( )ksinjcos ⋅ϑ+⋅ϑ⋅Ω=Ω  is
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the angular velocity of the Earth›s rotation; ϑ is the latitude of the place; g is the acceleration of gravity; fT, fs are the 
sources of heat and salt (located on the region border).

The initial hydrodynamics model (1–4) is divided into several subtasks [14, 15]. The first subtask is represented by 
the diffusion-convection-reaction equation, which is used to calculate the components of the velocity vector field on the 
intermediate layer in time:

The Krank-Nicholson scheme was used to approximate the diffusion-convection-reaction equation (5) in time. Here,
( ) ,1~ u uu σ−+σ=  [ ]1,0∈σ  is the diagram weight.

2. Methods for solving grid equations. Modified alternately triangular iterative method. Let’s introduce three-
dimensional uniform computational grid [14]:

where τ  is the time step; hx, hy, hz  is the size of the steps along the coordinate directions; nt  is the number of time layers;   
T is the upper bound by time coordinate; n1, n2, n3 are the number of nodes by spatial coordinates; lx, ly, lz are the spatial 
dimensions of the calculated area.

Letʼs get a system of grid equations when constructing a discrete model. Each equation of the system can be presented 
in canonical form, and we will use a seven-point template:

where ( )kji zyxm ,,0  is the template center;  ( ) ( ){ ,,,11 kji zyxmPM +=′   ( ),,,12 kji zyxm −   ( ),,, 13 kji zyxm +   ( ),,, 14 kji zyxm −  
 ( ),,, 15 +kji zyxm   ( )}16 ,, −kji zyxm  is the neighborhood of the center;  )( 00 mcc ≡  is the coefficient of the template center;
 ),( 0i immcc ≡  are the coefficients of the neighborhood of the template center; F  is the vector of the right parts; u  is the 
calculated vector.

The MATM algorithm consists of four stages:
1) calculation of the residual vector rm;
2) calculation of the correction vector wm;
3) calculation of scalar products based on iterative parameters  11, ++ ωτ mm ;
4) transition to a new iterative layer.
The condition for the end of the iterative process is that the norm of the residual vector rm reaches the specified 

accuracy. At the same time, the most time-consuming part of the algorithm is the calculation wm, which boils down to 
solving SLAE with lower-triangular and upper-triangular matrices.

3. Method for solving grid equations with tridiagonal preconditioner. If the steps along one of the spatial coordinates 
are significantly smaller than the steps along the others (for example, when solving problems of heat and mass transfer in 
shallow reservoirs), the dimensions of the calculated area in the vertical direction can be hundreds to thousands of times 
smaller than the horizontal dimensions. To solve problem (1) on the basis of difference schemes with relatively small 
labor costs for the transition between time layers, compared with the explicit scheme (1.5–2 times larger), with large time 
steps (about 30 times more), we will use splitting schemes into two-dimensional and one-dimensional problems [16–17]:
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where  ( ) ( ) ;1 2/112/1 +++σ+ σ−+σ= nnn cсc  σ is the weight of the scheme [7].
The spatial grid is introduced for the numerical implementation of a discrete mathematical model of the problem [18]:

To approximate the homogeneous equation (2), splitting schemes in spatial coordinate directions will be used:

To solve real problems of hydrophysics of shallow water bodies, three-layer difference schemes based on a linear 
combination of the Upwind Leapfrog and Standart Leapfrog difference schemes with weight coefficients 2/3 and 1/3, 
respectively, are used. To increase the accuracy of calculations, a scheme is used that takes into account the fullness of 
the calculation cells [19–21]:

– difference scheme for the equation describing the transfer along the direction Ox:

where

– difference scheme for equation (4) describing the transfer along the direction Oy:

where 
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To obtain difference schemes approximating the system of equations (4), with 0, <jiu  and 0, <jiv  from the 

approximations presented, it is necessary to direct the corresponding coordinate axes Ox and Oy in opposite directions. 
Equation (3) is solved by the run-through method.
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The splitting scheme into two-dimensional and one-dimensional problems has an advantage for solving non-stationary 
problems. The two-dimensional problem is solved on the basis of explicit schemes, and the one-dimensional one is 
approximated by schemes with weights and solved by the run-through method in this case. Schemes with weights are 
used, when solving stationary problems. Using this approach allows to reduce the initial problem to solving grid equations 
by iterative methods [22].

4. Geometry Segment overlay algorithm. It is necessary to take into account the complex geometry of the 
reservoir formed by a combination of the bottom surface and coastal engineering structures when drawing up SLAE. 
Programmatically, an approach is proposed and implemented that allows modeling the geometry of the object under 
study as a set of geometric primitives. A feature of the approach is the support for superimposing primitives on each 
other. In the class library developed with the software implementation, all geometric primitives are inherited from the 
abstract Geometry2DPrimitive class (Fig. 1), which contains data such as the _dS0 offset coordinates, the _primitiveType 
primitive type, and a logical property characterizing the “cutout” (_isCavity).

Fig. 1. Research object geometry. Class diagram

Object-oriented modeling of a geometry segment is performed using a typed class GeometryPrimitiveSegment<T>, in 
which type T is a class used to store data about the coordinates of the beginning and end of the segment.

Let’s denote the coordinates of the beginning and end of the first and second segments с11, с12 ,с21, с22.
Let’s introduce logical variables: А = с11 < с21, В = с11 = = с21, С = с11 > с21, D = с12 < с22, E = с12 = = с22, F = с12 > с22,

G = с11 = = с22, H = с12 = = с21, I = с12 < с21, J = с11 > с22. K, L are the types of the first and second segments; M, N are the 
fullness of the space under the first and second segments; V  is the flag indicating that the second segment is a “cutout”.

All possible combinations of overlapping geometry segments are summarized in Table 1.
The basis of the original linear algorithm is to take into account various combinations of geometric primitives. To 

increase productivity, a number of modifications based on conditional constructions have been introduced:
1. Initialization: с11, с12 ,с21, с22.
2. Calculation: A, B, C, D, E, F, G, H, I, J, K, L, M, N, V.
3. Checking the correctness condition: true≠∧∨∧ MKNL .
4. Definition of the overlay type.
5. Further actions are performed for the found overlay type. For example, option No. 1 is described (Table 1). For 

other types, the actions are the same.
6. If the first segment is not a boundary ( )true==K , then go to step 12. 
7. If the second segment is not a boundary ( )true==L , then go to step 10.
8. Calculating expressions VNM ∧∧ , VNM ∧∧ , VNM ∧∧ , VNM ∧∧ , VNM ∧∧ , VNM ∧∧

VNM ∧∧ , VNM ∧∧  and creating the resulting segments.

Geometry 2DC

A

C
C

E

_geometryCoordinate : Coordinate 2D
_primitives : List<Geometry2DPrimitive>

Geometry2DPrimitive

_dS0 : Coordinate 2D
_primitiveType : PrimitiveTypeEnum
_isCaity : bool

Geometry2DPrimitiveRectangle

_width : double
_height : double

PrimitiveTypeEnum

Object = 0
Cavity = 1

Coordinate 2D

_x : double
_y : double
X : double
Y : double
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9. Go to step 17.
10. Calculating VNM ∧∧ , VNM ∧∧ , VNM ∧∧ , VNM ∧∧  and creating the resulting segments.
11. Go to step 17.
12. If the second segment is boundary ( ),false==L  then transition to step 15, otherwise transition to step 17.
13. Checking the conditions ,VNM ∧∧  ,VNM ∧∧  ,VNM ∧∧  .VNM ∧∧  
14. Creating and returning the resulting segments.
15. Go to step 17.
16. Calculation ,VNM ∧∧  VNM ∧∧  and creation of the resulting segments.
17. The end.

Table 1

Options for overlapping geometry segments

5. Parallel implementation. The pipeline parallel algorithm has been developed that allows using all available compu-
ting resources for the numerical implementation of the MATM applicable to a high-dimensional SLAE. At the same time, 
each computer (CPU core or GPU computing unit) processes only the fragments of the computational domain assigned to it.

The connections between fragments and the organization of the parallel-pipeline computing process are described by 
a graph model, where nodes represent fragments of the computational domain. The computational process is organized 
according to the values of the counter of the calculation stages .j iks +⋅=  

The developed graph model is used in the algorithm for solving SLAE with a lower-triangular matrix (Fig. 3). The 
input parameters of the algorithm are the coefficients of grid equations с0, с2, с4, с6 and the constant ω. The result is the 
velocity vector of the water flow r. When starting the software implementation of the algorithm in the CUDA C language, 
it is necessary to set the values of the dimensions of the CUDA computing blocks blockDim.z ,blockDim.x . The parallel-
pipelined computing process is organized as a cycle (line 6).  

Overlay option Graphical interpretation Logical expression

1 H

2 G

3

4

5

6

7

8

9

10

11

12 I

13 J

EB ∧

FA ∧

DC ∧

FB ∧

DB ∧

EA ∧

EC ∧

FC ∧

IDA ∧∧
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Fig. 2. Graph model of parallel-pipeline computing process

Fig. 3. Algorithm for solving a system of equations with a lower triangular matrix

(Nx-4,3,0)(Nx-4,3,0) (Nx-2,1,0) (Nx-1,0,0) Nx-1

z = 1 z = 0
(0,0,0)

z x 
y 

(0,1,0) (1,0,0)

S 

0 

1 

2 

3 

(0,2,0) (1,1,0) (2,0,0)

(0,3,0) (1,2,0) (2,1,0) (3,0,0)

(Nx-3,3,0) (Nx-2,2,0) (Nx-1,1,0) Nx

(Nx-2,3,0) (Nx-1,2,0) Nx+1

Nx+2

(0,0,1)

(0,1,1) (1,0,1)

(0,2,1) (1,1,1) (2,0,1)

(0,3,1) (1,2,1) (2,1,1) (3,0,1)
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Two-dimensional array cache, placed in shared GPU memory has been introduced to reduce the number of reads from 
global video memory. It stores the intermediate results of calculations on the current layer along the axis Oy, which speeds 
up the calculation process by 30 %.

The results of the study. Computational experiment comparing the performance of the basic and modified algorithms 
was conducted on a computer system with an Intel Core i5 3.3 GHz processor and 32 GB DDR4 RAM (Table 2). The 
modified algorithm recorded a decrease in the calculation time by up to 27 %.

Table 2

Results of comparing the performance of the basic and modified algorithms for combining geometry segments

Number of unions, ×106 1 2 3 4 5 6 7 8 9 10
Basic algorithm, s 0.53 0.75 0.13 0.16 0.19 0.23 0.26 0.29 0.35 0.38

Modified algorithm, s 0.41 0.55 0.97 0.12 0.15 0.20 0.22 0.25 0.29 0.31

The numerical experiment was carried out to determine the number of GPU threads along the axes Ox  and  Oz the 
calculated grid (X, Z) with a fixed value of grid nodes along the axis Oy, equal to 10000, which allows to reduce the 
calculation time of one step of the MATM (TGPU) on the GPU. The levels of variation of the factors X and  Z and the results 
of the numerical experiment are shown in Table 3.

Table 4

Results of the experiment

№ X Z TGPU, s
1. 16 64 0.064
2. 32 32 0.065
3. 64 16 0.081
4. 128 8 0.109
5. 256 4 0.100
6. 512 2 0.103

In the experiment, it was found that the calculation time of one MATM step on the GPU is inversely proportional to 
the number of nodes of the calculated grid along the axis Oz. The smallest value of the objective function is obtained at   
X and Z, equal to 16 and 64, respectively.

Table 5 

Comparison of parallel algorithms’ acceleration

P Jacobi Seidel MATM MSGE with a tridiagonal 
preconditioner

Speed-up 
ratio

Efficiency Speed-up 
ratio

Efficiency Speed-up 
ratio

Efficiency Speed-up 
ratio

Efficiency

1 1.00 100.00 1.00 100.00 1.00 100.00 1.00 100.00
2 1.95 97.50 1.95 97.50 1.94 97.00 1.84 92.00
3 2.96 98.67 2.92 97.33 2.82 94.00 2.97 99.00
4 3.98 99.50 3.75 93.75 3.82 95.50 3.32 83.00
8 7.36 92.00 7.02 87.75 7.31 91.38 8.03 100.38
16 13.29 83.06 12.92 80.75 12.78 79.88 15.80 98.75
24 16.93 70.54 16.49 68.71 17.03 70.96 19.53 81.38

Table 4 presents a comparison of the speed-up ratio of parallel algorithms for the Seidel, Jacobi methods, the 
modified alternately triangular method and the method for solving grid equations with a tridiagonal preconditioner on 
the number of computational nodes. Calculations were made on a grid of one million calculation cells. The launches 
were carried out sequentially, starting from the launch on one computing node and ending with the connection of 
all available nodes.
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Discussion and Conclusions. Algorithms for solving SLAE obtained by discretizing the problem of hydrodynamics 
of a shallow reservoir, MATM using NVIDIA CUDA technology are proposed. The proposed method of decomposition 
of the computational grid and the graph model make it possible to efficiently organize parallel pipeline calculations on 
computing systems of various configurations.

Numerical experiments have been carried out to determine the best two-dimensional configuration 
of threads in the computing unit, minimizing the time of one step of the MATM on the GPU, – X = 16  and  Z = 64.

The maximum speed-up ratio was shown by the method of solving grid equations for hydrodynamic problems 
in flat areas, which is based on an explicit-implicit scheme. MATM, in comparison with the methods of Jacobi and 
Seidel, requires significantly fewer iterations for convergence. With a good optimization of the parallel MATM 
algorithm, the speed-up ratio differs by no more than 10 % by the number of computing nodes up to 24 compared to the 
acceleration of the parallel algorithm of the Jacobi method.

The developed software tools make it possible to more effectively use the computing resources of the GPU used to 
solve computationally time-consuming spatial-three-dimensional problems of hydrophysics.

Combining segments of the geometry of the object under study leads to a reduction in the number of computational 
operations, which allows to increase the performance of calculations.
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