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The article has been devoted to the problem of improvement real numerical modeling accuracy
for the viscous fluid flow between two coaxial half-cylinders on rectangular grids taking into account
the filling of cells are used to solve this problem. Approximation of the problem with respect to time
is performed on the basis of splitting schemes for physical processes. Difference schemes for solving
the hydrodynamic problem are proposed. Analytic solution describing the Taylor-Couette flow is
used as a standard to evaluate the numerical solution accuracy of hydrodynamics problems. The
simulation was performed on a sequence of condensing computed grids of sizes 11 x 21, 21 x 41, 41
x 81, and 81 x 161 nodes for the areas of smooth and piecewise rectangular boundaries. The grids
taking into account the filling of cells are used to improve the smoothness of the solution. In the case
of piecewise rectangular approximation the numerical solution error reaches 70%. The grids taking
into account the filling of cells reduce the numerical solution error to 6% for the test problem. The
test problem shows that using the grid condenced in each spatial direction by 8 times does not lead to
increasing the accuracy solutions whereas the solutions accuracy obtained on the basis proposed
approach has significant advantage in accuracy.

Keywords: Navier-Stokes equation, splitting schemes for physical processes, the Taylor-
Couette flow, the error of numerical solution.

Introduction. Difference schemes taking into account the degree the filling of cells for solving
two-dimensional problems of wave hydrodynamics with dynamically varied geometry of the
computational domain were proposed in [1]. The solutions obtained on the basis of these schemes are
devoid of defects associated with graded approximation of the boundary. Tree-dimensional
mathematical model of the movement of the water medium in the Azov Sea was developed on the
basis of these schemes [2], the total water depth was 14.2 meters, free surface elevation may be reach
4 meters or more. The dynamic recalculation of the filling of cells is used as a mechanism for
reconstructing the geometry of the reservoir. The model possesses high accuracy and a large margin
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of stability. During calculating the storm surge that occurred in September 2014, in Taganrog bay of
Azov sea (wind speed reached 40 m/s), the simulation error was 20 cm with a total over travel of more
than 4 meters, the model showed a time lag of about 15 minutes with a total storm interval of about
1000 minutes [3]. The o-coordinate system is traditionally used in modeling the hydrodynamics of
shallow water bodies [4-6]. The solutions obtained on these grids have a large error and poorly
describe the influence of the bottom relief on nowadays the structure of the currents. The optimal
curvilinear grids that approximate the boundary ear used as an alternative to rectangular grids, which
have low accuracy in the case of direct piecewise rectangular approximation of the boundary [7-8].

The constructing problem of optimal three-dimensional computational grids remains open
nowadays for the 3D regions of common configurations in computational fluid dynamics [9]. One
can say without reducing the significant value of optimal curvilinear grids for computational fluid
dynamics, that using rectangular grids with filling cell functions has attractive features, for example
in parallel computational fluid dynamics. Difference schemes accuracy comparison has been
discussed in this paper in cases of direct rectangular grids usage and additional involvement of the
cell filling function for the Taylor-Couette flow numerical modeling. The proposed method is likely
close to Volume Of Fluid (VOF) method [10, 11].

Statement of the problem. The viscous incompressible fluid motion in a two-dimensional
region between two infinitely long coaxial circular cylinders is considered. We introduce the
Cartesian coordinate system xOy perpendicular to the axis of the cylinders. The coordinate system
origin coincides with the cylinders’ axis. In the section of the cylinder by the plane x =0 defines the
field of velocity. It is required to determine the liquid motion. The initial equations for the
mathematical description of the fluid dynamics problem are [12, 13]:

— Navier-Stokes equation:

!

, P
Uy +UUy + VU = ——+ (uuy ), + (auy)) (1)
Yo
4 ' ' Py' r\/ r\/
Vi +UVX+Wy :_;+(:uvx)x+(zuvy)y; (2)
— the continuity equation for incompressible fluid:
u, +v, =0. 3)

Equations (1)-(3) are considered under the following boundary conditions:
— the flows are defined on the input and output boundaries:

U(X’ y1t) =U (Xv y) ) V(X’ y!t) :V(X’ y) ) Pn,(X1 y1t) = Ou (4)
— the frictionless and slip conditions are set on the lateral surfaces (in the case |1:| =0, that is,
without friction):

R(Xy,)=0, u,(x,y,t)=0, puuy(x,y,t) =-7,(t), puv, (X, y,t) =7, (t) (5)
or sticking condition:
P/(xy,1)=0, u(x,y,t) =0, v(x,y,t) =0, (6)

where u= {u,v} is the water medium velocity vector; (x, y) is Cartesian coordinates, t is time, P is

pressure; L is the turbulent exchange coefficient; o is the liquid density; N is the normal vector;
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r,, 7, are the tangential stress components at the bottom of the liquid.
The wind stress according to the Van Dorn law, is calculated by the formulas [6]:

0.0088, |u|< 6,6 m/c,
r=fene,) = A, () ula], cp<|u|>={ .

0.0026, |u|>6,6 m/c,
where p, is the external environment density.

(7)

Discrete model of hydrodynamics. The computational domain inscribed in a rectangle. For
numerical realization of the discrete mathematical model of the formulated wave hydrodynamics
problem, uniform grid is introduced:

Wh:{t”:nr,xi:ihx, y;=]jh;n=0,...,N, i=0,...,N,, j=0,..,N;

y’
NtT:T’ Nxhx =|x’ Nyhy ZIY} !
where 7 is the time step, h,, h, are steps in space, N, is the step number on the time coordinate,
N,, N, are spacing steps on the spatial coordinates x and y, respectively.

We use the splitting schemes for physical processes [14, 15]. In this case, the solution of the
problem (1)-(3) reduces to solving the following system of equations:

n+o n

— uuy +vuy = () +(auy)’ (8)
Vn+a _Vn ' ' \/ Y
W = (v )+ (uvy)y, 9)
" " o_ 1% n+o ! n+o !
PXX+PW—?((U )X+(v )y) (10)

n+l | nt+o ' n+l _ \n+o P’
u B , vioovet o h . (11)
T P T P
The calculated cells are rectangles, which may be filled, partially filled, or empty. The cell

centers and nodes are separated apart h, /2and h, /2 on the coordinates x and y , respectively. Fig.

1 shows that the velocity field and pressure are calculated at the tops of the cells. The cells’ vertices
(i, j) arenodes (i, j), (i-1j), (1,j-1, (i-1j-1).
Let us introduce grid value o, ; for the notation of the cell filling. The filling of cells means

the value of cell part volume (area) which has been filled with a liqguid medium. Fig. 2 shows that in
the neighborhood of the node are cells (i, j), (i+1, j), (i, j+1), (i+1, j+1).

We introduce the coefficients k,, k, k,, k;, k,, describing the filling of regions located in the
neighborhood of the cell. The value k, characterizes the filling of the region Q,: xe(x_,%.,),
ye(yj—l’yj+1)7 k, — € XE(Xi’Xm)' ye(yj—l’yjﬂ)' k, — Q,: XE(Xi—l’Xi)’ ye(yj—l'yj+1)’ Ky —
Qy xe(X1 %), Ye(YhYia) ke — Q0 xe(X1 %), Ye(YiaY;). The filled parts of the

regions Q. is called D,, where m=0,...,4. The coefficients k, can be calculated from the
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formulas:
k _ SDm k _ oi,j +oi+1,j +0i+1,j+l +Oi,j+l _ Oi+1,j +0i+1,j+1
( m)i,j_ ’( O)i,j_ ’(kl)i,j_ !
S, 4 2
0 t0jn 0i1,j1 10 0, + 0y,
(kZ)i,j :T+’ (kS)i,j :%, (k4)i,j :T+_
e
(i, j-1)
>
i-1,j-1 i, j-1
(i-1,j-1) (i, j-1) i vors
0 S L
Y (i-1,) (i,J) (i+1,))
O j+1 oOit j1
o ) »Y
(i-1,j) (i j)
(i,j+1)
v Y
Fig. 1. The cell location of the relative to the Fig. 2. The arrangement of nodes relative to cells

adjacent nodes

The boundary conditions for the first subproblem of wave hydrodynamics (8), (9) take form:

u(x,y,t)=a, u+p, ., vi(x,y,t)=a, V+5,,

uxyt)=a, U+4,,, v(xyt)=a, V+5,,. (12)

We integrate equation (8) over the region D, and use the property of linearity of the integral,
as a result of which we obtain:

([ =——"dxdy+ [ uu;cxdy + [[ vu;dxdy = [] (), dxdy + [ (7u; ), cecy (13)
Dy 4 Dy Do Dy Do

After calculating separately each of the integrals we obtain:

”u";udxdym (ko)ijﬁua;udxdy:(ko)ijuhxhy. (14)
Dy T ' Oy T ' T

The second integral in expression (13) may be written in the form'
ﬂuu dxdy = Huu dxdy+”uu dxdyD ﬂuu dxdy+ Huu dxdy .

Calculatlng the integrals over the regions €, and Q,, we obtain
(kl)i’j Ui+u2,jhy (ui+1,j _ui,j )"‘(kz )i,j ui—1/2,jhy (Ui,j _ui—l,j )
5 :

We calculate the integral on the right-hand side of expression (13):

(15)

”uu;dxdy =
Do
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] Cuauy; dxdy = [[ (eau); ey + [ (pau ), dxcy -
Dy D D,
In the last equality, let us assume that S, > S, , where we select from the region D, fragment

D, ,, adjacent to the region D, , and S, = SDl (Fig. 3).

_U(yu)dxdy— ﬁ (pu!). dxdy + jj (1’ dxdy [

D, ,UD,
0 ((kl)” )H(yu ), dxdy + (K jj(yu ), dxdy .

As aresult, we get:

Uisg, j — Ui j Ui — Ui
”(ﬂu;);dXdyD [(kl)lj Hivvz,j %_(kZ)i,j Hiaz, - h -
Do » X
_((kl)ivi‘(k ) )”u(“ux Li A )jhy- (16)
.
DZ .D1’2
P—
v Y

Fig. 3. The scheme of the domain filling

In case, if S, > S , the result will be similar. Substituting into equation (13), the expressions
(14) - (16), we readily obtain:

n+o n

ute —u’
(ko)i i %hxhy +((kl)i’j ui+1/2,jhy (uiﬂyj _ui,j)+(k )I i UI 42, y i | oy )/2+
k )| ]V, J+1/2hx (ul j+ ul ])+(k )I JVI J_1/2 ,' ,J_l )/2
|+ Ui’- ui,' _ui—,'
( i Hiryz,j : Jhx : _(kZ)i,j Hiy,j Jh—xll— (17)
U — U
( )lul j (au X, j U,x))hy +{(k3)i,j ﬂi’jﬂlz%_
y



COMPUTATIONAL MATHEMATICS AND INFORMATION
TECHNOLOGIES

VOL.1.Ne 1 /2019

U —u
_(k4)i,j -2 Jh—Jl_((k3)i,j _(k4)i,j )ni,i (au,yui,j +ﬂu,y)} h, .
y
If we divide the obtained expression by the area of the cell h h we are coming to:
uin,+'Cr _uir,]' Ui, Jj _Ui,' ui,' _ui—,'
(ko)i’j J71"'“(1)” Uiz, j lé—hxj+(k2)” Uiy, JTX“
U ja — Ui U — U - Ui — Ui
+(k3)i,j Vi, sz J21hy : +(k4)i,j Vi,j—llijyjl :(kl)i,j Hisypa, %‘
ui,' —U_ N au,xui,' + Pux
—(kz )i,j lui—lIZ,j Jh—flj_((kl)i‘j _(kZ)i’j )#i,j hj—x+ (18)
Ui i — Ui Ui i — U o a, Ui+ B,
+(k3)i,j Thi jsu2 %_(kdi,j i j-12 jle_((k3)i,j _(k4)i,j )77i,j %
y y y

In a similar way, one can obtain discrete analogs for equations (9)-(12). In order to simplify the
recording of equations, a «mask» of the boundary condition m, ;is introduced. The parameter m, ;

takes the value 1 if the node (i, j) belongs to the boundary nodes set located in the border region
where slip occurs with friction, otherwise m, ; = 0. The discrete model of the hydrodynamic problem

may be represented by the following grid equations [16]:
— for the component of the velocity vector u; ; under slip condition:

12 n+o/2 n+o/2 n+o/2
uinJ_ra _u_n' u'n+a_ —u™ un —yte
v (] n I+l,j I,] n (] I—l,j
(kO)i’j r +(k1)i’j ui+1/2.j 2hx +(k2)i'j ui—1/2.j 2hx +
u_nJ_ro-IZ _ u.m_-o-lz u_nJ_rJIZ _ u_nJ_ro-lz
n i, j+l ] n i ij-1
+(k3)i1jvi,j+1/2 2h +(k4)i,jvi,j—l/2 2h -
y y
n+o/2 n+o/2 n+o/2 n+o/2
—(k ) Ui — Ui —(k ) Uiy —Uigj n
=) Hivvz, hZ 2 )i j Hi-vz,j hZ
X X
u_m_—o-lz _u.m'-a/Z u'm_-o-lz _u.m'-a/Z r
i,j+l i,j i,j i,j-1 X .
+(k3)i,j Hi jiar TR _(k4)i,j Hi -2 2 _‘(k3)i,j _(k4)i,j‘ h M
y y Phy
under sticking condition:
n+o n n+c/2 n+ol2 n+ol/2 n+ol2
ui,j (kO )i,j LIi,j k n ui+l,0j - i,ja k n ui,jg _ui—l,aj
u.n-{-O'IZ _ u_m_—o-/z u.n4.-0'/2 _u_m_-o-/z
n i, j+l ] n i ij-1
y y
n+o/2 n+o/2 n+o/2 n+o/2
_ ui+1,j - ui,j ui,j - ui—l,j
= k1,2 cHi) 2 - k1,2 CHis 2 +
i,] h i,] h
X X
n+o/2 n+o/2 n+o/2 n+o/2
+(k ) Ui ja —Ui j —(k U —Ui
34); Hi i hZ 34 ); Hij_12 hZ '
y y
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(ko) =min{(k), (ko) b (ke =min{(K), (ko) )

— for the velocity vector v, ; component under slip conditions:

Vn+a _Vn n+o/2 _ n+ol/2 n+ol/2 _Vn+cr/2
i ij n i+1, j ij n i i-1,j
(kO)i,j r +(kl)i’j ui+1/2,j 2h +(k2)i1j ui—1/2,j 2h +
X X
V_nJ_ro-/2 _V'm_-o-lz V_nJ_ro-lz _V_m_-o-/2
L j+1 i,j n i,] i,j-1
(k). Vg (k) VR,
ij i,j+1/2 4/i,j i,j-1/2
2h, 2h,
n+o/2 n+o/2 n+o/2 n+o/2
—(k ) Vii,j —Vij —(k ) Vi —Viaj n
=K )i Hisvz, hZ 2 )i j Hi-uz,j hZ
X X
V_nJ_ro-/Z _V_nJ_ro-lz V.m.-O'IZ _V_nJ_ro-lz r
i, j+l i,j i,j i,j-1 y .
+(k3)i,j K, jiar2 Tz _(k4)i,j Hi v Tz _‘(ki)i,j _(kZ)i,j h M ;s
y y ,0 X
under sticking condition:
V_n“_'o' _(k ) V—n . n+ol2 _\,n+ol2 vn+0'/2 __\htol2
i 0Ji,j "ii n i+1, ij n ij i1, j
T +(k1,2 )ij ui+1/2,j 2hx +(k1,2 )ij ui—1/2,j 2hx +
V_m_—o-/2 _V_m_-o-/z V'm_-o-/2 _V'n+_-o-/2
Lj+1 i,] n i,j i,j-1
H(Ke), Vs (R A .
y ||J ,j+l/2 3,4 I,J I,J—1/2
2h, 2h,
n+o/2 n+o/2 n+o/2 n+o/2
—(k Vi j —Vij _(k Vi —Viaj "
=\Fu2),  Hivwz hZ 12 ), Hi-wz, | hZ
' X ' X
n+o/2 n+o/2 n+o/2 n+o/2
+(k ) Vijn —Vij —(k Vi Vi .
34); 5 Hi i hZ 34); Hi i1z hZ )
y y
— for calculation the pressure field:

Rus-Ry oy Pu-Pu. oy Rua-R, R
(kl)i,j%_(kZ)i,jjT“+(k3)i,j%_(k4)i,jjTJl:
X X y

B[(kl)lj uieron _(kZ)i,j uin—+1162.j + (kz)i,j _(kl)

h h R

X X

. (k3)i’j Virj]-rfl,z —(k4)i,j Virj]:fUZ N (k4)i,j _(kS)i,j Vi,jJ ;

h h

y y
— equations to refine the velocity field by pressure:

ury - u PIA R RYR
(kO)i,j % = _((kl)i,j W"'(kz)i,j W '

V_nﬁ_-l _V_nJ_ra P_n.+1 _ P_n_+1 P_n_+l _ P_n_+1
(k) =t == (k) = (), o .
H T b 2hp 1 2hp
It is shown that the order of approximation of the system of equations is O(r+ h? + hj) . The

sufficient condition for the stability of the scheme for the method of «corrections to pressure» is
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determined on the basis of the grid maximum principle [17] with spacing values restrictions:
2u 2u

u

h <

X

,hy<

or Re<2N, where Re=u-Il/ u is the Reynolds number, u is the velocity of

the aquatic environment, | is the characteristic size of the region, x is the turbulent exchange
coefficient.

To solve the grid equations obtained, an adaptive modified alternating-triangular method of
variational type was applied, which is advanced variant of SSOR method.

Taylor-Couette flow. Let us consider the steady flow of fluid between two infinitely long
coaxial circular cylinders

U, + VU, =—p P+ AU, WV, + W, =—p P+ AV, [T <n, r=x"+y°.

Suppose, on the internal side, the rotation speed is |u||r:rl =u,, on the external side, the rotation
speed is |u||r=r2 =u,. The polar coordinate system was introduced to solve the problem
(x=rcosé, y=rsing)

ou, U, ou, Uy 10P [a (1a(rur)j+ 1%, 2 augj
o

u, L0 — ==L
or rof r p or or\r or r’ 06> r* o6

"or rof r rp oo

2
y Qo Up Oy U, 1 OP B 2 (10(ruy) +%au§+% u |
or\r or r-o0° r° o0
Taking into account that v, =0, v, =v,(r) and P =P(r), we obtain:
1P o(1a(m,))_
por v orlr or

The analytical solution of this system of equations is:
U, (r)=cr+c,/r, P(r)= P(rl)+pj(u§/r)dr.

To compare the results of numerical calculations with the analytical solution, we take

L=5m,r,=10 m, u, =1 m/s, u, =0.5 m/s.

In this case, the analytical solution takes the form

u,(r)=5/r, P(r)=P(r)-125p/r*+p/2.

The analytical solution in the Cartesian coordinate system takes the form

Sy 5X 125p
u(x,y)=————, v(x,y)= , P(x,y)=P(r)-———=+p/2.
(1) =g V) =z PO =P(E)

Results of numerical experiments. The problem of finding the numerical flow of a viscous

fluid between two coaxial cylinders (x>0) is considered. The inside cylinder radiusis r, =5 m. The

outside cylinder radius is r, =10 x. The calculated domain is inscribed in a rectangle with dimensions
10x20m (0<x <10, —10 < y <£10). In the section of the cylinder by the plane x =0 sets the velocity
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field u(0,y)=-5/y mis, v(0,y)=0 mi/s. Inall other grid nodes, the velocity field is calculated. On

the inside and outside walls of the cylinder, the conditions for slip and non-flow are specified.

Defects of numerical solutions are most clearly visible on coarse grids. We describe the
parameters of a coarse grid. The steps in the spatial directions are 1 m, the time step is 0.1 s, the mesh
size is 21 x 11 knots, the length of the counting interval is 10 s, the density is p =1000 kg/m?, the
turbulent exchange coefficient is z=1 m?/s. Fig. 4 shows the contents of an array describing the
degree of filling of cells in the case of using the grid of 21 x 11 nodes.

0 1 2 3 4 5 6 7 8 9
0 0.983| 0.883| 0.678| 0.362 0.03 0 0 0 0 0
1 1 1 1 1| 0.894] 0.344 0 ] 0 ]
2 1 1 1 1 1 1 0.59 0.01 0 ]
3 1 1 1 1 1 1 1 0.59 0 0
5 1 1 1 1 1 1 1 1| 0.344 0
5 0.034 0.24| 0.683 1 1 1 1 1| 0.894 0.03
6 0 0 0] 0.453 1 1 1 1 1] 0.362
7 0 0 0 0] 0.683 1 1 1 1| 0.678
8 0 0 0 0 0.24 1 1 1 1| 0.883
9 0 0 0 0] 0.034 1 1 1 1| 0.983
10 0 0 0 0] 0.034 1 1 1 1| 0.983
11 0 0 0 0 0.24 1 1 1 1| 0.883
12 0 0 0 0] 0.683 1 1 1 1| 0.678
13 0 0 0] 0.453 1 1 1 1 1] 0.362
14| 0.034 0.24| 0.683 1 1 1 1 1| 0.804 0.03
15 1 1 1 1 1 1 1 1| 0.344 ]
16 1 1 1 1 1 1 1 0.59 0 0
17 1 1 1 1 1 1 0.59 0.01 0 0
18 1 1 1 1| 0.894] 0.344 0 ] 0 ]
19| 0.983| 0.883| 0.678| 0.302 0.03 0 0 ] 0 ]

Fig. 4. The values of the filling of cells for the grid of 21 x 11 nodes

Fig. 5 shows the numerical solution of the problem of fluid flow between two coaxial cylinders.
The color shows the flow of fluid |k,ul|.

Fig. 5. Numerical solution of the problem: a) in case of partial filling of cells,
b) in case of piecewise rectangular interface between two media

Fig. 6. a) shows that the solution of the problem of fluid flow between two coaxial cylinders,
obtained on grids that take into account the filling of the cells, is sufficiently smooth. Fig. 6. b) shows
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the solution with defects associated with piecewise rectangular approximation of the interface
between two media.

Fig. 6. The error distribution obtained as the difference between the numerical and analytical solutions of the
problem: a) in case of a smooth boundary, b) in case of a step boundary

Fig. 7 and 8 show the errors in the numerical solution of the problem of fluid flow between two
coaxial cylinders on grids taking into account the filling of the cells (in case of a smooth boundary)
and on grids with piecewise rectangular approximation of the boundary. For numerical investigation
of the accuracy of the proposed schemes, a solution is found on a sequence of condensing grids. Fig.
8 presents the numerical solution of the initial problem of fluid flow between two coaxial cylinders
on more detailed grids of sizes 21 x 41 and 41 x 81 knots.

,4
[~

02t s
Au,p/c L0 . o-b

0.15F° . . :
° )

eg

. °
0 L] I \. :. I L) ° L L] .' . .I=' L. L
5 55 6 6.5 7 75 8 85 9 95 rm10

Fig. 7. The dependence of the error from the radius: a) in case of smooth boundary, b) in case of step boundary

Fig. 8. The numerical solution of the problem: a), c) in case of using partial filling of cells; b), d) in case of
stepped interface between two media; a), b) dimensions of the computational grid 21 x 41 knots; c), d) dimensions of

the computational grid 41 x 81 knots
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Fig. 9 shows the error values of the numerical solution of the fluid flow problem, depending on
the radius (circles indicate the error in case of a smooth boundary, circles indicate the error in the
case of a step boundary).

02f a ° 1 o2f
Au,m/c . A,y
o3 X
0.15F ° o %015
Ll o 8
o Q
o 8 ]
01 , & ° =o o1t
o %@ 0;5 8 ]
. R AT I
a o g B et P
0.05F oo 20 w0 30§ 4 005
o o g @ 5 b
]
o 8
]

5 6 7 8
Fig. 9. The dependence of the error in the solution of the problem of fluid flow between two cylinders from the
radius on a grid of dimensions: a) 21 x 41 knots, b) 41 x 81 knots

9 M 10

Fig. 7, 9 show that the increase in the size of the calculated grids for the problem of flow of the
aqueous medium does not lead to an increase in the accuracy in case of piecewise rectangular
approximation of the boundary, but to a decrease in the linear dimensions of the border region where
the solutions of the solution associated with rough approximation of the boundary are manifested. It
should also be noted that when using grids taking into account the filling of cells, the error in the
numerical solution of model hydrodynamic problems caused by the approximation of the boundary
does not exceed 6% of the solution of the problem.

Table 1 presents the error values of the numerical solution of the fluid flow problem between
two coaxial cylinders obtained from a sequence of condensing computed grids 11 x 21, 21 x 41, 41
x 81, and 81 x 161 nodes in case of a smooth and stepped boundary.

Table 1. The error in the solution of the problem of fluid flow between two cylinders

Grid dimensions 11x21 | 21x41 | 41x81 | 81x161
The maximum error value in the case of a smooth boundary, m /s 0.053 | 0.052 | 0.058 | 0.056
The average error value in the case of a smooth boundary, m/ s 0.023 | 0.012 | 0.006 | 0.003
The maximum error value in the case of a stepped boundary, m/s 0.272 |0.731 | 0.717 | 0.75
The average error value in the case of a stepped boundary, m /s 0.165 | 0.132 | 0.069 | 0.056

The analysis of the error calculating results of the numerical solution of the problem of fluid
flow between two cylinders on the sequence of condensing grids presented in Table 1 allows us to
conclude that the use of difference schemes taking into account the filling of cells is effective. The
grid splitting by 8 times in each of the spatial directions does not lead to an increase in the accuracy
that solutions obtained on grids taking into account the filling of the cells possess.

Conclusion. The paper considers the problem of searching the numerical flow of a viscous fluid
between two coaxial half-cylinders. Analytic solution describing the Taylor-Couette flow is used as
a standard to evaluate the accuracy of the numerical solution of hydrodynamic problems. The
simulation was performed on a sequence of condensing computed grids of sizes 11 x 21, 21 x 41, 41
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x 81, and 81 x 161 nodes in cases of smooth and piecewise rectangular boundaries. To improve the
solution smoothness we used grids taking into account the filling of the cells.

In the case of piecewise rectangular approximation the error of numerical solution reaches 70%.
The grids taking into account the filling of cells reduce the numerical solution error to 6%. It is shown
that crushing the grid by 8 times in each spatial direction does not lead to increasing the accuracy
solutions whereas the solutions accuracy obtained on grids taking into account the filling of cells
significantly increases.
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IloBbllIeHHE IIAAKOCTH YHCIEHHOTIO peaicHuss MOACTHPOBAHMA 3aa4 I'HAPOAUMHAMUKHU Ha
NMPSAMOYTI0JIbHBIX CETKaXx *

*kk

AM. Cyxunos, A.E. Uncrsaxos™, E.A. Ilponenko, B.B. Cugopsixuna™*, C.B. IIpouenxo™™

JIOHCKOI ToCyAapCTBEHHBIM TEXHUYECKUW yHuBepcureT, Pocrtos-Ha-Ilony, Poccuiickas ®enepanus
Taranporckuii nHCTUTYT MMeHH A.Il. UexoBa (¢punman) PocToBCcKOro rocyaapcTBeHHOrO 3KOHOMHYECKOTO

yauBepcutera (PUHX), Taranpor, Poccuiickas ®enepanus

B pabGote paccmaTpuBaercs pa3BUTHE M NPUMEHEHHE METOJa ydeTa 3al0JIHEHHOCTU
MPSIMOYTOJIbHBIX SY€EK MaTepUalbHOM Cpenoi, B YACTHOCTH, >KMJKOCTHIO JJSi TOBBIIICHUS
[JIaJJIKOCTH ¥ TOYHOCTU KOHEYHOPA3HOCTHOTO PELeHUS 3a4a4 THAPOJUHAMUKH CO CJIOKHOM popmoit
IPaHUYHON MMOBEPXHOCTH. J[J1s nccieioBaHUsT BO3MOXKHOCTEH MpeIaraéMoro MeTo ia pacCMOTPEHBI
JIB€ 33714l BBIYUCIUTEIBHON THIPOAMHAMUKH — MPOCTPAHCTBEHHO-ABYMEPHOTO TEUYEHMS BS3KOU
KUJKOCTH MEXIY IBYMsI COOCHBIMH MOJYLUIMHAPAMHU U MPOCTPAHCTBEHHO-TPEXMEpHasl 3ajada
BOJIHOBOM TMJIPOJIMHAMUKYU — PACIPOCTPAHEHHsI BOJIHBI B TPUOPEKHOM 30HE U €€ BbIXOJa Ha CYIY.
Jlig pemieHUs TMOCTaBJIEHHBIX 3a/lad HMCMOJB3YIOTCS MPSMOYTOJbHBIE CETKH, YYHUTHIBAIOLIHE
3al0JJHEHHOCTh slueeK. AMNMpOoKCMMalusl 3a7ad 10 BPEMEHH BBINIOJHEHA Ha OCHOBE CXEM
paciueryieHus: mo (U3UYECKUM IpoleccaM, a Mo MPOCTPAHCTBEHHBIM MEPEMEHHBIM — Ha OCHOBE
MHTErPO-UHTEPIOSAIMOHHOTO METOAA C YYETOM 3all0JIHEHHOCTH siueek U 0e3 ee yuera. J[Jis olleHKu
TOYHOCTH YHCJICHHOTO pPEIICHUs MEePBOH 3a7jauu B KaUeCTBE 3TAJIOHA UCIOJIb3YeTCsl aHATUTUYECKOE
pewenue, onuckBaromee TedeHue Kyasrra-Telnopa. MoaenupoBanue MNPOU3BOJAWIOCH Ha
IIOCJIE0BATEIBHOCTH CTYILAIOIIMXCSA PACUETHBIX CETOK pazmepamu: 11x21,21x41, 41x81 n 81x161
y3JI0B B Cllydae MPUMEHEHHs] MeToJa U 0e3 ero MCHoJib30BaHusA. B ciydae HemocpeacTBEHHOIO
WCIIOJIb30BAHUS TPSIMOYTOJIbHBIX CETOK (CTYMEHYaTOM anmpoKCHUMAallMd T'PaHUI]) OTHOCHTENbHAs
MOIPEIIHOCTh pacueToB pocturaer 70%; mpu Tex ke yCIOBUAX HCIOJIb30BAHHUE MPEIaraeMoro
METO0/1a MO3BOJISIET YMEHBIIUTh MOTPEHIHOCTh 10 6%. [lokazaHo, uyTO IpobiieHue MPsIMOYroJIbHON
CeTKU B 2-8 pa3 MO KaXJOMY M3 IPOCTPAHCTBEHHBIX HANPABICHHI HE MPUBOJAUT K TAKOMY XKe
MOBBIIIEHUIO TOYHOCTH, KOTOpPOW OOJIaJalOT YHUCJICHHBIE pEIIEHHUs, IOJyYeHHBIE C Y4EeTOM
3a0JIHEHHOCTH STYEEK..

KiroueBble ciioBa: CXEMBbI PpacCHICIUICHUS T10 (1)I/I3I/I"I€CKI/IM nponeccam, TCHCHUC Ky3TTa'
Tefmopa, MOrp€IIHOCTE YHUCJIICHHOTO PCHICHUS.
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Online Political Flashmob: the Case of 632305222316434

A.P. Petrov*, S.A. Lebedev

Keldysh Institute of Applied Mathematics RAS, Moscow, Russian Federation

This paper considers the case of online flashmob 63230522231643, which was intended to show
the indignation of Russian opposition to the contested parliamentary elections in 2011. The
expression of indignation lasted for 47 days. The organizers called on all who believed that the
elections had been rigged to enter the aforementioned number anywhere on the internet so that it
could be indexed by search engines. The assumption was that the number could hardly be expected
to appear in any context other than the flashmob. Thus, using the Google search engine and counting
its appearances, anyone would be able to estimate the extent or severity of indignation, which was
the political opposition members thought was as very widespread. However, the flashmob mobilized
only a small number of participants and failed to achieve its political goals. At the same time, it turned
out to be a rare example of the spread of information in a world that was sparse, that is, considering
only those individuals whose political attitudes and dispositions to online activity made them
available for participation, we get a social network with relatively few edges, which is a sub-network
of a denser and larger network of users.

Methods. The paper presents empirical data on the daily number of flashmob-related tweets and
presents a mathematical model to describe the dynamics of a flashmob on Twitter and compare the
results of modeling with empirical data for flashmob 63230522231643.

Results. The model correctly represents and explains some important features of the dynamics
of a flashmob. To explain the other features would require more a more complex model and building
and verifying such a model would call for more abundant empirical data.

Keywords: online flashmob, sparse world, twitter, political protest, mathematical modeling,
rumor models.

Introduction. In the aftermath of the parliamentary elections that were held on December 4,
2011, the code number or the string of digits, 632305222316434 was published on the Russian
segment of Twitter for those who wished to participate in the Flashmob (written as beginning with
capital F to indicate the specific Flashmob that is the subject of this paper, when used in other contexts
such as discussing mathematical theory propagation, the word is not capitalized.). The results of the
elections, when announced, were strongly contested. Masses of people were seething and one of the
attempted actions of protest was the call [1] by an otherwise unremarkable Livejournal user
«spichechka» (which means «little match» referring to a matchstick and its potential to cause a fire)

* E-mail: petrov.alexander.p@yandex.ru



mailto:petrov.alexander.p@yandex.ru

COMPUTATIONAL MATHEMATICS AND INFORMATION
TECHNOLOGIES

VOL. 1.Ne 1/ 2019

for those who believed that the elections had been rigged to publish the number 632305222316434
in their blogs, websites or anywhere on the internet so that it could be indexed by search engines. The
idea was that this number could hardly appear in any other context. When typed into the Google
search engine, the engine would instantly show the number of times it appears. This would indicate
to the searcher the extent of indignation, which the opposition thought to be extremely wide.
However, the Flashmob did not get support from any major opposition web resource, newspaper or
prominent politicians. As it failed to mobilize the expected huge number of participants, the attempt
failed to achieve its political goals.

One more probable reason for the failure is that some participants posted the code number of
the Flashmob without making any accompanying comment such as «l post this number to express my
indignation...». It is possible that some sympathizers came across this 15-digital number but did not
realize what it implied. They may have thought that «Maybe, the string of random digits appeared
simply because the sender’s cat walked over the keyboard...». We mention this possibility to point
out that when recipients come across a post with the code number, they do not necessarily recognize
the significance of the post and recognize it as a signal of a protestors’ Flashmob. Though this may
not be the major reason for Flashmob’s failure, this possible reason needs to be pointed out because
in the mathematical model below there is a parameter describing the probability of coming across a
certain post and recognizing it as a part of a flashmob and thus learning about the flashmob from it.

However, the failure of the Flashmob is not very apparent. Google search engine finds 20000
to 32000 results for the query «632305222316434» (it is not clear why this count is so variable). That
would lead to the conclusion [2] that there were 20-30 thousand participants, so when planning this
study an abundance of statistics was expected to be available. However, a kind of political fraud (or
trick) aimed at exaggerating the number of participants was discovered instead.

That fraud utilized the online database of smart questions that have been used in a popular TV
show and an intellectual game called «What? Where? When?». Any user may upload a question into
the database, and the question creates a new webpage.

The fraud was that the webpage designer inserted the number 632305222316434 into the footer
of the page template of this database. As a result, 20000 (for instance) questions resulted in the
creation of 20000 pages containing the number in the footer. The Google search, as expected, counted
these 20000 pages as if 20000 people had supported the protest against the results of the Parliamentary
election. (And even today in 2019 the number of fake protesters has continued to rise as users continue
to upload new questions to the website). The number 632305222316434 can easily be seen at the
bottom of the screenshot of the webpage given in Appendix 1. The scale of the fraud is not clear
because the database claims it has more than 337 thousand game tasks. That number is ten times more
the count that the Google search shows, though each page of that database contains the said code
number. Probably, not all the pages are indexed by Google. Anyway, the webpages of this database
[3] account for the overwhelming majority of mentions of the number 632305222316434.

The motivation behind this fraud seems obvious. The whole idea of the Flashmob was to show
a very huge number of people did not accept the results of the parliamentary election. Therefore, the
opponents were keen to exaggerate the number of participants.
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After eliminating the numbers that were added as a result of the fraud, we were left with a small
number of genuine citations of 632305222316434, the vast majority of them being from Livejournal
and Twitter.

As for the number of the Flashmob-related posts in Livejournal, the Google search for the
number 632305222316434 on livejournal.com yields 1920 pages (accessed 18 June 2019). This
presumably means several hundred participants of the Flashmob, because each post in Livejournal
appears in several layouts (single post, feed, month, tag1-related feed, tag2-related feed, etc.) and thus
generates substantially more than one results in Google search. For example, the search query
“632305222316434 on podmoskovnik.livejournal.com gives 16 results (Appendix 2) though they all
relate to a single participant of the Flashmob.

Future flashmobs are more likely to appear in Twitter than in Livejournal as the latter seems to
have been losing its popularity. For this reason, this study turned to the spread of the Flashmob on
Twitter, where 211 participants of the Flashmob were found over 47 days.

This duration far longer than a day (or even a few hours) that a political message requires to
reach nearly everyone who may be interested in it. The probable reason for the difference is that the
Flashmob is a very rare instance of the spread of information in a sparse world. That is, considering
only individuals whose political attitudes and dispositions to online activity made them available for
participation in the Flashmob. This resulted in a social network with a relatively small number of
edges, embedded in a denser and greater network of users. Also taking into account that people were
not so much involved in using social media in 2011 as they are today and watched their feeds less
often than they do nowadays, it’s not surprising that the Flashmob had only a few participants and
that, too, over an unusually long duration.

Introductory Notes and Some Connections to the Literature. It follows from the last
paragraph of Section 1 that the network density is pivotal for the speed of propagation of the
Flashmob. However, this does not necessarily mean that the mathematical model of the Flashmob
must have a design that explicitly accounts for the participants’ network, its structure, and density. (It
should be noted that the empirical part of this research was conducted several years after the
Flashmob. Therefore, it was not possible to separate the connections between users that existed before
the time of the Flashmob from those that were established later).

The model below deals with macro-variables such as the number of flashmob-related posts or
number of persons aware of the flashmob. This approach is in line with classical models of rumor
propagation by Daley & Kendall [4] and Maki & Thompson [5] as well as the recent models [6-13]
(see [14] for a very brief review).

Note that spichechka’s call to publish «632305222316434» (which we refer to as seeding post)
was never published on TV or newspaper. Thus, the information about the Flashmob was transmitted
exclusively by the participants of it, making an example of rumor transmission.

Other approaches to mathematical modeling of rumors and propaganda wars include emphasis
on position selection, opinion dynamics, social networks, and agent-based and game theory-based
models [14-21]. Related empirical studies usually focus on the content of the posts or search queries
(see, for example, [22-24]). Broader contexts include Internet security, cyberwars and cybersecurity

[25-27].
EX
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Mathematical Model. Let us start with numbering days: t=0,1,2,3,... where t =0 is the day
the seeding post was published. Let N, be the number of potential participants, that is the number of

individuals whose political attitudes and network positions make them available for participation.
Each of them is not supposed to post the number 63230522231643 more than once. We categorize
all of the individuals into three groups:

— n(t) is the current number of participants, that is, persons who have already published their
posts by the start of the day t (obviously, n(t) is also the number of posts);

— c(t) is the number of cunctators, that is, persons who are aware of the Flashmob but have

not posted yet by the start of the day t;
- (t) is the number of ignorants, that is, persons who are not aware of the Flashmob by the

start of the day t.

At any moment of time we have n(t)+c(t)+g(t)=N,.

An ignorant can turn into a cunctator or a participant. Also, a cunctator can turn into the
participant. Denote A, (t) the number of ignorants tured into cunctators on day t, that is the
number of persons who belong among the ignorants at the start of the day t and will belong to
cunctators at the start of the day t+1. Similarly, A, (t),A,_,, (t) are the numbers of ignorants and

1= c—n

cunctators turned into participants. Thus, we have

g (t +1) =9 (t)_Ag%c _Ag»n (1)
c(t+1)=c(t)+Ag%—ACHn )
n(t+1)=n(t)+A,,+A._,, )

Let g denote the probability that the average individual uses their account on day t so that they

learn about the Flashmob (if they are ignorant) or/and make their post on that day. This probability is
supposed to be unaffected by the individual’s group. Hence, the total number of persons using their

account on day tis Nyq (t) and among these persons are:
— qgn(t) participants,
— qc(t) cunctators, and

— qg(t) ignorants.

Consider an individual using their account on day t and seeing a certain post that has been
published at the start of that day. Let p denote the probability that they come across this post and
recognize it as a part of the flashmob, thus learning about the flashmob. Then the probability that this

individual learns about the Flashmob from at least one of the n(t) posts of the Flashmob is

P=1-(1- p)"".
Therefore, the number of ignorants who learned about the Flashmob on day t, that is the number
of persons who turned from being ignorants into being either cunctators or participants is

Age(t)+ A, (1) =00 (1)P () =g (1) 2-(1-p)" |. @



COMPUTATIONAL MATHEMATICS AND INFORMATION
TECHNOLOGIES

VOL.1.Ne 1 /2019

Let w denote the probability that a person who uses their account on day t, and is aware of the
Flashmob (no matter whether they learned about it on this very day or any day earlier), will make
their post on day t.

Using this, we can split the number A, ,.(t)+A,_,, (t) of persons leaving the ignorant group

as Ay, =(1-W)(Ag L. () + A, (1), Ag oy =W(Ag, (1)+A,,, (1)), thatis

Agrse =(1-w)ag (1) 1-(1- )" | ©
Ay yn =WQQ (t)[l—(l— p)n(t)} . (6)
The number of cunctators turning into participants is

A, =wac(t) (7)
Putting (5)-(7) into (1)-(3), we obtain

g9(t+1)=g(t)-ag (1) 1-(1-p)"" |, ©
c(t+1)=c(t)+(1-w)ag (1) 1-(2- p)"" | ~wac(t), (9)
n(t+1)=n(t)+wqg (t)[l_a_ p)”(t)}wqc(z), (10)

Equations (8)-(10) present the model of an online flashmob. Obviously, given
n(t)+s(t)+g(t)= Ny, one of the equations (8)-(10) can be omitted.

(Assituation can be easily imagined where flashmob-related political views become increasingly
popular, and the pool of persons attitudinally available for participation increases over time. This case
of a continuous increase would give rise to aterm g(t)(1+r) instead of g(t) in equation (8); in this

case N, is not constant).
Consider now the realistic case of p <<1. That is, the probability that an average ignorant will

learn about the flashmob from a certain post is low. This is the case of the sparse net of sympathizers
embedded into a dense net of other users. Suppose, for example, that an ignorant follows 500 Twitter
accounts, only one of them has published their post inviting support for the flashmob. In this case,
the probability must be relatively low that the ignorant will come across this post and pay enough
attention to it so as to learn about the flashmob.

As p <<1, we can take the following approximation:

1-(1- p)" ~1-[1- pn(t)]= pn(t) (12)
Putting this into (8)-(10), we obtain the model in the case of a sparse net of sympathizers:

g(t+1)=g(t)-pan(t)g(t), (12)
c(t+1)=c(t)+(1—w)pan(t)g(t)—woc(t), (13)
n(t+1)=n(t)+wpgn(t)g(t)+woc(t). (14)
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Model (12)-(14) must be considered for t >1 and supplemented with initial conditions for the
number of posts published during day t=0 (which is an observable value) and the number of

cunctators at the start of the day t =1 (not observable), that is n(1) and s(1).
As n(1) posts of the day t=0 comprises the seeding post and n(1)-1 succeeding posts, we

assume that the number of cunctators is s(1) = (n(l)—l)(l—w)/ w . This completes the construction
of the model.

Discussion and Application of the Model to the Case of 632305222316434. The daily
number of tweets with code number 63230522231643 is presented in Appendix 3. By applying
ordinary least squares to this model the following estimates are obtained: N, =239, q=0.16,
p=0.02, w=0.69.

Both empirical and model curves are shown in Fig. 1. As the daily number of posts is relatively

small, we rounded the numbers on each iteration when calculating the «theoretical» (predicted by the
model (12)—(14)) results.

30
25 — model
20 a sy empirical

data

15

10

0
0 10 20 30 40 50

Fig. 1. Empirical data and model curve. Horizontal and vertical axes represent days t and daily number of posts
n(t)—n(t—1), respectively.

The obvious problem with matching is the fluctuation of the empirical data. As we said earlier,
the statistics were expected to be much more abundant. The paucity of data naturally implies high
fluctuation.

The second problem is that the model failed to describe the sharp empirical peak at t=8. We
conducted massive numerical experiments with the model (including those with and without direct
relation to empirical data) and found that the result yielded by the model clearly tended to show
relatively broad and low peak. The cause for this is probably that the model assumes individuals to
be psychologically identical. It is pertinent here to refer to the study of public attention to one-time
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political events such as referendums, elections or coups [28]. That study dealt with empirics and
mathematical modeling of the dynamics of the number of search queries about the event. The
empirical curve (the number of search queries as a function of time) was very sharp, having the

double-exponential shape such as exp [3.94 + 2.91exp(—0.19t)] (Russia’s public attention to Brexit)

or exp [3.16 +3.73exp (—0.23t)] (Russia’s public attention to the US Presidential Elections of2016).

Mathematical models that assume psychological sameness of the individuals (which are close in their
philosophy to models employing the concept of «representative individual» of «representative
household») are unable to describe this double-exponential empirical regularity. Accordingly, paper
[28] builds on the assumption that individuals are differentially predisposed towards being interested
in a given event (for example, because the individuals are not equally interested in politics) and
constructs the model to explain the sharp double-exponential decrease of public attention as a result
of this differential predisposition. Thus, it looks highly probable that in explaining the sharpness of
the peak in Fig. 1, the notion of differential predisposition towards online political activity would be
crucial. Though, the examination of this hypothesis requires richer empirical data.

What is clear even with sparse statistics is that model (12)-(14) successfully explains the
asymmetry of the curve: the increase of the daily number of posts before the peak is obviously steeper
than the decrease of it after the peak. The reason is that some people procrastinate before posting, that
is, they are cunctators. Removing the class of cunctators (that is, assuming w=1) from the model
would lead to a much more symmetrical solution. The smaller is w, the longer and more gradual is
the decrease of the daily number of posts, the greater is asymmetry.

To summarize, the model correctly represents and explains some important features of the
process. Explaining other features requires more abundant empirical data to build and verify a more
complex model.
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APPENDIX 1.

The screenshot of https://db.chgk.info/question/belch16.2/1 which represents the evidence of
the fraud aimed at exaggerating the number of participants. The Flashmob number can be seen at the
footer. Other websites of the online database of smart questions employ the same template with
632305222316434 in the footer.

Basza BonpocoB «410? Nne? Korna?» C )(owed)

Wrpaiite!

CITYYARHRIN TAKET ¥ MOWHCK ¥ TYPHHAPHI AEBTOPBI M PETIAKTOPEL HHHTA JEATIOE H mmﬂ[lmlﬁ
Boilitu  Jlnuensi 3amedaHns  CTaTHeT

Il mA  GnarogapHocTy  $opmart nwcTuka  Nomows Gase

Mhashen » Kopers » UEMNIOHETS pasHeX CTPaH 1t TypHmtps # 31 4 T Missicx) » 2 Typ » XK1l UennuonaT Eenopycems (Muwck). 2 Typ. Benpoc 1

XXIl Yemnuonat benopyccumn (MuHck). 2 Typ. Bonpoc 1

Bonpoc 1: Ha Onumnuitckiy urpax 1920 rona Tepe3a Benb[ CTana Nepsoil 3KEHIWMHON, BEINONHMBL N HOBLII 3NEMEHT, W 33B0EEANA DPOH30EYK
Mefans. OAHAKO MHOMMX He YCTpOoUno, uTo OHA 0Ka3anacs Ha Takoil BeicoTe. HasoauTe EE

Oteet: Hfka

KoMmexTapuii: ©urypucTka Tepeaa Benb[ NepBOil CpeaM KEHWNH BEINONHWNA CANbX0B. Bo BPEMA NPLIKKA 0OKA BLHICOKO 33AMPANAck, W 3T0 GbIN0
COYTEHO HENpUNNYHEIM. [0 NoABneHuA 3nMumk Onumnrag e 1924 rogy GUIypHOe KaTaHWe BKNIOYanock B Nporpammy NeTHux OnnmMnuickux vrp.

Wcroynmkin): hitp:/iru.wikipedia.orghwiki/Cansxo8_(NpeEKoK)

Astop: Mnwens Mateeee (Cankr-Metepypr)

CryuaitHeli naket | Mouck | TypHUpe! | ABTOPEI W p

bl | KHWra 3anof u npeanoxeHuit
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APPENDIX 2

This list of URLSs illustrates that a single user can generate as many as 16 results on the Google
search (query: 632305222316434 site: podmoskovnik.livejournal.com)

1. https://podmoskovnik.livejournal.com/133050.html

2. https://podmoskovnik.livejournal.com/tag/

3. https://podmoskovnik.livejournal.com/133289.html

4. https://podmoskovnik.livejournal.com/tag/%D1%82%D0%BE%D1%88
%D0%BD%D0%BE%D1%82%D0%B2%D0%BE%D1%80%D0%BD%D1%8B%D0%B5%20%
D0%B4%D0%B5%D0%B1%D0%B8%D0%BB%D1%8B

5. https://podmoskovnik.livejournal.com/tag/%D0%A7%D1%83%D1%80%D0
%BE%D0%B2%20%D1%81%D0%BC%D0%BE%D1%82%D1%80%D0%B8%D1%82%20%D0
%BD%D0%B0%20%D0%B2%D0%B0%D1%81

6. https://podmoskovnik.livejournal.com/taq/%D1%81%D1%82%D1%80
%D0%B0%D0%BD%D0%BD%D0%BE%D0%B5
7. https://podmoskovnik.livejournal.com/tag/%D0%B2%D0%B5%D0%BD

%D1%82%D0%B8%D0%BB%D1%8F%D1%82%D0%BE%D1%80

8. https://podmoskovnik.livejournal.com/tag/ %D0%B1%D1%80%D0%B5%D0%B4

9. https://podmoskovnik.livejournal.com/tag/ %D0%BF%D0%B5%D0%B0%D1%80

10. https://podmoskovnik.livejournal.com/tag/%D0%B2%D1%81%D0%B5
%20%D1%83%D0%B6%D0%B5%20%D1%83%D0%BA%D1%80%D0%B0%D0%B4%D0%B5
%D0%BD%D0%BE%20%D0%B4%D0%BE%20%D0%BD%D0%B0%D1%81

11. https://podmoskovnik.livejournal.com/tag/ %D1%81%D1%83%D0%BA%D0%B8

12. https://podmoskovnik.livejournal.com/tag/politics

13. https://podmoskovnik.livejournal.com/tag/ %D1%8F%D0%B2%D0%BA%D0%B0

14, https://podmoskovnik.livejournal.com/tag/%D0%A2%D1%80%D0%BE
%D0%B8%D1%86%D0%BA%D0%B8%D0%B9%20%D0%92%D0%B0%D1%80%D0%B8%D0
%B0%D0%BD%D1%82

15. https://podmoskovnik.livejournal.com/tag/%D0%BF%D0%B0%D0%BC
%D1%8F%D1%82%D1%8C
16. https://podmoskovnik.livejournal.com/tag/%D0%B3%D0%BE%D1%81

%D1%83%D0%B4%D0%B0%D1%80%D1%81%D1%82%D0%B2%D0%B5%D0%BD%D0%B
D%D0%B0%D1%8F%20%D0%B4%D1%83%D0%BC%D0%B0
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APPENDIX 3
Empirical data: the daily number of tweets with 63230522231643. The seeding post was made

on December 6, 2011; thus t =1 refers to December 7.

Day (t) 1 2 3 4 5 6 7 8 9 10
Number of tweets 3 5 1 1 5 5 9 26 14 12
Day (t) 11 12 13 14 15 16 17 18 19 20
Number of tweets 12 11 10 10 8 1 11 4 3 6
Day (t) 21 22 23 24 25 26 27 28 29 30
Number of tweets 7 3 2 3 2 3 3 1 2 3
Day (t) 31 32 33 34 35 36 37 38 39 40
Number of tweets 5 7 2 0 1 3 1 1 0 0
Day (t) 41 42 43 44 45 46 47 48 49 50
Number of tweets 0 1 1 1 1 1 0 0 0 0
Authors:

Petrov Alexander P., Dr.Sci. (Math), Leading Researcher at Keldysh Institute of Applied
Mathematics (4, Miusskaya Sq., Moscow, Russian Federation)

Lebedev Sergei A., Postgraduate Student at Keldysh Institute of Applied Mathematics (4,
Miusskaya Sg., Moscow, Russian Federation)



COMPUTATIONAL MATHEMATICS AND INFORMATION
TECHNOLOGIES

VOL.1.Ne 1 /2019

YK 51-77 10.23947/2587-8999-2019-1-1-17-28
HomTnyecknii onaaiiH-¢GImMo0 632305222316434
A.IL Metpos*, A.C. Jlebenen

WnctutyT npuknanHoi mateMatuku uM. M.B. Kengeima PAH

[Ipeamer wuccnenoBanus. B craTthe paccMmarpuBaeTcs ciydail OHJaWH-(uenmmmMooa
63230522231643, xoTopblil J0JKEH ObUI IPOJAEMOHCTPUPOBATH HErOJIOBAaHHE POCCUNUCKOMN
ONIMO3UIIMK [0 TOBOJY OCHAapUBAaEeMbIX MapiaMeHTCKux BbIOOpoB 2011 roma. Opranuzatopbl
MPHU3BAJIM BCEX TOJAraBIIMX, YTO BBIOOPHI OBLIM COaTbCHPHUINPOBAHBI, PA3MECTUTh YKa3aHHOE
qucio B J0OoM Mecte B VMHTepHETe, 4TOObl OHO MOTIJIO OBITh MPOUHAEKCHPOBAHO MOMCKOBBIMU
cucreMaMmu. Mnes 3akimtrodanach B TOM, YTO 3TO YHUCIJIO BPSAJ JIM MOTJIO MOSBUTHCA B KaKOM-JIMOO
apyroM KoHTekcTe. Takum o00pa3oM, HCIOJIB3Ysl KOJIMYECTBO CTPAHUI] C JAaHHBIM YHCIIOM,
HaWJIeHHBIX TOWUCKOBOW cuctemMoir (Google, KaXIplil >Kenaomuii cMor Obl OLEHHTH pa3Max
HEroJI0BaHMsI, KOTOPBIM MpeACTaBIsICS YiIeHaMH MOJIUTUYECKOM OMMO3UIMN KaK OYEHb LIMpPOKas.
Onnako (MO0 HE TOTYYUI TIOAJEPKKH HU OT OJJHOTO KPYITHOTO OMIO3UIIMOHHOTO BEO-pecypca,
ra3eThl WM W3BECTHOTO MOJUTHKA. B pe3ynbrare oH MOOMIN30BaJ JUIIb HEOOJBIIOE KOJIUYECTBO
YYaCTHUKOB M HE CMOT JOCTHYbh CBOMX IMOJUTHYECKHX Leneil. B 1o xe Bpems, ¢idumo0
Mpe/CTaBiIsieT co0O0i peAKHil IMpUMEpOM pacHpocTpaHeHuss MHGOpMaluud B TaK Ha3bIBAEMOM
paspe:xkeHHOM wMupe. Jlpyrumu cioBamH, I0JIb30BATE€IM, YbHU MOJUTHYECKHE YCTAaHOBKH W
TOTOBHOCTb K OHJIAWH-aKTUBHOCTH JIENIAI0T UX JOCTYIMHBIMU JUI YYaCTHsI, COCTaBIISIOT COLUAIBHYIO
CEeTh C OTHOCUTEIBHO HEOOJIBIINM KOJIMUECTBOM pedep, KoTopas SIBISETCs MOICEThI0 O0Jiee MIIOTHOM
u KpynHO#l cetu. Metoasl. B cTatbe mnpeacraBieHbl AMIHPUYECKUE JAaHHBIE O €KETHEBHOM
KOJIMYECTBE TBUTOB, Y4acTBYIOUIUX BO (uenimole. Takke mocrpoeHa MareMaTuieckast MOJIENb JIJIs
omnHcaHus TUHAMUKH Quienimoba B TBUTTEpe U IPOBEICHO CPaBHEHUE PE3YJIbTaTOB MOJICTUPOBAHUS
C OSMIIUPUYECKHMMH JaHHBIMU. Pe3ynbpTarbl. Mojenb NpaBWIBHO MPEICTABISAET U OOBSICHSET
HEKOTOPBIC BaXKHBIC OCOOEHHOCTH JUHAMHUKU (pidrmmoba. st 00bsICHEHUS IPYrMX 0COOCHHOCTEH
TpeOyercss  OoibIIMi  00BEM  AMIMPUYECKMX  JAHHBIX, IO3BOJIIOUIMHA  MOCTPOUTH U
KBaHTU(UIMPOBATH 00JIee CIOKHYIO MO/JIENb.

KiaroueBble cjoBa: oHmailH ¢uemmo0, paspexeHHbll Mup, TBUTTEp, NONUTHYECKUI
IIPOTECT, MATEMAaTUYECKOE MOJIEITMPOBAHUE, MOJEIH CIIyXOB.
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Computer modelling of primers search in the DNA chain*

O. Y. Kiryanova™, L.U. Akhmetzianova, B.R. Kuluev, I. M. Gubaydullin,
A.V. Chemeris
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Polymerase chain reaction (PCR) is one of the most common experimental methods for
solving DNA analysis problems. The possibility of PCR experiment conduction and its success are
vastly depend on oligonucleotide structures. Oligonucleotide primers are important component of
any PCR, and therefore, there are a number of requirements for their design. In this regard, it is
essential to provide computer analysis for the primer selection. In current paper a new approach is
proposed for a specific primer design which is based on Boyer-Moore search algorithm. Computer
software is developed for computer-aided primer design, which noticeably simplifies the pre-
experiment phase and improves PCR results.

Keywords: polymerase chain reaction, primer design, Boyer-Moore algorithm, computer analysis.

Introduction. Oligonucleotide primers determine specificity, efficiency and possibility of
PCR reaction in the presence of all other components. The specificity of PCR is based on the
formation of complementary complexes between a matrix and primers — short synthetic
oligonucleotides with length from 10 to 30 bases. Each primer is complementary to one of the two
chains of the double-stranded matrix and limits the beginning and the end of the amplified region.
Reaction temperature depends on a particular composition of primers. Therefore, there are a number
of requirements for the selection of nucleotide sequences and their lengths in primers in a view of
problem being solved and object of experiment.

There are several well-known software solutions for the computer-aided primer design [1-5].
However, it is not always possible to implement a specific search, adjust parameters and initial
conditions in case of using the aforementioned computer programs. Therefore, a new software is
developed that allows primer design with the ability of introducing more stringent conditions on the
desired primers and their location in a particular genome. It allows repeatedly perform computer
analysis in several variations in order to determine the most favorable PCR conditions.

The object of research. Polymerase chain reaction (PCR) is one of the most common
experimental method for solving DNA analysis problems. This method of gene diagnostics is
widely used in various fields of biology and medicine. The essence of this analysis consists in a

* The reported study was funded by RFBR according to the research projects Ne 17-44-020120.
** E-mail: olga.kiryanova27@gmail.com.
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multiple increase the amount of specific fragments by using special enzymes that repeatedly copy
them for particular genomes.

PCR is performed in three stages. The first stage is denaturation: the divergence of two
DNA chains (temperature 94-96" C). The second stage is annealing. Reaction temperature is reduced
after the chains divergence so that the primers can bind to the one-chained matrix. Then the
replication occurs (the synthesis of affiliated molecule DNA) where the primer is used as a priming
[6].

Oligonucleotide primers (artificially created oligonucleotides that search for the desired DNA
fragment) are important component due to the specificity of the PCR reaction, as well as its possibility
occurs in the presence of all other components [7]. Thus, it is important to conduct a preliminary computer
analysis for a further direct experimental research. There is a number of software solutions implementing
design of oligonucleotide primers [8]. However, such software does not allow more detailed design of
primers (for example, a specific composition of a primer, narrow PCR temperature range). Hence, there is no
opportunity to solve small routine subtasks.

One of the computer-aided tasks is searching and determination of short sequences localization
(primers) up to nucleotide. It is necessary in order to determine the possible places for primers annealing and
their number. In fact, the task is similar to the searching for a word (10-20 characters length) in some text (up
to 1 billion characters). In this case, the alphabet has the following letters determine four nucleotides: A
(adenine), G (guanine), C (cytosine), and T (thymine). In its turn the molecule consists of nucleotides
mentioned above. It is important not only to locate the «words» but also the number of its occurrences.

Searching short sequences has two destinations. The first one is for random PCR. It is important to
know how many times the primer occurs in entire DNA chain and at what position it is located. In this case,
the considered length of short sequences, as a rule, is from 8 to 25 nucleotides. The more often the desired
site occurs, the higher the likelihood of a successful experiment. Figure 1 shows the search pattern.

Amplicon length

EEG G| T| A c| C| A T

|

The primer to search

ATGGTACC.|...
)

|

Reversed primer

Fig. 1. Searching for primers (random PCR).

The second application is a searching for the annealing sites of slightly longer primers which
should occur on the average of every 16 million nucleotides. A subsequent sequence of nucleotides after
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each site is of interest assuming that three rather than four nucleotides are taken in the amplification reaction.
The termination of chain (completion of the synthesis) occurs on the missing one. In this case, we are
interested not only in position of the primer, but also in the adjacent DNA segments. It is worth noting, the
forward and reverse primers are considered as equivalent in this case. That is why both primers are used to
search for the annealing site. The scheme of this search is presented on Figure 2. Therefore, the proposed
approach is take into account only such places of annealing where specific nucleotide is not met on the
sufficiently long distance (for example, guanine G as shown on Figure 2). Moreover, it is important to know
the length of sections, the total molecular mass of their constituent nucleotides.

:.G G.T A-C.C.A.T.....A.T-G.G.T.A-E.
i |

Search primer place of annealing

Fig. 2. Search for primers and annealing sites in the nucleotide sequence

Results of research. In order to solve the above problems, an algorithm was developed for
searching short primers in the DNA chain. The proposed approach was based on the Boyer-Moore
algorithm [9-10] with the additional conditions for the choice of primers. This algorithm allows to find the
inclusion of specific fragments of sequences in the DNA chain up to nucleotide, as well as to determine the
composition and size of the amplicons. During the search, a selection of primers was produced taking into
account the stated requirements.

A : ¢ 0 A B C D

1 [#GGATCTIT _ |AAAGATCC lengthof amplicon . [y et anAGATCC length of amplicon
2 39883835 39884052 247 2 39883835 39884052 217

: 35375264 5375548 284 3 55375264 55375548 284

4 23563657 25569363 312 4 29569657 29569969 312

5 38393023 38393375 346 5 38393029 38393375 346

& 43515668 43520023 335 B 49519668 49520023 355

7 41540764 41541163 399 7 41540764 41541163 399

8 8231987 8232448 461 3 8231987 8232448 461

9 37414390 37414862 a7 9 37414330 37414862 472

10 56234084 56234565 481 10 56234084 56234565 481

11 11

@ (b)

Fig. 3. The output of the program

(a) search sequence GGATCTTT (reverse primer AAAGATCC) for the analysis of random PCR
(b) search for GGATCTTTAC sequence (reverse primer GTAAAGATCC) to detect annealing sites

The software was developed using Python 3.5 language and BioPython library [11]. This library

contains tools for calculations in the field of computational biology and bioinformatics. In addition, library
tools allow to work with files in fasta-format (text format for nucleotide or polypeptide sequences, in which
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nucleotides or amino acids are indicated using single-letter codes) [12]. All calculations were done for the
model objects (chromosomes of Arabidopsis). The program output is presented on Figure 3.

Conclusion. The proposed software allows varying the size of a primer, the length of an amplicon.
Moreover the developed computer-aided system could change the conditions for the annealing site (such as
size and nucleotide composition).

The results obtained allow to predict the conditions for experimental PCR. On the base of the
algorithm, a computer program was developed that allows computer-aided primer design. On the base of
performed computer analysis, it was revealed that it is inexpedient to carry out experimental studies of PCR
diagnostics since there are a small number of sites containing the required primers or they do not exist at all.
The received results simplifies and optimizes the work of geneticists and experimenters are providing PCR
experiments. If the size of the amplicons expected from computer analysis and their number are known, we
can them on the gel electrophoresis in the form of bands during the PCR. In case of the absence of the
desired sites in the genome under study the successful conduct of a full-scale experiment is unlikely.
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KomnbioTepHoe MoempoBanue noucka npaiimepon B nenu JJHK*

O.10. KupbsinoBa*, JI.Y. Axmer3sinoBa, b.P. Kyayes, U.M. I'ybaiinyuinn, A.B, Yemepuc

Y dbumcknit roCyJapCTBEHHBIN HeTAHOU TEXHUYECKUI YHHUBEPCUTET, VYia, Poccus
HNHCTUTYT OMOXMMHHM WM TEHETHKH Y(HUMCKOro ¢eaepaibHOr0 HCCIeOBaTeNbCKOro IeHTpa Poccuiickoit

aKaJIeMHUH HayK

[Tonumepaznas nenHas peaxuust (IILIP) sBnseTcss ogHUM K3 caMbIX pacHpOCTpPaHEHHBIX
SKCIEPUMEHTAJIbHBIX METOJO0B IMpH pemeHud 3afgad aHanusza JIHK. OnuronykneotujHsie
npaiiMepsl  ABJIAIOTCS BaKHOW cocrapisomed moboit [P, m mostomy cymecTByeT psn
TpeOoBaHMH K uX Au3aiiHy. OT [aHHBIX CTPYKTYp 3aBUCHUT YCIEIIHOCTh M BO3MOXKHOCTH
MIPOBEJICHUS] SKCIIEPUMEHTA B 1LI€JOM. B CBA3M ¢ 3THUM MOsSBUIACh HEOOXOIUMOCTb MPOBEACHUS
KOMITBIOTEPHOTO aHanu3a nojdopa mpaiiMepoB. Pa3paboTran anropuTM Ha OCHOBE ajiropurMa
noucka boitepa-Mypa g cnenuduuHoro amsaiiHa mpaiimepoB. B Hacrosmel pabote
MIpe/ICTaBJIeHbI JIB€ Bapualuu noucka npaiiMepoB. Ha ocHoBe anroputma pa3zpaboTaHa nporpamma,
MTO3BOJIAIOIIAS. IPOBOJUTH KOMIIBIOTEPHBIM JU3aliH IpaiMepoB IIepe]] HENOCPEICTBEHHBIM
SKCHEepUMEHTANIbHBIM TipoBeaeHrueM [I1[P. UTto 3HauMTeNbHO YHMpONIIAET MPOBEIAEHUE HATYPHOTO
sKcrniepuMeHTa. Ha naHHBIH MOMEHT pacdeTbl MPOBEAEHBI Uil MOAEIbHBIX OOBEKTOB (XpOMOCOM
apabumorncuca).

KiwueBble cioBa: MoJiMMepa3zHas IeNHasg peakius, Iu3ailH MOpaiMepoB, aJlrOpUTM
Bboitepa-Mypa, KOMIIbIOTEPHBIN aHAIIN3.
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Mathematical modeling of the delay process in regulation of population
dynamics based on the theory of cellular automation *

A.V. Nikitina, V.M. Kozlov**, A.A. Filina™*

Southern Federal University, Taganrog, Russia
Supercomputers and Neurocomputers Research Center, Co. Ltd., Taganrog, Russia

The paper covers the research and parameterization of the delay effect in regulation of
biological kinetics processes for interacting populations, including the modification of the
mathematical model to describe the development of population fluctuations. Numerical
implementation of the modified Conway algorithm for a cellular automaton with a ternary state of
cells was developed for analysis the model scenarios of dynamics of nonlinear interacting biological
populations, taking into account factors that have a significant influence on the nature of researched
processes. The transformation conditions of the cells’ state show that the formalized delay can refer
to the dynamics of interaction of species and supporting the living conditions of the environment. A
numerical implementation of a fundamentally different version of the cellular automaton was
proposed. The cellular automaton allow modeling the processes of population dynamics regulation
taking into account the delay effect on the basis of three dynamically interacting factors: ontogenetic
delay, the necessary to restore resources, and diffusion component depending on the development
rate of individuals in the population.

Keywords: cellular automaton, population dynamics, delay effect, mathematical model,
algorithm, program.

Introduction. In the 70-s of XX century Kolmogorov A.N. assumed that with «the
development of modern computing in many cases the examination of actual phenomena is reasonable
conduct, avoiding the intermediate stage of it stylization in the spirit of the mathematics of the infinite
and continuous, and passing directly to discrete models». Indeed, there is a large variety of
mathematical systems based on the principle of fine-grained parallelism, and, most importantly, there
were software and hardware systems that can simulate the operation of such systems today [1].

The main distinctive feature of systems with fine-grained parallelism is the possibility of
simultaneous (parallel) changes in conditions of the entire system, while each section of it interacts
only with its immediate neighbors. Due to this property, the events occurring at the micro level can
associate with changes in the macro-level of the simulated object.

The classical system with fine-grained parallelism is a cellular automaton — a discrete model,
which is a grid of arbitrary dimension. Each cell of grid at any given time can take one of a finite set
of conditions with a given rule of cell transition from one condition to another.

* The paper was supported with the financial support by the grant Ne 17-11-01286 of the Russian Science Foundation.

** E-mail: nikitina.vm@gmail.com.

“** E-mail: j.a.s.s.y@mail.ru.
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The idea of cellular automation was appeared in the late 40-s of XX century. It was conceived
and formulated by John von Neumann and Conrad Zuse independently as a universal computing
environment for constructing, analyzing and comparing the characteristics of different algorithms.

The definition of cellular automata is given in the paper of Toffoli T., Margolus N. [2]:
«Cellular automata are discrete dynamical systems whose behavior is fully defined in terms of local
dependencies. To a large extent, this is also the case for a large class of continuous dynamical systems
defined by partial differential equations. In this sense, cellular automata in computer science are
analogous to the physical concept of «field», and cellular automata can be thought of as a stylized
world. The space is represented by a uniform grid, each cell of which contains several bits of data;
time goes forward in discrete steps, and the laws of the world are expressed by a single set of rules or
a small reference table, by which any cell at each step calculates its new condition by the states of its
close neighbors. Thus, the laws of the system are local and the same everywhere. «Local» means that
in order to find out what will happen here a moment later, it is enough to look at the condition of
immediate environment: no long-range action is allowed. «Sameness» means that the laws are the
same everywhere: | can distinguish one place from another only by the shape of the landscape, not
by any difference in the laws». Note that cellular automata are not just machines performing with a
field divided into cells. The field of application of cellular automata is almost limitless: from the
simplest «cross-zero» to artificial intelligence. The theme of cellular automata is very relevant, as it
can lead to the solution of many issues in the world.

A two-dimensional cellular automation can be defined as a set of finite automata on a surface
indicated with integer coordinates (i, j ), each of which can be in one of conditions o, ;:

0, € zz {O,l,2...k -1 k}.

The change of automation conditions occurs according to the rule of transition

o, ;(t+1) = g(o, (O[(k,1) € NG, j)),
where N(i, j) is some neighborhood of a point (i, j).

For example, the von Neumann neighborhood:

Ny G §) ={ (kD fi—k|+[i-1]<1},
and the Moore neighborhood:

N G, J) ={(k. D ]i -k| <3| j-1| <1}

Four types of cellular automation were proposed by Stephen Wolfram in the book «A New
Kind of Science». According to it, all cellular automation can be separate depending on the type of
their evolution [3]. The Wolfram classification was the first attempt to classify the rules themselves
rather than the types of behavior of the rules separately.

The cellular automaton, known as «Conway's Game of Life» [4], was popularized by John
Conway to explain the processes of self-organization in various natural sciences and simply as a
visual model in teaching programming. Popularity is explained by only two calculation rules of the

next generation of group of cells which can be alive or dead: if there's a dead cell with three living,
the dead becomes alive; a living cell remains in its state if there’re two or three living cells nearby.
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The playing field may be limited, withdrawn — in the form of a computer simulation of the
torus surface. Such technique in the simulation is called the setting of boundary conditions of cyclic
type or periodic boundary conditions (the most common option) or infinite, as originally believed
Conway. At the same time, the simplicity of the rules with binary cell division provides a huge variety
of forms and interesting variants of the arrangement of living cells in the first generation, which lead
to stable or periodic variants of the final arrangement, called figures. There is a game modification
with the continuous space without cells with a very impressive visual implementation. The situations
that arise in the course of the game invented by him are very similar to the real processes that occur
at the birth, development and death of a colony of living organisms. They are born with a favorable
combination of relevant factors and die if the conditions of their existence become unbearable. The
conditions of birth and death are determined exclusively by the mutual arrangement of participants.

Although the game consists of simple rules, nevertheless, it attracts the attention of scientists
for more than forty years. The game «Life» and its modifications influenced (in some cases mutually)
many sections of such exact Sciences as mathematics, computer science, physics. In addition, many
of the patterns found in the game have their analogies in other, sometimes completely «non-
mathematical» disciplines. Perhaps, this game is connected with other scientific phenomena,
including those about which modern science is still unknown. It is also possible that the laws of
«Nature and Society» that are not open today will become more understandable thanks to «Life» and
its modifications.

Thus, cellular automata have found and are widely used in many spheres of human activity,
many of problems which became possible to solve only with the help of a computer.

The use of cellular automata to research the processes of biological kinetics is reflected in the
historically first model of exponential population growth N(t) = N(0)e" . To describe changes in the
state of small populations, no separate formalization of the existing mechanisms of regulation in the
functional form was assumed, only at the level of correction of the basic value of the reproductive
parameter r [5].

The parameter r is a — reproductive potential (also known as «malthusian parameter») and
defined as the difference between instant birth and death r = o — . It was supposed a priori r > 0

irrespective from t. The exponential growth equation N = rN, has long been unused, referred to as

an anomaly in the history of mathematical biology, although it is obvious from many examples of
alien species infestations that the properties of reproductive activity simply cannot be preserved Vvt .

For example, a system of deterministic equations describing the petroleum hydrocarbons
biodegradation processes by introducing the Chlorella vulgaris Beijer green algae into the water on
the basis of combined methods of mathematical modeling using the stochastic approach, with its
probabilistic submodels, takes into account the simultaneous influence of external factors, including
the spatial distribution of salinity, temperature and illumination, on the rate of mass transfer:

(P), +div(uP)= AP +¢, icl4,

where P, is a concentration of i-th component: 1 is the petroleum, 2 is the biogenic matter, 3, 4 are

the Chlorella vulgaris Beijer green algae and its metabolite; u is the velocity vector of water flow;

;, are diffusion coefficients; ¢ is a chemical-biological source.
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If the second equation of the considered system taking into account the fluctuations of the
environment has the form:

|f>2 - (a_ﬂ"' y(t)) P, m(t)= one(a_ﬂ)t , o7 t) = onez(“*ﬂ)t (eazt 1),
where «, 8 are growth rate and mortality of phytoplankton; r =« — 3 P) is a concentration of P2

at the initial time; m(t), o’(t) are the mathematical expectation and variance of fluctuations y(t),

that at r < o> the probability of degeneration of the Chlorella vulgaris Beijer population over time
increases, in an effort to limit the unit — the population is probability unstable, i.e. long enough effects
of disturbances are most likely to lead to her death. At r > o the probability of degeneration
decreases, and at t — oo the population tends to zero — the population in this sense is stable.

The adequacy of probabilistic observational models can be checked using the randomness
criterion, which takes into account the variance values of a number of actual parameters and its
random component caused by the influence of randomness elements [6].

In the future, Multispecies interaction models were developed. One of the problems was the
confirmation of the existence of closed cyclic trajectories for the number of opposing populations in
practice of observations or in experiments, which predicts the well-known «predator-prey» model by
Lotka-Volterra.

The oscillations of two species were obtained in experiments of Utid S. for another type of
biological interaction «parasite-host». To explain the contradictions, the hypothesis arose that the
effect of self-regulation does not act from the current state, but from the one, existed in the past and
manifests itself after a while. This hypothesis was suitable for the existing mathematical means of
modeling of elastic deformations — differential equations with a deviating argument.

As a result of the observations and laboratory experiments it was found that population
fluctuations may also occur in isolated populations in the absence of interspecific trophic interactions
[7]. The logistic equation with delay was proposed by Hutchinson G. for formation the appearance of
population oscillations of a single-species self-regulating system [8]:

Ny =rN(t)(1-N(t-7)/K), (1)
where t is the time; N is the number of individuals in the population; r is a reproductive characteristic;
K is a supporting habitat capacity; z is the delay parameter.

The delay parameter 7 in this equation is a characteristic of regulation, i.e. the regulating
parameter of use and restoration of resources or accumulation/disintegration of toxic products of
metabolism, not connected with the age of puberty. The Andronov-Hopf bifurcation is performed at
increasing the value of delay = (or the reproductive characteristic r) [9].

It is known that in most cases, the effect of delay was associated with the duration and stages
of the formation of adult mature organisms. If the delay is some much then the critical value, the
resulting cycle quickly acquires a relaxation form with very low and long minimums. A large number
of equation modification (1) was proposed for improving the characteristics of the oscillation model
cycle. The «food-limited equation» including periodically dynamic coefficients was the most famous
among them [10]. This suggests that the method of harmonization of models and observational data

has reached an impasse.
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Fig. 1. Relaxation cycle in the Hutchinson equation, K =15000.

According to experiments, conducted by the australian entomologist Nicholson with the
laboratory population of flies, complex fluctuations of generational and regime change in behavior
were occurred if the quantity and the regularity of receipt feed were changed; according to the modern
analysis two frequency components were assigned in the oscillations [11].

However, in this case, the amount of feed is not a bifurcation parameter for the equation (1)
considered above. A value K scales the amplitude of oscillations and represents the limit of the
«ecological level». It’s corresponded to the indicator of nutrient availability in (1). The fecundity and
the time of passage of the stages of individual ontogenesis can be constant for the period of
observation on average. It is obvious that in the experiment it was possible to simulate the change in
the recovery rate of biological resources. According to the fact that the lack of food directly affects
the mortality of larvae, it value is not isolated in the Hutchinson equation modifications. Therefore,
it’s necessary to take into account the instantaneous loss from the current population £ (additional
bifurcation parameter) was required for better agreement of experimental data simultaneously with
the suppression of competition reproductive potential.

It was proposed a fundamentally different equation with delay, known as «Nicholson's
blowflies equation» with the exponential nonlinearity, responsible for the self-regulation of
reproduction efficiency [12]:

N/ = YN (t —r)e‘yN(t") —-BN(t), (X, 7, B=const >0), (2)
where y is a characteristics of the population with the maximum effective reproduction.

The complex oscillations were occurred at the large values = (z =15; g =0.3); the damped
oscillations were occurred with a smaller delay and smaller values g1 1 (t=8,  =0,015) —it’s the

scenario of soft completion of alien species invasive process with a single peak

The invasion of Mnemiopsis leidyi in the Black Sea refers to such scenario; but the dynamics
of its number after entering the Caspian Sea does not fit into the known models. Mnemiopsis is a
«short circuit breakers» in marine ecosystems, intercepting and mineralize flows of zooplankton
organic matter, regenerate nutrients and thus stimulate the development of phytoplankton.
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After the introduction of ctenophore in the Azov Sea the primary production was doubled with
a concomitant increasing the organic matter in water and sediments and its turnover. One of the
consequences of changes in the trophic chains in the Azov Sea ecosystem as a result of ctenophore
introduction is an increase of detritus proportion [13]. M. leidyi can indirectly regulate the dynamics
and distribution of summer phytoplankton through the consumption mechanism of zooplankters-
phytophages, producing the «cascade» effect on the lowest trophic levels, through the zooplankton
on phytoplankton and the chlorella «a». Eating of meroplankton by Mnemiopsis (larvae of benthic
animals) and demersal plankton leads to decreasing of benthic biomass.

At modeling of hydrological processes (the interaction of plankton and ctenophores) in a
shallow water — the Azov Sea — we take into account spatial distribution of salinity and temperature.
The amount of Mnemiopsis depends on the range of its penetration and determined by the direction
and velocity of wind currents that contribute to the drift of waters with high salinity. Mnemiopsis can
live and reproduce only at salinity above 4.3%o (for the Caspian Sea) [14]. The distribution of
Mnemiopsis in the Azov Sea is limited by isogaline 3%o, due to its penetration from the Black Sea,
where it’s re-populated every year in spring or early summer, and lives until October, then dying out
when temperature drops below 4°C.

Full-scale measurements obtained during the expedition in the Azov-Black Sea basin, and
data of the «Analytical GIS» portal, developed by the Institute for information transmission problems
of RAS (IITP RAS, Moscow) were used at modeling [15].

The model for describing the ecological and biological process of interaction between
ctenophores and plankton has the form [16, 17]:

3 —_—
(R), +%Z{Ua(Pi)Xa,+(Ual3;)xa'}:yiAPi +8Xi(vi %j“/’“ iel9.

~ .

(Pypz’P) {alp -0k, - 51}Pl! ‘/’z(Pl’Pz):{aza_gz}Pz' (3)

‘//3( Ps!P) {a3P -6, - ‘93}P:31 l/’4('33’FiwPs):{Olzlps_54|33_‘94}Fiv0’4:(0504"'7/4F’6)
9

(PP B)= Z 5iR_55P4P5+B(|55_P5)+f’

i=1,i#5

Vs

m-m?

4
V(PP PP, P B) =Y kP —¢,P,; me6,9,
1=1

where P, are concentrations, i 1,9:1, 2 are Mnemiopsis leidyi and Beroe ovata ctenophores; 3 is the
zooplankton; 4 is the phytoplankton; 5 is the biogenic matter; 6, 7, 8, 9 are metabolites of ctenophores
(6, 7) and plankton (zoo- (8) and phyto- (9)); w, are functions of trophic interactions; ¢, is the growth

function of ctenophores and plankton, 1=14; o, 7, are the phytoplankton growth rate in the
absence of metabolite and the impact parameter; B is the entering velocity of nutrients P, ; P, is the
maximum possible concentration of nutrients; ¢, is a mortality factor of |-th specie; ¢, are
coefficients of metabolite decomposition, m=6,9; k, is an excretion rate of | -th specie (ctenophores

(1=1,2), zooplankton (1 =3), phytoplankton (I = 4)); 0,,0,,0, are coefficients of loss due to eating;
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f = f(X,%,X,t) is the source function P, (pollution); u is the velocity field of water flow;
U=u+u,, U=(U,,U,,U,) is the rate of convective transport of matter; uy, is the sedimentation

rate of i-th substance; g v, are diffusion coefficients in horizontal and vertical directions of i-th
substance.
The computational domain G is a closed basin limited by the undisturbed water surface X,

the bottom X, =X, (X, y) and the cylindrical surface o for 0<t<T,. X=>, U2, Uo is the

piecewise smooth boundary of the domain G .
We add boundary conditions to the system (3):

P=0#a o, U, <0;(Pi)n' =@, na o, U, 20;(Pi)2' =0 na 2, (R)Z’ =—fBPR na 2,, (4)
where S is an absorption coefficient of i-th component by bottom sediments; n is the vector of the

external normal to the surface ..
Also, we add initial conditions:

Pl =Po(X.y,2),i=19. ©)

Thus, there is a problem of ecological interpretation of delay 7, i.e., the determination of its
magnitude with any direct population characteristics or properties of the environment. The analysis
showed that taking into account the effect of delay in biological kinetics models can improve the
accuracy of predictive modeling of population dynamics.

Continuity of measurement units is not necessary for population dynamics, because there are
alternative methods for describing the processes of biological population dynamics, such as the
cognitive graphs and cellular automata.

Results of numerical experiments. Rules of operation of new cellular automaton were
defined in the paper [18]. Due to it, we can research the influence of the delay effect on the evolution
of interacting biological populations. A mathematical game with more complex rules were introduced
for illustration the problem of parametric expression of delay action in dynamic models and as a new
object for determining the self-organization forms. According to it, the automaton cell has not two,
but three acceptable conditions. The cellular automaton in which the parameter, relating to the nature
of the occurrence of delayed regulation, will change during the game, simulating the evolutionary
adaptation of the community to the emergence of new species, can be designed in the future.

Let's describe the rules of the «oaks-rodents» cellular automaton.

1. A cell field is defined as the same «Life» game (in the closed version). Each cell has 8

adjacent cells. Initially, the oak grows in each cell (N,). The rodent (N,) can settle in the cell,

containing the oak.

2. Adult rodent can produce r =2 offspring every season if also the rodent lives at least one
of the adjacent to his cell.

3. If more than 5 cells are occupied around the rodent, the rodent dies from overpopulation,
and the oak becomes free.

4. Rodents undermine the roots of the tree. The oak falls, and the rodent dies. Before the fall
of the oak, a rodent may breed no more than k =5 times.
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5. The offspring of the rodent will become pubescent and will be able to give offspring through
the season, if they will take a suitable oak at this moment, otherwise they die. The new rodent occupies
the nearest free oak with the least number of occupied adjacent cells, examining the adjacent ones
clockwise.

6. The rodent may have migrated for the season to a distance of not more than | =2 of the
neighboring cells to occupy the oak (similar to the speed of light in the Conway's game).

7. A new oak grows up for 7 =10 seasons on place the fallen oak.

Several aspects, related to the phenomenon of delayed regulation, are determined in the
transformation rule of cell conditions. Moreover, these factors are warring in the game. We propose
to make the parameter r as a «<manager» to assess the impact in scenarios with slower recovery of
resources, which was not in «Life», but is consistent with environmental reality.

The software that implements the operation of the cellular automaton was developed in the
C# object-oriented programming language. Transition rules for cellular automation of the delay
regulation are the basis of algorithm of software implementation. For a better research of the model
of biological population interacting, all parameters of the cellular automation can dynamically change
during the application.

The main window of the developed application with the original interface that allows to
dynamically changing the parameters of the cellular automation is given in Fig. 4.
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Fig.4. The interface of ap_plication.

We conducted a number of experiments with the developed application. Figures 5-8 shows
the results of mathematical modeling the evolution process of two interacting species of biological
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populations (the concentration N, denotes by the green color, N, — by the red color) taking into

account the delay effect based on the previously introduced transition rules (algorithm) of the cellular
automation.
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Fig. 5. The process of modeling thg interaction of biological populations.
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Fig. 6. Changes in the number of interacting populations at the initial time (t =0).
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Fig. 8. Changes of the amount of interacting populations (t =500) .

Graphs of population amount changes for different values (the time delay parameter) are given
in Fig. 9-12.



COMPUTATIONAL MATHEMATICS AND INFORMATION

TECHNOLOGIES VOL.1.Ne 1 /2019

45000 -
40000 -
S J§5\‘
= 35000 \
3 30000 \C
G 20000
€ 15000
3 W
2 10000 ,
< 5000 /
Oh—_——
A NN TN O NN DDO AT AN M TN ONNOOOO I N <
N < OO0 O AN < OO A N WL NI OMOLNO NS O
A AN AN AN AN ANOONDN ST
t
Fig. 9. Changes of populationat 7=5.
45000 -
840000J‘-
535000 “.“:‘
3 30000 \
8 25000 N
'S 20000 A
€ j'*==s-s.§___,_=!!! g —
815000
£ 10000 -
<‘:5000—§
0
L T TR o TR e TR e AR s O e O o B e TR e R o e O o O e TR e AR R e R e O e O e TR o A o K e R o B o |
N < OO0 O NS VWO AN VOO NS OO N O
A A A N AN AN NN OOOOOND ST
t
Fig. 10. Changes of population at 7=10.
45000 -
c 40000
-%35000
330000—3"‘
8 25000 A}
‘S 20000 ML
€
815000
£ 10000
<’:SOOOW
0
™ A A A A A A
N < OO0 O AN VWO AN S VO AN S OO NI O O
A A A A A AN N NN N OO OO ST N
t

Fig. 11. Changes of population at 7=15.
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Fig. 12. Changes of population at 7 =30.

According to the Fig. 9-12, it can be concluded that taking into account the delay effect can
improve the accuracy of predictive modeling the interacting biological population evolution. As we
can see that, the change of population is approaching the field data at increasing the r parameter.
Numerical experiments have shown that the results of population dynamics modeling coincide with
the solution of equation (2) at the qualitative level (Fig. 2). The solution of the model problem at high
values 7 has the complex oscillations. The solution of the model problem gives a fast output to the
stationary regime with a single significant deviation with the less delay.

The numerical implementation of the modified Conway algorithm made it possible to
determine nontrivial input data that affect on the dynamics of environmental processes, tend to some
established stationary or oscillatory regime. Although it is known that the initial conditions are not so
significant characteristics in population dynamics.

Conclusion. A variant of the cellular automation, modeling the regulation processes of
interacting biological population dynamics taking into account the delay effect, was considered. The
application was developed for a computer in C# for modeling the nonlinear interaction of the cellular
automation. Experiments were performed on the basis of developed application for researching
various effects, including the delay, occurring at different input parameters of the cellular automation
(the rules of transition). The algorithm of cell transformation includes three dynamically interacting
factors: the ontogenetic delay, the need to restore resources for the further development of the
population, and the diffusion component. The developed numerical implementation of the cellular
automaton was based on the hypothesis that the delayed regulation does not belong to the properties
of species or only the environment, but it is an additive characteristic of nonlinear interaction process
of the researched biological populations.
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MaTteMaTH4YeCKOE MOACTUPOBAHME IIpoHeEcCa 3ana3ibIBaHUSI B PEryJjasaliun HOHyJIﬂIIHOHHOﬁ

AUHAMHUKHU HA OCHOBE TEOPUH KIICTOYHBIX aBTOMATOB”

A.B. Hukntuna, B.M. Koziaos™*, A.A. ®uanna™

HOxub1it penepanbublil yauBepeutet, Taranpor, Poccutickas denepanus

000 «HULI cynep-OBM wu HelipokomnbioTepoBy, Taranpor, Poccuiickas @enepanns

PaboTa mocBsmeHa n3ydeHHI0 U apameTpu3ain dpQPeKTa 3ana3qpIBaHus MPU PETYISIIH
MPOIIECCOB OMOJOTMYECKOW KHHETUKHU JJIs B3aUMOJCHCTBYIONIMX TMOMYJSIIUNA, B TOM YHCIIE
MOAU(UKAIUS MATEeMAaTHICCKOW MOJICIIH JUIS ONMCAHUS PAa3BUTHS MOMYJISIIMOHHBIX (QIIYKTYyaIlni.
Jlyia aHanmu3a MOJIENIbHBIX CLIEHapHeB TUHAMUKU HEJIMHEWHO B3aMMOJCHCTBYIOMINX OMOIOrHYECKUX
MOMYJISIIUM ¢ y4eToM (akTOpOB, OKa3bIBAIOLIUX CYIIECTBEHHOE BIMSHHE Ha XapakTep MPOTEKAHUS
M3Yy4aeMbIX IPOIECCOB, pa3paboTaHa YMCICHHAs peanu3anus MOAU(PHUIMPOBAHHOTO alropuUTMa
KoHnBest /u1 KJIETOUHOTO aBTOMara C TPOUYHBIM COCTOSIHUEM KJIETOK. YCIOBHUS TpaHChopMaluu
COCTOSIHUSL KJIETOK TIIOKa3bIBAIOT, 4YTO (opManu3yeMoe 3ama3ibIBAHUE MOXKET OTHOCUTBHCS K
JUHAMUKE B3aUMOJCWUCTBUS BUAOB M MOJJEPKUBAIOLICH YCIOBUS KWU3HM cpenbl. [Ipemnoxena
YUCJICHHAs peaju3alys [PUHLOUINHAAIBHO OTIMYHOTO  BAapHaHTa  KIETOYHOIO  aBTOMATa,
MOJENUPYIOIIETO TPOLIECChl PEryliluyd MOMYJISIHUOHHON JIUHAMUKA C yderoM dddexra
3aras/ibIBaHusl Ha OCHOBE TPEX TMHAMUYECKH B3aMMOJCHCTBYIONIUX (DAKTOPOB: OHTOT€HETUUYECKOM
3aIepKKA, HEOOXOJMMOCTH BOCCTAHOBJICHHUS pPecypcoB W aU(PPy3HOHHON COCTaBIISIONIEH,
3aBUCAIICH OT TeMIIa Pa3BUTHS 0COOEH MOMYJISAIUH.
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Application of graph theory to describe the process of oxidative regeneration of
catalysts in oil refining processes*

G.l. Islamova™, K.F Koledina, I.M. Gubaydullin***
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The application of graph theory to describe the various processes of oil refining is an urgent
problem. This facilitates the development, analysis and design of production data. In the future, it is
possible to obtain qualitative and quantitative characteristics of these processes. This article presents
a description using the theory of graph processes for the oxidative regeneration of catalysts of
dehydrogenation of butane and catalytic cracking. The obtained regularities using graphs can be used
to optimize these processes.

Keywords: catalyst, catalytic cracking, dehydrogenation of butane, graph, graph theory,
kinetic model, mathematical modeling, operator scheme, oxidative regeneration.

Introduction. Chemical industry production includes complexes of various processes. Before
building a chemical plant, it is necessary to develop a production process plan, which involves
developing the individual process technologies, considering their interconnections. «Any complex
technology is not a mechanical sum of separate processes. The optimal modes for carrying out
particular processes independently do not ensure the best work of the whole plant» [1]. Each process
shall be harmonious not only from a technical point of view; it shall also fulfill the economic
requirements [2]. The objective of achieving the minimum prime cost is very complicated. The issue
of reducing the production costs is solved by analyzing the structure of processes, the nature of
production costs, etc. [3-8]. A prerequisite for the successful solution of these tasks is the analysis of
chemical and technological processes in general.

The study of complex chemical industries is called the study of processes (the study of flow
structure). The word «process» here is understood in the widest sense, since it can apply to anything
from a single device to an entire plant [9]. The object of study is the production facilities of modern
chemical industry analyzed based on technological schemes or using graphs that are more illustrative.

Analysis of chemical production facilities using the theory of graphs. Such a study started
with the comparison of technological schemes, but it was found out that they could not be used for
the comparison. Within the framework of the study of processes, they can be compared by substitution
of technological schemes for the graphs and the subsequent analysis based on the theory of graphs. It
emerged that any chemical production facilities, even the most complex ones, can be represented as
consisting of objects and each of such objects can be classified within one of the four classes.

1. Reactors — devices in which chemical transformations take place.
2. Allactors — devices in which only physical processes occur.
3. Tanks — construction for the storage of intermediate products.

* The study was partially supported by the Russian Foundation for Basic Research, research project No. 18-07-00341.
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4. Lines — devices for managing the flows.

Objects 1, 2 and 3 are hereinafter referred to as the operational units.

Such classification allows both to describe the chemical production facilities and study them
quantitatively using the theory of graphs, while technological schemes provide only qualitative
information. A quantitative analysis of chemical production facilities using the theory of graphs
becomes possible due to the fact that the set of processes described by graphs is modeled by matrices
[9, 10]. Since the method of analysis is graphical, the word «graph», first suggested by Koenig [11,
12], appeared.

The graph theory is a mathematical tool for analyzing the schemes, in which the objects are
represented by points in two-dimensional space, and the relationship between the objects is shown by
lines [10]. The points of the set in the graph theory are called the points of the graph, and the lines
connecting them are called edges. In the graphs of chemical production facilities, the points are
operational units, and the edges are the lines.

A characteristic feature of graphs describing the processes of industrial chemistry is that they
are the directed graphs, that is, the directions can be assigned to all their edges. This is due to the fact
that the movement of flows along the lines in the processes of industrial chemistry usually occurs
only in one direction. When the process is represented by graphs, the points of graph do not differ
qualitatively, that is, they can denote any object. In the processes of industrial chemistry, the points
(operational units) can be of three types, and they are not exchangeable.

Initially, all the points of graphs were designated by the same points, and the lines along which
the material or energy is transferred were indicated by arrows pointing in the direction of motion [11].

Then it emerged that the graphs of industrial chemistry become more illustrative if their points
contain the information on the purpose of a particular operational unit. Also, two extreme types of
graphs are used to illustrate the processes: principal and technological graphs. Principal graphs
provide only a scheme of the model of the chemical process of processing raw materials into the final
product. They illustrate only the most important reactors, and, if necessary, some allactors. All
reactors, allactors, tanks, all equipment for the transfer and all routes of materials are illustrated on
technological graphs.

Legend.

Operational units corresponding to the points of the graph are designated with the symbols
shown below:

Reactor: black circle (e).

Allactor: white circle (O).

Reservoir: square (O).

Tanks for storing raw materials and finished products are not shown on the graphs at all, as they
do not characterize the process.

Devices for transferring materials (which correspond to the edges on the graph) are shown
depending on the aggregate state of the substance being transferred.

Designation of edges of the graphs of the processes of industrial chemistry:

Solid matter: ------ —

Liquid matter: »—

Gaseous matter: ............. peeeeee

Suspension; -+-+--—---

Arrows indicate the direction of movement.

The graphs of industrial chemistry can be classified into four types:

1. Direct-flow open graph, i.e. a graph in which the mass flows have the same direction.
2. Counter-flow open graph, i.e., a graph in which the major mass flows have opposite
directions.
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3. Direct-flow closed-loop graph represents the process in which the circulation of one
of the substances takes place. The number of subgraphs can be open or closed.
4. Counter-flow closed-loop graph represents the process in which the counter-flow

circulation of two substances takes place.

Based on the analysis of properties of the industrial chemistry processes, it can be
mathematically demonstrated that only the above four types of graphs can exist [11].

The difference between the graphs of industrial chemistry and other graphs is that the conditions
for the movement of mass flows in the processes are determined.

Each process in industrial chemistry is characterized by three factors:

1. Directional movement of incoming and outgoing mass flows, due to which each graph
of industrial chemistry is directed as noted above.
2. The sum of the masses at the input Q[ Ai) is equal to the sum of the masses at the
output (X7, Aj), since it is impossible to accumulate matter inside the process scheme YL, Ai =
je14j
3. The number of incoming (n) and outgoing (m) flows can be correlated by three types

of dependences:n<m,n=m,n>m.

Graphs of processes of industrial chemistry can be of different complexity. The simplest model
representing only the chemical scheme of the technological process without the auxiliary equipment
is called the principal graph. The technological graph is obtained by representing a complex chemical
production (chemical plant). Between these two cases there is a range of transition graphs, the shape
of which varies depending on the number of operations under consideration.

Complex technological graphs can be made more illustrative by splitting them into subgraphs.
This option is expedient when representing complex technological processes, especially in case of
complex processes of combined production. As a result, complex graphs and combined graphs are
obtained [9]. Let us consider the application of the theory of graphs for particular industrial processes
important for today’s industrial chemistry.

Application of the theory of graphs to simulate the process of oxidative regeneration of
butane dehydrogenation catalyst. The process of deactivation takes place in any petrochemical
industry, accompanied by the deposition of carbon on the surface of the catalysts thus reducing their
activity. This problem can be solved by oxidative regeneration.

3
—
regeneration
gases

water vapour

exhaust heat

fue waste boiler

I —t

Fig. 1. Scheme of oxidative regeneration of catalyst of one-stage butane dehydrogenation. 1 — furnace, 2 —
reactors, 3 — ejector.
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The oxidative regeneration of cocked catalysts is a combination of chemical reactions
proceeding when oxygen interacts with coke, as a result of which coke is removed in the form of
gaseous oxidation products: carbon oxides, water vapor, and sulfur oxides in some cases [12].

Let us consider the chemical-technological graph of the process of oxidative regeneration of
catalysts.

The catalyst of vacuum dehydrogenation of butane is regenerated in a contact apparatus, the
reactive unit is composed of eight apparatuses that ensure the continuity of the process. After
completion of the dehydrogenation cycle, the apparatus is blown and air is fed into it. Coke burn off
is performed at a temperature of 600-650°C. The regeneration cycle lasts for 8 minutes, the gases are
removed by a 3-ejector, the catalyst is restored when the hydrocarbon gas is fed from the reactor.

Dehydrogenation of butanes to butadiene takes place in a system of two reactors with a fixed-
bed catalyst. One apparatus operates in catalyst regeneration mode, and the other - in dehydrogenation
mode. The regeneration is performed by a steam-air mixture at a temperature of 620-650 °C, oxygen
concentration is within 1-2%, the duration of two cycles is 30 minutes. Dehydrogenation takes place
first, followed by regeneration. The switching of the operation from the dehydrogenation phase to the
regeneration phase consists in replacing the butane in the vapor mixture with a certain amount of air
[13].

vapour water

oxygen J‘A l
containing ] A .

ue gas
n = - ﬁ m o Ty ]

water vapour

Fig. 2. Technological scheme of regenerations of catalyst for dehydrogenation of butenes:
1 —heat exchanger; 2 — furnace; 3 — reactor; 4 — wasteheat exchanger.

water
vapour vapour water ‘
oxygen
containing flue £as
gas
al a2 a3 ad

Fig. 3. Graph of regenerations of catalyst for dehydrogenation of butanes:
allactor a* — heat exchanger; a® — furnace; a®— reactor; a* — wasteheat exchanger.

The comparison of Figures 2 and 3 shows that the graphs are perceived much more easily than
the traditional technical schemes. This is due to the fact that the range of operational units is shown
using one point of the graph (in this case — a).
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Application of the theory of graphs to simulate the process of oxidative regeneration of
cracking catalyst. Let us consider more complicated refining processes, which, for example, include
catalytic cracking to produce high-octane gasoline components. The quality of the process products
is influenced by the composition of the raw materials, the technological parameters of the process,
such as temperature and pressure, as well as the properties of the catalyst. During the process of
cracking, coke deposits are formed on the catalyst, such deposits can be removed by catalyst
regeneration. Fig. 4 shows the example of a reactor unit [14].

Therefore, the process of catalyst regeneration occurs in one apparatus. However, several
processes take place in the regenerator. The air is heated up to the regeneration temperature in the
preheater, then the air is mixed with the coked catalyst. A chemical reaction of oxidation (combustion)
of coke from the catalyst surface occurs, after which the combustion gases are removed from the
regenerator and the catalyst returns to the reactor after cooling. Thus, an operational technological
scheme of the process of regeneration of catalytic cracking catalyst can be developed on the basis of
the above. The scheme is shown in Figure 5.

Fig. 4. Technological scheme of a reactor unit of a modern catalytic cracking unit:
1 — catalyst uplift zone; 2 —raw material sprayer; 3 — overflow device with ideal upward plug-flow; 4 —riser; 5
— regenerator [14].

I III VI
-
1\ v
11 " " VII VIII
- -
1 2 3 4 5

Fig. 5. Operational scheme of catalytic cracking catalyst regeneration process.
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Let us demonstrate the process of oxidative regeneration of catalytic cracking catalyst using the
theory of graphs. To optimize the chemical and technological process, the following classification of
graphs is used [15]:

1) Flowgraphs;

2) Informational flowgraphs;

3) Signal flow graphs;

4) Reliability graphs.

The main properties of the graphs in relation to the description of chemical and technological
processes are as follows:

1) Orientation, since the movement of matter and energy in the system has a certain direction;

2) Asymmetry, since not all neighboring elements of the system are interconnected by reverse
process flows;

3) Connectedness, since all the elements of the system are interconnected by a single chain of
flows of matters or energy.

Flowgraphs include [15]:

1) Parametric graphs;

2) Material graphs compiled according to the flowrates of physical flows;

3) Thermal graphs.

Let us compile a flowgraph for the process of oxidative regeneration of catalytic cracking
catalyst based on the operational scheme (Fig. 5).

Fig. 6. Flowgraph for the process of oxidative regeneration of catalytic cracking catalyst: the physical flow of the
system is characterized by the following parameters: m; — total flowrate of a physical flow.

Only the system elements with the changing flowrate are used to compile a material graph of
the flowrates of physical flows. The operators in which the flowrate changed are the points of the
graph; the flows themselves are the edges of the graph. Flowrates do not change in operators 1, 3, 5.
In operator 1 the airflow is heated, i.e. the temperature rises, but the air flowrate does not change. In
operator 3 chemical transformation (burning) takes place, but the flowrate remains the same. In
operator 5 cooling takes place, i.e. temperature drops, but the catalyst flowrate does not change.
Flowrate changes only in operators 2, 4, consequently, these operators are the points of the graph. In
addition to the operators, raw material and product flows shall be included in the material graph of
flowrates. Therefore, the graph includes F1 and F2 — the flows of catalyst and air, respectively. S1
and S2 are the output of products, regenerated catalyst and combustion gases, respectively.

Fig. 7 shows the thermal flow graph.
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Fig. 7. Thermal graph for the process of oxidative regeneration of a catalytic cracking catalyst: 1-5 are the
numbers of the points corresponding to operators;
F1 is the flow of coked catalyst; F; is the flow of fresh air;
S is the flow of regenerated catalyst; S; is the flow of combustion gases;
Q1 is the flow of heat supplied to the system for air heating;
Q- is the flow of heat carried away when cooling the regenerated catalyst; ir is the heat of coke combustion;
H: — Hai, are the heat flows inside the system.

Chemical graphs can be used to describe the chemical mechanism of processes, including the
catalytic ones. Chemical graphs are classified as follows [15]:

1) Molecular;

2) Bipartite;

3) Signal.

Molecular graphs characterize the structure of a chemical bond. Molecular graphs allow to solve
problems with coding, structural peculiarity, branching, etc. Atoms are the points of the graphs, and
chemical bonds are the edges. The structure of catalysts can also be illustrated by molecular graphs.

Bipartite graphs are used to optimize paths; they require the smallest number of intermediate
reactions, the minimum number of reagents. Molecules are the points of such graphs, and interactions
between molecules, i.e. chemical bonds are the edges.

Signal graphs characterize the kinetics of chemical processes. Information variables are the
points of the graphs, signal interconnections are the edges.

An adjacency matrix, an incidence matrix, is compiled based on the theory of graphs.
Mathematical models can be developed on the basis of these matrices.

For the catalytic cracking process let us consider one of the known variants of the mechanisms
of the kinetics of this process [16].

K+ 02+ [K-O2] — [K-O]
[K-O2] — COz2azc — CO271
[K-O] = COgayc — CO?
[K'O] — H20 agc —> H0
CO + 1/20; — CO»

Bipartite graph for this reaction is shown below in Fig. 8.

Using this graph, adjacency and incidence matrices can be compiled and the order of analysis
of the target system of chemical reactions can be defined.

The advantages of graph models include their flexibility, wide possibilities and variety of
applications. Theoretical graph algorithms and the search for control procedures based on them are
much more efficient than others in many cases. The advantage of this method is that the method
allows to determine the fastest way to solve a problem in case of a significant number of possible
solutions. The graphs can also be used to determine the method of analyzing a complex system, the
solution of which is not obvious at first glance.
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Fig. 8. Bipartite graph for the process of oxidative regeneration of hydrocarbon cracking catalyst.

Conclusion. Thus, the presentation of a process with the graphs is more illustrative as compared
with the technical scheme. The presentation of process of industrial chemistry on the basis of the
theory of graphs described above has a purely qualitative nature at the initial stage. But such a
presentation allows to determine the procedure for analyzing the equipment for the compilation of a
mathematical model, which will allow to optimize the oxidative regeneration processes of the butane
dehydrogenation catalyst and the oxidative regeneration of the cracking catalyst to reduce the prime
cost of products.
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IIpumenenne Teopun rpadoB s ONMCAHHUS TMPoOLeEcCa OKHCIUTEILHON pereHepanuu
KaTaJu3aToOpPoB B npoueccax HeTenepepadoTku *
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WuctutyT Heprexumun u katanmmza Y UL PAH, Y da, Poccus

VY dumcknii TocyiapcTBEHHBIH HeQTSHON TEXHUYEeCKUi yHUBepcuTer, Y da, Poccus

[Ipumenenne Teopuu TpadoB U ONMUCAHHS PA3IUYHBIX MPOIECCOB HedTenepepadoTKu
SBIISICTCS AKTYaJIbHOU MpoOsieMoid. DTo obneryaer pa3paboTKy, aHAIN3 U MMPOESKTUPOBAHHUE JTAHHBIX
IIPOU3BOJICTB. B HaﬂbHeﬁIHeM MO’KHO IOJIYYUTh KQYECTBECHHBIC 1 KOJIMYCCTBCHHBIC XapaKTCPUCTHKHU
JaHHBIX TPOLECCOB. B MaHHOHN cTaThe MPEACTAaBICHO ONHCAHWE C MPUMEHEHHEM TeopHHu rpadoB
IPOIIECCOB  OKHCJIUTEIbHOW  pEreHepaly  KaTaln3aToOpoB  JETHAPHPOBAaHHMS  OyraHa U
KaTaJIITUYECKOTO KpeKWHTa. [loydeHHbIe 3aKOHOMEPHOCTH C TOMOINBI0 TIpadoB MOTYT OBITh
MCTIOJIb30BAHBI IPY ONTUMH3ALUH JAHHBIX POILIECCOB.
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Probabilistic modeling of overhead irrigation processes*

V. A. Chernovolov**, L. V. Kravchenko***, V. B. Litvinov**, A. N. Nikitina****,
A. A. Filina****

Azov-Black Sea Engineering Institute, Zernograd, Russian Federation

Don State Technical University, Rostov-on-Don, Russian Federation

Southern Federal University, Rostov-on-Don, Russian Federation
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The article is devoted to the development of a sprinkling process model that is in relation to
the probabilistic similarity to the simulated process, the numerical implementation of which allows
to calculate the matrix of irrigation doses in the sprinkling area, or at the test site. The study was
performed using system analysis and probabilistic modeling. The uniform distribution of fluid over
the area until 2004 was estimated by the RD 10.11.1-9-89 by the effective irrigation coefficient, in-
sufficient irrigation coefficient, and excessive irrigation coefficient. After the introduction of the
interstate standard 1SO 7749-2-2004 it is estimated by the Christiansen coefficient. New mathematical
models and software were designed for probabilistic modeling of the sprinkling process. In
constructing the model, the event combining theorem and the Lyapunov theorem were used. As the
example, analysis of the operation of twelve sprinklers was carried out. The presented computational
experiment was performed to optimize the positioning of the apparatuses according to the criteria of
irrigation uniformity and the coefficient of ac-counting completeness of water, which falls on the test
site. The obtained results can be used in the process of optimizing the placement of vehicles on
«Volzhanka» and «Dnepr» machines. Probabilistic mathematical models of the sprinkling process
make it possible to optimize the positioning of apparatuses according to the criteria of uniform
irrigation. The programs for modeling water distribution by devices from four positions are applicable
only when the distance between the positions is greater than the radius of the sprinkling zone.
Irrigation uniformity indicators do not meet agrotechnical requirements. Optimization of the
positioning of the apparatus in twelve positions provides excellent indicators for irrigation uniformity.
The optimization programs and techniques that were used in the study are applicable to optimize the
distribution of other liquids in agricultural technologies, for example, for the distribution of
pesticides.
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** E-mail: chernovolov.v@ mail.ru, LitvinovVN@rambler.ru.
“** E-mail: lusya306@yandex.ru.

= E-mail: nikitina.vm@gmail.com.
e E-mail: j.a.s.s.y@mail.ru.



mailto:chernovolov.v@mail.ru
mailto:nikitina.vm@gmail.com

COMPUTATIONAL MATHEMATICS AND INFORMATION
TECHNOLOGIES

VOL. 1. Ne 1 / 2019
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Introduction. The purpose of the research is to design probabilistic model of the sprinkling
process. That model is in relation to the probabilistic similarity to the simulated process, the numerical
implementation of which is presented in the form of software that calculates matrix of irrigation doses
in the irrigation zone, or at test site according to the water flow through the apparatus and statistical
characteristics of the jet, performing imitation of the movement of the machine and the overlapping
of zones from several vehicles, calculating indicators of irrigation uniformity at different steps of
apparatus installation, issuing the result in the form of matrices or graphs.

The objective function of the sprinkling system is to reduce the unproductive water
consumption while maintaining the irrigation rate by optimizing the sprinkling process using
probabilistic modeling. Sprinklers do not require field layout. Some of them work with slopes of 0.05
and more. Exceeding the sprinkling intensity as compared with the soil absorbency in such field leads
to flooding of some sites, to surface runoff, that is, to the increase of unproductive consumption of
the most important natural resource and soil erosion, causing environmental damage to reservoirs that
receive waste water, and reduction of crop yields and others.

Materials and methods. The study was performed using system analysis and probabilistic
modeling. The uniform distribution of fluid over the area until 2004 was estimated by the RD 10.11.1—
9-89 by the effective irrigation coefficient, insufficient irrigation coefficient, and excessive irrigation
coefficient. After the introduction of the interstate standard ISO 7749-2-2004 it is estimated by the
Christiansen coefficient.

Research results. The intensity of sprinkling should not exceed the absorbency of the soil. The
effectiveness of the system is assessed by the compliance of the average dose, uniformity and
intensity of sprinkling to the established standards. To assess the effectiveness of the system in the
field the reporting area is to be indicated.

The size of the site is set by integers. The platform is divided into meter squares. There is set
the cycles and calculated the coordinates of the middle of each meter square. According to the
coordinates there is defined the distance of the squares to each of the devices involved in the irrigation
of the test site. The distance matrix is used when calculating the sprinkling intensities from each
apparatus. Intensities are summed to obtain an intensity matrix. By the intensity matrix, the uniformity
index, the dose matrix, the average dose are calculated. The dosage matrix checks the fulfillment of
the water intake condition and the absence of surface water flow. Calculation of the system
performance indicators is conducted using software probabilistic process models that are designed
further.

Defining the cycles of changing the distances between the devices, there is calculated the
performance indicators for all values of the parameters A and B, optimal positioning of the devices
is determined.

The most important step in system analysis is the design of adequate probabilistic models of
the process. Improvement of the adequacy of the models is achieved using the statistical results of

testing devices by the radial method.
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Design, testing and adjustment of sprinkling machines are associated with significant labor and
material resources, and take a lot of time. The use of computer-aided design systems for these
purposes allows to accelerate the designing of machines, reduce costs [2].

The rotation of the apparatus is considered to be uniform, if in one cycle of pulsed movement
the displacement is significantly less than the size of the sprinkling zone. The device operates in a
circle or sector.

e

fic)

?
3
A1)

Lines of constant
intensity (isohyets)

tp/al/

Fig. 1. Diagram of water distribution simulation with the sprinkling mashine

Sprinkler machines DShK-64A «Volzhanka» and DF-120 «Dnepr» work positionally. The
Sprinkler machine DF-120 works from the hydrants located at distance of 54 meters. The pipeline is
equipped with the flaps of 27 meters in length, at the ends of which medium jet sprinklers are installed.
The layout of the apparatus during sprinkling can be represented as the rectangle with dimensions

Ax B where A is the distance between the apparatus on the pipeline; B is the distance between
positions or flaps.

Stationary sprinkler systems have the same layout of the apparatus, therefore, the modeling of
water distribution by such systems can be performed according to programs designed for positional
action machines. For the programs to work, it is enough to obtain experimental data on the water
distribution along the radii of the irrigation zone, the other characteristics are calculated by the
simulation method.

Simulation is performed under the assumption of uniform rotation of the apparatus. In one cycle
of impulse movement, the displacement is significantly smaller than the size of the sprinkling zone,
therefore, after the overlapping of the sprinkling zones, the distribution of water is obtained in the
same way as with uniform continuous rotation of the apparatus. The apparatus of such machines
usually work in a circle.

Sprinklers create rain fan that irrigates circle on the field. The area that is irrigated by one

apparatus is called the sprinkling zone.
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Mathematical models of the process are presented under the following assumptions (Fig. 1) rain
distribution by fan angle or circle is known and defined by empirical density of angle probability

f () and flow Q; density of the water flow per angle unit equals to g, =Q- f («); the distribution

of the flight distance of the droplets by radius is known and given by the empirical probability density
of the distances f (p); wind speed is zero; consumption Q and installation height of the devices are

constant; the surface of the field is horizontal.

Let the device be in the center of the XOY coordinate system and work in a circle (Fig. 1). The
position of the site dF is set in rectangular and polar coordinates. The need to have two coordinate
systems is explained by the fact that the apparatus moves along angle and emits jet along radius, and
the uniformity of rain must be determined by the area in rectangular coordinates.

BGPOHTHOCTB nornagaHuAa KUAKOCTH Ha 3JIECMCHTAPHYIO IJIOAAKY dF , BBIICJICHHYIO B 30HC
JIOKIEBAHUS IBYMSI PaIyCaMH C YIJIOM MEKIy HUMU (¢ ¥ IBYMst OKPY>KHOCTSIMH C TIPUPAIl[eHHEM
pamuyca dp, onpenennTcs Kak NPOU3BEIEHUE BEPOATHOCTEN MMOMaAanus B AMana3oHn yria da u
pamguyca dp, T.e.

The probability of fluid entering elementary platform dF , that is marked in the sprinkling zone
by two radii with the angle between them de« and two circles with increment of radius d p , is defined
as the multiplication of the probabilities of falling into range of angle de and radius dp, i.e.

P{dF}= f(a)-da- f(p)dp.

The intensity of rain on the site is equal to the amount of water falling on it per unit of time
divided by its area. With independent units p and « itis

| . Q f(@)-da-f(p)-dp _Q-fla) T(p) 1)

p-da-dp P

In the SI system, the sprinkling intensity is measured in kg/m?-s, which is equivalent to such
usual units for land reclamation as mm of layer per second.

Initially, in formula (1), on the basis of the Lyapunov limit theorem, the normal laws of the
distribution of the angle and distance of the jet's flight were applied. Subsequently, any empirical
distribution was approximated by the method of cubic spline interpolation and the resulting function
was used to calculate the intensities by the formula (1)

The dose of irrigation of any site by the stationary device is determined by the multiplication
of the intensity and the operating time T, i.e.

O =1 -T,xe/ M. (2)
The rectangular coordinates of the site dF are related to the polar relations:
X =p-Co0Sx
{Y . ®)
=p-sina.

Inkjet apparatus when working in a circle rotates uniformly, therefore, all values of the angle
are equally probable and the probability density of the angle is determined by the formula

f(a)zi.

(4)
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The probability density of drops’ flight distance of a single-nozzle apparatus, such as the «Rosa-
1», is approximated by normal distribution law
1 (p—M,)?
f =———exp(—-—%2—), 5
()= G P ) (5)

P
where p is drops’ flight distance; M ,o, are mathematical expectation and standard deviation of
drops’ flight distance.

The probability density of drops’ flight distance of apparatus with two nozzles is determined
by the formula of the composition of the distribution laws

Fig. 2. Simulation scheme of water distribution by four sprinklers.

C, (p—M,)? C (P—M,,)’
f(p)=———exp(- )+ Z__exp(——2—, 6
(0) PN p( 2.0, ) e p( 207, (6)

where C,,C, are weight coefficients; M ,,,o , are mathematical expectation and standard deviation

pL?

of drops’ flight distance from the first nozzle; M ,,o, are mathematical expectation and standard

pL?
deviation of drops’ flight distance from the second nozzle.

The weight coefficients and numerical characteristics of the drops' flight distance are selected
at modeling by the condition of the most uniform distribution of water by radius or by sprinkling area.

Further, there are proposed algorithms and programs for mathematical modeling and
optimization of water distribution processes by stationary sprinklers or ones that are installed at
positional action machine taking into account random and deterministic factors.

There is presented the modeling of water distribution using example of “Rosa-1" type irrigation
system.

According to the technical characteristics of the device there is accepted M , =11m;

co,=3,2m;Q=12 I/s.



COMPUTATIONAL MATHEMATICS AND INFORMATION
TECHNOLOGIES

VOL. 1. Ne 1 /2019

The first device is located at the beginning of coordinates XQOY , the second one is shifted along
the X axis by distance B, the third one has coordinates of (B, A), the fourth one has coordinates of

0,A).
For clarity of modeling, there were set the dimensions of the general sprinkling area and
calculated the irrigation dose by all four devices using the designed algorithm (Fig. 3).
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Fig. 3. Block diagram of calculation of doses and indicators of irrigation uniformity for four devices.
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0 10 20

Fig. 4. The result of calculating the irrigation uniformity on the area irrigated by four devicesat A = B=25m

To do this, the coordinates of the point C(X, Y) are set in the form of matrix with the step of one
meter. Changing the distances between the devices, they were chosen under condition of more
uniform water distribution. However, this task was quite difficult.

Quantitative assessment of uniformity on the rectangle area with dimensions A and B was
performed using irrigation dose matrix. The limits of the X, Y coordinates are set so that the square
area bounded by the lines connecting the points of location of the apparatuses is divided into meter
sections. Doses of sprinkling are calculated in the center of each site.

Based on the calculation results, there were obtain a matrix of doses MD with the number of
elements A-B. According to the dose matrix, there were calculated the variation coefficients, the
minimum, average and maximum doses for different values of A and B. For calmness, it is logical to
set A=B.

Variational series were compiled using dose matrices and the coefficients of effective,
excessive and insufficient irrigation were calculated. The average dose was calculated by the matrix
and compared with the value of

ey = 2t ™

Studies have revealed the difficulty of obtaining uniform distribution of water with single-jet
stationary devices. The coefficient of effective irrigation was much less agronomic standards. Over -
and under-irrigation ratios were twice the agronomic standard.

To perform the optimization, dose calculation softwares were designed for squares bounded by
lines connecting the points of location of the apparatuses [3].

The algorithm has two cycles of calculating the coordinates of meter squares. In the center of
each square, irrigation dose of is calculated, matrix M;; is created. Next, there are calculated the
average value of the elements of the dose. Check is performed for the absence of wastewater, if
necessary, the sprinkling time is recalculated or the water flow through the apparatus is adjusted.

If the distance between positions A is greater or equals to (Fig. 5, a) the maximum radius of
sprinkling, then water from the four devices gets to the site F, bounded by lines connecting points 1,
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2,3, 4 ofthe devices’ location. Its quantity is equal to the multiplication of flow through one apparatus
at the sprinkling time.

‘ }/ al 3

Fig. 5. Schemes of sprinkling model design

At site F, each device produces a fourth part of the flow, other devices do not participate in
sprinkling the site. The models for calculating the sprinkling dose are relatively simple, the
assessment of the irrigation uniformity of the entire field is the same as the test area F. However, as
calculations presented, it is not possible to obtain distribution with a single-jet apparatus within limits.
When the distance between the positions decreases (Fig. 5, b), the sprinkling area of the apparatus
goes beyond the test site. The first apparatus has areas the water on which supplements the irrigation
of adjacent areas irrigated with fourth and ninth positions (Fig. 6, ¢). In this case, accurate assessment
of the sprinkling uniformity of the test site should be carried out taking into account the work of
twelve vehicles according to Fig. 6, c.

The preliminary assessment can be performed on four devices, but to calculate the coefficient
of completeness of accounting, that is equal to the ratio of the sum of doses on the test site to the
product of the flow through one device for the watering time. The smaller this coefficient is than 1,
the less reliable is the uniformity estimation. The data of the matrix shows that with A = 10 m the

distribution is very uniform, although the overlap is large.
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However, the coefficient of accounting completeness is less than 0.7, therefore it is necessary
to develop modeling software from twelve positions. Previously it can be noted the possibility of
uniform watering with single-jet sprinklers.

Software MD12 (4) is designed to calculate the dose of watering by twelve single-jet devices
installed in the corners of the squares on the Fig. 5, c.

The test site is located between the devices 1, 2, 3, 4.

Software Kel2 (A) [4] includes software MD12(A) and according to the dose matrix there is
performed calculations of the Christiansen, insufficient, effective and excessive irrigation coefficients
and the coefficient of accounting completeness. The program is supplemented with cycle of changing
the distance between the positions.

The output of the calculation results in the form of matrix (Fig. 6) allows to select the optimal
distance between the positions of the devices.

i:=0..4 j=0.8 Aj=j+9 M ji=Kel2(Aj); Ms ji=A;

96.448 96.738 98.251 91.012 83.152 76.818 72.146 67.974 64.464 CDU
0 0 0 0 0.071 0204 0.231 0.297 0.304 Knd
M= 1 1 1 0972 0.781 0.571 0516 0.469 0.346 Kef
0 0 0 0.028 0.148 0.224 0253 0.234 0.349 Kiz
0976 0991 0.997 0.999 0999 0.999 0999 0995 0.999 Ky
9 10 11 12 13 14 15 16 17 A

Fig. 6. Matrix of calculation results of uniformity indicators of water distribution by single-jet apparatus

Matrix in Fig. 6 shows that a single-jet apparatus distributes irrigation water in accordance with
agrotechnical requirements only when the distance between positions is less than 13.5 m. In this case,
the Christiansen coefficient is about 80%. The calculations were performed with the expectation of
the drops' flight distance of 10 m and the standard deviation of the distances of 3 m. Insufficient
watering under the vehicles was eliminated by the fact that the maximum intensity of the adjacent
apparatus almost coincides with the point of the neighboring one. When the distance between the
apparatuses is less than 13.5 m, the irrigation dose on all meter sites in the overlap zone equals to the
agrotechnical limits M (1+0,25). The coefficient of accounting completeness is equal to 0.997,
which testifies to the full account of the water flow to the teating site from twelve devices. The
possibility of uniform irrigation using single-jet sprinklers is proven, but the distance between the
positions is close to the mathematical expectation of the drops' flight distance.

The designations in Fig. 6 are written at the right of the counting matrix: Mg, is the
Christiansen ratio; M, ; is the underflow coefficient; M, ; is the coefficient of effective watering;

M, ; is the coefficient of over-irrigation; M, ; is the coefficient of accounting completeness; A is the

distance between the positions of the apparatus.
Fig. 6 shows that the coefficient of accounting completeness is very close to 1. The coefficient
of effective irrigation is 0.7 and the coefficient of uniformity according to Christiansen is obtained of
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18 19 20 21
0 81.812 80.406 78.792 76.959 Cbu
1 0.158 0.179 0.194 0215 Knd
Ml=[> 0.711 0.679 0.654 0616 Kef
3 0.131 0.143 0.151 0.169 Kiz
4 1777 1.797 1818 1838 Ky
5 38 39 40 41
A
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Fig. 7. Matrix of doses and graphs of indicators of uniform water distribution by a double-jet apparatus when
working at twelve positions M, =15m;o,, =5m;M ,, =7m, o, =2m;C, =0,7;C, =0,3.

Next, simulation of the operation of the «Rosa-3» type apparatus was performed.
There was considered the work of the two main nozzles.
The following input data is accepted:Q=8l/s; M , =15m;

c,,=2m; C;=0,7, C,=0,3.
Software D1(A) calculates the matrix of doses of the two-jet apparatus.

Selection of weight coefficients, is conducted by mixing the two laws of normal distribution.
Along the lines of equal irrigation doses increase in the irrigation uniformity can be noted.
Excess irrigation is observed on the horizontal and vertical lines connecting the centers of rotation

c,=om, M, ,=7Tm,
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centers of the apparatuses, and there is insufficient irrigation at the intersection of the diagonals. The
uniformity estimation showed that the effective irrigation coefficient is 0.893.

The use of additional nozzle to equalize the water distribution along the radii proved to be
effective, the best simulation result was obtained.

The coefficient of effective watering is more than 0.7 with installation step of devices of less
than 37 m. Uniformity according to Christiansen is more than 80% in the same range of distances
between the apparatuses.

Discussion and conclusion. The method of modeling the water distribution by sprinklers can
be used in the design of new and modernization of existing machines.

The considered examples can be used to optimize the placement of apparatus on «Volzhanka»
and «Dnepr» machines.

According to the results of the work, number of conclusions can be formulated:

1. Probabilistic mathematical models of the sprinkling process make it possible to optimize the
positioning of the apparatuses according to the criteria of irrigation uniformity.

2. Programs for modeling water distribution by devices from four positions are applicable only
when the distance between the positions is greater than the radius of the sprinkling zone. In this case
irrigation uniformity indicators do not meet agrotechnical requirements.

3. Optimization of the positioning of the apparatus in twelve positions provides excellent
indicators of irrigation uniformity.

4. Optimization programs and techniques used in the research are applicable to optimize the
distribution of other liquids in agricultural technologies, for example, for the distribution of
pesticides.
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HccrnenoBaHue BBIMOJIHEHO C I[PUMEHEHHMEM CHCTEMHOrO0 aHajiu3a M BEPOATHOCTHOI'O
MozenupoBaHus. PaBHOMEPHOCTh pacnpenesieHus XUAKOCTH no miomamu g0 2004 roma Ha
ocHoBanuu PJ1 10.11.1-9-89 ouenuBamm kodppunrenToM 3¢pPpekTnBHOr 0 oIHBa, K03 GUIIeHTOM
HEJIOCTAaTOYHOTO  ToJMBa, KodhduiuenToM  u30bITo4HOro monuBa. Ilocie  BBemeHus
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