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Igor Petrov, corresponding member of the Russian Academy of Sciences, is 70 years old

Igor Petrov, Corresponding Member of the Russian Academy of Sciences,
Doctor of Physical and Mathematical Sciences, Professor, Honored Professor of the
Moscow Institute of Physics and Technology, turned 70 on February 8, 2023.

The scientific interests are, first of all, computer methods for solving dynamic
systems of partial differential equations and numerical modeling of processes
occurring in deformable media under their dynamic loading.

Scientific activity is inextricably linked with the Moscow Institute of Physics and
Technology, where he entered the Aerophysics and Space Research Faculty in 1970.
After graduating from the Institute, in 1976, he was assigned to the Department of
Computational Mathematics at MIPT as a junior researcher. In 1983, he defended
his dissertation there for the degree of Candidate of Physical and Mathematical

Sciences. In 1991, at the same department, he defended his thesis for the Doctor of Physical and Mathematical Sciences
degree on the topic “Numerical study of problems of dynamics of deformable media by grid-characteristic methods”.

The grid-characteristic method for the numerical solution of problems of deformable solid mechanics, geophysics,
biomechanics, contact problems was first applied by Igor Petrov. He developed hybrid grid-characteristic schemes for the
numerical solution of this class of problem and extended them to the multidimensional case together with corresponding
member of the Russian Academy of Sciences Alexander Kholodov. These schemes are based on an approach using
the space of indeterminate coefficients. Igor Petrov considered a wide class of problems on high-speed collision of
deformable bodies in a wide range of collision velocities using various nonlinear rheological models, including elastic-
plastic, viscoelastic, and damaged media.

The professor pays great attention to solving geophysical and seismic exploration problems, problems of seismic
resistance of ground structures, asteroid hazard, railway safety, as well as problems of biology and medicine in
recent years. The simulation of seismic signals-responses from the main types of fractured carbonate and shale
reservoirs when filled with fluid, gas and with collapsed cracks revealed the possibility to determine the change in
reservoir saturation.

The scientist has achieved significant success in solving problems related to the development of the Arctic shelf
of the Northern Seas of the Russian Federation. Igor Petrov is developing a promising direction related to numerical
modeling of the behavior of composite elements of aircraft and spacecraft under the influence of aerodynamic loads,
and with the tasks of non-destructive damage control of these elements. The development of new grid-characteristic
numerical methods is conducted by the professor. Attention is also paid to solving inverse problems, including with the
use of neural networks, when the results of a high-precision numerical solution of the corresponding direct problem
are used to form a training sample.

Igor Petrov is one of the leading specialists in the field of computer science, applied mathematics, and computer
modeling today. He is the author of 445 scientific and 24 educational works, co-author of 4 monographs and 4
textbooks, 4 scientific collections published by SPRINGER, has 4 patents, 3 copyright certificates of state registration
of computer programs.

1. B. Petrov is an active teacher. For more than 40 years he has been engaged in scientific work with students and postgraduates
of MIPT. Under his leadership, 26 candidate’s (54 with students of students) and 5 doctoral dissertations were defended.

Igor Petrov is a member of the editorial boards of 8 scientific journals; a member of the MIPT Academic Council;
Chairman of the MIPT Dissertation Councils; member of the dissertation Councils of the Institute of Applied Mathematics
of the Russian Academy of Sciences, Institute of Computational Mathematics of the Russian Academy of Sciences, MSU;
Chairman of the State Attestation Commissions of MSU, Baltic Federal University, Innopolis; head of grants of the RFBR,
RSF; expert of the Councils of the Russian Academy of Sciences, RFBR. He is an honored worker of the Higher School

of the Russian Federation, an honorary worker of science and technology. Moscow, Honored Professor of MIPT, Honorary
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Professor of Innopolis University and Xi’an University (China), member of the Mathematical Sciences Section of the
Coordinating Council of Fundamental Scientific Research of the Russian Federation, the National Committee for Industrial
and Applied Mathematics.

For outstanding achievements, the scientist was repeatedly rewarded with awards and medals, among them medal of the
Order “For Merit to the Fatherland” 2d Class and the MIPT badge “Star of Phystech”.

We sincerely congratulate Igor Petrov on his anniversary. We wish him health, happiness, as well as further active

scientific and educational activities.

Academician of RAS Boris N. Chetverushkin;

Dr.Sci. (Phys.-Math.) Alexander E. Chistyakov;
Dr.Sci. (Phys.-Math.) Viadimir A. Gasilov;
Corresponding Member of RAS Valentin A. Gushchin;
Dr.Sci. (Eng.) Viadimir 1. Marchuk;

Dr.Sci. (Phys.-Math.) Alexander P. Ch. Petrov;

Dr.Sci. (Phys.-Math.) Sergey V. Polyakov;
Academician of RAS Aleksandr A. Shananin;
Corresponding member of RAS Alexander 1. Sukhinov;
Corresponding member of RAS Viadimir F. Tishkin;
Corresponding member of RAS Viadimir V. Voevodin;
Corresponding member of RAS Mikhail V. Yakobovski.
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Grid-characteristic methods. 55 years of developing and solving complex dynamic problems

I. B. Petrov ™

Moscow Institute of Physics and Technology (National Research University), 9, Institutsky Lane, Dolgoprudny, Moscow

Region, Russian Federation

™ petrov@mipt.ru
Abstract

The development of a computational method is not a simple matter and boils down to replacing the differential operator
with a difference one. To construct it, it is necessary to correctly set a mathematical problem that is adequate to the
physical one under consideration. In addition, the algorithm must meet some other requirements. Therefore, to create a
numerical algorithm requires not only ingenuity and imagination, but also a deep understanding of the reasons why these
requirements are caused.

Systems of partial differential equations of hyperbolic type are used to describe the unsteady behavior of continuous media.
To solve these problems, characteristic methods were developed in such a way as to take into account the corresponding
properties of hyperbolic equations and to be able to build a so-called characteristic irregular grid adapting to the solution
of the problem. Methods of end-to-end counting have been developed that take into account the properties of systems of
hyperbolic equations — inverse methods of characteristics or grid-characteristic methods.

In grid-characteristic methods, a regular computational grid is used, not a solvable initial system is approximated on
it, but compatibility conditions along characteristic lines with interpolation of the desired functions at the points of
intersection of characteristics with a coordinate line on which the data is already known. The obtained characteristic
form of the gas dynamics equations makes it possible to understand how to set the boundary conditions correctly.
It is necessary to take into account the physical side of the problem being solved, when developing the method.
When developing the method, it is necessary to take into account the physical side of the problem being solved.
At the same time, the method must meet certain requirements, the understanding of which is necessary during its

development.

Keywords: numerical methods, systems of hyperbolic differential equations, wave processes, numerical solutions on

characteristic grids, irregular grid, grid-characteristic methods
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Ob630pHas cmamos

CeTquo-xapaKTepncTn'{eCKne MeToabl. 55 J1eT pa3pa60TKn H pelIcHusA
CJIO0KHBIX THHAMHNYECCKHUX 3aa4

N.Bb.erpos ©

MoCKOBCKHH (PH3UKO-TEXHUUECKUM MHCTUTYT (HAIMOHAIBHBIH HCCIIeI0BaTeNIbCKUN YHIBEpCUTET), Poccuniickas deneparys,

MockoBckast 005acTsb, T. Joaronpyassrit, MTHCTUTYTCKUIT Tepeyinok, 9

™ petrov@mipt.ru

AHHOTaNMs

Beeoenue. PazpaboTka BEIYUCIUTEIBHOTO METO/IA HE SBISCTCS JCJIOM HPOCTHIM M CBOISIIUMCS K 3ameHe auddepeH-
[UAIBHOTO OTepaTropa pa3sHOCTHHIM. /[ ero mocTpoeHuss He0OX0IUMO IPaMOTHO ITOCTABUTh MAaTEMaTHIECKyIO 3a/1a4y,
aJICKBaTHYIO paccMarpuBacMoi ¢u3udeckoid. Kpome TOro, aliroputm IOJDKEH YIOBICTBOPATH M HEKOTOPBIM JPYTUM
TpeboBanusaM. [lo3ToMy IS CO3MaHUS YHUCIEHHOTO AITOPUTMAa Hy>KHA HE TOJIBKO H300pETaTeNbHOCTD U (haHTa3us, HO U

FJ'Iy60K0€ NMOHUMAaHUEC NPHUYINH, KOTOPbIMU 3TU Tpe60BaHI/IH BBI3BIBAKOTCA.


https://doi.org/10.23947/2587-8999-2023-6-1-6-21
mailto:petrov%40mipt.ru?subject=
mailto:petrov%40mipt.ru?subject=
https://orcid.org/0000-0003-3978-9072
https://orcid.org/0000-0003-3978-9072
https://doi.org/10.23947/2587-8999-2023-6-1-6-21

Petrov 1. B. Grid-characteristic methods. 55 years of developing and solving complex dynamic problems

Jnist onmcaHus HECTAIIMOHAPHOTO MTOBE/ICHHS CIUTOIIHBIX CPE UCIIONB3YIOTCS CUCTEMBI M depeHIINaIbHBIX ypaBHEHUH
B YAaCTHBIX IPOU3BOJAHBIX THIepOoaMyeckoro Tuma. [Iis pemeHus 3TUX NpoOJeM XapaKTePUCTUYECKUE METOIbI
pa3pabarblBaINCh TakuUM 00pa3oM, YTOOBI y4eCTh COOTBETCTBYIOIIME CBOMCTBA THIEP-OONMYCCKUX ypPaBHEHWH W
UMETb BO3MOXKHOCTb CTPOUTH T.H. XapaKTEPUCTUUYECKYIO, aJalTUPYIOIIYIO K PELICHUIO 3a]1aud, HEPETYSIPHYIO CETKY.
Pa3paboTansl METOABI CKBO3HOTO CYETA, YYMTHIBAIOIINE CBOMCTBA CHCTEM YPaBHEHHI TMIEpOOIMYECKOrO THIA —
00paTHbIE METOBI XapaKTEPUCTUK HIIH CETOYHO-XapaKTEePHUCTHUECKIE METO/IBL.

B ceTouHO-XapaKTEpUCTUYECKUX METOHAX HCIONB3YEeTCA PEryisipHas pacueTHas CeTKa, Ha HEH alIpOKCHMUPYETCs
HE pellaeMasl UCXO[HAsl CUCTEMA, a YCIOBUS COBMECTHMMOCTH BJOJb XapaKTEPUCTHUYECKUX JIMHUM € MHTEPHOSLUEN
UCKOMBIX (DYHKIIMH B TOYKAX MepEeCeUCHHs XapaKTePUCTHK C KOOPIMHATHON JIMHUEH, Ha KOTOPO JTaHHBIE YK U3BECTHBI.
[onyuennas xapakrepucTuieckas GopmMa ypaBHEHHUI Ia30BOM JUHAMHKH IO3BOJISET MTOHATH, KaK MPAaBHIIBHO CTAaBUTh
TPAaHUYHbBIE YCIOBUSL.

ITocTpoeHne 4YHMCIEHHOTO METOAA HE SIBIAETCS NMPOCTBIM JIEJIOM M HE CBOAUTCA K (DOPMaIbHON 3aMEHE ITPOMU3BOAHBIX
aNMpOKCUMHUPYIONIMMH UX Pa3HOCTHBIMU COOTHOILICHUSIMU (HaIIPHMEP, C TIOMOIIIBIO KOHEYHBIX pazHocTeit). [Ipu paspadorke
MeTo/ia HEeOOXOMUMO YUYHUTBIBATh (PU3UUECKYIO CTOPOHY permaemoil 3anadu. [Ipu 3TOM MeToxn IOJDKEH YIOBIETBOPSTH

OnpeaACIICHHBIM Tp€6OBaHI/I$IM, TNOHUMAHUEC KOTOPBIX HCO6XO,I[I/IMO npu ero pa3pa60TKe.

KiroueBble ci10Ba: 4HCICHHBIE METOBI, CUCTEMbI TU(GepeHINaIbHbIX yPAaBHEHUH TMIIEPOOIMYECKOTO THIIA, BOJ-
HOBBIE IIPOLIECCHI, YUCIEHHBIE PELICHUS Ha XapaKTEPUCTUYECKUX CETKAX, HEPETYIIpHas CETKA, CETOYHO-XapaKTepuc-

THYCCKUEC MCTObI.

Jas nurupoBanus. [lerpos, U. b. CeTouHo-XapaKTepuCTHIECKHE METOIBL. 55 JeT pa3paOOoTKH W PEUICHUS CIIOKHBIX
muHamudeckux 3anad / U, b. Tlerpos // Computational Mathematics and Information Technologies. — 2023. — T. 6, Ne 1. —
C. 6-21. https://doi.org/10.23947/2587-8999-2023-6-1-6-21

Introduction. Systems of partial differential equations of hyperbolic type are usually used to describe the unsteady
behavior of continuous media — gas, solid deformable body, liquid, plasma. These are Euler systems in gas dynamics,
Lame systems in elasticity theory, Timoshenko systems in shell theory, Maxwell systems in magnetic hydrodynamics, Bio
systems in fluid-saturated porous media, Marchuk systems in climatology and oceanology, etc. The fields of application
of such systems are extensive. The corresponding numerical methods used to solve these systems originate in the 40—50s
of the XX century. Their development was connected, first of all, with the need to predict the consequences of a nuclear
explosion (the consequences of the tragedy of Hiroshima and Nagasaki and the further implementation of the nuclear
program in the Soviet Union, which was a necessary counterweight to the nuclear threat from overseas). Soon there were
problems about the flow of blunted bodies in dense layers of the atmosphere moving at hypersonic speeds (the problem
of delivery). The first difference schemes for solving problems of gas dynamics were created — Lax, Lax-Wendroff,
Courant-Izakson-Rice (Godunov), Landau-Meiman-Khalatnikov, Rusanov, etc. A detailed description of the history of
the schemes and their overview can be found in well-known works [1—13].

Systems of hyperbolic differential equations have the most general properties:

— the equations describe wave processes, propagation of weak perturbations, or wavefront;

— in the case of linear problems on the propagation of wave fronts, the characteristics can be found independently
of the solution of the equation (or system of equations) under consideration, which makes it possible to obtain exact
solutions of Dalembert, Kirchhoff, as well as numerical solutions on characteristic grids;

— in the case of nonlinear partial differential equations, the intersection of characteristics is possible when dis-
continuities occur;

— the characteristic properties of hyperbolic equations make it possible to study the correctness of the formulation
of initial boundary value problems, for example, to determine the number of boundary conditions and conditions on the
interface surfaces of media.

The main feature of hyperbolic equations or systems of differential equations is the finite velocity of propagation of waves
(or perturbations) in the medium, as well as the presence of characteristic surfaces (lines — in the one-dimensional case)
denoting the domain of dependence of solutions. On these surfaces, the number of independent variables decreases by one.
For the first time, the characteristic properties of such systems were studied in [14], where the concept of Riemann invariants

was introduced. Numerical methods that take into account the characteristic properties of hyperbolic systems of equations are
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described in detail in [2—12]. The important fact is also noted that using the method of characteristics, the theorems of
existence, uniqueness and continuous dependence of the solution of the classical Cauchy problem on the input data
were proved [1]. However, this domain is limited in the nonlinear case, because, unlike the linear one, these solutions
can have, after some time, unlimited first derivatives — the so-called gradient catastrophe, i.e. discontinuities can
arise from smooth initial data. In this case, they speak of a generalized solution of the equations of gas dynamics. A
generalized solution, in this case, is understood as a solution that satisfies the laws of conservation of mass, momentum,
energy, as well as an inequality that means an increase in entropy in a closed system. From a mathematical point of
view, the requirement of increasing entropy guarantees the uniqueness of the generalized solution, as well as its
stability with respect to small perturbations. It follows from what has been said that the construction of a numerical
method is not a simple matter and is not reduced to the formal replacement of derivatives by approximating their
difference relations (for example, using finite differences). When developing the method, it is necessary to take into
account the physical side of the problem being solved. At the same time, the method must meet certain requirements,
the understanding of which is necessary during its development.

Characteristic methods were developed in such a way as to take into account the corresponding properties of
hyperbolic equations and to be able to build a so-called characteristic irregular grid adapting to the solution to solve
these problems. These methods are called direct characterization methods [14—17]. Direct characteristic methods allow
us to distinguish discontinuities, of which two types can be distinguished: in the first case, the structure of the solution
and the location of the discontinuity are a priori known; in the second case, discontinuities occur over time. As for
the first type of discontinuities, their isolation in the multidimensional case is a difficult task, which many researchers
have been solving, for example [2, 7, 9]. In the second case, the numerical algorithm should detect gaps formed over
time, after which it is possible to solve the problem of separation of the gap. The solution of such problems presents
the greater difficulties, the more gaps in the field of integration. For this reason, methods of end-to-end counting
have been developed that take into account the properties of systems of hyperbolic equations — inverse methods
of characteristics or grid-characteristic methods (grid-characteristic method, GCM). These methods use a regular
calculation grid. However, it approximates not the initial system to be solved, but the compatibility conditions along
the characteristic lines with the interpolation of the desired functions at the points of intersection of the characteristics
with the coordinate line on which the data is already known. In the multidimensional case — at the intersection points
of the intersection lines of characteristic and coordinate planes with planes with known data. Works are devoted to the
development of these methods [2, 7, 9, 18—22].

The first methods of the first order of accuracy were proposed [2, 9, 18, 23—25], then the second [25—27] and the
third [27-30]. Subsequently , higher — order schemes were developed [19, 31-35, 52, 54, 57, 58].

In such approaches (through-counting methods), the approximation of derivatives through discontinuities is realized,
which, when numerically solving the problem, have a so-called “blur” region, the value of which is determined by the
numerical viscosity (dissipation) of the method used. The width of this zone decreases with increasing order of accuracy
of the numerical method. In addition, when numerically solving problems with large gradients of the desired functions by
methods having an approximation order higher than the first, numerical (non-physical) oscillations may appear. Different
approaches are used to eliminate them (or reduce the amplitude). In the first of them, additional dissipative terms were
used, in particular, artificial diffusion (or viscosity), both linear and quadratic, which was published in the works of
Neumann and Rachtmayer [36]. Studies of the properties and modifications of such artificial solutions can be found in
other works [6, 8, 36—38], etc. Generalization of such dissipative additives to the multidimensional case was considered
in the review paper [39]. It is noted that artificial dissipative terms change the solution of the original problem [38], so
the resulting numerical solution of the problem should be tested. In areas where large gradients are absent, methods of a
higher order of accuracy (more than the first) can be used. The latter statement, as well as the monotonicity property of

first-order approximation schemes, formed the basis of the idea of hybrid methods.
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In the theory of difference schemes, an important concept of monotone (majorant) schemes or schemes with positive
Friedrichs approximation is introduced. Such schemes preserve the monotonic character of the numerical solution (in the one-
dimensional case) on any time layer, if this is the case in the exact solution of the problem. The use of non-monotonic difference
schemes leads to the appearance of non-physical oscillations in the numerical solution (i. e., oscillations having a numerical
origin). For a one — dimensional linear transfer equation of S. K. Godunov [42] proved the theorem that there are no explicit
linear monotone schemes with an approximation order higher than the first. In [37], this theorem was extended to the case of an
arbitrary template (for implicit or multilayer schemes).

To determine the monotony of the difference scheme, explicit linear two-layer schemes are presented in the

following form:

it =3¢, (t,h)- v, i=0,£1,..,
i

where nt = ¢" (¢ is the time; T is the time step; n =0,1...);
x_ = mh (x is the coordinate; 4 is the coordinate step, m = 0,%1...);
V' = (", x™) is the desired grid function.
There are several definitions of monotony [22].
1. Schemes monotonous according to Friedrichs [41], for them: ¢, > 0.
2. Schemes monotonous according to Godunov [42], for which the following inequalities are fulfilled:
n+l

w —Vn =0, by v, —v, thatis, on all time layers, coordinate one-sided differences do not change the sign.
3. Harten monotonic schemes [43]: Z < Z , where TV (u,’f,) = Z|V,’f,+1 - V,:“| there is a
m m

complite variation of the grid function.
4. Difference schemes based on the characteristic properties of the exact solution [19, 45] for which the inequality is fu

v

n+l

n n n
vm+l - Vm vm+l -V

m

Ifilled: {vl" V) } <y =y <max {vl” vy };where v, Vv, are the values of the grid function on the time layer # in the two
brush nodes {t”“ X, } closest to the one originating from the node (minimum condition). It is shown that in the linear one-
dimensional case, all the above definitions of monotonicity are equivalent and are a sufficient condition for the stability
of difference schemes.

In the field of smooth numerical solutions, one can use difference schemes of an order of accuracy higher than the first,
i. e., in accordance with Godunov’s theorem [42], which are not monotonic. However, to eliminate (or reduce the amplitude),
non-physical (numerical) oscillations in areas with large gradients of solutions, it is necessary to use monotonic schemes
of the first order of approximation. The combination of these two contradictory requirements was realized in the idea of
constructing hybrid difference schemes, which was first proposed by Fedorenko in [28]. These schemes are nonlinear, i. e.
depending on the solution, and can be locally, at various points in the integration domain, change the order of approximation.
Hybrid methods make it possible to implement end-to-end counting using schemes of an increased order of accuracy in
areas with smooth solutions — in areas of large gradients of the numerical solution. This makes it possible to combine
various positive qualities of difference schemes with different order of approximation in one computational algorithm. To
clarify the end-to-end numerical solutions near the discontinuities in [46], it was recommended to use a differential shock
wave analyzer, which allows localizing the discontinuity using the results of the end-to-end calculation and further refine the
numerical solution. In [28], a method was also described for switching from a first-order scheme to a second-order scheme
based on the ratio of the second or third based on the ratio of the second finite difference to the first. Hybrid schemes for
linear and quasi-linear transfer equations with a smooth switch from one circuit to another were given in [47]. A hybrid
scheme for a system of hyperbolic equations based on a combination of Lax [23] and Lax-Wendroff schemes [25] was
proposed by Harten [48].

Van Lear’s works [49, 50] also described a special algorithm for monotonizing the Lax-Wendroff scheme. Colgan
in [51] proposed hybridization of the Godunov scheme using several templates, as well as a limiter (limiter) minmod. The

first hybrid grid-characteristic difference schemes were described in the works of Kholodov and Petrov in [20], and their
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development in [11, 21, 35]. In [44], a hybrid method based on flow correction (flux corrected transport) was proposed,
in which at the first stage a solution is obtained using a scheme of the first order of accuracy, at the second a term called
“antidiffusion” is added, which allows increasing the order to the second.

The use of ideas of hybridity [28], correction of flows [44], limiters [49] led to the creation of TVD schemes (total
variation diminishing), [43]. A review of the limiters for this class of hybrid methods is presented in [52].

Further development of TVD methods led to the emergence of new schemes: ENO [53], TVB [54], TVD2, UNO,
UNO2 [54], WENO [55], WAF (TORO [56]). The emergence of these methods led to the creation of high-order accuracy
schemes (high resolution schemes), see, for example, the monographs of Thoreau, Tolstykh [57, 58].

When numerically solving multidimensional dynamic problems, one often has to deal with moving boundaries,
complex integration domains. For this purpose, mobile computational grids [59] and adaptive grids [60] are used.
The theory and review of works on the construction of computational grids in complex integration domains are
given in monographs [61, 62]. In cases where there is a dynamic expansion of parts of a continuous medium (the
expansion of gas, liquid, plasma under dynamic influences, the destruction of deformable solids during explosions,
impacts, etc.), the particle methods first proposed by Harlow [63], Belotserkovsky and Davydov in [64] (the method
of large particles) are useful. Another approach to solving similar problems turned out to be the smooth particle
method (SPH) [66, 67].

Grid-characteristic methods were further developed in [68] (method on unstructured tetrahedral grids), [69] (combined
method: SPH and grid-characteristic), [34] (methods of increased order of approximation). The class of compact schemes
that allow constructing schemes of an increased order of accuracy on compact templates is developed in [58, 70-72], and
in [71, 72] the grid-characteristic method was used for their construction. The discontinuous Galerkin method [73, 74],
combining the capabilities of the finite element method [75] and the Godunov method [2], turned out to be a promising
method that allows building computational algorithms of an increased order of accuracy. For the numerical solution of
dynamic problems of gas dynamics in [76], a very effective “Cabaret” scheme (the jump transfer method) was developed,
which made it possible to advance in the numerical solution of problems of plasma dynamics. A review of finite volume
methods (FVO) for solving systems of hyperbolic equations, which have gained considerable popularity in the last decade,
is given in the monograph [77]. Numerical methods developed for solving problems of continuum mechanics have
been successfully used in various applications. Thus, among the works devoted to the calculation of aerohydrodynamic
properties of aircraft, the following are noted [2, 7, 8, 9, 17, 29 et al.], monographs devoted to the study of hypersonic
flow around blunted bodies [78—80]. In [81], the problems of hypersonic flow around the deformable shell of an aircraft
descending in dense layers of the atmosphere were considered, in [82] — the problem of supersonic flow around a system
of bodies. The calculation of flows of an incompressible fluid stratified by density in the shallow water approximation is
devoted to the work [83].

The problems of solar wind flow around the Earth>s magnetosphere using the equations of magnetohasodynamics
were investigated in [84]; acoustic-gravitational waves arising in the atmosphere — in [85]. The motion of an asteroid in
the Earth’s atmosphere, its interaction with the Earth’s surface, and the subsequent propagation of seismic waves in the
Earth’s crust were considered in [86].

Examples of numerical solutions to problems of deformable solid mechanics can be found in [59, 35, 67—69, 74, etc.].
Wave processes and fracture processes in complex composite structures were studied in [87-89]; problems of interaction
of concentrated energy flows and deformable targets — in [90—92]; seismic exploration — in [93—96]; Arctic shelf —
in [97-99]; railway safety — in [100]; global intraplanetary seismics — in [101]; electromagnetic wave propagation —
in [102—103]; medicine — [104—107]; the intensity of street traffic in megacities (graph problems) — in [108]; large
power grids [109]; information flows in computer networks [110].

Of course, these articles cannot be called a review of applied works on numerical modeling of physical
processes, because there are too many of them. However, they can give a definite picture of research in the field

under consideration.
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Systems of partial differential equations of the first order for two independent variables 7, x have the form:

E(t,x,%,%jzo, i=1+N. )
Ot Ox

— T
Vector functions, # = {ul,...,u N} » having the first continuous derivatives and satisfying the system of equations (1),
are the solution of this system.

System (2) resolved with respect to the derivative of one of the independent variables (¢ or x),

%G rxu, 2 @

ot Ox

is called the normal form.

aIf i% the system of differential equations (1) all functions F, (i = 1 + N) are linear with respect to each of the quantities
u u

U o then such a system is linear with respect to the specified quantities.
X

If the system of partial differential equations of the first order (1) is quasi-linear, that it admits writing in the form:

S ou, L, Ou
Say L S p, P pio1sN,
% ot “ox : )

k=1 k=1

where a,, b, depend on the independent variables ¢, x and solutions £ .
If they do not depend on u, the system is called semi-linear. If /' does not depend on the solution of the system, then
it is linear.

It is possible to represent system (3) in matrix form

ou ou
D& p Pt _
a T m )

which, assuming that the matrix D is nonsingular, is represented as:

ou ou
—+A—=F 5
ot ox J ©)

For the case, respectively, of three or four independent variables, (5) has the form:

Ou g Oy g O
1 2 s
ot Oox, ox, (6)

Oy By B
ot ox, 0ox, ox,

or

K
a—u+ZAk%:f, where K =2, or 3.
ot 1o " ox,

(M

In the future, we will consider a system of quasi-linear partial differential equations written in normal form for the
one-dimensional case: 5 5
u u
Ou,  ou_, @®)
ot Ox f
Assuming that all eigenvalues of matrix 4 are real and there is a basis of eigenvectors {®.} multiply (8) by the left

eigenvector and

Ou Ou
O, —+0Ad—=0f 9
o oA ol ©
or
Ou Ou
0| —+A—|=0.f 10
I(@t l@xj o 1o

11



12

Computational Mathematics and Information Technologies 2023. V. 6, no. 1. P. 6-21. ISSN 2587-8999

When disclosing scalar products in (10), there is:

N ou, ou.
o —L+A——L|=> o f. (11)
S0 (%13, 2= S0

i=1

The expression in parentheses can be written as:

Oy o O _[Ou ) (12)
ot ox ot )5
where % is the derivative of the desired function u(t, x) in the direction % =)\,
t t i
Thus, a linear combination of derivatives(%j is obtained in (10).
The direction determined by an ordinary differential equation of the form:
dx 13)

E Y
is called characteristic.

In the future, the system of partial differential equations (8) will be called hyperbolic (or a system of hyperbolic type
equations) in some simply connected domain L, to which the quantities #, x, u belong, if two conditions are met at any
point L:

— all corresponding values A (¢, x, u) of the matrix 4 (¢, x, u) are real;

—in a linear vector space R, there exists an orthonormal basis { o, }:fv , composed of the left eigenvectors of the matrix
A and satisfying the condition:

0o, .. o)
detQ =det{of}=det; - - - =0 (14)

Sometimes a third condition is added to the above conditions — for the smoothness of the eigenvalues of the vectors

of the matrix 4 (for example, in Petrovsky’s definition, the condition is given that A, and {col.k} must have the same
smoothness as the elements of the matrix 4 (z, x, u).

The system of partial differential equations (8) under consideration is called hyperbolic in the narrow sense if at any
point L the eigenvalues of the matrix are real and different. The definition of hyperbolicity of the system implies the

equivalence of two systems of equations:

Ou Ou

—+A—=1,

Ot ox S
[ Ou ou
m‘(5+kk5j:mkﬁ,.

The system (11) is called the characteristic form of the original system of equations (8).

The characteristic form of the system under consideration can also be represented as:

Ou
ot L f (15)
(2)-1,
where (ﬁ_uj = @+ A, 8_14
ot), ot Ox
If the eigenvalues and eigenvectors of the matrix A4 are in the system of equations

Ou 4 0u_ (16)
ot Ox

are constant, then the matrix A is represented as a product:

A=Q7"AQ, (17)

where A is the diagonal matrix consisting of the eigenvalues {A,,...,A, } of matrix 4, Q — is the matrix whose rows are

the left eigenvectors of A.
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When multiplying (16) by Q and entering Riemann variables v = Qu a new system of the form is output:

@+A6_V=O’ (18)
ot Ox
. . ov, ov,
where A= diag {A,,..., ky },or in scalar form TR0, k=15 N,
X

It can be seen that the initial system decays into N separate scalar transport equations, the solutions of which will be
traveling waves
vkzvk(x—kkt),k:1+N, (19)
each of which propagates at a speed of A, while maintaining its initial shape.

The general solution of the system is a superposition of traveling waves propagating at the specified speeds:

v‘:i“mkvk(x—xkz), (20)

Riemann invariants

If the system of eigenvectors is orthonormal, then the values can be interpreted as the amplitudes of traveling waves.
The functions are called Riemann invariants, and the system with (18) is a system in invariants.

Next, the concept of Riemann invariants is considered on a simple example — an acoustic system of their two scalar

partial differential equations describing the propagation of plane sound waves:

a1 @
ot p, Ox

Ou , Ou (21.2)
-+ ._:O’ .
o PG

where u is the velocity of the continuous medium, p is the pressure in the medium; p, is the density; ¢, is the speed of
sound propagation in the medium.
If both of these equations are integrated over an arbitrary domain with a boundary G in the plane {#, x} and go to

contour integrals, this will lead to integral equations:
Dj poudx— pdt =0,
G
o (22)
[l—2 udx — poudt =0,
G CO

representing the laws of conservation of momentum and mass. In this case, the equation of state has the form:

P=c(p—py).
When multiplying the first equation (21.1) by pu, and (21.2) by p/(p,c?)) and adding them, the identity is derived:

0 : ’ 0
) R = |+—(pu)=0, (23)
ot 2 2Pc; ) Ox

from which it follows that for any closed circuit the law of conservation of energy of acoustic waves is valid:

uZ 2

[ﬁ PO—+p—2 dx —pudt =0. (24)
v 2 2P,

Now it is necessary to bring the system (21) to the kinetic form. To do this, the second equation is multiplied by
(p,c,) ", then added to the first and subtracted from it, after which it turns out:

i u+ P +c¢, i u+ P |- 0,
ot Poco Ox PyCo (25)
2 u——L_ | C i u——L_1-0.
ot Pocy Ox PoCo
Notation is introduced R" =u + P , RT=u-— P, (26)
0Co Poco

13
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the equations in Riemann invariants (R*— Riemann invariant) are obtained:

OR”" OR" OR™ OR™
+c, =0, -, =0, @7
ot ox ot Ox
allowing you to write out their general solution:
R zf(x—cot), R zg(x+cot), (29)

where f, g are functions defined from the conditions of the problem. Knowing the Riemann invariants, the values of the

desired functions are obtained from (26):

u=l[f(x_cot)+g(x+cot)]’

P c
O[f(x cot) (x+cot)1.
From the relations (27) it can be seen that the values R*, R~ remain constant along straight lines x, — ¢t = const and
x, + ¢ t = const, accordingly, their graphs move over time to the right (left) with speed c,.

The straight lines
Oox

—=x%¢, or

ot (29)

x £ ¢yt =const

are called the characteristics of the system (21), which also needs to add initial conditions:

u(x,0)=u,(x), p(x,0)=p,(x), (30)
x>=1[f<x>+g<x)}

from where follows:

p
po = OCO |:f ):I >
or
p
(x) =, () + 22,
P, (x
()= (x)
In this case, the solution of the system (21) with the initial data (30) is represented as:
u(tx =—[u0 xX— cot)+uo(x+c0 J+ [po x TN )—po(x+cot):|, a1
1
p(tx) :E[Po (x—cot)+ Py (x+cot):|+ oy [”0 (x=ct)—u, (x+cot)1.
Let, for example, the initial conditions have the following form:
uo(x)zul, po(x)zp], x< X,
(32)

uo(x):uz’ Po(x)zpz, x> X,
where u,, p (i = 1,2) are constants, moreover, one of the equalities is fulfilled u, # u, or p, # p,, or both at the same time.

The solution to this problem, which is not difficult to obtain, is given by the following relations:
u=u, p=p, x<X-cyt,

U=u,, p=p,, x>X+cyt,
_wtu, p+tp (33)
2 2p,c,

+ +
=B pz—pocou2 ul,X—ct<x<X+ct.
2 2

The resulting solutions u(z, x), p(t, x), as can be seen, have discontinuities along the lines x +c¢=Xand x —ct=X

and were formed from the initial discontinuity at the point x=X. For this reason, the considered problem is called the gap
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decay problem. Generally speaking, these functions cannot formally be considered a solution to this problem due to the
fact that they are not continuous. For this reason, they are called the generalized solution of the gap decay problem.
It is worth noting that the concept of invariants was introduced by Riemann in 1876.

Discussion and conclusions. More complex example is given — the solution of a one-dimensional system of gas
dynamics equations:

ou ou 10p_, (34.1)
ot ox P ox
L0 I Y (34.2)
ot ox ox

where u, p are the velocity and density of the gas; p is the pressure in the gas, ¢ is the sound velocity of the gas, ¢, x are
the time and coordinate.

The second equation (27) is multiplied by (pc)™' and added to the first (27). It turns out:

{2—?+(u +c)g—;{}+i[a—p+(u+c)a—p} =0

pc| ot Oox (35)
or
CROR
ot pc\ ot

+
where (aa—uj is the derivative in the direction 8_u =+o).
t ot

Similarly, calculations are carried out with the replacement of ¢ by (—c) after which the quasi-linear system of equations
is reduced to the characteristic form:
sy
(_j B O’
Ot

(&) 2
ot pc\ Ot
uy 1
o\ & P ot pc\ ot
Where(—j =—+u—,
Ot ot ox

and the first equation (30) expresses the law of conservation of entropy along the trajectory of the particle, i. e. on the
trajectory described by an ordinary equation of the form:
oX
a—zu(t,X), X(O) =X
t

0°

0, (37

0,

where the function X(¥) is the trajectory of the particle.
In the case of an isentropic flow, i. e. when

p = Ap'(A = const), (%)
and, accordingly,
¢’ = Ay ,(c =, /6—p}
op
. Op . -
the expression —— becomes differential:
Oc 1 2
—dp=—-—dc.
pc -1
Then, after adding a multiplier (pc)' under the sign of differentiation of the obtained equations, it turns out:
os oS
—+u—=0
ot ot
+ + 39
oR +(u+c)aR 0 (39)
ot Ox
oR” (u- c)ai _0,
ot Ox
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or
0
ot
(8R ] o
ot
(GLJ _q,
ot
2c 2¢c

where R* =u+——, R =u— (41)
-1 -1

Riemann invariants for a one-dimensional quasi-linear system of gas dynamics equations that retain their values on

(40)

the trajectories of the equations,
oxX"
=uzxc. (42)
ot

It is obvious that through the values of the Riemann invariants and entropy, which are found from the solutions of

ordinary differential equations, the remaining functions (u, p, p), describing the gas flow are calculated. However u, ¢ are the
functions of S, R*, themselves, so it is impossible to find a solution to these equations in quadratures, in any case. However,
the exact solution is in the special case for y = 3 (detonation products).

Since in this case R*=u + c, the trajectories X* (¢, X* ) are families of straight lines with constant slope.

The characteristic form of the gas dynamics equations makes it possible to understand how to set the boundary
conditions correctly. For example, the left boundary of the integration domain is considered. Three characteristics with
slopes u, (u + ¢), (u — ¢) pass through any point of it. Those of them whose slopes are positive are called entering the
integration domain. Thus, it is necessary to set as many conditions on the left border as there are characteristics included

in the area; similarly, on the right border.
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Abstract

Introduction. The criterion for the success of an advertising campaign is the maximum profit from sales, taking into account
the costs of its implementation, while the sale of the same type of goods is sales occur in a competitive environment.
The article examines a model for predicting mass sales of two similar products depending on the tactics of an advertising
campaign. First of all, the distribution of funds between its separate types is considered: expenses for advertising paper
products, banners and advertising in electronic media (EMM).

Materials and methods. The model is formulated in the form of a Cauchy problem for a system of two ordinary differential
equations with nonlinear right-hand sides, taking into account: the total number of potential solvent buyers of the first
and second goods; the intensity of the advertising campaign, mainly through EMM, the positive impact on sales of the
interaction of those who have already bought the first or second type of goods with potential buyers, as well as informal
(at the level of buyers) anti-advertising.

The results of the study. A solution is given for the case of constant coefficients determined by the above factors for the
corresponding Cauchy problem in closed form.

Discussion and conclusions. The results obtained can be used to replay model situations of advertising organization in

order to determine the conditions for extracting the greatest profit from sales minus advertising costs.

Keywords: sales forecasting model, Cauchy problem, advertising costs, advertising campaign, advertising main types,

competing products sales.
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AHHOTaNHUSA

Bgeoenue. Kpurepruem yCrenHOCTH peKIaMHOM KaMITaHUH SBISETCS MaKCHUMaJIbHOE U3BJICUCHUE MPUOBUINA OT IPOJax
C Y4YeTOM 3aTpaTr Ha ee NMpPOBEACHHE, PU ITOM peaH3allii OJHOTUIHBIX TOBApPOB SIBISAETCS MPONAXKH HMPOUCXOISIT B
KOHKYPEHTHOH oOcTaHOBKe. B craThe mccienyeTcss MOAeIh MPOTHO3HMPOBAHUS MACCOBBIX IMPONAXK JABYX ONHOTHITHBIX
TOBapOB B 3aBHCHUMOCTH OT TAaKTUKH PEKJIAMHOI KaMmmaHUH. PaccMmarpuBaeTcs, B MEpPBYIO Ouepenb, paclpeneiieHHe
CPEIICTB MEXKAY €€ OTACIbHBIMH BHIAMH: PAacXofbl Ha PEKIaMHYI0 OyMaXKHYIO NMPOIYKILHMIO, OaHHEPH W peKiamy B
AIIEKTPOHHBIX CpeacTBax MaccoBoit mHpopMarmm (DCMU).

Mamepuanvt u memoovt. ChopMmyaupoBaHa MOIe/Ib B BHIC 3adadr Kommu i CHCTEMbI M3 ABYX OOBIKHOBEHHBIX
mddepeHInaNbHBIX ypaBHEHUH ¢ HEJTMHEHHBIMU TPaBBIMH YaCTSIMH, YYUTHIBAIOIIMME: 00IIEe YHCIIO MTOTEHIINAIBHBIX
IDIaTEKECIOCOOHBIX MOKYMIATeNIel ePBOTO W BTOPOTO TOBAPOB; WHTCHCHBHOCTH PEKJIIAMHON KaMIIaHWW, B OCHOBHOM,
nocpencteoM DCMMU; onokuTensHOe BIUSHUE HAa IPOJaKd B3aUMOACHUCTBHS YK€ KyIHMBIIUX IIEPBBIN MM BTOPOIl BUI

TOBapa C NOTEHIMAJIbHBIMH MOKYTIATEISIMH, a TaK)Ke He(hopMaIbHYIO (Ha YpOBHE MTOKyMaTeIel) aHTHPEKIaMy.

© Sukhinov A. I, 2023
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Sukhinov A. 1. About the analytical solution for the advertising model of two competing firms

Pezynemamut uccnedosanus. IlpuBeneHo pemeHne st ciaydasi HOCTOSHHBIX K03((HUINEHTOB, ONPEAEIIEeMbIX yKa3aH-
HBIMH BbIIIE (haKTOpaMH JJIsl COOTBETCTBYyIoNIeH 3anaun Komu B 3aMKHYTOM BHIE.

Oécyscoenue u 3axniouenus. IlonyueHHbIe Pe3ynbTaThl MOTYT OBITH NCIIOJIB30BAHbI JUIS «IIPOUTPHIBAHUS» MOJEIBHBIX
CHUTyallMii OpPraHU3allM{ PeKJIaMbl C LIEJIBIO ONPEAENICHNS YCIOBHH M3BJIEUCHUS HAHOONbIIeH NPHOBUIM OT NMPOJax 3a

BbIYCTOM pACXOA0B Ha pCKIaMy.

KaoueBble cjioBa: Mojieib IIPOTHO3MPOBAHUS MPOJaXK, 3aaada Koiu, pacxoasl Ha pekiaMy, pekiiaMHas KaMIlaHHs,

OCHOBHBIC BH/Ibl PEKJIAMBbI, IPOJAXKHN KOHKYPHUPYIOIINUX TOBAPOB.

Jos nutupoBanus. CyxuHoB, A. . O0 aHaJIMTHYECKOM pPEUICHUH I MOJENH DPEKIaMbl JBYX KOHKYPHPYIOIIUX
¢upm / A. U. Cyxunos // Computational Mathematics and Information Technologies. — 2023. — Vol. 6, no 1. —
C. 22-26. https://doi.org/10.23947/2587-8999-2023-6-1-22-26

Introduction. The slogan “advertising is the engine of trade” is becoming more and more relevant with the development
of new electronic communication technologies. The main source of advertising was printed products at the beginning of
the development of advertising technologies, such as booklets and brochures, articles in newspapers and magazines,
posters, etc. The possibilities of advertising have increased significantly with the advent of radio and television, and the
costs of it have also increased significantly. Advertising has become an integral part of the Internet space at the present
stage. It has penetrated into all social networks and, thanks to computer and multimedia technologies, has turned into an
all-pervading electronic digital environment (electronic mass media). Overexpenditures for advertising could be a small
fraction of the cost of goods or services before, they reach 30 percent or more of the cost of goods and services sold now.
Sales forecasting is a very important issue, which is due to the tactics of the advertising campaign and the distribution
of costs between its individual types. It is important to make a timely decision about the moment of termination of
advertising, especially the most expensive types of advertising, for example, the demonstration of commercials on central
television channels in prime-time mode. The main criterion for the success of an advertising campaign is the extraction
of maximum profit from sales, taking into account the costs of its implementation. An important factor in the subsequent
sale of similar, long-term used goods (for example, iPhone) is the formation of a high consumer reputation on sales of
previous generations of goods. Their popularity is determined by a higher number of products sold and an informal
assessment of the product or service among buyers. Sales take place in a competitive environment and this fact is also
subject to accounting. A dynamic model of an advertising campaign for sales of two competing products of the same
type is proposed in the form of a Cauchy problem (with initial data) for first-order differential equations with nonlinear
right-hand sides that take into account the main types of advertising and the potential market capacity. The solution of this
problem is obtained in a closed form with some simplifying assumptions, which was previously repeatedly considered for
the sale of one type of product [1, 2] and led to solutions in the form of logistic functions. This model can be developed
and applied in other fields of activity where there is a competitive information struggle, for example, elections, public
opinion formation, etc. However, this aspect is not discussed here [3, 4].

Materials and methods. Differential equations describing the rate of change over time in the number of buyers who

have learned about the goods and bought them have the form:

ar =[oy1 D+ (XN ()00 () XN, (6)]*(Ng—N—N,),
dN, 2
7_ [(xm(t)+(122(t)><N2(t)—0le(t)><Nl(t)]X(NO _Nl _Nz)’
t>0,
N, (0)=N,, N,(0)=N,,t=0, (€)

where ¢ is the time elapsed since the beginning of the advertising campaign; N,(f) and N (¢) are the numbers of buyers of

the first and second goods, respectively; N, is the total number of potential solvent buyers of the first and second goods;
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a,,(¢) and a, (¢) characterize the intensity of the advertising campaign (mainly through the media) of the first and second
goods; a,(#) characterizes the positive result of the interaction of those who have already bought the first product with
potential buyers; the coefficient has a similar meaning a,,(¢) in the equation (2), (the word of mouth effect).

Terms a,(f) x N, m a () x N, inthe equations (1) and (2), respectively, show the influence of anti-advertising on the
part of buyers: in the first case — those who preferred the second product, and in the second case — those who bought the
first product, and not the second. To obtain a solution in a closed (analytical) form, all coefficients included in the system
(1), (2) are considered constants, i. e. o, = const; i, j = 1,2. For forecasts close to real ones, these coefficients should be
considered time—dependent, then it is necessary to apply numerical methods for integrating the problem (1)—(3).

As a result of the addition of equations (1) and (2), it turns out:

d(N, +N,)

dt =[oc11+(x21]><(N0—(N1+N2)) )

The substitution of variables in equation (4) is introduced:

V(1) = (N, = (N,)) + (N)1), ®)
then an equation with separable variables of the form is derived
dv
E:_[an*azl]x", t>0, (©)
with an initial condition
W(0) =N, — (N, + N,f),t=0, ™)

the solution of which will be the function
V(O=(Ng~(N19+N29) ) * exp(Hoy tap)),  1>0. ®)
The resulting solution allows us to obtain an ordinary differential equation (ODE) of the first order with respect to each

of the functions N (¢), N,(¢). Let’s express N (¢) from the ratio (8), taking into account the replacement (5):
9
Nz(t): Ny _Nl(t)_(NO _(NIO +N20))XeXp(_(O°11 +a’21)t)' ©)
This representation for N,(f) must be substituted into equation (1) and arrive at a first-order ODE with respect to the

function N, (#):

an,
ar =[ o1+ 0, N —0, (Ng—; ~(Ny=(N19+Ng)exp(—(a, +ap)1)|x

x (NO_NI_(NO_NI_(NO_(N10+N20)) exp(—(oy1+01)1))).

Let’s give similar terms and transfer the terms containing the function N (7) to the left side, linear with respect to the
desired function, an ODE of the form will turn out:

dN,
ar +((112+(122)(N0—(N10+N20))6XP(—((11 1 Fop)0)N, =

(10)
=- ((11 100, Ny o, (No— (N10+N20)) exp(—(ay1 o) )H) (Ng—(N, 4 +Nag ) Jexp(—(ay o )1).
The notation is introduced:
N30 = No - (NIO + Nzo)’ Oy =0y 0y, 0 =0, + 0,
The equation (10) takes the form:
dN,
7‘*0‘4]\730 exp(—038) Ny= —(ay1—az Nyt +05, N30 exp(—031) )N exp(—o31) . amn

This equation is solved by the method of variation of an arbitrary constant. It is not difficult to find a solution to a

homogeneous ODE function N, ():

dNOl Oy
7+(14N30 exp(~a3) Ngj=0, Ny () =C eXP(a—3N3oeXP(—‘13t)), (12)
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where C is the time-dependent function, C = C(¢):
N,(t) = C(t) N, (2). (13)

A new independent variable has been introduced for the convenience of further transformations, the new independent
variable has been introduced:

u = exp (—a,p). (14)
Then:
ﬂ:ﬂﬂ:_q3ﬂexp(—a3t):—a3ﬂu. (15)
dt du dt du du

The equality (12) is written taking into account the relation (14) in the form:

Ni(u) = C(u) exp (Z—jN3ou> (16)

and the equation (11) taking into account the equalities (14)—(16) takes the form:
dN,
— 0 d_ul+ 0 Ny Ny = [0*11 =0y, Ny + 0‘22]\]30”]1\]30“'

If both parts of the last equality are reduced by a function u # 0 from (14), and put (16) in the resulting equation, then

the ODE for C(u) takes the form:
dc o
d_:[a” =0, N, +0L22N30u]N30 eXp(__‘tho“j' (17
u o,
The solution of this equation with separable variables is not difficult, because C(u) can be represented as a sum of

easily taken integrals

o o o
I, :-[[all _azzNo]Nm exp[——4 30”}11” :(OczzNo_Otll)_}eXP[__4 30“} (18)
o, o, o,
and the integral 7,, which is calculated by a single application of the integration formula in parts
N
I, =l o, (N, Vu exp(—% 30quu = —Mexp(—&Nmuj - oc30§22 exp(—& 30u} (19)
o a, o, o o,

The equation is formed by adding (18) and (19) to calculate the coefficient C(u):

O3 O30 Nygu 03201,
Oy Oy (142

C) = (@nNo—0t,) yexp (~ & Nagu) (20)

Let’s substitute expression (20) for C(u) into equality (16), a general solution for the function N, is obtained, which

after multiplying by some constant K, defined in such a way as to satisfy the initial condition N,(0) = N, , gives a solution

10°

for the function N,, who which is part of the Cauchy problem:

Ny () = C(u) exp (Z—;‘ Nygu),

_ 03 O30pN3l 03200, Oy
C ) =K((anNo—0y) -~ o7 ) eXp (— u—3N3ou) :
As aresult , the last two equalities will take the form:
_ gy B GaUaNsgl 03°05 21
Ny () = K((aoNo—0, ) "y 0 P ) @n
u=exp(-ast) , N3g = Ny-(N1g+Nag), 03= )+ 0y, 0y = a5+ 0. (22)

To complete the formation of the solution for the function N (%), it is necessary to determine the constant K, based on
the initial condition (3) for NV,(0). Simple calculations lead to the following equality:

O3 O302N5) 03200
Oly Oy (142

(23)

K= No/((0paNo—a;,) )-

Determining the function N,(¢) from equality (5), in the case of the found function N (#) is not difficult:

N,(6) = NgN, (f)’(No_(Nlo"‘Nzo))X exp&(aytoy)0).
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Remark.

In the case of a non-simultaneous start of sales of goods (for example, sales of the second type do not start at the initial
moment of time, but at ¢ = T), it is necessary to determine N,(7), based on a known solution for the logistic model of an
advertising campaign for the sale of one type of product [1], then change the right parts of the ODE (1) and (2) and initial
conditions (3):

dNy(9)

72[011(1)“112(0 XN (8) = app (6)* N> () [*(Ng—N, () — N1 (T) — N,(2)),
dN-
7;:[0121 (O)+02, (D) XN, (D015 () XN ()] (Ng=N, (=N, (T)-N (1)),

t>T,

Nig =N, (1), N,(T) = Ny, t=T.

Research results. The solution is given for the case of constant coefficients determined by the following factors: the
total number of potential solvent buyers of the first and second goods; the intensity of the advertising campaign, mainly
through EMM; the positive impact on sales of the interaction of those who have already bought the first or second type
of goods with potential buyers, informal (at the level of buyers) anti-advertising, for the corresponding Cauchy problem
in closed form.

Discussion and conclusions. The results obtained can be used to “replay” model situations of advertising organization
in order to determine the conditions for extracting the greatest profit from sales minus advertising costs. For forecasts that
are close to real, we should abandon the assumption o= const; i, j = 1, 2 and consider these coefficients time-dependent.
Then it is necessary to apply numerical methods of integration of the problem (1)—(3). In addition, the determination of
these coefficients in predictive models is a separate task of mathematical statistics [3, 4], for which, for example, you can
use survey data at the exit from places of mass sales of goods (shopping centers). In fact, this approach is close to the exit

polls technology used in elections. These aspects of the study will be the subject of future work on this topic.
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Abstract

Introduction. The article is devoted to one of the problems in the oil and gas fields development — the correct geo-
logical models construction of the subsurface space. Researchers from various scientific groups around the world have
proposed various ways to improve the accuracy of the computer simulations used in this process. The purpose of this
study is to assess the degree of the day surface relief and the anisotropy of the geological section upper part influence
on the recorded seismic signal using a realistic model of the Orenburg field as an example.

Materials and methods. The seismogeological model describing the Orenburg geological section Lower Permian in-
terval is considered. The elastic properties of geological formations were estimated according to well data: density and
propagation velocities of longitudinal and transverse waves. There is a high contrast of P-wave velocities estimated
from sonic logs. The reservoir is confined to the lower layers in this model. It is composed of sulfate-carbonate media,
uniform in density and acoustic properties. Using the grid-characteristic method, zero-offset synthetic seismograms
were calculated. The choice of structural curvilinear computational grids made it possible to correctly consider the
relief of the day surface.

Research results. Two different models were compared in this work. The first model included the anisotropy of the
section’s upper part and the day surface topography. In the second model, the upper boundary of the computational
domain was flat, and the entire medium was considered within the framework of an isotropic linear elastic model. The
analysis of synthetic seismograms showed that the anisotropy inherent in this model does not significantly affect the
recorded seismic wave field. However, considering the relief of the day surface significantly shifts the times of arrival
of reflected waves.

Discussion and conclusion. The algorithm presented in the paper can be used to verify the field data processing graph,
since the assessment of the anisotropy of the medium is a standard step in building a velocity model. The presented

approach can be extended to 3D realistic dimensions models.

Keywords: mathematical modeling, seismic exploration, grid-characteristic numerical method, anisotropic media, day

surface topography.
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AHHOTAINA

Beeoenue. Onnoit u3 npodieM pazpaboTku HedTerasoBbIX MECTOPOXKACHUI SBISETCS MOCTPOCHUE KOPPEKTHBIX
Te0JIOTHUECKUX MOJIeNel MOJIMOBEPXHOCTHOTO MpocTpaHcTBa. MccienosarensiMu U3 pa3iMyHbIX HAYYHBIX TPYIIT
BO BCEM MHpPE MPEAJIOKEHBI PA3IUYHBIE CIIOCOOBI MOBBIIICHHS TOYHOCTH KOMIBIOTEPHOTO MOJEIHPOBAHUS,
HCTIOJIB3YEMOTO B 3TOM Iporiecce. Llexap HacTosAIIero necne0BaHus — OLEHKA CTETICHN BIMSHUSA penbeda THEeBHOH
MIOBEPXHOCTH M aHU30TPOIIMU BEPXHEH YacTH reoJIOTHYEeCKOro pa3pe3a Ha perucTpUpyeMblid CeiCMUYeCKUi CUTHAI
Ha NpUMepe pearucTudHoi Moaenn OpeHOyprckoro MeCTopOXICHHUS.

Mamepuanvt u memoowt. PaccMoTpeHa ceficMoreojornieckast MO/ielb, ONMUCHIBAIONIAs HIDKHEIIEPMCKHII HHTepBal
OpeHOYyprcKOro TeoIOrunIeckoro paspesa. [1o CKBaXKMHHBIM JJAHHBIM OIEHEHBI YIIPYTHE CBOMCTBA T€OJOTHYECKUX
IUTaCTOB: IJIOTHOCTh M CKOPOCTH PAaCHPOCTPAHEHHs NPOAOJIBHBIX M IONEPEUHBIX BONH. OTMEUaeTcs BBICOKHHN
KOHTPACT CKOPOCTEH MPOIONBHBIX BOJH, OIEHEHHBIX IO JUarpaMMaM aKyCTHYECKOro KapoTaxka. PesepByap B
9TOI MOJIeNH NMPUYPOUYCH K HIDKHUM T1actaM. OH cIOXeH Cyab(paTHO-KapOOHATHEIMU CpeaMHy, OJHOPOIHBIMH 10
IUIOTHOCTH M aKyCTHYecKUM cBoicTBaM. C HMCHOIB30BAaHHEM CETOYHO-XapaKTEepPUCTHYECKOTO METoja ObLIM pac-
CUNTAHBl CHHTETHYECKHE CeHCMOTrpaMMBbl HYJIEBBIX ynaneHuil. BbIOOp CTPYKTYPHBIX KPHBOJIMHEHHBIX PacUeTHBIX
CETOK MO3BOJIMJI KOPPEKTHO MPOBECTH yUET pelibedha THEBHOI MTOBEPXHOCTH.

Pe3ynomamut uccnedoeanua. B pabote OBIIIO IPOBEAEHO COMOCTABICHIE ABYX Pa3IUYHBIX Moneleil. B meppyio
MOJeJb OblIa BKIIFOYEHA aHN30TPOIHS BEpXHEH YacTH paspesa u Tonorpadus JHEBHOH moBepXxHOCTH. Bo BTOpOit
MO/ICJIM BEPXHSIS IpaHuUIla pacueTHOH 001acTH ObLIA IIIOCKOH, M BCS Cpejla paccMaTpuBaiach B paMKaxX H30TPOITHOH
JUHEHHO ynpyroi Mojenu. AHaJIU3 CUHTETUYECKUX CEHCMOrpaMM IO0Ka3all, YTO aHU30TPOIHS, IPUCYIIasi STOU
MOJENIH, HE OKa3bIBAeT CYLIECTBEHHOI'O BIHUSHHUS Ha PETUCTpPUpYEMoOE celicMHuecKoe BOJHOBOE mose. OgHaKko
y4eT penabeda THEBHOM MOBEPXHOCTH 3aMETHO CIABUTACT BPEMEHA MPUX0/1a OTPAKCHHBIX BOJIH.

Obcyscoenue u 3axnrouenue. IlpencraBneHHbI B paboTe aarOpUTM MOXKET OBITh HCIIONB30BaH I Bepu(HUKaIHy Tpada
00pabOTKH TONEBHIX JAHHBIX, IOCKOIBKY OLCHKA aHM30TPOINH CPENbI ABISIETCS CTAaHAAPTHBIM IIarOM IIPH MTOCTPOCHUN
ckopocTHOU Mozienu. [IpeacTaBneHHbIi TOAX0 MOXKET OBITh PACIIMPEH Ha TPEXMEPHBIE MOJIENH PEATHCTUYHBIX Pa3MEpPOB.

KnrodeBble c10Ba: MaTeMaTHUECKOE MOJEIMPOBAHUE, CEHCMUYECKas pa3Be/IKa, CETOUHO-XapAKTEPUCTUUECKUH uHCc-

JICHHBII MCTO, aHU30TPOITHLIC CPECADI, Tonorpa(bm{ ﬂHCBHOﬁ MOBCPXHOCTU

®dunancupoBaHue. VccienoBanue BBINOIHEHO 3a cueT rpanra Poccuiickoro Hayunoro ¢onma Ne 19-71-10060,
https://rscf.ru/project/19-71-10060/.

Jist unrupoBanust. [IpsiMoe 4HCICHHOE MOIENMPOBaHHE: Tomorpadus JAHEBHOH MOBEPXHOCTH M aHH30TPOIUS
BepxHeil yactu paspesa / B. 1. TonyGes, A.B. IlleBuenko, A.B. Exumenko, B. IO. ITerpyxun // Computational
Mathematics and Information Technologies. — 2023. — T. 6, Ne 1. — C. 27-33.
https://doi.org/10.23947/2587-8999-2023-6-1-27-33

Introduction. The problem of considering the surface topography during seismic survey simulations attracts the
attention of many researchers. The trivial approach is based on the stair-step approximation of the top domain boundary
and finite-difference schemes [1] on rectangular grids. However, it leads to the appearance of additional source artifacts
due to diffraction. The rotated staggered-grid modification was proposed to align the grid to the boundary interface. [2].
The use of finite-difference schemes on deformed grids does not allow describing very steep slopes in relief [3]. In [4],
a pseudospectral method was proposed with the mapping of rectangular grids onto a curved surface, which also turned
out to be unstable near strongly inclined boundaries. Apparently, an acceptable solution is to use finite element methods
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on nonstructural grids [5]. The disadvantage of this approach is a significant increase in the computational complexity
of the task and the required RAM. In [6] an approach based on the combination of the discontinuous Galerkin with

the finite difference method was developed. It allows to cover only the thin subsurface layer with an unstructured grid,
while using the rectangular one in the rest of the geological model.

In elastic media with sharp variations of physical properties the grid-characteristic method can be effectively
used [7, 8]. The method of superimposed grids was combined with it, which makes it possible to correctly describe
curved boundaries [9]. This study uses a different approach. A separate curved grid is used to cover each geological
layer, together with the explicit statement of contact conditions between the individual layers. This method preserves the
advantages of the grid-characteristic method without leading to an excessive increase in the computational complexity
of the problem. The paper takes into account the thin-layering of the upper part of the geological section using the
widely used vertical transverse isotropic (VTI) model of the medium [10, 11].

The purpose of this work is to assess the degree of the daytime surface relief and the anisotropy of the upper
part of the geological section influence on the recorded seismic signal using the example of the Orenburg field’s
realistic model.

Materials and methods. A significant amount of seismic survey is related to the investigation of oil and gas basins.
These territories, being composed of sedimentary rocks, are thick strata of a thin layer interbedding. The formation
conditions of sedimentary rocks determine the difference in physical properties of each layer. The geological history of
each region determines the current position of the formed rock strata. Therefore, a characteristic feature is the presence
of layers, laterally extended, but thin related to used seismic wavelengths. It provides the possibility to describe this
geological medium by the VTI model. This model was formulated due to the registration of different velocities for
vertical and inclined seismic rays in 1930-th. In this work, the seismic-geological model describing the Lower Permian
interval of the Orenburg geological section was considered. The physical properties were evaluated based on borehole
data from the Orenburg oil and gas condensate deposit (Fig. 1 a). Two main parts of the model were distinguished: (1)
the thin-bedded upper interval corresponded to the Kungurian stage and (2) the lower one describing the Filippovsky
horizon and the Artinsk stage. The first one was represented by pure salts and the interbedding of rock salt, anhydrites,
and dolomites. A high contrast was noted in compressional wave velocities estimated by acoustic logging diagrams.
The typical value for rock salt was 4500 m/s, for anhydrites — 6300 m/s, and for dolomites — in the range from 4500 m/s
to 6500 m/s (Fig. 1 b). This interval affects kinematic characteristics of the wavefield and causes the anisotropy.

Figure 2 shows the field seismic data. The alternation of dolomite, salt and anhydrite layers induces dynamically
pronounced reflections. The section shows a complex geometry of the reflecting boundaries of the upper interval and
halokinesis processes, accompanied by the salt penetration into the overlying terrigenous strata. It can be assumed,
that in areas of the contrast subhorizotal layer location, the anisotropy parameters will be different from the ones of
salt diapirs. The reservoir in this model is confined to the lower strata. It is composed of sulfate-carbonate media,
homogeneous in its density and acoustic properties. The reflective boundaries in this interval have low contrast. This
fact is explained by the absence of acoustically rigid boundaries. According to the well logging, the interval is relatively
homogeneous (Fig. 1 @). Based on the above description, an elastic two-dimensional model was developed. A thin-

layered interval was described by the VT model to achieve the desired accuracy.
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Fig. 1. The field measurements’ results: a — Borehole data from the Orenburg oil and gas condensate deposit

(by TNG-Group); b — P-wave velocity histograms based on sonic data
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Fig. 2. The seismic section of the Orenburg deposit
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The hyperbolic system of governing PDEs can be written in the canonical form:
4+ Aq, + 44, =1

where the vector ¢ consists of all unknowns (velocity vector components and symmetrical stress tensor
components). The space-dependent matrices 4,, 4,, are defined by the material parameters. In order to solve system (1)
q,+Aq, = 0, we apply the splitting technique to this 2D equation system: ¢, + 4,4, =0 solve, firstly , secondly,
solve and, finally, solve ¢, = f. Thus, the multidimensional problem is reduced to a sequence of one-dimensional
ones. The final step with the right-hand side can be easily and efficiently done, since it solves an ODE in each grid

point. Each one-dimensional equation has the following form:
g, + Ag. =0.
The hyperbolicity of (1) ensures that matrix A4 has a full set of eigenvectors and can be represented as:

A4=Q7"AQ,

where matrix A is diagonal. The matrix A consists of eigenvectors of. Introducing the transformation to the Riemann
invariants, a set of independent transport equations is obtained: w= Qg The following relation is used for each

equation: w, + Aw, =0, where the subscript I mark components of the vector:
w,(x, 1+ 1) = w,(x = 1,1,2),

After each one-dimensional step we return back to the original unknowns by: ¢ = Q.

The critical difference between implementations of this method on rectangular grids and on structured curvilinear
grids is that in the first case there are only two fixed directions along which the matrices Q have a simple form and
can be written analytically (even in case of space-dependent coefficients and matrices). In the case of the curvilinear
mesh each point has a local coordinate system (&, n) along grid lines and matrix Q and its inverse have to be found
numerically (by an iterative procedure).

Research results. The wavefield in the described geological model was successfully simulated. The deformed
grid was generated by the UNAMALLA software (Barrera et al. (2009)) and covered the region of 10 km x 5 km. The
solution of one-dimensional transport equations was done by the Rusanov numerical scheme. The spatial time step was
approximately 2 m. The time step was chosen to satisfy the CFL stability condition. Two different cases — with the
anisotropy and topography and without both of them — were compared (Fig. 3). The careful synthetic data analysis
reveals that the anisotropy inherent in this model doesn’t influence the seismic wavefield significantly. On the contrary,

the topography shifts noticeably arrival times of reflected waves.

Time, s
0 0
1 1
2 2
0 a) 0
1 1
a)

2

0 b)

Fig. 3. Seismograms for the isotropic model with the flat day surface (a)

and for the VTI model with the proper topography (b)
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Discussion and conclusions. In this work the importance of the day surface topography and the shallow subsurface
anisotropy influence on seismic survey data was discussed. The real Orenburg oil and gas condensate deposit was
considered for the sake of clarity. The grid-characteristic method on structured grids was successfully applied to take
into account anisotropy and topography of the model. The calculated wavefields reproduce the main features of the
original seismic section, which indicates the model adequacy. The numerical simulations results represent a sufficient
influence of considered facts on the day surface signal.

The presented algorithm can be used for the real data processing graph verification, since the VTI anisotropy estimation
is a standard step while building a depth-velocity model [13]. The presented approach can be directly extended for

real-scale three-dimensional problems.
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Abstract

Introduction. Reliable prediction of indicators of turbulent flows is a very difficult task, which is explained by the
exceptional physical complexity of turbulence, in particular its probabilistic nature, a wide space-time spectrum and
a fundamentally three-dimensional non-stationary nature. Despite conducting a wide range of studies focused on the
problem under consideration, they did not fully reflect the totality of various factors and processes affecting the struc-
ture and parameters of vertical turbulent mixing. This indicates the need for a systematic analysis of the problem and
modeling of such complex formalized systems. The aim of the work is to construct a scenario of changes in hydrody-
namic wave processes of the coastal zone, based on an improved mathematical model of wave processes.

Materials and methods. The article is devoted to the study of spatial-three-dimensional wave processes in shallow
water bodies, taking into account the features of turbulent exchange depending on the source and localization in the
column of liquid, as well as the study of the influence of regular wave processes on turbulent exchange and vertically
using a mathematical model of wave processes based on the system of Navier-Stokes equations, including three equa-
tions of motion in the with dynamically changing geometry of the computational domain.

The results of the study. Based on the developed software package, a scenario of changes in hydrodynamic wave pro-
cesses of the coastal zone is constructed, the formation of vortex structures is predicted.

Discussion and conclusions. The separation of the wave flow into a near-surface macroturbulent layer caused by wave
motion and a lower layer with background hydrodynamic turbulence is proved, the strength and intensity of turbu-
lence changed synchronously with wave oscillations, demonstrating a pronounced asymmetry of turbulence generation

throughout the water column.

Keywords: three-dimensional model of hydrodynamics, vertical turbulent exchange, numerical methods, wave pro-

cesses, data filtering.
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S

AHHOTAINA

Beedenue. JlocToBepHOE TpeicKa3aHUE TOKazaTelel TypOyJICHTHBIX MOTOKOB SBISETCS BECbMa CIOXKHOW 3aadei,
4TO OOBACHACTCA HCKIIOUMTENIBHON (PU3UUECKOH CIOXKHOCTBIO TypOYJCHTHOCTH, B YaCTHOCTH €€ BEPOSTHOCTHOM
HIPUPOIO, IMUPOKUM NPOCTPAHCTBEHHO-BPEMEHHBIM CIIEKTPOM M NPUHIUIIMAIBHO TPEXMEPHBIM HECTALMOHAPHBIM
xapakTtepoM. HecMoTps Ha npoBeeHHE MUPOKOrO Kpyra HCCIeJOBaHUM, OpPUEHTUPOBAHHBIX Ha PacCMaTpUBAEMYIO
npoOsieMy, B HUX He ObUIa TOCTATOYHO MOJIHO OTPakeHa BCSI COBOKYITHOCTh Pa3HOOOPA3HBIX (PAKTOPOB M MIPOLIECCOB,
BIIMSIIOIIUX HA CTPYKTYPY M MapaMeTpbl BEPTHUKAIBLHOIO TypOYyJICHTHOTO IEepeMEINBAHU. JTO yKa3bIBae€T HA HEOO-
XOOAUMOCTb MPOBCACHUA CUCTCMHOI'O aHaJInM3a HpO6J’IeMbI U MOICJIMPOBaHUA HOI[O6H])IX CJIOXKHO (I)OpMa.Hl/ISyeMI)IX
cucreM. Llenblo paboThl SABISETCS MOCTPOCHUE CLEHAPUS M3MEHEHHS T'MAPOIMHAMHYECKHX BOJHOBBIX IPOLECCOB
OeperoBoii 30HbI Ha OCHOBE YCOBEPLIEHCTBOBAHHOI MaTeMaTH4IeCKON MOJIETIM BOJTHOBBIX ITPOIIECCOB.

Mamepuanvt u memoost. VlccienyroTcsi IpOCTPaHCTBEHHO-TPEXMEPHBIE BOJIHOBBIE NPOLECCHl B MEIKOBOJHBIX BO-
JI0eMax ¢ y4eToM 0CoOeHHOCTel TypOyJeHTHOro oOMeHa B 3aBUCHMOCTH OT MCTOYHHUKA M JIOKAIM3AIMU B CTOJIOE
JKUJIKOCTH. PaccMarpuBaeTcst BNUsSHUE PETYJISIPHBIX BOJIHOBBIX MTPOIIECCOB Ha TypOyIEHTHBII OOMEH 10 BEPTHKAIN
C TIOMOII[BIO MaTeMaTHYECKONH MOJIEITH BOJTHOBBIX MPOLIECCOB, Oa3upyromeiics Ha cucteme ypaBHeHui HaBbre-Crokca.
Mozerns BKITIOYaeT B ce0sl TpY ypaBHEHNS ABIDKEHIS B 00NIACTAX C AMHAMUYECKH N3MEHSAEMOI T€OMEeTpHEH pacIeTHOH 00IacTH.
Pezynvmamut uccnedosanus. Ha ocHOBe pa3pabOTaHHOTO KOMIUIEKCA IPOrpaMM IIOCTPOSH CLEHAPUH HW3MEHEHHMs
THJPOAMHAMUYECKUX BOJHOBBIX ITPOIIECCOB OEPEroBOi 30HBI, MpecKa3aHO POPMHUPOBAHNE BUXPEBBIX CTPYKTYP.
Obcyscoenue u 3axnouenus. JlokazaHo pasaeleHre BOJIHOBOTO IIOTOKA Ha MPUITOBEPXHOCTHBIA MaKpOTYPOYIICHTHEIH
CJIOW, BBI3BAHHBI BOJHOBBIM JIBIDKEHHEM, M HW)KEPACIOJIOKEHHBIH CJIOH ¢ (QOHOBOW THIPOAWHAMUYECKON
TypOyYJEHTHOCTBIO, CHJIa U UHTEHCUBHOCTH TYPOYJISHTHOCTH MU3MEHSUIMCh CUHXPOHHO C BOJIHOBBIMHU KOJIEOaHUSMH,

JIEMOHCTPUPYS SIBHO BEIPAKCHHYIO aCHMMETPHIO TeHEPAIMU TypOyJICHTHOCTH 110 BCEH TOJIIE BOABI.

KoaroueBble ci10Ba: TpexMepHasi MOJEIb THAPOIUHAMIKH, BEPTUKAIBHBIN TYpOyIEHTHBIN 0OMEH, YHCIEHHBIE METOIB,
BOJTHOBBIE IIPOLIECCHI, (DMIIBTPALIUS JTAHHBIX.

duHaHcupoBaHMe. VIccmenoBaHme BBIOMTHEHO 3a c4eT rpaHta Poccumiickoro HayuHoro ¢onpma Ne23-21-00210,
https://rscf.ru/project/23-21-00210/».

Jost uurtupoBanmst. [Ipouenko E. A.  MopnennpoBaHue TpOCTPaHCTBEHHO-TPEXMEPHBIX  BOJHOBBIX IIPOIIECCOB B
MENKOBOJHBIX BOIOEMax C y4YeTOM OCOOCHHOCTEeHW BepTHKanmbHOro TypOymeHTHOro obmena / E. A. Ilpomenko,
H. [. ITanacenxko, A. B. Ctpaxko // Computational Mathematics and Information Technologies —2023. —T. 6, Ne 1. —
C. 34-40. https://doi.org/10.23947/2587-8999-2023-6-1-34-40

Introduction. Modern numerical models — SWAN, SWASH, FINLAB, H2Ocean and XBeach are constantly be-
ing improved due to new scientific discoveries as a result of research involving laboratory and field experiments. With
the help of laboratory experiments, it is possible to obtain information about the details of the flow under controlled
conditions. Flow velocities, turbulence properties and forces acting on objects can be determined and used to interpret
observed phenomena, for example, erosion, and the data can be used to validate the model. At the same time, the com-
plexity of obtaining full-scale data in the real area indicates the need to involve 3D models of hydrodynamics that take
into account the specifics of coastal systems [1, 2].

Turbulence and further mixing of the aquatic environment are important mechanisms that determine the dynam-
ics of the coastal zone, the transfer of momentum, mass and heat. Turbulence usually occurs as a result of shear or
unstable stratification, while in the coastal zone, wind waves are an alternative source of turbulent mixing. In addition,
turbulence can be generated as a result of bottom friction that occurs in the presence of tidal or wind currents, while
baroclinic currents, nonlinear internal waves and inertial currents are important [3—5].

The task of monitoring the water surface involves the creation and verification of effective methods for clustering
these objects on the surface of reservoirs, in particular, restoring the boundaries of the reservoir based on remote sens-
ing data. Multispectral satellite images are used as sensing data. Based on the obtained images, the initial conditions

for the mathematical model of hydrodynamics are determined, based on which prognostic calculations are performed.
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Remote sensing data makes it possible to determine the dynamics of changes in the coastline due to a series of pro-
cessed images of the same water area at different times.
Coastal areas require special attention, since interaction with bathymetry, currents, stratification, as well as

vegetation, leads to complex nonlinear interactions affecting the evolution of waves.

Materials and methods
1. Spatially inhomogeneous three-dimensional wave hydrodynamics mathematical model of shallow

reservoir.

Mathematical model includes [6, 7]:

u, Huu, e, +wu, = —pr + (uux)x +(uuy)y +(vuz )z,

iUy, + W, +wy, = _é P+ )+ )+ b2 O

3

W, +uw, +VWy +ww, = _sz +(uwx) + (“’Wy)y +(VWZ)Z +4;

p. +(pu), +(pv), +(pw). =0, )

where V= {u, v, w} is the water flow of shallow water body velocity vector; P is the hydrodynamic pressure; p is the
aquatic environment density; u, n are turbulent exchange coefficients in the horizontal and vertical directions; g is the

gravity acceleration.

Fig. 1. Satellite images of the Azov Sea (low tide, November 22, 2019)

The raster model of the computational domain is constructed based on observations at individual points in space
(Fig. 1). Discrete operational-territorial units correspond to cells of a regular grid. Figure 2 shows raster model of the
computational domain.

2. Processing and parameterization of in-situ ADCP sensing data. The wave disturbance detected by the ADCP
probe differs in frequency and intensity from the disturbance on the sea surface. This is due to the mutual movement
of the vessel, the waves and the commensurability of their geometric dimensions. The movement of the vessel on the
wave changes the frequency of the wave disturbance. If the wave scales are close to the dimensions (length, width,

draft) of the vessel, then it cannot repeat its profile during its movement. The degree of impact of pitching is provided
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by means of reduction coefficients, which have the form of amplitude-frequency characteristics of linear low-frequen-
cy filters [7, 8]. To represent the minimum solvable scales, it is necessary that the filter width does not exceed the step

of the difference grid [9—11].
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Fig. 2. Raster model of the computational domain

The initial data were obtained during the expedition in the Central-Eastern part of the Azov Sea and in the Tagan-

rog Bay. The hydrophysical ADCP probe Workhorse Sentinel 600 was used to measure the three-dimensional velocity

vector of the water medium. To process the instantaneous velocities of the water flow obtained during measurements,

Gauss and Fourier filters were used at different filter widths. In these calculations, the filter scale was set based on the

dimension of the hydrodynamics problem to be solved and the corresponding grid scale to this dimension.
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Fig. 3. Application of Gauss (a) and Fourier (b) filters: 1 — initial data, 2, 3, 4 — data obtained by filtering,

with different filter widths: A, < A, <A,

Fig. 3 demonstrates the result of the software designed to eliminate the noise of expedition measurements, using

the example of one of the components of the velocity vector of the water flow in the two-dimensional case. The color

indicates the velocity of the water flow in mm/s in accordance with the given color scale.
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Research results On the basis of numerical experiments, the distributions of the coefficients of vertical turbulent
exchange are analyzed taking into account the influence of regular waves, as well as in their absence (Fig. 4); the sepa-
ration of the wave flow into a near-surface macroturbulent layer caused by wave motion and a lower layer with back-
ground hydrodynamic turbulence is proved. A specific feature of the effect of regular waves on the turbulent exchange
along the vertical was the increase in the coefficient of turbulent exchange in the near-surface layer and its decrease

in the bottom layer compared with the distribution of coefficients obtained using the Smagorinsky parametrization.

0 0 0 0
-1 -1 -1 -1
-2 -2 -2 -2
-3 -3 -3 -3
-4 -4 -4 -4
0 0.05 0.1 km¥Ysek 0 002 004 006 008 0.1 km¥seck 0 001 002 003 004 km¥sek0 005 01 0.15 02k msel

Fig. 4. Profiles of the vertical turbulent exchange coefficient (black line — excluding regular waves;

blue — taking into account regular waves)

A wide range of variability of turbulent velocity pulsations is also demonstrated. The strength and intensity of
turbulence changed synchronously with wave oscillations, showing a pronounced asymmetry of turbulence generation
throughout the water column, including the near-surface layer, where waves amplified fluctuations in the flow velo-
city [12—-14].

When waves break in the surf zone, turbulence can occur in several ways:

— due to fluid displacement;

— by separating the flow around the roughness elements;

— due to the injection of turbulent kinetic energy from breaking waves.

Turbulence begins to appear over a smooth seabed in the boundary layer flow when the Reynolds number (Re) is
greater than 1.5%10° (Re = Au/v, where 4 is the orbital amplitude and v is the kinematic viscosity). The shift between
the flow and the seabed creates microturbulent vortices such as vortex tubes and turbulent spots, which arise at the
lower boundary and propagate upwards due to diffusion. The horizontal flow velocity and the turbulent kinetic energy
(k) are more or less the same in phase, with k scaling with #>. When the incoming waves are distorted, the maximum
formation of k occurs under the crest of the wave.

Bottom shapes, such as wave sediments or megaripples, can appear outside and inside the surf zone, when sedi-
ments have moderate or high steepness, they often create flow separation and vortex dispersion. Turbulent vortices
are formed on the leeward slope when the horizontal velocity is zero. In these coherent vortices, turbulence spreads
upward due to convection, not due to diffusion. Experimental data and the Reynolds averaging method (RANS) have
shown that vortex ejection increases k near the layer. For oblique, shallow waves, the generation of k& is maximal when

the flow reverses from the shore to the shelf.
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Fig. 5. Wave profiles and velocity vector fields at different time points, formation of vortex structures

The destruction of the wave is characterized by a sudden transition from a vortex-free flow to a rotational one,
accompanied by a strong transformation of the wave energy into turbulence and, ultimately, into heat. Large-scale
coherent vortices create strong vertical mixing, and turbulence created by surface destruction spreads downwards due
to convection, however, a relatively small part of the wave energy is dissipated below the level of the trough, and most
of it is between the crest of the wave and its trough. The relative height of the wave y (y = H/h, where H is the height
of the wave, / is the depth of the water) Greek straight, Latin obliquely, higher too, did not notice is a useful parameter
for characterizing or scaling the range of processes in the surf zone; for example, y is used to predict the onset of wave
destruction and the intensity of destruction. If the relative height of the wave is large enough (y > 0.4), the turbulence
of the breakers can penetrate into the boundary layer of the wave and collapse on the seabed (Fig. 5).

Although wave disruption is the main source of turbulence in the surf zone, this process is best described as sto-
chastic. In an irregular wave field, some waves break, and some do not, so the formation (and scattering) of turbulence
occurs with great frequency, and the instantaneous levels of k can be several orders of magnitude greater than the
phase—averaged waves. There are different types of wave destruction, so the scale and intensity of turbulent vortices
depend on the type of destruction.

When the breakers spill, turbulence spreads down to the seabed behind the crest of the wave. This process causes
the appearance of obliquely descending vortices (ODES), which are pulled behind the crest of the wave. In this case,
turbulence is created at the wave front and slowly spreads down to the bottom through descending vortices. Coherent
turbulent structures collapse to the bottom at some distance behind the crest of the wave.

Sinking breakers create large vortices or downdraft that rotate around a horizontal axis parallel to the crest of the
wave and generate vertical velocity fluctuations.

Discussion and conclusions. The paper presents the results of mathematical modeling of spatial-three-dimensional
wave processes in shallow water bodies, taking into account the features of turbulent exchange. The initial conditions
for the simulation were set based on the processing of remote sensing data. The process of filtering in-situ data has
significantly reduced the spread of data and the amplitude of fluctuations. The separation of the wave flow into a near-
surface macroturbulent layer caused by wave motion and a lower layer with background hydrodynamic turbulence is

proved. A distinctive feature of the effect of regular waves on the turbulent exchange along the vertical is revealed.

39



40

Computational Math tics and Information Technologies 2023. V. 6, no. 1. P. 34—40. ISSN 2587-8999

References

1. Ferrer, M. A multi-region coupling scheme for compressible and incompressible flow solvers for 2-phase flow in
a numerical wave tank / M. Ferrer // Computer & Fluids. — 2016. —Vol. 125. —P. 116-129.

2. Martinez-Ferrer, P. J. Improved numerical wave generation for modelling ocean and coastal engineering
problems / P. J. Martinez-Ferrer, L. Qian, Z. Ma [et al.] // Ocean Engineering. — 2018. —Vol. 152. — P. 257-272.

3. John, M. H. Coastal-Trapped Waves Encyclopedia of Ocean Sciences / M. H. John // Academic Press. — 2019. —
P. 598-605.

4. Numerical study on influences of breakwater layout on coastal waves, wave-induced currents, sedi-
ment transport and beach morphological evolution / J. Tang, Y. Lyu, Y. Shen [et al.] / Ocean Engineering. —
2017.— Vol. 141. — P. 375-387.

5. Experimental and numerical modelling of wave forces on coastal bridge superstructures with box girders /
B. Huang, B. Zhu, S. Cui [et al.] // Ocean Engineering. — 2018. — Vol. 149. — P. 53-77.

6. Mathematical Model of Calculation of Coastal Wave Processes / A.I Sukhinov, A.E. Chistya-
kov, E.F. Timofeeva, A.V.Shishenya // Mathematical Models and Computer Simulations. — 2013. —
Vol. 5, no. 2. — P. 122-129.

7. Sukhinov, A. I. Mathematical Modeling of Sediment Transport in the Coastal Zone of Shallow Reservoirs /
A. 1. Sukhinov, A. E. Chistyakov, E. A. Protsenko // Mathematical Models and Computer Simulations. — 2014. — Vol. 6,
no. 4. — P. 351-363.

8. Alekseenko, E. Nonlinear hydrodynamics in a mediterranean lagoon / E. Alekseenko, B. Roux and etc. // Non-
linear Processes in Geophysics. — 2013. — Vol. 20, no. 2. — P. 189-198.

9. Debolskaya, E. I. Vertical distribution of a pollutant in river flow: mathematical modeling / E. I. Debolskaya,
E. N. Dolgopolova // Water Resources. — 2017. — Vol. 44, no. 5. — P. 731-737.

10. Optimal control of sustainable development in the biological rehabilitation of the Azov Sea / A. V. Nikitina,
A. 1. Sukhinov, G. A. Ugolnitsky, A. B. Usov // Mathematical Models and Computer Simulations. — 2017. — Vol. 9,
no. 1. —P. 101-107.

11. Protsenko, S. Mathematical modeling of wave processes and transport of bottom materials in coastal water
areas taking into account coastal structures / S. Protsenko, T. Sukhinova // MATEC Web of Conferences. — 2017. —
Vol. 132. — 04002.

12. Buzalo, N. Mathematical modeling of microalgae-mineralization-human structure within the environment re-
generation system for the biosphere compatible city / N. Buzalo, P. Ermachenko, T. Bock [et al.] // Procedia Enginee-
ring. — 2014. — Vol. 85. — P. 84-93.

13. Chorin, A. J. A numerical method for solving incompressible viscous flow problems / A. J. Chorin // Journal of
Computational Physics. — 1967. — Vol. 2, no. 1. — P. 12-26.

14. Hirt, C. W. Volume of fluid (VOF) method for the dynamics of free boundaries / C. W. Hirt, B. D. Nichols //
Journal of Computational Physics. — 1981. — Vol. 39, no. 1. — P. 201-225.

Received by the editorial office 07.02.2023.
Received after reviewing 27.02.2023.
Accepted for publication 28.02.2023.

About the Authors:

Protsenko, Elena A., PhD (Physical and Mathematical Sciences), Associate Professor of the Mathematics Depart-
ment, Leading Researcher, Taganrog Institute named after A. P. Chekhov (branch) of RSUE (48, Initiative St., Tagan-
rog, Rostov region, 347936, RF), ORCID, eapros@rambler.ru

Panasenko, Natalia D., Researcher, Taganrog Institute named after A. P. Chekhov (branch) of RSUE (48, Initiative
St., Taganrog, Rostov region, 347936, RF), ORCID

Strashko, Alexander V., Researcher, Taganrog Institute named after A. P. Chekhov (branch) of RSUE, (48, Initia-
tive St., Taganrog, Rostov region, 347936, RF), ORCID

Conflict of interest statement
The authors declare that there is no conflict of interest.

All authors have read and approved the final manuscript.


https://orcid.org/0000-0001-7911-3558 
mailto:eapros%40rambler.ru%20%0D?subject=
https://orcid.org/0000-0002-9037-5556
https://orcid.org/0000-0002-2449-8531

Computational Math tics and Information Technologies 2023. V. 6, no. 1. P. 41-52. ISSN 2587-8999

UDC 629.075, 519.5 Original article
https://doi.org/10.23947/2587-8999-2023-6-1-41-52

Correspondence to biophysical criteria of nonlinear effects in the occurrence of Feigenbaum
bifurcation cascade in models of invasive processes

A.Yu. Perevaryukha &
St. Petersburg Federal Research Center of the Russian Academy of Sciences, 39, 14-liniya St., St. Petersburg, Russian Federation

™ madelf(@rambler.ru

Abstract

Introduction. The problem of creating a set of criteria for practically substantiated computational modeling of a number
of complex staged biophysical processes with pronounced stages and critical transformations, for example, aggressive
invasions, is discussed. Known models have a variety of behavior with the occurrence of bifurcations according to the
same scenarios, the appearance of cycles, the coexistence of which is determined by Sharkovskii’s theorem. In the limit of
complication of cyclic behavior in such models, they often encounter chaotization of the trajectory, but with the existence
of an infinite number of periodicity windows. The conditions for an infinite cascade of bifurcations for iterations are
determined by the fulfillment of the conditions of Singer’s theorem. The purpose of this work is to show that most of
the nonlinear effects associated with chaotization scenarios do not have an ecological interpretation, but we will propose
ways to exclude non-interpretable parametric ranges.

Materials and methods. Using methods for estimating the stability of stationary states and cyclic trajectories using
Singer’s theorem on the criterion for the occurrence of bifurcations for iterative models, we analyze interconnected
nonlinear effects. The phenomena are considered on the example of cascades of the appearance of cycles of the period
p=2'+1,i—o and a cascade of cycles p = 2'— 1, i—0 of “doubling” or “halfing” the period, which occur in ecological
models often used to optimize fishing.

Results. 1t is confirmed that the coexistence of nonlinear effects turns out to be contradictory if the simulation results are
interpreted in the field of biocybernetics, on the basis of model and real examples. Iterative models generate unnecessary
non-linear modes of behavior, when predicting the dynamics of invasions or harvesting bioresources, taking into account
the regulatory impact, for example, in the case of the well-known Feigenbaum scenario. It has been established that
bifurcations connected in one scenario have no explanation in ecological reality and are not reflected in the observed
biophysical systems. These mathematical artifacts are common to several biophysical models that are very different in
their theoretical foundations. Chaotization in real population dynamics has somewhat different properties than can be
obtained in a cascade of period doubling bifurcations. The formation of a non-attractive chaotic set in the form of a strange
repeller is more consistent with the dynamics of the development of fast invasions.

Discussion and conclusions. 1t is shown that to describe the transformations of biosystemic processes with external
influence, as the collapse of a commercial population, it is adequate to use models with the emergence of alternative
attractors. These models correspond better to the transitions between the states of populations under the influence of
fishing than models with the implementation of cascades of bifurcations of cycles, strange Cantor attractors and chaos
regimes in the form of a continuum of unstable trajectories of all periods. The most promising are hybrid models of the
life cycle with developmental stages for essential interpretation in ecology and forecasting of biosystems, as they allow
to determine the parametric ranges of functioning and exclude unacceptable ranges of parameters where excessive non-
linear effects occur, which have no justification for population processes. The analysis of the adequacy criteria is based
on degradation scenarios for a complexly structured sturgeon population in the Volga basin, cod off the coast of Canada,

outbreaks of invasive insects, and the spread of the invasive ctenophore Mnemiopsis leidy in the Caspian Sea.
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AHHOTaN NS

Beeoenue. O6cyxnaercs mpodiiema co31aHus KOMIUIEKCa KpUTEPUEB ISl IPAKTHIECKA 000CHOBAHHOTO BHIYHUCIIUTEIEHOTO
MOJZIEIIMPOBAHUS Psi/ia CIIOKHBIX CTAANHHBIX ONO()U3NUECKUX POLIECCOB C BHIPAKEHHOW CTaJJUHHOCTHIO M KPUTHUECKUMU
TpaHchOpMaINIMH, HAIPHIMED, arPECCUBHBIX MHBa3UH. M3BeCTHBIE MOAENH 00MagatoT PasHOOOPA3HBIM MTOBEACHHUEM C
BO3HHMKHOBEHHEM OM(ypKaIHi 110 OTMHAKOBBIM CLIEHAPHSIM, ITOSIBIICHHEM IIMKJIOB, COCYIIECTBOBaHHE KOTOPBIX ONPEAEIsi-
etcs Teopemoii IllapkoBckoro. B mpezene ycnoxHEHNS UKINYECKOTO MTOBEACHHS B TAKUX MOJIEIISIX YaCTO CTAIKUBAFOTCS
C XaOoTH3aIlel TPACKTOPHH, HO ITPH CYIIECTBOBAHNH OECKOHEYHOTO YHCIIa OKOH IEPHOJUYHOCTH. YCIOBHSI O€CKOHEYHOTO
Kackazna Oudypkanuii A WTEpalyii OmpenelieHbl BBHIIONHEHHWEM ycioBHU Teopembl Cunrepa. Llemp paboter —
M0Ka3arh, YTO OOJNBIIMHCTBO CBA3aHHBIX CLIEHAPUSIMH XaOTH3alUU HETUHEWHBIX 3()()EeKTOB HE UMEIOT IKOJIOTHIECKON
WHTEPIPETANNHU, HO PEIIONAraloTCs CIIOCOOBI HCKITIOYECHNS HEMHTEPIPETHPYEMBIX NTAPaMETPUIECKHUX THAITa30HOB.
Mamepuanst u memoopl. MeTogaMy OLIEHKH YCTOHUMBOCTU CTAallMOHAPHBIX COCTOSHUN U LIUKIMUYECKUX TPAEKTOPUil C
IIpUMeHEHHeM TeopeMbl CHHTEpa 0 KpUTEPHH BOSHUKHOBEHNS OM(ypKanunii U HTEpalnOHHBIX MOJIENIeH aHATTM3UPYIOTCS
CBSI3aHHBIC MEX1y co00i HenmHelHble dpdekThl. SIBIEHHUS paccCMOTPEHbI HA MpHUMepe KacKaJoB IMOSBICHHS LUKIOB
nepuona p =2’ + 1, i—o0 u kackaja HUKIoB p = 2'—1, i—0 «yIBOCHHS» UITH «OMOJIOBUHUBAHUSD TIEPHUO/IA, BO3HUKAIOIIUX
B YacTO MPUMEHSBIINXCS ISl ONTUMH3ALUH IPOMBICIIA SKOJIOTHYECKHX MOJECTISIX.

Pezynomamut uccneoosanus. Ha ocCHOBE MONENBHBIX U PEATBHBIX MPHUMEPOB MOATBEPIKAACTCS, YTO COCYIIECTBOBAHUE
HEJIMHEHHBIX d((EKTOB OKa3bIBAETCS IPOTHBOPEYHBO, €CITH PE3YIIBTAaThl MOJCIUPOBAHUS HHTEPIIPETUPYIOTCS B 00nacTu
6noxubepHeTHKH. [Ipy MPOrHO3MPOBAHNN TMHAMHUKHI MHBA3UH MM MPOMBICIIA OMOPECYPCOB C YIETOM PETYINPYIOLIETO
BO3JICHCTBHUS HMTEPAlIMOHHBIE MOJEIM T'CHEPUPYIOT HEHY)XHbIC HEJMHEHHbIE PEKXUMBI MNOBEICHMs, HAlpuMep, B
ciydae W3BeCTHOTO creHapus DelireHOayma. YCTaHOBIICHO, YTO CBS3aHHBIC B ONWH CIEHAPUH OMQypKaruy HE UMEIOT
OOBSICHCHHIA B 3KOJIOTHUCCKON PEATbHOCTH U HE OTOOPaXKAIOTCSA B HAOIIOMACMBIX OMO(PH3NUECKUX cUcTeMaX. JlaHHbBIe
MareMaTH4IecKHe apTe(aKThl OOIIHE 11 HECKOIBKHX, OYCHb PA3HBIX 10 CBOUM TEOPETHYECKUM OCHOBaM, OMO(MH3HIECKIM
MOZEISIM. Xa0TH3alHsI B peabHOM MOMYJISIIMOHHON TMHAMHUKE HMEET HECKOJIbKO HHBIE CBOMCTBA, YEM MOXKHO HOJIyYHUTh
B Kackaje Omndypkanuii ynpoeHus reproga. bomee cOOTBETCTBYyeT TUHAMUKE pa3BUTHS OBICTPBIX MHBA3UH 00pa3oBaHHE
HETIPUTATUBAIOLIETO Xa0TUYECKOTO MHOXECTBA B ()OpME CTPAHHOTO pereiepa.

Oécyscoenue u 3axniouenusn. IlokazaHo, 9o At onucaHus TpaHchopmanuii OHOCHCTEMHBIX MPOLECCOB C BHELITHUM
BO3JICHCTBIEM, KaK KOJUIAIICA IPOMBICIIOBOM IOIMYNSIMH, aJIeKBaTHO HCIIOJIb30BaTh MOJENH C BO3HHMKHOBEHHEM
aJIbTEPHATUBHBIX aTTPAKTOPOB. JlaHHbIE MOENH JTydIlle COOTBETCTBYIOT EPEXOJAM MEKAY COCTOSHHISIMU MOMYIISIIUI 1107

ﬂeﬁCTBHeM IMpoMBbICIIa, YEM MOAECIN C peanmauneﬁ KaCKaJ10B 61/1(1)yp1<aum71 IUKJIOB, CTPAHHBIX KAHTOPOBCKUX ATTPAKTOPOB
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U PESKUMOB Xaoca B (hopMe KOHTHHYYMa HEYCTONUYMBEIX TPACKTOPHI BceX meprofoB. Hanbomnee nepcrneKTHBHBI THOPHITHBIC
MOZIENN KM3HEHHOTO IWKJIA CO CTaJusMH Pa3BUTHS ISl CYIIHOCTHOW HWHTEPIPETAllMM B AKOJOTHH M IPOTHO3WPOBAHUS
OHMOCHCTEM, TaK KaK ITO3BOJISIFOT OMPEIEIIATE TapaMeTPUUCCKIE THATa30HbI (PyHKIIMOHUPOBAHUS, H ICKITFOYATh HETIPUEMIIEMbIE
JIMana3oHbl  TIAapaMeTpoOB, TJ€ BO3HHMKAIOT HM30BITOUHBIE HENWHEHHBIE S(PQEKThl, KOTOphIe HE HMEIOT OO0O0CHOBAaHUS
JUISL TIOMYJIAIMOHHBIX IIPOLIECCOB. AHAaNNM3 KPHUTEPHEB aJICKBAaTHOCTH Oa3HWpyeTcs Ha CICHAPUSIX JIETPaJallid CIOKHO
CTPYKTYypPHPOBAHHOW TIOIYISIIMN OCETPOBBIX pBIO Oacceiftna Bomrm, Tpecku y GeperoB Kanampl, BCIIBIIIEK YHCIEHHOCTH

MHBa3MOHHBIX HACEKOMBIX U PaclpOCTPaHEeHHIO MHBAa3HMBHOTO rpedHeBuKa Mnemiopsis leidy B Kacrnmiickom Mope.

KioueBble cioBa: [rMHAMAYECKUE MOJIENIN HHBA3MH; Kackas Oudypkarun deiireH0ayma; alnbTepHATHBHbBIE aTTPAKTOPHI;
CJIOXKHBIC JUHAMUYECKHE MPOIICCCHI, PETYISIIMA BO3ACHCTBYS IIsl OMOCHCTEM, THOPHUIHBIC BEIYUCIUTEILHBIC CHCTEMBI,

napaMeTpUIecKie Uana3oHbl, TEOPUs CYIIHOCTHON WHTepIpeTauu

BaaropapuocTn. ABTOp BBHIpaXkaeT OnaromapHocTh npodeccopy Aiuie BanepbeBHe HuKHTHHON 3a ApykecKyro

TIOAJEPIKKY.

®unancupoBanune. Pabora BrinonHena B pamkax [Ipoexra PH® Ne 23-21-00339 «Pa3paboTka METOIOB CIIEHAPHOTO
MOJIEIMPOBAHMS IKCTPEMAIIbHBIX WHBAa3HOHHBIX MPOIECCOB B 3KOCHCTEMAx ¢ y4eToM (h)aKTOpOB IIPOTHBOAEHCTBHS Ha

OCHOBC JUHAMUYCCKHU NEPCOIPLCACIIACMbIX BBIMUCINUTEIIbHBIX CTPYKTYP».

Jas umtupoBanus. IlepeBaproxa, A.}). CoorBercTBre OMOGU3NYECKHM KPUTCPUSAM HEIMHEHHBIX 3G GHEKTOB MpH
BO3HHMKHOBEHHH Kackaza oudypxanuiit deiirendayma B Mogenssx MHBa3noHHbIX nponieccos / A. FO. Tlepesaproxa / Com-
putational Mathematics and Information Technologies. — 2023. — T. 6, Ne 1. — C. 41-52.
https://doi.org/10.23947/2587-8999-2023-6-1-41-52

Introduction. The method of organizing a basic model for analyzing the variability of scenarios, rapidly changing
processes with threshold effects is consistently being developed for biological cybernetics problems [1]. Nonlinear
effects can occur in a purely applied problem of forecasting the expected value of annual replenishment of populations
considered from the point of view of the exploitation of biological resources. The basic computational models developed
were aimed at analyzing the reproduction of the Caspian sevryuga after the overlap of spawning grounds. The models
were implemented in the form of a system of equations describing the interrelated rates of population decline of the initial
generation of individuals and the average growth rates of groups that form a new generation. Using auxiliary equations
as a superstructure over the hybrid structure, the model managed to take into account the effect of a rapid increase in the
growth rate of individuals and its further stop during the transition to maturation.

Forecasting the entry into the fishing stock of a new sequence of adjacent generations, which, according to various
independent factors, may turn out to be significantly different in number, is the key task of conducting a careful fishing.
The paper used a method for calculating the stages of development and adjusting the loss coefficients, which are used
in the equation from the very first stage of life, where the number of the initial generation is assumed to be N(0). This
moment is interpreted as an event of the release of larvae of marine fish or crabs from eggs. The dynamics of a sequential
decrease in the initial generation is described by a first-order differential equation, but with an overridable structure of
the right part. To fix the redefinition of the calculation scheme, the event space is set on a closed time interval framed by
event numbers [0,7].

The phenomenon of reduction of daily loss occurs consistently at the stages of development. The structure of the basic
model takes into account various key factors of mortality and a decrease in the rate of attrition during adulthood. The

predicative-redefined hybrid structure of the model is written as follows:

—(ow(t)N(t) + U[xIB IN(t), <1
Z—Z;’ = (N / w(t)+B IN(@), t>1, w(t)<w,,, ()
—0L2W(t)N2 ) , w(t)<wp,,

where, adjusted by stages of development, a is the density-determined mortality rate from depletion of vital resources;

B is the coefficient of the ever-present loss from a variety of natural factors that are not related to density.
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The concept of “reproductive potential” is considered abstract for ecological models of real fishing and artificial
replenishment of stocks. There is reason to believe that it is reasonable to switch to a natural indicator of average fertility A.
This indicator can be estimated based on monitoring data, which was conducted on the basis of studies of fish spawning
in the Volga and Don basin. Fertility will set the initial conditions for calculating the first form of the right part
N(0)=AS. The interval T specified in (1) is the duration of the first stage with endogenous nutrition. This is an important
interval for all anadromous fish. The model requires conditions for stopping calculations. An indicator is used as a
conditional level of development. In the calculations of the model, when w, is reached, the severity of mortality factors
changes. The ecologically determined adjustment of parameters is interpreted by the change of habitats of juveniles in the
river and the avoidance of predators during the already independent migration to the marine habitat.

The Sevryuga of the Caspian Sea was maintained artificially. When growing sturgeon fish in crowded ponds with high
density (this is called the term “stocking”), instead of the value W(T) in the denominator for the redefined form, the effect of
a delay at the final stage of development was established N(z—C) .

A dynamically redefined coefficient U[x] plays an important role. The trigger, dynamically adjusted function is enabled
in (1), but with a limited scope for its values. The idea of correcting the function in adjacent generations is a way to reflect
the influence of extreme conditions. Often, in order to predict the success of reproduction or special states of biosystems,
they encounter threshold transformations, as in the degradation scenario of a large predator population structured by
spawning groups, the Kamchatka crab off the coast of the Kodiak Archipelago in the waters of Alaska.

The purpose of this article is to determine which nonlinear effects from all their diversity in the dynamics of the
trajectories of biological models should be ignored when discussing the results of calculations, and which exclude
descriptive possibilities when discussing environmental results. Based on the results obtained, it is possible to solve
problems of adequate interpretation of the results of computational modeling of situations that arise during the development
of invasive processes and collapses of biological resources. The task of modeling is to support the adoption of control
decisions when regulating the impact on biosystems, for which an assessment of the state of biosystems is carried out, but
where not all parameters are direct characteristics of species. The task of practical application of models is to find some
narrow ranges of parameters that are not suitable for justifying decision-making.

Materials and methods. Based on the fact that the life cycle of the standard length of the organism of both fish and
insects is accompanied by structural transformations, the hybrid structure presents a method for diversifying the life cycle
according to a fixed set of stages and model equations for each stage.

In this study, an original version of a continuous-discrete model with a special time organization is used. The time of
ontogenesis of a species is divided into frames and a hierarchy of nested continuous time segments is created, the ends of
which will be discrete events of various types, which is important for analyzing the stages of species invasions.

A list of numbered events has been created within the general interval for the life cycle, where, depending on the type,
an upper or lower index is used in the designation. The interval event-hybrid time divided into frames is formalized with

a multiset of ordered elements combined into tuples, the number of which corresponds to generations:

U{aL,,,{U[to,r",r”‘,T]} ,aRn},
where the lower indexes are the event numbers in a fixed interval of the total time interval, and the upper ones are the
initial events of each frame.

B hybrid-event format, y model time with events, the number 7 indicates the frame number in the list of all generations.

Recording time with event components leaves boundary slits excluded from the sequence of model frames, which have a service
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purpose in numerical calculations. In modifications for invasive species in a new environment, it is advisable to specify time
frames with floating boundaries that are set by growth functions.

The hybrid time model is designed to use an instrumental modeling environment with a library of numerical methods with
varying integration steps. The principles of the model analysis will be the theory of the dynamics of iterations having extremes
of functions with a Schwarzian of variable sign (according to the works of Singer and Sharkovsky).

In addition to using the hybrid model (1) to describe the situation of collapse of Kamchatka crab stocks, the hybrid structure
was able to predict other complex stage biophysical processes — outbreaks of invasive species and the spread of new infections.
A computational model has been constructed for a specific situation in the dynamics of dangerous invasive insects causing
sawtooth outbreaks.

In the scenario under consideration, the rate of weight gain is indicated in inverse dependence on the average number of
new generation individuals. However, it is not possible to use the inversely proportional method. For this purpose, a form of
fractional dependence was chosen. This function is active until switching to active power. The increased decrease in this period
of time appears due to an increase in the calorie requirement for larvae with low mobility. It should be noted that invasive
species differ in their development features.

The model dynamics of the generation number for an invasive species N(?) is calculated by equations combined into a

system with an explicit trigger function in the interval of the event model time:

CZ—N =—(aw(@)N@)+O(SB)N(?),
t @
aw_ g

di N0+

where S is the value of the spawning part of the fishing stock; w(f) is the fixed value for the dimensional development of
generation; g is the temporarily constant parameter that takes into account the limited number of available calories. & is the
parameter that limits the rate of development regardless of N(¥); A is the average fertility of the spawning part of the fishing
stock, which determines the initial calculation conditions (1) as w(0) =w,, N(0) =AS; aand B are the instantaneous loss
coefficients. Calculations are carried out for the time of ontogenesis, defined as the “vulnerability interval”. This is a specific
period of time for each species.

For aggressive invasive species, this interval depends on the environmental resistance conditions and the adaptation time
of the biotic environment.

Numerically from (2) is the value of the spawning part of the commercial stock S = N(T') with a small number of
re-breeding individuals. Taking into account additional reproduction will lead to the formation of a vector from the
components of spawning generations. Then you need to calculate the initial generation like this: N(0) =A,S, +...+1,S..
For the task of modeling the invasion of insect pests, we will choose an alternative situational trigger action function:
O(S) =1+exp(—cS?), limg ,, ©(S) — 1. The purpose of this function is to reflect the effect of the known effect of the
aggregated group, which is important for invasive processes. Alien dangerous pests that have penetrated into a new area
generate a local outbreak when they pass the critical threshold of their abundance. Then high activity manifests itself in
the form of repeated peaks [2]. A computational system is proposed for the model — a predicatively redefined hybrid
structure of equations with a delay.

Biocybernetics develops methods of active intervention and suppression of invasive processes. Regulated resistance
to an aggressively reproducing species in a biological community is produced with a delay. The situation leads to a
sharp transition into the depression phase of the universe population. To stop the spread of a harmful invasive species,
a special introduction of an antagonist species is carried out, but the effectiveness of this method of suppression in
practice is unstable.

The model is investigated by presenting a computational scenario with a set of parameters, initial values and an
algorithm for making decisions about the impact change for discrete time. Using computational experiments, it is possible
to describe a real outcome scenario for a situation that leads to the collapse of the biophysical system at a controlled
level of exposure. The model scenario in [3] sets the logic of managerial decision-making to change the level of external
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pressure on the natural population. The simulation showed that the transition of the process to an oscillatory mode leads to
the choice of a risky control mode. It was also found that the dynamics of real aquatic populations has a point of threshold
reduction in the efficiency of replenishment of biological resources, which cannot be predicted based on statistical data.

Research results. The model scenario previously developed by the authors for the collapse of the Kamchatka crab of
Alaska uses transformations of the phase portrait of iterations, and all of them were justified on graphs with data. In the
presence of disconnected boundaries of the regions of attraction, alternative attractors and a strange chaotic repeller lead
to the fact that due to chaotic regimes, uncertainty effects arise in the deterministic model.

As aresult of the sequential numerical solution of the equations, a dynamic structure is determined, where the discrete
component of the trajectory of a “hybrid” continuous-discrete model is studied in a computational environment as an
iteration of a mapping with several extremes. Hybrid time models are designed for scenario research, taking into account
the logic of making decisions regulating the impact on biosystems, which is used by experts. For the previously described
behavior of the hybrid model trajectory in the form of transient randomization and changes in the boundaries of the
attractor attraction areas, it was possible to choose an ecological interpretation using the example of collapses of three
populations of Caspian sturgeon fish.

The properties of the described model scenario in [3] for exploited aquatic biological resources with a chaotic dynamic
regime are confirmed by the author on the example of catching oceanic crustacean species. Iterative models obey the
fundamental theorems of nonlinear dynamics, which is the essence of the problem of their application in the management
of biosystems. It can be assumed that the nonlinear effect (bifurcation, attractor crisis or stochastic blurring for the
separatrix) is hypothetically interesting for describing population processes. However, it cannot be excluded that the
effect is accompanied by another metamorphosis of the phase portrait, for which it is impossible to find any biological
explanation.

The methods of forecasting and assessing the state of the biosystem used by experts in the formation of the control
effect require a separate analysis. In expert methods of ecology, the construction of regression models and the search for
correlational relationships takes place on monitoring data. To construct dependence curves in the reproductive process of
invasive species, which include values of R depending on the spawning stock S, transformations of the initial monitoring
data and the construction of regression curves were proposed. In [5] to predict the dynamics of populations, the author

proposed a function for evaluating the efficiency of reproduction:
£(S)=aSexp(-bS). 3
(3) then logarithmed as follows:
InR—InS =Ina-5hS. “4)

and built a curve using regression In R /.S on S for the geometric and arithmetic mean. The method cannot predict oscillations
with a large amplitude, since the points would have to be grouped in a certain radius from the intersection with the bisector of
the coordinate angle [6].

The motion of the trajectory points in time for a dynamic system in the dissipative case is represented by a motion in
phase space to an attractor, a subset of the phase space 4 c M, invariant with respect to evolution: W’ (4) = 4 for all
teT. There is also a neighborhood U of the set A, in which for all yeU lim,  y'”(y)= 4 is true. In the case of
dynamic systems used, three topological varieties of attractors are distinguished [7].

A regular attractor for displaying the interval ¥: I—1 the state of equilibrium with the fixed point is considered x":
lim, vy @ )= x anda steady cycle. This mode of periodic self-oscillations can be considered expressed approxima-
tely by periodic fluctuations for biology, when the period can “float” in a certain range.

In discrete-continuous hybrid-type models, a series of tangent bifurcations is observed with the appearance of stable
cycles of periods [8] p # 2" with sequential increase, starting from a, = e’ Inthe event that the one-dimensional mapping

R, =y(R,) at the value of the control parametera = Jhasa period cycle p =3, thenit is at the sam value of the
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control parameter g = 4 has an infinite set of cycles of all other periods. A. N. Sharkovsky [9] proved that if the mapping
Y: I—Thasacyclep =n,then ¥: [—TIalso has cycles with all possible periods with the same value of the control parameters
preceding the number p = n € y"among the integers written out in a special order that completes the numbe 3 [10].
The cycle “three” found in the calculations means a periodic window among chaotic variants of dynamics. Hence, the
appearance of a period 3 cycle is strange for a biological model.

In order to establish the properties necessary for the biological model, a functional iteration of the smoothness class C*
the straight-line segment R' is selected, which is given by the function f{x). This ecological function will be interpreted
as a link between the spawning herd and the resulting replenishment. Let the fixed point of the display depend on the
coefficients used in predicting the state of biological resources:

x'=x"(a b),nof* (x)=p(a),fx#0,ecmux#c, f(c)#0.
In the above example, a differential invariant is defined for the dependence f(x; x # ¢) everywhere, the sign of which

is preserved for all iterations:

2

IVAC ) (f"(X)j ,
A CREAWAC)

In the case of function (1), the following properties exist:
f(x)=ae™ (1-bx),

£"(x) = abe ™ (bx —2),
f"(x)=ab’e™™ (3—-bx).

In general, the n-th derivative is expressed: 1 (x) = a(~1)"b""'e ™ (bx — n)
The sign of the differential invariant for all iterations will look like this: f'(f (...(x)...)) = f"(x). Obviously, the property
Sr<0issaved x e R, since for f(S)=aSexp(—bS) the expression takes the form:

—b*x* +4bx -6
Sf =b’ 2
2(1-bx)

The position of the stationary point for function (1) depends on two parameters: x =Ina/b,the stability criterion is
a one—parameter function, and x* loses stability:
f'(x") =—1, rme kxpuTepHuu yCTONYMBOCTH

Ina _,Ina _
f16)=ae _blnTaaebb _alzlnag) g,

Ina

e
When a =e®, /'(x") =—1 for the second iteration /”(x) of the property at a stationary point losing stability x":

e
dx

d’f2x) _df (S _
dx? dx

d’f2(x)
dx?

]

SN G + £ (S ),

SFACHVACH CACHEINEL

In this case, the Schwarzman exponent y of the second iteration is always identical to the third derivative at this point:

_dLe)

26T
The cascade of bifurcations of doubling the cycle period with corresponding periodic windows is realized infinitely if
the Schwarzian sign is S, <0. Then df’ }(x)/dx at ae® has the local maximum in x* and only then a bifurcation occurs
with the appearance of two new intersection points at the highest iteration. criterion for the realization of an infinite
cascade of bifurcations, indicated by Mitchell Feigenbaum doubling the cycle period.

47



48

Perevaryukha A. Yu. Correspondence to biophysical criteria of nonlinear effects in the occurrence of Feigenbaum bifurcation cascade

Chaotization through the Feigenbaum cascade is a consequence of the fundamental theorem from [11], where it is
established that the mapping of the unimodal function with S, <0 can have no more than one stable trajectory, and this
trajectory is the w-limit set for the extremum c: f"'(c) = 0. The problem is that for biosystems this cascade often occurs in
models, but according to real data it is not justified.

The biocybernetics model (3), from a mathematical point of view, is classified as a SU-mapping. Model (1) differs
from the objects studied by M. Feigenbaum and in other works on universality and renormalization theory by the presence
of an inflection point f"(x )=0,x, =2 /5 and points where all the higher derivatives vanish. The property lim f(x) — 0
for (1) means that the chaotic attractor can increase indefinitely, since there will be no "boundaryxgrmisis of the
attractor” phenomenon.

Often in practice, a different reproduction function was used as an alternative model of the theory of the formation of

generations of bioresources with the marginal biomass of the commercial reserve K and the degree of b denominators:

ax
f(x)= e — (5)
x
1+ —
&
where a >1 is interpreted as the reproductive potential, K is the value of the ecological niche and the limited limiting
capacity of the medium. The degree of impact of environmental limitation on the part of the environment in (5) will be

determined by b. The iteration of model (5) was analyzed from the point of view of the theory of bifurcations of maps on
R!. The equilibrium point for iterations (5) has the properties:

x =K¥a-1,
df (x) (K" +x")aK" — ab(Kx)"
dx (K" +x")?
dr(x") _a-ba+b
dx a

B

>0 when b < 1.

In computational experiments based on the determination of the sign of Lyapunov exponents, the presence of chaotic
properties for iterations (5) was established. In a limited range of values of parameter a, which can be applied to invasive
populations, period doubling bifurcations occur when b changes. For b < 1, the function has no extremes, for b = 2, the
function has a critical point x = K. The 2nd order derivative at the critical point:

Efx)__a

dx’ 4K

So, (5) has a maximum under these conditions. In case (5), a parametric dependence is investigated for the analytical

b

analysis of bifurcations with sufficiently flexible properties. It is possible to avoid a cascade, as well as additional nonlinear
effects, internal crises of the chaotic attractor, windows of periodicity and intermittency. All these phenomena here can be
carefully excluded from the modeling of biosystems, leaving only the necessary cycles.

Biophysical and commercial interpretation of nonlinear effects in these two models mutually exclude their adequacy.
Having considered the change in the behavior of the model (3), we can formulate the hypothesis of “reproductive
complexity”. Allegedly, an increase in reproductive potential in the biosystem leads to the appearance of population
fluctuations, which is expressed in the limit by fluctuations of an aperiodic nature. However, such fluctuations should
have an increasing amplitude on average. Accordingly, the average minimum of chaotic fluctuations (the average value
of the minimum point for the period) will tend to zero. For biosystems, this means degradation and destruction. In an
alternative model, the emergence of a cascade of period cycles 2" occurs with an increase in the degree of action of
limiting environmental factors.

One of the two models will always be fundamentally inadequate. An alternative hypothesis of the essential biophysical
interpretation is that the cascade of bifurcations (as well as a number of other complex nonlinear effects and the internal and
boundary crisis of the chaotic attractor with the phenomenon of intermittency) for SU-maps has no biophysical interpretation.

Discussion and conclusions. It should be noted that for a number of models there are concomitant nonlinear effects that
are undesirable and unnecessary for a number of reasons. Such effects are not confirmed in the analysis of observational
data and they need to be excluded from the discussion.
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Population cyclicity is an interesting, diverse and far from fully investigated biophysical phenomenon. Cyclicity is
observed both in a laboratory aquarium with constant conditions, and in the open ocean (including climate-conditioned).
The scientific problem of establishing the physical causes of long-period oscillations in many species is far from being
resolved. Research in this area is continued by international teams. It is worth noting some not quite obvious aspects of
the problem of describing cyclicity, interesting from the point of view of system analysis.

Population cycles (albeit not in the strictly periodic mathematical sense of a closed trajectory) can be short (weekly)
in laboratory conditions. There are examples of long, even secular periods of fluctuations that do not correlate with the
length of the life cycle of the species itself. Extreme, in terms of its consequences for forest ecosystems, the phenomenon
occurs with the famous fluctuations in the number of the pest of the spruce leaflet Choristoneura fumiferana in the forests
of North America from the Atlantic to the Pacific Ocean.

Since the phenomenon of population cycles in many species is well described, various mathematical methods and discrete
and continuous models have been tried to model the cyclicity inherent in a number of natural populations. The possibility of
obtaining cyclic behavior is evaluated for a simple model of the formx , = (x ; a) positively by many authors. However,
the cycles that occur with an increase in parameter a differ not only in the period, but also in the order of traversing their
constituent points, that is, the cycles of iterations with the same length (the number of points composing the cycle) period
can be qualitatively different — this is one of the differences in the behavior of discrete models.

Figure 1 shows the cyclic trajectory x | = ax exp(—bx, ), consisting of four points. In the calculation scenario, there
were two other points of the cycle between the extreme upper and lower points of the cycle. The order of traversing the
four cyclic points obtained in the computational experiment, when the trajectory passes from the upper branch to the
lower one, is universal throughout the cascade. After doubling, the points appear symmetrically in the upper and lower
branches until a sharp merger of all the “forked” branches of cyclic points into the Cantor attractor. The order of traversal
of branches that form cyclic points is lost only with the formation of the Cantor structure after the unification of branches

that were formed during the first doubling of the period.
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Fig. 1. Cyclical dynamics of the model (3) with a cycle period of “four” (generations (S) are indicated along the vertical axis,

t— along the horizontal axis)

The establishment of the properties of the formation of cycles was perceived on the positive side of confirming the
predictive capabilities of such models for populations with non-overlapping generations, and this opinion continues to be
expressed, despite the proof of the universal nature of such bifurcations for unimodal functions.

Cyclic density changes are characteristic of small mammals of the Arctic islands and have often been observed
in them, but the cycles do not persist and are easily destroyed by any external disturbance [12]. In addition to the
length of the period p, iteration cycles x ., = y (x,) differ from each other by the relative location of their constituent
points during traversal. Using a typical example of the dynamics of an Arctic rodent, we see that population cycles are
monotonous permutations with increasing. The main peak in rodents falls at the end of the four-year period of rodent
oscillations, and such cycles with a maximum at the end can be obtained in the order of the Sharkovsky theorem, but
by other mathematical methods.

Using the example of longer cycles of steppe rodents in modern Kazakhstan, it is obvious that there is a stage of
minimum abundance, a stage of rapid growth and peak, which is replaced by a prolonged depression with a minimal

condition. For many insect pests, fading “sawtooth” series of population peaks are observed [13].
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Fig. 2. Four-year cyclicity in the dynamics of the Arctic mammal population according to monitoring data [12]

A series of population outbreaks is also a form of cyclical changes, but such dynamics are not reflected by
discrete iterative models. The series of oscillations were described on the basis of continuous models with a delay
in operation [14].

Biophysical models in nature management that do not take into account the effect of an aggregated group (or the
factor of the presence of a critically low community population) are practically beyond the scope of the possibility of
interpreting the results of modeling in ecology. There are a number of other examples where the principles of ecology
do not agree with the properties of the mathematical apparatus [15]. It is known that the more species there are in an
ecosystem, the more stable it is [16], which means the ability to keep its state unchanged for a long time [17]. But with an
increase in the dimension of the phase space of mathematical models, the possibility of trajectory behavior only becomes
more complicated.

The tasks of regulating biophysical processes are only becoming more complicated due to unforeseen disturbances,
therefore, the development of computational methods for analyzing the nonlinearity of situations with a description of
the logic of the impact is relevant. Evolutionarily developed long-term modes of functioning of trophic chains, which
include regular cycles of populations, are destroyed without maintaining species diversity [19]. Excessive exploitation of
valuable populations violates the regulatory mechanisms that maintain the balance of the species ratio, which leads to the
occupation of an ecological niche by harmful invaders and the spread of the invasive combworm Mnemiopsis leidy [20].

The relative position of the extremes of y functions, which are used to link the main values of the reproductive process
relative to stationary points, is an important characteristic for dynamics, since it affects the nature of the boundaries of
the attractor attraction areas and the occurrence of alternative cycles. For the found scenarios of transition to aperiodic
dynamics and back to regular dynamics, a generalized strictly mathematical description has not yet been developed to
explain the properties of the transition to chaos.

Optimization errors entail the phenomenon of structural collapse, which must be determined in a timely manner
by characteristic features. Optimization for the economy of regions carries a risk, according to the theory of maximum
supported withdrawal, implemented for an indefinite period of time in the practice of its application and for populations.
The collapse of stocks means a long stop of fishing and depression of the economy. Regulated fishing leads to unexpected
degradation of biological resources quite often. Mathematically, this is reflected by the case when an unstable equilibrium
in the model is represented by a repeller point. In the ecological reality of invasive processes, this is a blurred area, not a
point [21], as the result is the action of stochastic factors that cannot be taken into account directly.

The complexity of managing biosystems with the uncertainty of stochastic effects is that crisis situations are diverse in
key features and are often caused by unforeseen factors of hydrology. Similar examples of models are shown in the studies
of A.V. Nikitina [22] to analyze the effects of foreign invasive biota actively affecting the bottom biosystems of the Azov

and Caspian Seas that have developed in long isolation [23] due to the construction of canals and active shipping.
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Abstract

Introduction. The main idea of the grid-characteristic method is to take into account the characteristic properties, systems
of hyperbolic equations, and the finite velocity of propagation of perturbations in the simulated media.

Materials and methods. The simplest hyperbolic equation is a one-dimensional linear transfer equation. To increase the
order of approximation of the grid-characteristic scheme to the second, you can use the Bim-Warming scheme. If we use
a four-point pattern, we get a central Lax-Vendroff scheme. Difference schemes for the linear transfer equation can be
obtained using the method of indefinite coefficients.

Results. The grid-characteristic scheme admits a conservative variant, which is relevant if there are discontinuities (shock
waves, shock waves) inside the integration domain, while the original system of equations for a matrix with constant
coefficients, in partial derivatives, should be presented in a divergent form.

Discussion and conclusions. The construction is performed similarly, when numerically solving a three-dimensional
problem, in the case of upper and lower bounds, after scalar multiplication of the scheme by eigenvectors, relations

approximating the compatibility conditions with the first order of accuracy are obtained.

Keywords: grid-characteristic method, hyperbolic type equations, transfer equation, Beam-Warming scheme, Lax-

Wendroff scheme, method of indefinite coefficients, compatibility conditions.
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AHHOTaNMsA

Beeoenue. OcHOBHOM Heeil CETOYHO-XapaKTEPHUCTHUSCKOTO METO/IA SIBIICTCS YIET XapaKTePHCTHUECKIX CBONCTB, CHCTEM
YPaBHEHHI THIICPOOTMYCCKOrO TUITA, KOHEYHOIH CKOPOCTH PaclipOCTPaHCHHS BO3MYIIICHHIA B MOJICIHPYEMO cpenax.
Mamepuanst u memoost. IIpocTefimM ypaBHEHHEM TUIIEPOOIMIESCKOTO THIIA SABISETCS OMHOMEPHOE JJHHEHHOE ypaBHe-
HUe nepeHoca. i MOBbIIIEHUS MOPSAIKa alMPOKCUMAIIUN CETOYHO-XapPaKTEPUCTHUECKON CXEMBI 10 BTOPOTO, MOXKHO
HCIONB30BaTh cxeMy buma-Yopmuara. Ecnm ncmonp30BaTh YeTHIPEXTOYCUHBIH MIAOIOH, TO MOMYYHM IEHTPAJbHYIO
cxemy Jlakca-Bennpodda. PazHocTHBIC CXEMBI TS THHEHHOTO YPAaBHEHHUS TEPEHOCA MOXKHO TTOJTy4YaTh, HCIONB3YS METO
HEOIIpeeICHHBIX KOA(PUITHECHTOB.

Pesynomamut uccnedosanusn. CeTOUHO-XapaKTEPUCTHUECKAsI CXeMa JO0MyCKaeT KOHCePBAaTUBHBINM BapHAHT, aKTyaJbHBIN,
€CJIM BHYTPH OOJIACTH WHTETPUPOBAHIS HMEIOTCS Pa3pBIBHI (CKAUKH YIUTOTHEHHS, yAapHBIC BOJHEI) IIPH STOM HUCXOIHAS
CHUCTEMa ypPaBHCHUW Ui MATPHUIBI C TOCTOSHHBIMH KOA((GHUIMEHTAMH, B YaCTHBIX MPOM3BOMHBIX MOJDKHA OBITh

MIPEACTaBIICHA B JUBEPIEHTHON (opMme.
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Oodcyscoenue u 3aknouenus. Ilpu dUCICHHOM pelIEHUHN TPEXMEPHOH 3a7]a4i TIOCTPOEHHUE TPOU3BOIUTCS aHAJIOTHYHO,
B Cllyyae BepXHEW W HWXHEH TPaHUIl, TOCIE CKAISIPHOTO YMHOXXECHHUSI CXEMbl Ha COOCTBEHHBIC BEKTOPHI MOIYYCHBI

COOTHOIICHU allIIPOKCUMUPYIOHIUE C TIEPBBIM IMOPAAKOM TOUYHOCTH YCJIOBUSA COBMECTUMOCTH.

KuroueBble cjioBa: CETOUHO-XapaKTEPUCTHUECKHI METO/, YpaBHEHUS! THIIEpOOIMYECKOTO THIIA, YpaBHEHHE Tepe-
Hoca, cxema buma-Yopmunra, cxema Jlakca-Benapodda, meTon HeompeneneHHBIX KO3((UIIUEHTOB, yCIOBHUS CO-

BMECTUMOCTH.
dunancupoBanue. Pabora BeInoHeHa B pamkax rnpoekra Poccuiickoro Hayunoro donma Ne 21-71-10015.

Jns umTupoBanus. [lerpos, U. b. CewmeiicTBO METOZI0B 0oOpaTHbIX xapaktepuctuk  /  W. B. [letpos,
O. U. TlerpoB // Computational Mathematics and Information Technologies. — 2023. — T. 6, Ne 1. — C. 53-609.
https://doi.org/10.23947/2587-8999-2023-6-1-53-59

Introduction. The main idea of the grid-characteristic method is to take into account the characteristic properties,
systems of hyperbolic equations, and the finite velocity of propagation of perturbations in the simulated media. Reviews
of relevant works are given in monographs [1—4].

The simplest hyperbolic equation is a one-dimensional linear transfer equation:

6u+a6_u_0 a=const, a >0, )
ot ox

and the simplest difference scheme that takes into account the characteristic properties of (1) is the “corner” scheme, or
the Courant-Izakson-Riess scheme:

W =(1-o)u +ou’ c:a%. )

This scheme takes into account the direction of the characteristic of this equation and can be obtained by linear

interpolation of the numerical solution from its known values at the nodes x , x | calculation grid. This scheme can be

n Il
un+l :u; _G{umﬂ m’ a<0’

m
u' —u" ., a<O0,

represented in the following forms:

m—12

(the difference is selected taking into account the slope of the characteristic):

n+l _ . n T + n n - n n
u, —um—z[a (um+1—um)+a (um—um_l)],

), a”=0,5(a—la|); u'" =u" —E(“:m _“:1—1)4'@(“:’” 2u, + iy 1)

e a* =0,5(a+ " "
2 2

(a scheme with an explicit allocation of a dissipative term that ensures its stability):

u::l =u, - G((D:ln+l/2 @, 1/2)
@ == |aluy,, — al\uy,. —ty,
e ol =)l -z
(streaming form). o= 1 [ ( ,)—|a|(u,'; -y )]
In the case of a nonlinear transfer equation: )
6_”+_:o,f:”_, (3)
ot Ox 2

the “corner” scheme, taking into account the directions of characteristics, can be presented in the following form:

n+l _un _1 -f;::H _frr’:’ u:l <O

S V)

The reduced difference scheme has the first order of approximation in time and coordinate. To increase the order

u

of approximation of the grid-characteristic scheme to the second, you can use the Bim-Warming scheme, which can be

n
m—12

obtained on a 4-point template {x_ ,,x) ,,x} by quadratic interpolation of the solution on the n-th time layer by nodes

m—22
n n n

xm72 b xmfl b xm
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un+1 =U,: _ G(un _u;17 )_

m m m—1

If use four-point template {x,';“

%(1— 6)(u —2u" |+

ul). “)

X0 X xmﬂ} can get a central Lax-Vendroff scheme:

2

%( = 2u Ul 1) %)

This scheme, like the Bim-Warming scheme, has a second-order approximation in time and space O (t? + /%), which

is verified by decomposing grid functions %, into a Taylor series, and is stable when the Courant condition t < A/a, is

met, which can be obtained using the Neumann spectral stability feature. When adding a point x

; to the template

-2

corresponding to the Lax-Wendroff scheme, we obtain a scheme of the 3rd order of approximation on a four-point

template{ XD Xl xm+1}

1
un+ — u;’z (214"
6

m m+1

6

To increase the order of accuracy of the scheme, we add a point x

4th order of approximation will have the form:

n n
+3u, —6u, | +

3
9 n
__(”m+| +3u

2

u;72)+%(um+l —2u) +u,_ 1)—
—3u), _“;72)~ (©)

to the last template, the difference scheme of the

ur’:lJrl = u (Sumﬂ 8”!’:1 m+2 + u ) (16um+1 30”/’711 + 16“/’11171 - ur”n+2 - utnan) -
12 4 7
. . (7
_E(Zu:’n 2um+] m+2 - um—Zn) + _4(6”:1 - 4urnn+| - 4“::1-1 m+2 + ” )
If a linear acoustic system of equations of the form is considered

ou 1 op
_— ==
o P ox ®)
6_p c? 6_“ =0,
ot Oox

where u, p is the local velocity of the medium and pressure, p is the density, ¢ is the speed of sound, then, as noted in the

second chapter, it can be reduced to the form:

or
ot
Os
ot
_ p _ p . . .
where r=u+—, s=u—— are Riemann invariants.
pa pa

a—
ox
Os

a2

or ~0 )

= 0,
ox

In this case, the grid-characteristic method can be presented in the following form:

n+|
n+l

ntl, m

The corresponding template has the form.

n, m—1
n, m

=(1-0)-r +or.

=(1-0)-s. + os!

(10)

m+1*

nt+l, m

n, m+1
n,m

Fig. 1. Template of the grid-characteristic method for a linear acoustic system of equations
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The given difference schemes can be obtained as follows.
t

n+l

—h —AT=x 0
Fig. 2. Two-point template (x = 0, x =)

Figure 2 shows a two-point template (x =0, x =—h), on which, in the case of a Ist-order scheme, a 1st-order polynomial
is constructed P (x)=a x + a,, whose coefficients are found from the conditions:

n __ n — .
u,=a,x, +a0, u,,=ax +a0 .

m—1

n
me

a, =(u;+u,';_])/h, a,=u

Then get: "y
8 P(x) = " Uy hu’"’l X+u
Since u))" =u(X)=u(-2At), get the “left corner” scheme:
wt=u'-oc (u:; —u )

n
m+12

If add a point x to this template, get a second-order polynomial: P, (x) =a,x’ +a,x + a,, whose coefficients are

in the same way (from the conditions for passing the polynomial P(x) through the values of the function at the nodes of

the t late):
(5] empae) azz(un —214::1"‘1/[’:71)/2}12,

m+1
a, = (ufn+] —u ) /2h,
a,=u,.
In this case, we get the Lax-Wendroff scheme. When adding a point x_, to this template, we get a third-order
polynomial: P, (x) =ax’ +a,x’ +a,x+a,
with coefficients that are from the same conditions:
ay = (u),, +3ul, = 3u)  —u) )/ 6},

m—1

a, = (u,';+I —2u) +u )/2h2,

m+1

a, = (2}, +3u), — 6u),_, +u_,)/ 6h,

— n
a, =u,.

he Rusanov scheme of the third order of accuracy is obtained. If we add a point x _ to the template, we get a polynomial

m+2°
of the fourth degree: P, (x) = a,x* + a,x’ + a,x* +a,

with coefficients: a,= (6u; — 4 A"+ u;_z)/24h4,

m+1

m+1

a, = (2u;’171 =2ul, u ., tu ) /12h°,
a, = (16, —30u), +16u), , —u), , —u), )/ 241’

a, = (8u” =8u  —u ., + u,’;_z)/12h,

m+1
— n
a,=u

m?2

and, accordingly, a scheme of the fourth order of approximation.
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Difference schemes for the linear transfer equation can also be obtained using the method of indefinite coefficients.

{0 (0, o1 0) (15, )

can represent all linear schemes with undefined coefficients {af; j=-2,-1,0, 1} in the following form:

For example, on the template

n+l 0 n

u = 0o_,u +a

m T =2%m=2

0, n

0 n 0, n
U, TOgu, 00U

1% m+1"

After decomposing the grid functions into a Taylor series:
m = m

2 3
R ) vy ¥ T

2 3
o =), )+ ) O ()

2 3
ul, =ul +hu)) +h—(“) +%(“z)m +0'(h4) ;

11
m+1 m 2 m

m=2 x/m

3
o =+ 20, 20 ), - S, 4 O

taking into account the consequences of the linear transfer equation:

r_ ' " _n2..n m__~3..n
u =-hul, u,=Aul, u'=—\ul,
"o_ _ "o Aa2.m mo_ m
U, = )\‘uxx’ Uy = X Uper Upy = }“ux

and by equating the coefficients in the left and right sides of equation (10), we obtain the approximation conditions:

AL+ A A =1,
200, +A° A =6 (b
-2 -1 17 M
for a first-order scheme: A L+ 2 o+ k% n k(f 1,
2%, +2%, -2 =0, (12)
4, +20, +A) =o7,
for a second-order scheme: 2 L+ 2 o+ )\% + 7\2 -1,
00,420, —3 =, 13
M, 420, 420 = o,
87&2 +7»°7, —ko, =c°,

for a fourth-order precision scheme.
If we find all the undefined coefficients from (13) and substitute them into (10), then we can find the first differential
approximation of the scheme:

1w

Ml =2 h (W 42T+ AR 207, (14)
24

that is, on the considered template, it is possible to build difference schemes no higher than the third order of approximation:
O (T + ).

In the case of a template of the general form of sets of difference schemes can be represented in the following form:

w," =2 0 (o), (15)
i=1,0,—1,...;j=0,+1,£2, ...

The conditions of approximation of the first order in this case can be written as:

2 =1 2 (o) (o) =0
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The conditions of approximation of the second and higher orders will have the form:
S (j-ic) -ai=(-0)"; p=2.3,..
So, for a 4-point template and a two-layer explicit difference scheme:
{t”“, x5t %, thx, sthx, X, }
can represent the entire family of linear difference schemes with undefined coefficients

L,(j=-2,-10,1)
in the following form:

n+l _ 50
u, = L—2 '

w L+ 0l Ll Ll (16)
The approximation conditions of the first, second and third order on the solutions of the problem are linear with respect
to indefinite coefficients of equality:
o, +a’ +a)+a) =1,
{2(102 +a’ —-a/ =0,
40’ +0’ +al =02,
8o’ +a’ —a'=0".
These conditions can be easily obtained if we decompose all the projection values of the exact solution of the problem
when substituting into the Taylor series relative to any point of our grid pattern, for example, (%, x ):

2 3

=y (), (), (), 0 (),
aut = o () )+ ) 0 (1)
1%m+1 = 71 m x)m 2 x)m 6 xxx ), H
s = afu,
. R W p
a?lufﬂfl = a?l [u;’, —h(ux)m +7(ux)m +?(um )m + O (h“)}.
o .n _ 0 n o_ n 2 n _4_}13 n 4
AU, 5 =0, | U, 2h(uX)m +2h (ux)m 3 (um )m + 0 (h )
The consequences of the equation should be used:
u, =-Au,u, = Nu_,u, =-2hu_,
uttt == x3uxxx’uttx = }\'zuxxx’urxx = _}\‘u.rxx'

Using these expressions, you can get rid of partial derivatives in time by expressing them in terms of spatial derivatives:

n+l _ on N n }\.ZTZ n }\,3’[3 n o 4
u}'ﬂ - u"’l - T(ux)m + 2 (u)(x )m - 6 (uxx)( )VIZ + (‘t ).

By equating the values v” , (u )" , (u_)" ,(u_)" in the left and right parts, we obtain the approximation conditions.
In this case, o', =0 we get a difference Lax-Wendroff scheme aa’, = %(G -1), Bim-Warming scheme at

al, = %(G i 1) and a third-order approximation scheme (Rusanov), the only one on the template under consideration.

Research results. Consider the case of a linear system of transfer equations of the form:
(17

ou +A4 Qu_ 0,
ot Ox

where A(nxm) is a matrix with constant elements and real eigenvalues A, i = 1,..., n. Then this matrix is represented as:
A=QTAQ,

where A is a diagonal matrix consisting of eigenvalues: A = diag {A A, ..., A }=diag{A }; i =1, which are determined from

the equation: det (4 —AE) =0,

where E is a unit matrix; Q is a matrix, whose rows are the left eigenvectors of the matrix 4 p to their length from a system

of linear homogeneous equations
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o, (A=-LE)=0;i= 1,.,n
In this case (17) we write in the form:
%+ Q' AQH =,

ot Ox
then we multiply this system by Q:
Q% aq %o (18)
ot ox
By introducing the Riemann variables w = Qu present the last equation as:
v\ (19
ot Ox

from where it can be seen that the system decays into separate equations, the exact solutions of which are traveling waves:
w=w, (x=11); i=1.,n
The functions w, are called Riemann invariants of the system (17); A, are the propagation velocities of perturbations

in the medium. The general solution of the system of partial differential equations under consideration is the sum of n

traveling waves, each of which propagates with its own characteristic velocity A.:

U= ibfwi (x—=Ap).

i=1
Note that if the vectors b, are normalized, i.e. | b,| = 1, the values w, can be interpreted as the amplitudes of the
corresponding traveling waves.

Let’s represent (18) in scalar form:
Ou, Ou, . (20)
Next, we introduce a difference grid in the integration domain{t >0,0<x<X } the difference grid
{t" =nt;n=0,1,..;x,=(m-1)hm=1,.,M;X =(M - l)h}
and carry out the approximation (20) using finite difference relations taking into account the slope of the characteristics:

Oox _

— =
o !
(or taking into account the sign A):
ntl _ on L (21)
o Lo TUn gy Lem "t o 20, i= 1.0
T h
The latter relation can be represented in matrix form if put:
.1 C .
AL={2J1 A7 =S (A +[A]), A== (A =]A]): (22)
Q(u',;” - u;)— oA Q (ui;_l - ufn)+GA'Q(uZ1+l —uZ)+er: 0.
Since the matrix Q is not degenerate, the resulting difference scheme can be represented as follows:
upt =y = A (= ) = T+ S QA Qw5 = 20 ) 23

n

1 n n
Uprrn = E(u m*l + um)'

In this scheme, the summand is clearly highlighted:

m+l1

%Q" lAlQ(u),, —2u), +ul,.,),

which ensures its stability when the CFL condition (Courant — Friedrichs— Levy) is met:
<1
max ||
An additional “dissipative” term is introduced into the initial system, which ensures the monotony of the obtained
scheme of the first order of approximation, but is also a non-physical source having a difference origin (approximation

viscosity).
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This difference scheme, when generalized to the multidimensional case, belongs to the class of Friedrichs positive-

definite schemes, as can be seen from the following representation of it:

m

u™ = ( —ocQ” |A| Q)u; +6Q AN Qu" | —cQ'Au’ | —1f.

The numerical method under consideration can also be presented in the following form:
ntl _ on -1 B -1 B 2

u —um—G(Q AQ)Au+G (Q |A| Q)A u,

m

where

m m+1

Au=%(u””—u:H)/2; Azuzé( —2u"+um1)

This scheme has the first order of approximation at § = 1 and the second at § = 2.

Let’s imagine this scheme as a scheme with a weighting factor a (0 < a < 1):

ul' =u’ —o (Q_IAQ)AM +20 (Q'l |A|B Q)Azu +(1-a)o’ (Q'IAQ)Azu.
At o =1 get a scheme of the first order of approximation, at o = 0 — the second. At 0 < o < 1 obtain a scheme having
a formal first order, but with proper choice of value a, it will improve the description of numerical solutions with large
gradients by reducing the approximation of viscosity [7].
The grid-characteristic scheme also admits a conservative variant, relevant if there are discontinuities (shock waves,
shock waves) inside the integration domain, while the original system of equations for a matrix with constant coefficients,

in partial derivatives, should be presented in a divergent form:
0 0 Ou 0O 0 0
_u+A£:_u+_u(Au)=_u+A _u:()’ (24)
ot ox Ot Ox ot ox

oD

a—; @ = Au; since the system in question is hyperbolic, then: 4 = Q'AQ.
u
In this case, the difference scheme, which has the property of conservativeness, i.e. ensuring the implementation of

where 4 =

conservation laws, can be presented in the following form:

m m+1/2 m+1

unt =, — (q)n -0, ) +o |:Dm+l/2 (”n —u, ) /h=D, ), (“:, — U, ) / h:|’ (25)

n 1 n n
Where cDm-*—l/Z = E(‘Dmtl + q)m ) .
It is clear that in the resulting difference scheme, in addition to physical flows through the cell boundaries there are

also flows of difference origin:

Du" ,where D = 3 Q'|A|Q
However, for neighboring cells on their common border, they are equal and opposite in sign: therefore, in general,
inside the integration area, the scheme is conservative, which is checked by their addition over the entire area.
Note that among the schemes of the first order of approximation, this scheme has a minimum approximation viscosity.
In the case of three independent variables {¢, x, y} conservative and non-conservative schemes will have, respectively,

the following form:

T

n+l _ n T n n T n n
Upy =Upy =7 (cDmtl/Z,l — D12 ) - _(G mas2 =G i ) -7
hy h, hy

'I:D 1n+l/2,l (” il T ”:11)/}11 _Dln—l/Z,l (”21 U, 11)/h :|

T (26)

+h_|:D i,m/z (”21,1+1 _unml)/hZ _Dfn,l—l/z (” it~ Ui 1)/h:|
2

i =+ [0 u —ut) - (1,

m,l
1

[ (g ) - AT () )]

2
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where D* :h_kQ;‘|Ak|Qk; k=12;
2

the matrices A,, A*,, Q,, as in the one-dimensional case, consist of eigenvalues and eigenvectors of matrices 4,; in the
integration domain {t > 0; x <x < X, 0 <y < Y} difference grid is introduced:
{t” =nt,n=0,1L,..;x, =(m=1)h; m=1,..,.M; y,=(I-1)h;I=1,..L;X =(M-1)h, Y =(L- l)hz}.
Difference schemes for three variables are constructed similarly.
Let’s return to the relation (18), which can be represented in scalar form:

mia—u+k[mia—u=m u +X, u =0,i=1,.,n, 27
ot ox o ox
where each component of the vector:

i, (28)
ot ox

is the transfer equation for the corresponding component of the vector u:
o, +A M, =0;j=1
o Thg O = b

moreover, for each of these equations, it is possible to construct an already known scheme:
n+1 n+Y _ n+Y
Z(ﬂ (9 7 Z(ﬂ (o)u’) (29)

Next, we replace the vector (28) with its difference approximation:

e }\’ e n+] n+y , -:1,“, , (30)
[QF (6[ 6)6) |: im Z(x‘ 1 ! m+;l n

and note that each equation in (30) is the i-th component of the vector:
ou ou
Q—+AQ—=0;
ot ox
0 % FAQ ‘;i‘ S
X
o,u," =30 (0, )o, u,l

Multiplying the obtained ratio by the matrix !, obtain a general view of the difference scheme for the numerical
solution of a system of hyperbolic equations (17):

+1 1RY n+y
_ZQ B Qumw, (32)
where B =diag {OLYH(G,-)} is a diagonal matrix with components that are coefficients o’ , defining a specific type of
scheme.

For example, in the case of considering a difference grid-characteristic scheme earlier, we obtain (see (22), (23), (24)):

u™ =(QTEQ)u"+>(Q'A Q) (u”  —u" )—c (QTAQ)(u" . —u"); 33
= (@ EQ)ui+ QTN Q(u], —up )0 (N Q)(u] -u}) (33)
or, in another form:
For the Lax-Wendroff scheme (5) obtained earlier for the scalar equation, have:
2
n+l _ n o n n ~-1 34
ul —um+3(d)m —CDmH) > (Q |A|Q)( —2u” +um+1) (34)
Grid-characteristic parametric schemes of higher approximation orders can be presented in the following form:

m

W=y 2(<DZ~—<DZM)+—(Q NQ)(u ~2u u )+ (35)

+§(Q*‘G/\Q)(u:n,z—zum1+um+1 U, )+ (Q 'GIA|Q) (], , —4u,

m—1

n n
m-2 +6umﬂ +um+2)9

where G = diag {g (c,)},i=1, ..., nis a diagonal parametric matrix.
This scheme can also be represented as a “predictor-corrector” scheme:
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iy =+ (@ = @)+ QAR — 20 ),
u;+]=u;+Ql(%ZAZ—%|A|]Q( —2u +Mm+1>+
+QflGQ|:( -2a" +uml) (u —2u” +Mm+1)]

So, at o’ 1
&= 6

get a scheme of the 3rd order of accuracy (analogous to the Rusanov scheme).

m—1/2 m+1/2
n+l

m—1 h m m+1

Fig. 2. Predictor-corrector scheme

The grid-characteristic method can also be represented as a flow method, or as an integro-interpolation method, if
equation (23) is written in integral form:

H(au o t-dx = m(udx @dr) =0, (36)

ox

and then the last integral will be approximated:
x+1/2 Xm )/
Jurtdxs j D, 13de - f u'dx - I D, =0.

x-1/2 s

It follows from the last equality, if the approximation of 1ntegrals is carried out by the method of averages, get:

" h =@~ h =) =0 (37)
(integro-interpolation method),
or:
atl _oon n+l/2 a2 38
u m+ =u,—-0 (q)mil/z D, ) (38)
(flow method).

Note that in the foreign literature these methods are called finite volume methods. It is clear that (40) is a family of
ntl1/2

numerical methods whose properties depend on the method of calculating flows @125 for example, the linear transfer

equation (1) flows can be calculated as follows, but with a half-integer upper index):
+. 1 1 n n n n 1 n+ n+ n+
®/:+}g :E{E[a(um+l/2 _um)_lal(umﬂ _um):|+_|:a(um+ll/2 _um ) |a|(um+ll _uml)J}’ (39)

@;i}g=%{%[a(uﬁz—ufn,l) |a ul —ul ]+ [a n+l _ Ztﬂl) |a|( il u;tll):|}'



Computational Math tics and Information Technologies 2023. V. 6, no. 1. P. 53—69. ISSN 2587-8999

Similarly, methods (33), (34), etc. can be presented in streaming form.
In the two-dimensional case, the first-order grid-based approximation method can be presented in the following form [2]:

n+l

Uy = uml + b 1ml + b 2ml + Tf;,1]7 (40)
where

bl =0, [ (@A) (1,0, =10,,) (AR, (#,—10,) |-

b = |:(Q AZQZ)W( meil T ml) (Q AiQ )m,( mers ~ W )n];

A= (A A =2 D), = A=
i=1,..., N are the diagonal matrix; A, are the eigenvalues; Q, = {('Okij} are the nonsingular matrices whose rows are linearly
independent eigenvalues o, of the matrix 4,.

For matrices 4, = {a"ﬁ}, in the case of a system of equations of mechanics of a deformable solid, we have:
M=y +)y,i=1,..,7 k=12

Using the usual kinematic relations for the components of the symmetric strain rate tensor [8] in a spatially fixed
curvilinear orthogonal coordinate system x, and x,, x,.

1( 180, 1 0v), 1 Soog 0H, ) 1 oH, OH,
emn + + 6 mn - Um + >
H ox, H, ox, H, o H Oxg 2H, ox, Ox

m

m,n=1,2,3.

and choosing the defining relations in the form:

do, do. v, dcij+ v, dcij dG

y _— g

3
—— = — + = emn,ij =1,2,3,
G @ TH an I, M, d, = 2 Gyl

m,n=1

write a closed system of two-dimensional unsteady equations in the form:
ou ou ou
+A—+A —=
o ox,  ?ox,
Strictly speaking, instead of a substantial derivative doij / dt the so-called Yaumann derivative should be used for the
deviator components of a stress tensor of the type:

dS _as 2
Syp®; +8,0
dt dt kl( ik = jk zk)

8\; ov. 1 3
®. =— ——L , S..:G..—S..— (PN
y (ax axiJ y y 1/3; ki

which ensures zero rate of change of the stressed state of the particle during its rotation as a rigid whole.
Here the symbol u = {v,, v,, 6,,, G,,, G,;, T} is a vector of the desired variables, including the components of the
velocity vector v, and v, (along the axes — x,, x, respectively), nonzero components o, of the symmetric stress tensor and

temperature T f{t, x, X,, u) = {f,, £, /11 f00 o f30 /7 18 the vector of the right parts Wlth the following components in a
curved orthogonal coordinate system x,, x,, x,:

f =F+l (011 _622)+8H2 +(011_ 633)+6H12 iaHl +L8H3 _ V2 12 OH, +V, oH,
el HH o, H,H, H, \ H, ox, H, ox, H,H,\ 0x, ox, )
f=F L1 (0 — 033)+6H3 +(<s22 - G“)+6H12 20H, LOH )| ™ [, oH, ., 0H,

P p H,H, Ox, H,H, H, \ H, ox, H, ox H,H, Ox, ox, )
o4, OH, (2 —9521) y OH, L OH, )| dpv, OH, | dyo( Y OH, vy OH.)_ o010
" HH, ox, 2H H, HH, ox, H,\H ox H, ox, pc

f = 190,V 0H, 5y, +| v, 8H1+V2 OH, 4+ 22V OH, _'_& V_I%_'_V_Z% +0|.
pc| HH, ox, Hle HH, ox,; H,\H ox H, ox,

>
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Here F1, F2 are the components of the vector of mass forces, T's the internal energy for a thermoelastic medium, c is
the specific heat capacity of the material, T is the temperature, Q is the volumetric density of heat sources, H, i =1, 2, 3

are the Lamb coefficients characterizing the selected orthogonal curved coordinate system, p is the density, defined by the

equation of state of a solid, for example:

3
ln% ——(3k) " Y6, 30T,
i=1

0

p, is the density of the material in the undeformable state, K is the volume compression ratio. In accordance with the two-

dimensionality of the deformable state assumed here, there are no displacements of material points in the x, direction and

6,=6,=Vv,=0, 0/0x;=0. Matrices 4, = {a,-];}»k =1,2, i=1,...,7, atthe same time have the form:

v, 0 -1/p 0 0 0 O
0 v 0 -1/p 0 0 O
1 4 _(‘11112 +‘I1121)/2 ¢ 0 0 0 0
4, :F 9211 _(qmz +q1221)/2 0 Vi 0 0 0},
1 Don _(q2211 +q2221)/2 0 0 vi 00
d3n _(%312 +q3321)/2 0 0 0 v 0
-c,,/p, -0,/p, 0 0 0 0
v, 0 -1/p 0 0 0 0
0 v, 0 -1/p 0 0 O
| _(q1112+QI121)/2 ~qun Vs 0 0 0 0
4, :F _(912|2 +q|221)/2 411 0 V) 0 0 0
? _(%211 +CI2221)/2 “9an 0 0 v, 00
VE _(‘13312 +q3321)/2 0 0 0 v 0
-c,/p, -0c,,/P, 0 0 0 0 v,

For the Prandtl-Reiss model adopted in this paper, the components of the fourth-rank qiikl tensor ¢, of an elastic-

plastic material have the form [8]:

YG;0, Tup,S;
D = 7\85,6/{1 _#‘* H (Sik 8]‘ - Sjkﬁil) _Tju’

where A, p are the Lyame parameters, & is the shear yield strength, § = are Kronecker symbols, stress tensor deviator:

3

1
Smn = Gmn - 8 _zcss’

mn
3 S=1

vy =(BA+2p) a (a is the coefficient of linear expansion of the material during heating).
1 is determined from the Mises plasticity condition:
I Oat S=S"+85,+S5+S, <2k,
lat §>2k%

The defining relations at / = 0 are the usual “Hooke’s law” for elastic isotropic materials. For y = 0, O = 0, the first 6

equations do not include temperature and they can be solved independently of the energy equation.

k k 2 12772 k K 2 1272 K k k
ylz_y7:|:ak+(ak_4dk) :| ’y2:_y6:|:ak_(ak_4dk) :| » Y3=—Y,;=y5=0.

kK k Kk Kk k&
a, = a;az taua, +a,a, +a,das,,

k _k

_ kK Kk k k Kk kK Kk k (( kK Kk k
d, =a;a; ((a31a42 T as3ay )) +a,a;s % ((a41a32 - a42a31)) +a,3a;s ((azlasz —asas, ))>
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1 1 1 1 1
O, I o, o; o, os; 00
1 1 1 1 1
®, 0y 1 W3 (OF7 ©ys 00
1 1 1
o, 0 0 0, O, 1 0 0
Q |1 = 1 1
1=|o,|[=] 0 0 o, o 0 1 0
1 1 1
o, 0 0 oy, oy 0 01
1 1 1 1 1
g 0, 1 -0, -0, -0, 0 0
1 1 1 1 1
0, 1 ®,, O -0, O3 00
2 2 2
Oy 1 O3 Wy os; 00
2 2 21 2
I o, oy o, ©5 00
2 2
0 0 1 o, oy 00
Q 2 2
=1 0 0 0 o, o, 1 0
2 2
0 0 0 oy, oy 0 1
2 2 2 2
1 Wy —Wy 0 0 0
2 2 2 2
QN 1 ®3 —Oy ®i5 00
Here: 1 1 ol
ere: N o = 2
e )
A, Vo) — 0y
2 2 2
o = ) 1 _ (yz )_al
n=7, S O =,
— o
(yl )2 oy 2
k_ k& k& k_ Kk k K ko
O =ay3ay +a,ay, Oy =aydy, +dyds, k=12,
k ok k ok kK
1 _ 430, 1 _ G140 +a5,0;,
i3 ko Wy = k >
Vi Vi
kok
i _ rsOp -12
i5 = k s b T Lyss
Yi
k qpl 1l Kl 1 qpl
of = apPi—aubi ko apP, —as B,
i3 1 nl 1l ? i4 7 1 Qql 1 pl 2
apPi, —ayBi, az B —axnPy
22 22 2 n2 22
ol = asB; —as B, ko L
i4 = is

22 12 ° T 22 1 p2 °
a5, —asPiy as,Pi —as Py

1 11 11 11
By = as;0;s5 + g0 + 7,07,

2 2.2 2 2 2 2 . .
Bj =as,05 +ag,0; +ay,05, j=12,i=345,

Ok
. . . . Q, _{pij}‘
in this case, for inverse matrices have:
k k k k
phn P 0 0 0 pp, P
k k k k
Py Pn 0 0 0 py  py
k k k k k
Py Pn Py 0 0 —py, —py
1|k k k k k
QY =lps Pn pPs 0 0 —py, —py
k k k k k
Pss Ps, DPss 0 0 —p§, —p5
k k k k k
Ps Po P 1 0 —pg —pg
k k k k k
P Pn P 0 1 —pi, —py
where
1 1 1
11 (A) 1 O 1 Oy 1 11
P = P» > > P =" N > Py =" N > A, =1-0,0,,.
2 2
11 11 1 1.1
plo= Lo = Cu®as 1 Dig ~ OO
31 32
2A] 2A,;
11 11 1 11
1 OO0y, — 040y 1 _ 0y — 0,505
P33 = > = >

2A! Pa 2A!
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1 1 1 1 1

pfu — (’)115(’)313 1_(’)13 R 41;3 — ®,505 _1(")15(’)23 ,
2A] Al
1 _ 0);40);3 _0);3033]4 , 1 0)113(’)214 031140)3]3 ,
51 2A} Ds> 2A;
1 0)14(’3213 13924
53 Ai

Py = |:0‘)i1—2,3 ((’0;4 - (D;S(D314) - CO1'1—2,4 ((D — 0,50 ):| (ZAI) >
Ph= |:('0i1—2,4 ((’3'1]3 — 0505, ) - 031'172,3 (0)114 — 0505, )](ZAi )71 >
pi13 = |:0351—2 3 ((D114C0;5 - 0)115(’3;4) - 0‘)1'1—2 4 (03113(’);5 _('0‘115(’);3 ):I(Ai )7l >
A} = o (032403 03230334) + o, (0’13(034 (’3114(’)313) + ((’311403213 — 050, ) .

And, similarly:

2 2 2 2 2 2
2 mzsmzs @ @, pl W,; 0 ey
43 = 2 54 2
Al 2A]
2 2 2 2 2 2 2
p2 _ Oy - ©13934 1 O 0, — 007,
52 2 53 — 2
2A A

-
2 [ 2 2 2 2 2 2 2 2 2
Pn= I:‘Di-zg (m24 (’)25“)34) ®; 4 (“)25 T 03035 ):|(2Al ) ’

-1
2 _[ 2 2 2 2 2 2 2 2 1
Pin = |:('0i—2,4 ((DIS - (’)13(’)35) 05 ((‘)14 W30 ):I(zA ) )

[

-1
[ .2 2 2 2 2 2 2
Pz = I:(Oi—2,4 (“)13@25 T 0,503 ) O s (0014“)23 0313“)24 ):|(Al ) ,
i=6,7,

2 _ 2( 2 2 2 2 2 2
A (013(0)24(’335 (‘)25@34)+(‘)23 (0315(034—0314c035)+(0)140)25 (’)15@24)'

When constructing calculation formulas on the boundaries of a rectangular (in coordinates ¢, x,, x,) integration domain,
we limit ourselves to considering only the upper (x, = 0) and lower (x, = 1) boundaries, bearing in mind that the remaining
boundaries (x, = 0, x,,) are often the plane (or axis) of symmetry or periodicity of the solution, or are chosen in such a way
that perturbations do not reach these boundaries during the time under consideration # < ¢,. Generalization to the case of
more complex conditions at the borders x, = 0 does not present fundamental difficulties and is similar to the one discussed
below.

Multiplying scalar by eigenvectors (w?)”, , obtain the relations:

L - - o Ll 2
ihi(k% ):nz(ﬂ)f xnl(”m,m +u:1,),i =1....7,

2
compatibility conditions approximating with the first order of accuracy along the intersection lines of the characteristic

surfaces of the system and the coordinate plane x, =x, (with equations dx, = \? dt):
o’ u +Nou,=o (f-Au,),i=1

As is known, the number of boundary conditions for a hyperbolic system of equations of the type is determined by the
number of negative (positive) eigenvalues of the matrix Au at the upper (respectively, lower) boundary of the integration domain.
In the problems considered below, there is a situation A* <A? < 0, at the upper boundary x, = 0, and at the lower boundary x, = 0
respectively A? > 2% > 0 therefore, two boundary conditions are required at each of these boundaries, which look like

@, x,u,..,u)=0,i=1,2npux,=0,
D, x, Uy, u)=0,i=167Tpu x, = 1,

npudeM HeoOxonumo, uToOs! det Q # 0, det Q, # 0,
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T [

— — T
where, respectively, Q_ =“w1mzm3...m7u , “ml 0506 M7

Where o = {6(1)1. /ou,,...,00; / Ou, },i =1,2,6,7,ai=1,...7are the eigenvectors of the A, matrix. For the problems considered
below, the boundary conditions were chosen semi-linear and after their approximation had the form:
¢i = wi(tn+1’xlm)l:1+1 gl( n+1’x1m): O’
i=12npux,=0,i=67npux,=1.
Consider a possible splitting scheme for the case of two variables:
ou Ou Ou
—+ +
ot Ox

1 2 2 =0,
b Goptalt oo Gt
B+B, =1, B0, By >0;u =B +Busn,

whereu,” "and u,,, are from the numerical solution of two one-dimensional systems of equations:

a2 ou g a2,
o o ot oy

In the case of a spatial dynamic problem: 6—+ z A,
o = 8xk

Oy _0

. 1
the matrices have the form: 7, = E(qiﬂd + q,.j,d),l #k;

u= {vl,vz,v3,011,012,013,622,023,033,U} is the vector column of the desired values.

v, 0 0 -l1/p 0 0 00 0 0
0 vy, 0 0 -1/p 0 00 0 0
0 0 v, 0 0 -1/p 00 0 O
— 4y, -7y, 0 v, 0 0 00 0 O
A _ =4 —r,, 0 0 v, 0 00 0 O
9311 Ty O 0 0 v, 00 0 of
9o i 0 0 0 0 v,0o 0 0
9y "0 0 0 0 0 ov, 0 O
Tyon Py 00 0 0 00 v, 0
-0,/p —o,/p 0 0 0 0 00 0 v,
v, 0 0 -1/p 0 0 00 0 O
0 v, 0 0 -1/p 0 00 0 O
0 0 v, 0 0 -1/p 00 0 O
T Gy 0 v, 0 0 00 0 O
A, — T —4 3, 0 0 v, 0 00 0 O ’
T —45, 0 0 0 v, 00 0 O
Ty ~ Gy 0 0 0 0 v, 0 0 0
R s 0 0 0 0 0v, 0 0
—Tan — 93 0 0 0 0 00 v, 0
-o,/p =—o,/p O 0 0 0 00 0 v
v, 0 0 -1/p 0 0 00 0 O
0 vy 0 0 -1/p 0 00 0 O
0 0 v, 0 0 -1/p 00 0 O
s ATES — 4133 v, 0 0 00 0 O
A= AT iy 413 0 vy 0 00 0 O .
“Fan o Tl " qnw 0 0 vi 00 0 0
T — Ty — s 0 0 0 0 0 O
— Ty =Ty — D3 0 0 0 0v, 0 0
T~ Tam o 0 0 0 00 v 0
—6,/p —oy/p —oy/p O 0 0 00 0 v
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One of the possible grid-characteristic schemes for the numerical solution of the reduced system can be represented as:
ur =uit =6 QAN u+ol QA QAL - 6,0 A A u+

+0,Q, A, ' QA u— 0, Q) AA u+6 QA Q,A2u,

_ n _n
um _O’S(um+l,l,p umfl,l,p)’

u, = O,S(ufml,pﬂ — U )’

ui = O,S(ufnﬂ,,,p - Zunmlp tu nm—lgl,p)’
u 12 =0,5 (” :ln,l+l,p - Z”Zz/p tu Z’»’*"P)’
ul = 0,5(u et = 2 Uy T U )’

h, (rh — IIary rare the steps by time and three coordinates; k = 1,2,3), or

n+l _ . n
mip u

u mlp

+o0, [(Q;‘AjAm )mlp A, u— (Q;IAI*Q1 )mlp A u}” +

+o, [(Q;A;Am) A —(0'A50,) A;u}" +o, [(Q;'A;Am ),, A —(Q3'A30,) A;uT :

m mip
= _
Al - um,li],p umlp’
+ _ _
Ap - um,l,pil umlp'

The scheme has the first order of accuracy at y = 1 which was implemented in the work), the second at y = 2; the
“damping” (viscous) term is clearly highlighted, which gives the scheme stability and positive (according to Friedrichs
[5]) certainty (or monotony — in the one-dimensional case); when implemented, there is no need to find matrices A*;
the scheme is easy to hybridize (i. e., for example, to assume y = 1 in areas with large gradients of flow parameters and
vy =2 in “smooth” areas). The advantage of recording a grid-characteristic scheme is to reduce the number of arithmetic
operations.

Discussion and conclusions. The construction of a numerical algorithm at boundary points is described in detail in
[8] for the two-dimensional case. When numerically solving a three-dimensional problem, the construction is performed
similarly; for example, in the case of upper and lower bounds, after scalar multiplication of the scheme by eigenvectors
(co3l.)”m1p obtain the following relations:

AfnuJ +

mip

(@), u = (@), ul, +o, {[(Qll N, A (95'A59,)
+0, [(Q;‘ A;QZ)WP A7 u—(95'A50, )mz,, Al u] } + 0, (1; ):,,,, (] ):,,,, Afu; i=1,..,1,
compatibility conditions approximating with the first order of accuracy

3 3,53, 3 ’ ’
ou, + 0ol =-o, (Alu,]l +A2u]h).

In the case of a one-dimensional system of gas dynamics equations:

u, ou_
ot Ox
the vector of the desired functions and the matrix 4 have the following form [2]:
u p 0
P op p
U= u ;A: pil_ u pil_ s
0s O¢
& 0 p/p u

where p is the density, u is the velocity, € is the density of the internal energy of the gas.
The actual values of the matrix have the form:

A =u+c A =u; A =u—c,

where c is the speed of sound in a gas, the matrices from the eigenvectors, in fact, will be:
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1 op Oe
2
Q=q0,,=9p 0 —p
o op
3
p —pe —
op
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Abstract

Introduction. The formation of salt deposits and oilfield equipment’s corrosion in most oil fields has become particularly
relevant due to the increase in the volume of oil produced and the increase in its water content in recent years. The deposi-
tion of salts in the formation and wells leads to a decrease in the permeability of the oil reservoir, the flow rate of wells.
The aim of the work is to use machine learning algorithms to simulate the effects of an electromagnetic field on the pro-
cesses of salt deposition and corrosion. Prediction of experimental results will allow faster and more accurate experiments
to establish the influence of electromagnetic fields on the processes of corrosion and salt deposition.

Materials and methods. Three groups of data were used, to train the models, differing in the composition of the studied
initial model salt solution: the waters of the Vyngapurovsk’s and Priobsk’s deposits, as well as tap water. The following
machine learning models were used: linear regression with Elastic-Net regularization, the k-nearest neighbors algorithm,
the decision tree, the random forest and a fully connected neural network.

Results. It was found that the decision tree and the random forest have the best accuracy of predictions, from the experi-
ments conducted. Python program has been developed to predict the output results of experiments. Modeling with various
models and their parameters is carried out.

Discussion and conclusions. From the experiments conducted, it was found that the decision tree and the random forest
have the best accuracy of predictions. Neural networks, on the contrary, predict with the least accuracy. This is due to the
fact that there is too little data in the training samples. With the increase in the number of observations, it is worth using
neural networks of various architectures.

Keywords: salt deposition, electromagnetic impact, oilfield equipment’s corrosion, multiple regression methods, ma-

chine learning, neural network.
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AHHOTANHUSA

Beeoenue. O6pa3oBaHue CONCOTIOKEHUI U KOPPO3HsI HEPTEIPOMBICIIOBOTO 000PY/I0BaHHS Ha OOJIBIIUHCTBE HEPTIHBIX
MECTOPOXKICHHUHN B IMTOCIICIHUE TOABI MOyYUia 0CO0YI0 aKTyaIbHOCTh BBUAY pOCTa 00bEMOB JOOBIBAcMOIl HE(DTH U yBe-
nuaeHus ee 00BomHEeHHOCTH. OTIOKEHHE CONIel B IIACTE€ W CKBAXKMHAX MPHBOAUT K CHIDKCHHIO ITPOHHUIIAEMOCTU He-
(dbTeHocHOrO I1acTa, AeduTa ckBakuH. L{enpro padoTHI SBISETCS MPUMEHEHHE alTOPUTMOB MAIIMHHOTO OOYYCHHUS JIIs
MOJEINPOBAHNS BO3ACUCTBHS 3JIEKTPOMAarHUTHOTO IO HA MPOIECCH COJICOTIAMKEHUH 1 Kopposuu. [Ipenckasanue pe-
3yIBTATOB IKCIICPUMECHTOB ITO3BOJHT OBICTPEE W TOYHEE MPOBOJUTH OIBITHI, YCTAHABIUBAIOIINC BIUSHHUE dJICKTPOMAr-
HUTHBIX TI0JIEH Ha MPOLIECCHI KOPPO3UH U OTIIOXKEHHSI COJIEH.

Mamepuanst u memoodst. JIns oOydeHust MOJIeNeH ObLTH UCIIONB30BAHBI TPU TPYIITHI JAHHBIX, PA3JIMYAFOIIUXCS IO COCTaBY
H3y4aeMOro MCXOIHOTO MOZEIBHOTO COJIEBOTO pacTBOpa: BObI BrrHramypoBckoro u [IproGckoro MecTopoXIeHH, a TakxKe
BOJIOIIPOBOJTHASI BOJIA. BBLIH paccMOTpPEHBI CIIEIYIOIIHE MOJIEIIN MAITMHHOTO O0yYCHUS: INHEHHAS PETPECCHS C PEryysipH3a-
nueii Elastic-Net, meton & 6mmxalmmx coceneil, 1epeBo peleHni, CITyJaifHbIN JIEC U TTOJTHOCBSI3HAs HEHPOCETh.
Pesynomameut uccinedosanus. C MOMOIIBIO ATOPUTMOB MAITMHHOTO OOYYeHUs! OBLIM CMOACTHPOBAHBI MPOIIECCHI BO3-
JICUCTBHS ANEKTPOMArHUTHOT'O TI0JIst HAa 00pa30BaHKs COJICOTIOKEHUI U KOPPO3UIO HE(PTEITPOMBICIOBOTO 000PYIOBaHHS.
Paspaborana nporpamma Ha Python st mpeckazaHus BRIXOIHBIX pe3yIbTAaTOB IKCIICpUMEHTOB. [IpoBeneHo Moaenupo-
BaHUE C PAa3IMYHBIMU MOJEISAMH M UX MapaMeTpaMu.

Obcyscoenue u 3axkatouenue. V13 IpOBEJICHHBIX YKCIIEPUMEHTOB YCTAHOBIICHO, YTO HAMITYYIYEO TOYHOCTh IPEACKa3aHUi
HUMEIOT IEPEBO PELUEHUI U ciydalHbli jiec. HellpoHHbIE ceTH, HAallPpOTUB, MIPEICKA3bIBAIOT C HAUMEHBIIEH TOYHOCTBIO.
CBsI3aHO 3TO C TEM, YTO JAHHBIX B O0YYAIOMIMX BHIOOpKAX CIUIIKOM Majo. C yBeIHYeHHEM YHUciia HAOTIOICHUN CTOUT

HCIIOB30BaTh HEHPOCETH PAa3IMUHBIX APXUTEKTYP.

KioueBble cji0Ba: cONEOTIIONREHHE, MIIEKTPOMAarHUTHOE BO3AEHCTBUE, KOPPO3HS HE(TEITPOMBICIOBOTO 000PYIOBaHHS,

METO/IbI MHOXXECTBEHHOH perpeccry, MalliHHOE 00y4YeHne, HeHPOHHAS CETh, CITydaifHbIil Jiec.

Jas nuTtupoBanns. MamuHHOe o0OyueHHe B aHalIM3€ BIMSHHS OJIEKTPOMAarHUTHOTO TIOJS Ha CKOPOCTh
KOPDPO3WH U COJICOTIIOKEHHA HedTenpomeicioBoro obopoayBanus / III. P. Xycwymmmu, K. ®. Komemuna,
C. P. AnimmbexoBa, @. I. Ummyparos / Computational Mathematics and Information Technologies. — 2023. — T. 6,
Ne 1. — C. 70-76. https://doi.org/10.23947/2587-8999-2023-6-1-70-76

Introduction. The problem of the salt deposits formation and oilfield equipment’s corrosion is particularly acute in
most of the actively developed oil fields in recent years. This is due to an increase in oil production and an increase in its
water content. The deposition of salts in the formation and wells leads to a decrease in the permeability of the oil-bearing
formation, the flow rate of wells, an increase in operating costs and the failure of deep-pumping equipment [1].

Experiments were conducted to study the effect of the electromagnetic field generated by the resonance-wave complex
on the corrosion of structural low-carbon steel and on the crystallization of calcium carbonate at the Pilot Research Center.
It was found that exposure to EMF reduces the total mass of poorly soluble salts, and also provides protection against
corrosion [2, 3].

In this paper, the use of machine learning algorithms is used to simulate the effects of EMF on the crystallization of
calcium carbonate and on the corrosion process of structural steel. The object of the study was the influence of electro-
magnetic fields on the processes of salt deposition and corrosion. The subject of study and analysis is the possibility of
using machine learning models to simulate the processes of salt deposition and corrosion under the influence of electro-
magnetic fields. The purpose of this study is to develop software for modeling experiments on the interaction of electro-
magnetic fields on salt deposits and corrosion. The forecast of the results will make it easier and faster to conduct such
experiments. This will make it possible to more accurately determine the effect of the magnetic field on calcium carbonate
deposits and on the oilfield equipment’s corrosion rate.

Materials and methods. Experimental studies of the electromagnetic effect on the processes of salt deposition and
corrosion were carried out for the water of the Vyngapurovsky and Priobsky deposits, as well as for tap water [4]. To train

the algorithms, 3 groups of data were used, differing in the composition of the studied initial model salt solution. The ana-

71


https://doi.org/10.23947/2587-8999-2023-6-1-70-76

72

Computational Mathematics and Information Technologies 2023. V. 6, no. 1. P. 70-76. ISSN 2587-8999

lyzed data includes information about the composition of solutions, research conditions (flow rate, pressure, temperature),
parameters of electromagnetic fields acting on solutions. Output parameters to be predicted: corrosion rate in the flow and
static solution, mm/year; distribution of calcium carbonate by morphology (calcite, aragonite, vaterite). Different models
were used for each group of reports, since each task has different input and output data [5].
To solve the problem of machine learning in the analysis of the influence of the electromagnetic field on the rate of
corrosion and salt deposition of oilfield equipment, the learning algorithms discussed below were applied.
1. Linear regression with Elastic Net regularization.
It is a linear relationship between the target variable and the features:
y=w,tw xxt. A w, xx,=<x,w>+w,
for finding optimal weights that minimize the root-mean-square loss function [6]:

. ()
MSE = F S -5 f

The gradient descent method is used in practice.
Elastic Net regularization method is used to combat retraining. The 1st and 2nd weight norms are added to the loss

function w:

|
£ 0) =37 = F o, 42 @

N
where A, and A, are the regularization coefficients.
2. k-nearest neighbors method (k-VNV).
The essence of the method is as follows: the prediction y for object is calculated as the average value of the target

variable y among its k nearest neighbors [7]:

. 3)
y=— le
Various metrics (distance functions) are used to find the distance between objects:
— Euclidean distance: P(a,b) =3 Z,(ai —b, )5 )
— manhattan metric: p a, b Z|a b| (5)
— cosine distance: p a, b rﬁlj (6)

3. Decision tree.

The decision tree predicts the value of the target variable by applying a sequence of simple decision rules (which are
called predicates). There is a predicate in each node of this tree. If it is correct for the current sample from the selection,
the transition is made to the right child, if not, to the left. Often predicates are simply taking a threshold by the value of
some attribute. Predictions are recorded in the leaves (for example, the values of the target variable y).

4. Random forest.

This is an ensemble of models (a composition of several algorithms), where decision trees are used as the basic algo-
rithm. This method is based on bagging (meta algorithm designed to improve the stability of the solution) [8]. The essence
of the method is as follows: from the initial sample, subsamples of the same dimension are obtained by random selection
of objects. A decision tree is trained on each sample, and not all features of objects are used, but a random number of them

(the method of random subspaces). To get one prediction, the predictions of all models are averaged:

ﬂn=%mwwmmu» %)
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5. Neural network.

Networks of the following architecture were used in all three tasks: the input layer from D neurons (number of input
parameters), a hidden layer and an output layer consisting of m neurons, according to the dimension of the target vector
=0 ,) 9]

The activation function was used to ensure the nonlinearity of transformations, the activation function was used:

ReLU(x) = max(x, 0). (8)

6. Model quality assessment.

The following criteria (metrics) are used in regression tasks in order to determine which model best approximates the

relationship between features x and dependent variables y:

1S, ©)
— RMS error: MSE = —Z(y—y) ;
N i=1 ZN (y _)A} )2
— coefficient of determination: R* = 1—’;1—1;2; (10)
i1 (y i Y i)
Ly (11
— mean absolute error: MAE = — -7
N2l
Research results. Tables 1—-3 show the results of using models for three groups of experiments.
Table 1

Metric values for the Vyngapurovsk field

MOd?l/ Linea'r k-NN Decision tree Random forest Neural network
Metric Regression
MSE 0.01453 0.0133 0.0064 0.0065 20.6408
MAE 0.0839 0.0757 0.0467 0.0478 3.2109
R? -5.2844 -8.2677 0.3169 0.2266 -1.0221
Table 2
Metric values for the Priobsk field
MOd?l/ Llnea.r k-NN Decision tree Random forest Neural network
Metric Regression
MSE 0.3073 0.2623 0.1435 0.1724 13.9461
MAE 0.2489 0.1972 0.1314 0.1724 2.4746
R2 -18.8724 -2.1167 0.5364 0.1113 -0.9355
Table 3
Metric values for tap water
MOd?l/ Llnea.r k-NN Decision tree Random forest Neural network
Metric Regression
MSE 0.3232 0.2525 0.1799 0.1845 1.1029
MAE 0.4729 0.4022 0.3251 0.3362 0.8847
R? -6.9638 -1.7114 0.0378 —0.0283 —4.3788

Based on the described algorithms, a Preditct program has been developed — modeling the effects of EMF on

the processes of salt deposition and corrosion on oilfield equipment [10] (Fig. 1).
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Forecast Data

Select data Deposit_1
Input data: Output data:
CaCl2, g/l 0.567 Calcite, % 0.72
MgCI2 -6H20, g/l 0.9
NaCl, g/l 1.2 Aragonite, % 0.016
NaHCO3, g/l 1.456
Torus frequency, kHz 0 Vaterit, % 0.127
Spool frequency, kHz 220
Resonant frequency, kHz 0
Choose a model: Metric values:
Average absolute error
(MAE) 0.05
Forecast Save Data Root-mean-square error 0.007
(MSE) :
Coefficient of determination
0.103
(R2)

Explanation: The smaller the MSE and MAE, the
better. The closer R2 is to 1, the better the model.

Fig. 1. The interface of the program “Predict” in Russian

The user can enter various input data (the composition of the solution, the frequency of electromagnetic fields, the
presence of magnets, etc.) and get output data: the distribution of calcium carbonate by morphology and / or the rate of
corrosion. The following machine learning methods can be used for prediction, at the user’s choice: linear regression, the
k nearest neighbors method, a decision tree, a random forest and a neural network. To select the best model, the program
outputs the readings of quality metrics. Python version 3.10 was chosen as the programming language. Numpy, pandas,
and sklearn libraries were used to use machine learning and data processing models. The openpyxl library was used to
work with excel files.

Figure 2 shows graphs of the true and predicted values of the output parameters for the Priobsk field obtained by the
random forest method. The corrosion rate in the flow (true and predicted value); the distribution of calcium carbonate
in the form of calcite (true and predicted value) are considered. As can be seen from the graph above, the random forest

algorithm approximates the output data quite well.

7 Corrosion rate flow, mm/year (exact value)
Corrosion rate flow, mm/year (predicted value)
Calcite content, % (exact value)

6 Calcite content, % (predicted value)

Accurate and predicted output

30 40 50 60 70
Experiment number

Fig. 2. Graph of true and predicted values by the random forest method
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Discussion and conclusions. The decision tree and the random forest have the lowest values of the MSE and MAE
metric and the values of R? closest to 1 in all three problems, as can be seen from the results (Tables 1-3, Fig. 2). Neural
networks, on the contrary, have the worst error rates. This is due to the fact that there is too little data for training.

To analyze such a number of data, it is advisable to use decision trees and a random forest. With an increase in the
number of observations, it is worth switching to the use of neural networks, as well as using other architectures (with a

large number of hidden layers, recurrent networks, etc.).
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Abstract

Introduction. Polyarylene phthalides (PAF) are widely used in optoelectronics today. The reactions occurring during
the synthesis of polyarylene phthalides have a complex character, which has not yet been described using mathematical
models. In this regard, it is impossible to use PAF in many processes. Polyarylene phthalides have luminescence, good
optical and electrophysical properties. The elucidation of the mechanisms of the occurrence of luminescent states of
PAF is of both fundamental and practical interest.

The elucidation of the mechanisms of the occurrence of luminescent states of PAF is of both fundamental and practical
interest. Due to the complexity of calculating the kinetics of the luminescence intensity of polyarylene phthalides using
known mathematical models, the aim of the study was to build a system using machine learning methods that predicts
luminescence values depending on temperature and heating time.

Materials and methods. Experimental data have been prepared for calculations, the use of “random forest” and “gradi-
ent boosting” methods has been justified, a method for selecting hyperparameters of these models has been selected and
the expediency of its use has been justified, optimal models have been constructed and predictions have been obtained.
The results of the study. An algorithm for predicting the luminescence intensity of polyarylene phthalides has been
developed. Using machine learning methods based on experimental data, the key hyperparameters of the system were
determined and the average accuracy of predicting values was achieved — 80 %.

Discussion and conclusions. High-accuracy forecasts will allow predicting how products containing polyarylene
phthalides will react to external influences. The paper presents two methods for solving the problem, as they showed

the best results.
Keywords: Python, luminescence, machine learning methods, random forest, gradient boosting.
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AHHOTAIUSA

Beeoenue. Ha ceronusimnnii nens nonuapuieHpranuas! (ITAD) HaxoasT mupo-koe IpUMEHEHUE B ONITOIEKTPOHUKE.
ITpu 3TOM peakiy, MPOTEKAIOIINE PH CHHTE3E TOMHAPHICHPTAIHI0B, IMEIOT CIOKHBIN XapaKTep, KOTOPBIH 10 CHX
HIOp HE yAAJIOCh OMHCATh C IOMOIIBIO MaTEMAaTHIECKUX MOJIeNeH. B ¢BsA3u ¢ 3TUM, HEBO3MOXKHO Hcmonb3oBarh [TIAD Bo
MHorux nporeccax. [Tpu atom [TAD o6nagaroT MOMHHECHICHIIEH, XOPOILIMMHU ONITHYECKHMH U JIEKTPOPU3NYECKIMHU
CBOWCTBaMH. BBIICHEHHME MEXaHW3MOB BO3HHUKHOBEHHS JIOMHUHECHHpyomux cocrtosHuil ITA® mpencrasnser kak
(byHIaMEHTAJbHBIH, TaK U MIPAKTUYECKUH MHTepec. BrIACHEHne MeXaHM3MOB BO3HMKHOBEHHS JIOMHHECLHPYIOLINX
cocrosiunii ITA®D mpencraBnser kak QyHIaMEHTaJIbHBIH, TaK M MPAKTUYECKUI MHTepec. B CBsI3M cO CIIOKHOCTBIO
pacdyera KMHETHKH WHTEHCHBHOCTH CBEUEHHS IOIMAPWICH(PTAIUIOB C IMOMOIIBI0 W3BECTHBIX MaTeMaTHUECKHX
Mozieneld OblIa mocTapieHa ejb HCCIeNOBaHU — MOCTPOUTH € IIOMOIIBIO METOA0B MAlIMHHOTO O0yYEHHS CHCTEMY,
MIPOTHO3UPYIOLIYIO 3HAaUEHUs! TIOMUHECLEHIIUY B 3aBUCUMOCTH OT TEMIIEPATyPbl U BPEMEHHU HarpeBaHMUs.
Mamepuanst u memoost. I101r0TOBIEHBI K BBIYMUCICHUSM KCIIEPIMEHTAIbHBIE JaHHBIE, 000CHOBAHO MCIIOJIb30BAHHE
METOJIOB «CITy4aifHbI! J€C» U «TPaJUEHTHBIN OyCTHHI», BBIOpaH croco0 moadopa rurnepnapaMeTpoB JaHHBIX MOAETIEH
1 000CHOBaHa L1eJIeCO00Pa3HOCTh €T0 UCTIONb30BaHMUS, IIOCTPOCHBI ONITHMAIIEHBIE MOJIENTH M TTIOJTyYEHBI ITPEACKA3aHMUsI.
Pesynbrarel uccnenoBanus. Pa3paboran anropuT™ npeacka3aHus HHTEHCHBHOCTH CBEUCHHMS MOTHAPHICH(TAINIOB.
Hcnonb3yst MeTOAbl MAaIIMHHOTO OOYYEHHUs] Ha OSKCIEPUMEHTAIbHBIX [aHHBIX, OBIIM OMNPEICICHBI KIIOYEBBIE
TUIepIapaMeTpbl CUCTEMBI U JOCTUTHYTA CPEIHSSA TOUHOCTh NMpeckazanus 3HaueHu — 80 %.

OO6cyxaeHne u 3aKiaodeHns. [IporHo3pl BBICOKOH TOYHOCTH MO3BOJIAT NMPEACKA3bIBaTh, Kak OyIyT pearnpoBaTh Ha
BHEIITHEE BO3JIEHCTBHE NMPOLYKTHI, BKIIOYAOIINE B CBOW cocTaB nmonuapwieHpranuasl. B pabore mpeacrasineHo nsa

MeTo/ia pelIeHus 3a/1aui, TaKk KaKk OHU TTOKa3aIl HaMIy4IlIie pe3yilbTaThl.
KuroueBsie ciioBa: Python, moMyuHecHeHIMS, METO/IBI MAILIMHHOTO 00yYEHHS, CITy4aiiHbIi Jiec, TpaIMeHTHBINA OyCTHHT.

Has uuruposanusi. Cnenués, C. B. [IporHo3upoBaHne KHHETHKH CIOXKHBIX MHPOIECCOB JIOMUHECHCHIMH Ha
Python / C. B. Cnenués, K. ®. Konenuna / Computational Mathematics and Information Technologies. — 2023. —
T. 6, Ne 1. — C. 77—-82. https://doi.org/10.23947/2587-8999-2023-6-1-77-82

Introduction. Organic polymer materials are widely used in optoelectronics today. One of the varieties of polymers
suitable for these purposes may be polyarylene phthalides (PAF). PAF are characterized by high thermal and chemical
resistance, high film-forming properties. PAF have luminescence, good optical and electrophysical properties. The
elucidation of the mechanisms of the occurrence of luminescent states of PAF is of both fundamental and practical
interest. It is assumed that the luminescence of PAF is due to the formation of active intermediates under energetic
action on the polymer, but their chemical nature and properties have not been studied at all [1].

Since the reactions occurring during the synthesis of polyarylene phthalides are complex, the need for detailed
research in this practically unexplored area is quite obvious. However, despite the research and experiments carried
out [1, 2, 3], a mathematical model describing the behavior of the glow of polyarylene phthalides has not been built.

Due to the complexity of calculating the kinetics of the luminescence intensity of polyarylene phthalides using
well-known mathematical models [2, 3], the goal was set to build a system using machine learning methods that
predicts luminescence values depending on temperature and heating time.

The following tasks were set to achieve the goal:

— to prepare experimental data for calculations;

— to analyze machine learning algorithms and create a program using the most optimal methods;

— to choose the most successful hyperparameters for models.

Materials and methods. Polyarylene phthalides are a type of aromatic polymers. It is assumed that the luminescence
of polyarylene phthalides is due to the formation of active intermediates under energetic action on the polymer. In

experimental studies, the heating temperature of the polyarylene phthalide membrane was changed in the range
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from 298 to 460 K for several hours, using different rates of controlled heating and cooling of the polyarylene phthalide
membrane. They found that the temperature effect on the membrane leads to the appearance of a long-fading glow of
recombination luminescence [1].

PAF membrane was irradiated with unfiltered light for 10 minutes (100 W lamp), after which it was left at a
temperature of 298 K for 8 hours to accumulate stable radical ions. The temperature of the PAF film was changed
in the range from 298 to 460 K for several hours, using different speeds of controlled heating and cooling of the
PAF membrane.

Data on the characteristics of individual polyarylene phthalides are presented in the following categories: time,
temperature, luminescence intensity. There are 20 experiments in total, 200 values for each characteristic.

Various machine learning methods were tested on the obtained data and the most suitable models were selected
for subsequent improvement. The selection of hyperparameters is implemented through a randomized search for
parameters, each of which is selected from a distribution of possible values.

Random forest. The Random Forest algorithm is a universal machine learning algorithm, the essence of which is
to use an ensemble of decision trees. The decision tree itself provides an extremely low quality of classification, but
due to the large number of them, the result is significantly improved [4].

Compared to other machine learning methods, the theoretical part of the Random Forest algorithm is simple. There

is no large amount of theory, only the formula of the final classifier is needed a(x):

1< (1
o(e)=+ 30

where N is the number of trees; i is the counter for trees; b is the decision tree; a(x) is the sample generated from
the data.

However, despite its universality, this method has a number of significant drawbacks [5]:

— complexity of interpretation;

— random forest can’t extrapolate;

— the algorithm is prone to retraining on highly noisy data;

— for data involving categorical variables with a different number of levels, random forests are biased in favor of
features with a large number of levels;

— larger size of the resulting models. Requires O(N-C) memory to store the model, where C is the number of trees.

Gradient boosting. It is a machine learning method that creates a crucial prediction model in the form of an ensemble
of weak prediction models, usually decision trees. He builds the model in stages, allowing to optimize an arbitrary
differentiable loss function [6].

Let L be a differentiable loss function, and algorithm a(x) is a composition of basic algorithms:

a(x) = a,(x) = b (x) + ..+ b (x), )
where the basic algorithm b, is trained so as to improve the predictions of the current composition:
N
b, = argminzl‘(yi’ak—l(xi)+b(xi))' 3)
i=1
The b, model is chosen in such a way as to minimize losses on the training sample:
N
b, = argmin Z L(yl. , b(xl. )) “4)
i=1
Consider the Taylor decomposition of the loss function L to build basic algorithms in the following steps up to the

first term in the neighborhood of the point(y,a, , (x)):

Ly, (x): =L ,a,, () +b(x) g )
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Let's get an optimization problem by getting rid of the permanent members:

N
.~ argmin Z b(x, gt (6)

i=1

The basic algorithms b, are trained to predict the values of the anti-gradient of the loss function from the current
predictions of the composition at each iteration.

The main disadvantages of this method include the susceptibility to retraining and the voting system of appraisers.
The vote of appraisers in gradient boosting is unequal. Some appraisers have a higher weight than others. As a rule, the
vote of the very first trained appraiser has the lowest weight, and the last appraiser has the highest weight when voting.

Research results. The regression problem was solved using the Python programming language, and the accuracy
of the solution was estimated through the coefficient of determination, which is calculated by the formula:

R =1- S %)

tot
where S is the sum of squares of residual errors, and S, , is the total sum of errors.

Fig. 1, 2 shows the results of modeling the kinetics of the intensity of the PAF glow depending on the temperature
change. The red curve shows experimental data on the intensity of the glow after exposure to temperature (the blue
dotted curve along the auxiliary vertical axis).

Figure 1 shows intensity modeling by gradient boosting (green curve). Figure 2 shows the intensity simulation by
the random forest method (green curve).

The coefficient of determination, when using gradient boosting, is 83 %, and in the case of using a random
forest — 88 %.

The results turned out to be slightly different from each other due to the difference in methods, as expected.
When using the gradient boosting method, the prediction turns out to be less accurate, and peaks are predicted
at those times when they did not exist. In the case of a random forest, there are predictions that lie closer to the
experimental data. Since gradient boosting copes with temperature prediction worse, this affects the predictive
ability of the entire model. Such a result can be justified by an imperfect selection of hyperparameters and an abrupt

change in the intensity of the glow, which makes it difficult to determine the direction of the gradient of the function.
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Fig. 1. Modeling of the kinetics of the intensity of the PAF glow by the Gradient boosting method
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Fig. 2. Modeling of the kinetics of the intensity of the PAF glow by the Random forest method

Discussion and conclusions. The result obtained in the course of solving the problem of predicting the luminescence
intensity of polyarylene phthalides is relevant for use in industrial and laboratory processes. Despite the high predictive
power of this model, it tends to often make mistakes when predicting peaks, which requires further refinement. To
reduce the modeling error, it is possible to resort to combining approaches and using other methods to obtain greater
accuracy. An additional way to improve the model is also a more accurate selection of hyperparameters. It, in turn,
requires high computing power, since it uses a search of all possible combinations and can be carried out for weeks for
the current task. A potential solution to the problem may be the preliminary analysis of data using genetic algorithms

to search for extremes and the subsequent transfer of data for training machine learning algorithms.
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Forecasting trends in the development of time series by estimating the Hodges-Lehman median
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Abstract

Introduction. The lack of stationarity in the time series’ development, small samples, the outliers presence, jumps do
not allow to find estimates of model parameters that have good properties of statistical estimates and, as a result, to find
reliable forecasts, both in the development trend of the process and in its numerical expression. The means to solve these
problems is the use of ordinal or robust statistics. Scientific monographs and special chapters in books on mathematical
statistics contain a deep and extensive theory on the study of the properties of ordinal statistics, which are the justification
for their application in forecasting methods. The aim of the work is to develop and verify method for obtaining one-step
forecasts of trends in the development of time series based on stable statistical estimates.

Materials and methods. The article presents the results of the development of a method for obtaining one-step forecasts
of trends in the development of time series based on the construction of confidence intervals of a selective stable Hodges-
Lehman estimate based on Walsh averages. In particular, the Hodges-Lehman median is used to solve the problem of
small samples obtained during the procedure of shifting the time series window. The proposed method is considered
in detail in the article: the basic definitions, the theoretical justification of the method, calculation formulas, a detailed
description of the algorithm, formulas for calculating the quality metric of forecasts are given.

The results of the study. The method was implemented in computational experiment using the example of forecasting the
Urals crude oil’s spot price. The article presents the computational experiment’s results. The parameters of the proposed
method can be configured to obtain reliable one-step forecasts.

Discussion and conclusions. The method proposed in the article has shown its effectiveness on experimental data and can
be used as an independent method for constructing one-step forecasts of trends in the development of time series. Further
development of the method involves the improvement of computational procedures, verification of the method in case of

jumps in the dynamics of the time series.

Keywords: ordinal statistics, random variable, random process, median, Hodges-Lehman medians, forecasting, trend,

average absolute error.
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AHHOTANHUSA

Beeoenue. TlomyueHne NOCTOBEPHBIX HMPOTHO30B, KaK B TEHACHLMHU PAa3BUTHSA TPOLECCA, TaK M B €r0 YHCICHHOM
BEIPKCHUU SBJIACTCS aKTyaIBHOW HAyIHOH mpoOieMoii. OTCYTCTBHE CTAlMOHAPHOCTH B Pa3BUTHU BPEMEHHBIX PSJIOB,
Majble BBIOOPKH, HAJMYME BBHIOPOCOB, CKAUKOB HE ITO3BOJISIOT HAWTH OLEHKH IapaMeTPOB MOZEIH, OO0JIaTarolIiX
XOPOIIUMH CBOMCTBAMH CTAaTUCTHYCCKUX OICHOK. OIHHM U3 CPE/ICTB, IMO3BOJSIONIMM PEIIUTh YKa3aHHBIC TPOOIEMBI,
SIBJISIETCS IPUMEHEHUE MOPSIKOBBIX MM POOACTHBIX cTaTUCTUK. HayuHble MOHOTpaduu U crieninalibHble TJIaBbl B KHUTaX
M0 MaTeMaTHYCCKON CTaTHCTUKE CONEpHkKAT NIyOOKYI0 U OOIIMPHYIO TEOPHIO MO MCCICIOBAHUIO CBOWCTB MOPSIIKOBBIX
CTaTUCTHK, KOTOPHIE SBISIIOTCS 000CHOBAaHUEM X MPUMEHEHHS B METOIaX IIPOrHO3UpOBaHus. Llenpio HacTosme paboThl
SIBIISICTCS Pa3paboTKa M Bepu(UKaIUsa METO/Ia IMOyYSHHs OJHOIIATOBBIX MPOTHO30B TCHICHIIUN Pa3BUTHS BPEMCEHHBIX
PSI0B, OCHOBAaHHOTO HA YCTOHYMBBIX CTATHCTUYECKHX OICHKAX.

Mamepuanst umenoost. PazpadarsiBacTcsi METOI ITOTYYCHHS OTHOIIATOBBIX IIPOTHO30B TCHACHIIMI Pa3BUTHS BPEMECHHBIX
PSI0B, OCHOBAaHHBIX Ha TIOCTPOEHHUH TOBEPUTEIHHBIX HHTEPBAIOB BEIOOPOYHOI yCTOWUIMBOI OlleHKH Xomkeca-Jlemana
mo cpexHuM Yomma. B gactHOCTH, ¢ moMompio MeauaHbsl Xomkeca-JleMaHa perraercs mpo0ieMa MajbIX BBIOOPOK,
MTOJTyYSHHBIX TPH BHIOJHEHNH IPOLIEAYPHI CIBUTA OKHA BpeMEeHHOTO psaaa. [lompodHo paccMaTpuBaeTcs MpeayIoKEHHBIN
METOJI: TAIOTCSI OCHOBHEIC OIIPE/ICIICHISI, TCOPETHYCCKOE 000CHOBaHKE METO/1a, (DOPMYIIBI pacyeTa, MoapOOHOE OITUCAHUE
QJITOPUTMA, IPUBOIATCS (HOPMYIIBI pacueTa METPUKU Ka4eCTBa POrHO30B.

Pesynomamul  uccnedosanun. Meton TNONyYWSl pealM3aldi0 B BBIYUCIUTEIBHOM OSKCIEPUMEHTE Ha MpUMEpPE
MIPOrHO3UPOBaHUs CIOTOBOM 1ieHbl Ha HedTh Mapku Urals. [IpuBeneHsl pe3ynbrarbl BHIYMCIUTENLHOTO YKCIIEPUMEHTA.
[MapameTpbl IPETOKEHHOTO METOIa MOTYT OBITh HACTPOCHBI TaK, YTOOBI TOTYYaTh JOCTOBEPHBIC OTHOIIATOBEIC IPOTHO3EI.
Obcyscoenue u 3axntouenun. 11penoXXeHHBIA METO ] TIOKa3al CBOIO 3()(HEKTUBHOCTS HA HKCIIEPUMEHTAIBHBIX JaHHBIX
Y MOXXET OBITh UCIIOJIE30BaH KaK CaMOCTOSITEIBHBIN CII0CO0 ITOCTPOCHHS OHOIIATOBBIX IIPOTHO30B TCHACHIIUHA Pa3BUTHS
BPEMEHHBIX pA0B. JlanmpHelIee pa3BUTHE METO/Ia MIPEATIONIaraeT YCOBEPIICHCTBOBAHUE BEIYNCIIUTENBFHBIX IPOLIEAYP U

BepI/I(l)I/IKaIII/I}O B CJIy4dac HaJInyus CKa4KOB B JUHAMUKE BPEMCHHOTI'O psja.

Ku1roueBsble ¢j10Ba: NOPsIKOBasl CTaTUCTHKA, ClIydyaiiHas BEJIMYMHA, CIydalHbI{ IIpoLece, MeAMaHa, MeinaHa XomKeca-

J'[eMaHa, MMPOrHO3UPOBAHUE, TPECH, CPCAHAA abcoIIroTHAs OIInOKa.

Jns unTupoBanusa. Muciopa, B. B. IIporanozupoBanve TeHIEHIUNA Pa3BUTHSI BPEMEHHBIX PSJIOB C MTOMOIIBIO OLICHKU
Menuanbl Xomkeca-Jlemana / B. B. Muctopa, E. B. Muctopa // Computational Mathematics and Information Techno-
logies. —2023. — T. 6, Ne 1. — C. 83—89. https://doi.org/10.23947/2587-8999-2023-6-1-83-89

Introduction. There are a large number of methods and methods of forecasting, which use mathematical models
of a random process, and statistical estimates of model parameters, with the help of which the model is configured for
a specific implementation. However, the lack of stationarity in the development of the process makes it impossible to
use one model throughout the entire forecasting period. Small samples, the presence of outliers, and the lack of a priori
information should be added to the non-stationarity. All this does not allow us to find estimates of model parameters that
have good properties of statistical estimates. Such models in which the parameters are not well defined are called models
with undefined parameters. Robust statistics are one of the means that allows to remove uncertainty to some extent in
cases of using small and clogged samples when setting model parameters. Robust statistics are usually understood as
ordinal and sign statistics.

Ordinal statistics are widely used in statistical practice. A deep and extensive theory has been developed for them, both
with finite sample sizes and in asymptotics. Many statistical procedures for estimating parameters and testing statistical
hypotheses are based on the use of ordinal statistics. Scientific monographs and special chapters in books on mathematical
statistics are devoted to ordinal statistics (see, for example, [1, 2, 3]. The proposed approach to predicting trends in the
development of random processes over time is justified by the properties of ordinal statistics.

The study is devoted to the analysis of time series in order to predict the trend of their development over time. The
article develops the idea of forecasting trends in the development of time series proposed in [4] and based on the use of

estimates of ordinal statistics. In [4], a successful attempt was made to predict the behavior trends of financial indices
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using robust statistics, namely the use of median estimates to calculate the measure of dispersion around the sample
center. The article proposes to solve the problems of selecting weighting coefficients and small samples when performing
the procedure for shifting the window of a time series by constructing confidence intervals of a sample stable Hodges-
Lehman estimate based on Walsh averages.

Materials and methods.

A method for predicting the trend of the development of a random process over time.

Consider a time series as an implementation of a random process {Xt, 0 <t < T}. A random sequence {4 < T}
will be obtained using the formula 4, = In(X,/X ), where X is the observed level of the time series. Let’s assume that
X, ,,i=1,2,...,T can be three types of direction of change of a numerical value: falling (—1); maintaining (0); trend growth (1).

The function that will allow you to predict the trend of the behavior of a time series for one time period is based on
the following formula:

-1,6; <0,
Trend, =40, (9: >)& (91 < 0), ()
1,6" >0,

where 0’ and Oi are the threshold variables of the function.
Threshold variables © “*and 0 " for calculating a one-step forecast of the trend in the development of a time series are

proposed to be calculated as the boundaries of the confidence interval of the sample ordinal statistics of random sequences

thyh,,...h, }, i=1,...,T-t+1, where a certain number 1<t<7 determines the width of the window of the time series shift
procedureh,, k=1,...,T.
The values of random variables H ay H e .LH o are called ordinal statistics if they correspond to random variables

included in the sample /, H,,...,H , arranged in ascending order of their values 4, <h Py <h o The statistical properties
of ordinal statistics, both for finite and small sample sizes, and for large sample sizes (that is, in asymptotics), have been
studied in detail and described in the literature [3]. The justification for the use of confidence bounds of ordinal statistics
is the following Statement 1, the proof of which follows from [4, 94].

Consider the general case. Let {H,, H,,....H } be ordinal statistics for the sample {/, H,,...,H }. We denote the
quantile of the level p by hp=F “'(p),0<p<1, where F, (h) is the unknown distribution function of the observed random
variable. The following theorem is valid.

Statement 1. Let two numbers » and s be such that, P(H('_)<hp<H(S)) = 1-2a given confidence probability and an
interval (H,, H ) with random boundaries H, and H  includes an unknown quantile hp: F(p), 0<p<I1. Then the
probability P(H(r)<hp<H(s)) does not depend on the unknown distribution function F, (/).

Let’s choose the sample median as the ordinal statistic for the sample (h)j”_1 ={l, My ... By, }. Then, as an inter-
val estimate for Me(h)?F1 can choose a two-dimensional statistic of the form (h, h), i<I<k<itt-1,i=1,..., N-t+1,
that defines a symmetric interval with a confidence level 1-2a, assuming k = t—/—1+i.

Because

. 11
P(hy<Me(h)"™ " <h)=(1) ¥ Ct=1-2a, 2
1=/

the value of /, according to the Moivre-Laplace theorem, can be calculated by the formula:

1:[0,5{1-+1—ﬁ\11(1—a)}+1}+i,i:l,...,N—r+1. (€)
Note that the sample median is calculated by the formula:

n

1 H,+H , €CJIM 1/2 — 1EeJIoE,
)= 20 & G+

med (H,H,,....H, 4)

n
H(ﬂ), eciu (n+1)/2 — nenoe,
2

where H; is the i-th ordinal statistic equal to the i-th value of the sample series 4 <h,<...< &, ranked in ascending order.
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The procedure of shifting a time series with a window width 1<t<7 can lead to the problem of calculating a robust
median estimate, since estimates are calculated from small samples. In this case, the median estimate may be unstable
and not very accurate.

It is proposed to construct a confidence interval of the median of samples using a stable Hodges-Lehman estimate
based on Walsh averages.

The Hodges-Lehman ordinal statistics on Walsh averages are calculated using the formula [2, p. 103]:

Hy ,=med[(H,+H;)/2], 1<i<j<t )

In formula (5), the median is calculated by formula (4) from the set n(n—1)/2 of Walsh averages (H(l_)+H (],))/2, 1<i<j<r.
The properties of the Hodges-Lehman median /,,_, are well studied and described in detail in the literature [2, 5, 6]. It
should be noted that this estimate is highly resistant to deviations from the normality of the distribution and the clogging
of the sample.

Thus, the application of the Hodges-Lehman estimate leads to the calculation of the sample median on samples whose
volume exceeds 30 if the window width t>9.

To solve the problem of predicting the trend of development of random processes in time, the following algorithm is
proposed.

1. Initialization.

A random sequence {h¢<T}, is obtained using the formula /= In(X, /X _ ), where X, ¢ =1,...,T is the level of the
observed time series.

2. Iteration.

Let some even number 1<t<T determine the width of the window of the time series shift procedure 4, &=1,...,T.
Random sequences (h)jﬂ_l :{h,-, /R } with a one-step shift {4,} at i=1,...,7—t+1 are ordered in ascending
order. For a sequence (h)i:”_l by formulas (2), (3), (4), (5) we construct a confidence interval of the Hodges-Lehman
estimate with a given level of significance a. Threshold variables 6 and 6, get the value of the left and right bounds of
confidence intervals, respectively.

We calculate the trend indicators using the formula (1).

To calculate the forecast error of the proposed method for i=1,...,7-1+1 we obtain the actual trend values of the
dynamics of the time series X ,¢=1,...,T using the following formulas:

-1, X, -X,,<-o,
Trend % —Jo, (X, - X, ,>-0)& (X, - X, <o), ©)
L X, -X,_, >-oc,
where G, = Me(c2 ):H, M€<62 X+T_l is the median of a random sequence

(o) :{(Xi ~Me(X )| (X = M) )2} he Tl

1

3. Stop.

Thus, after implementing the algorithm described above, we obtain two sequences {Trend.},{Trend/*}, of dimensions
L,...,.N—t+1, consisting of elements of the set: {—1,0,1}.

Now we can build an error matrix that shows how well the algorithm determines the trend of the dynamics of the time

series levels. The error matrix is used to evaluate the quality of the algorithm.

-1 1 0
-1 |TP(-1,-1) |FN(-1,0) |FN(-1,1)
0 |FN(,~1) |TP(0,0) |FN(0,1)

FN(1,-1) |FN(1,0) |TP(1,1)

Forecast

Here TP (é, g) is the number of forecasts that correctly determined the trend estimate &, FN (&, g) is the number of
forecasts that incorrectly determined the direction of the dynamics of the time series.
The quality of the forecasts obtained can be determined by the ratio:

accuracy = Zl: TP(};,E_’)/(T—T+1). @)
g=1
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It is also possible to calculate the quality metrics of the proposed method for each of the function values {Trend* }.
For example, the accuracy for predicting falls and growth can be calculated using the formulas:
accuracy() = TP(1,1) / (TP(L1)+ FN(1,0)+ FN(1,~1)). ®)
accuracy(—1) =TP(-1,-1) / (TP(-1,-1)+ FN(-1,0)+ FN(-L1)). ©)
The mean Absolute error (MAE) of the forecast can also be an indicator of the quality of the proposed method for
obtaining one-step forecasts of the trend in the development of a time series.
1 T-1+1 (10)

MAE = —— z Trend, — Trend/ |
T-t+1%3

Research results. For the analysis and testing of the described method, the logarithm of the change in the spot price
of Urals crude oil was selected. For the study, the closing prices of trades on the Moscow Stock Exchange for the period
from 12.07.2018 to 23.02.2022 were taken. The sample size was 946 values. The computational experiment was carried
out using the R statistical programming environment and MS Excel data forecasting and analysis tools.

Omissions in the data on days when trading is not conducted (holidays and weekends) have been restored subject to
the following rules:

— if one day was missed, then the previous day’s closing indicator is assigned to it;

— if two days are missed, then the first day is restored according to the previous paragraph, the second according to
the value of the next day;

— if three days are skipped, the first two days are assigned the value of the previous one, and the third day is restored
according to the value of the next day’s trading closing;

— if 4 days are skipped, the first two days are filled with the value for the previous day, the third and fourth with the
value for the next day;

— if more than 4 days were missed (there are no such long gaps in this study), the data would be restored using linear
(or nonlinear) regression from time.

The resulting series contains 1323 values. Figure 1 shows the graph of the time series.
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Fig. 1. Dynamics of the spot price of Urals crude oil from 12.07.2018 to 23.02.2022 (the price is indicated on the vertical axis)

Figure 2 shows the logarithm of the change in the spot price of Urals crude oil.
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Fig. 2. Logarithm of the change in the spot price of Urals crude oil from 13.07.2018 to 23.02.2022

To implement the described method of obtaining a one-step forecast of the trend in the development of a time series, we
will allocate a time period from 05/23/2020 to 02/23/2022 corresponding to a stationary random process #,, k=1,...,643.

The algorithm was implemented for various values t > 9. Figure 3 shows a graph of the dependence of the MAE error

on the width of the window.
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Fig. 3. Graph of the dependence of the average absolute error of the forecast on the width of the window

The error matrix for T = 9 looks like this.

-1 0 1

| -l 71 35 46
g1 o 50 97 56
S 70 60 149
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Then it is not difficult to calculate the accuracy of the constructed forecast accuraccy = 317/634=0.5, and the accuracy
for forecasts of various directions of oil price dynamics: accuraccy(—1)=71/152=0.467, accuraccy(0)= 97/203=0.478,
accuraccy(1)=149/279=0.53. The highest accuracy of the algorithm for the selected data set corresponds to the forecast of
oil price growth, although there is no significant difference for falling and maintaining the trend.

Discussion and conclusions. The parameters of the proposed method can be configured so as to obtain reliable one-step
forecasts of the direction of development of time series. With the passage of the window width of a certain threshold value,
the forecast error begins to grow. The main computational complexity of the algorithm consisted both in obtaining direct
Hodges-Lehman estimates and determining the boundaries of confidence intervals. The forecast method proposed in the
article based on stable ordinal statistics has shown its effectiveness on experimental data and can be used as an independent
method of constructing one-step forecasts. Further development of the proposed method involves improvements in

computational procedures, verification of the method in the case of outliers and jumps in a random sequence.
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