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ANNIVERSARY OF THE SCIENTIST
IOBUJIEM YUEHOI'O

Valentin Dymnikov, Academician member of the Russian Academy of Sciences, is 85 years old

Valentin Dymnikov, Academician of the Russian Academy of Sciences, Doctor of Physical and Mathematical
Sciences, Professor, turned 85 on November 26, 2023. Valentin Dymnikov is an outstanding figure of Russian science,
a specialist in the field of mathematical models and numerical methods in the field of problems of geophysical hydro-
aerohydrodynamics, ocean-atmosphere interaction. He is responsible for the fundamental development of global models
of atmospheric processes, climate and the creation of a scientific basis for studying the predictability of its changes.

V.P. Dymnikov was born in the village of Yurino, Mari ASSR. In 1955, with a silver medal, he graduated from
the 11" men’s secondary school in Yoshkar-Ola, and in 1961 — the Moscow Engineering Physics Institute. He is
a student of Academician G.I. Marchuk, the last President of the USSR Academy of Sciences, founder of the Institute of
Computational Mathematics of the Russian Academy of Sciences.

V.P. Dymnikov headed the Institute of Computational Mathematics of the Russian Academy of Sciences (now
Marchuk institute of numerical mathematics of the Russian Academy of Sciences) in the period from 2000 to 2010. Under
his leadership, a galaxy of young promising doctors and candidates of sciences has been educated. V.P. Dymnikov is the
author of more than 200 scientific papers, including 15 monographs and textbooks.

He is a member of the editorial boards of a number of authoritative journals: “Izvestia RAS. Physics of the Atmosphere
and Ocean”, “Reports of the Academy of Sciences”, “Russian Journal of Numerical Analysis and Mathematical
Modelling”, “Ecological Bulletin of the Scientific Centers of the Black Sea Economic Cooperation”, member of the
publishing council “Synergetics”.

V.P. Dymnikov is a member of a number of international scientific committees and commissions, in particular, the
International Commission on Dynamic Meteorology, the Steering Scientific Committee of the international TOGA
program (Tropical Ocean and Global Atmosphere), the steering scientific committee of the World Climate Program.
Member of the American Meteorological Society. In 2004, he was clected a member of the European Academy of
Sciences. V.P. Dymnikov was awarded the Order of Honor, is a Laureate of the State Prize of the Russian Federation.
Awarded the A.A. Prize. Friedman RAS for a series of works on the theory of large-scale atmospheric processes and
climate theory.

The editorial staff of “Computational Mathematics and Information Technologies”, colleagues of Valentin Dymnikov
cordially congratulate the dear and deeply respected hero of the day on his 85" birthday, wish him good health, new ideas
and creative achievements in the field of computational mathematics, solving problems of climate and geophysical hydro-
aerohydrodynamics, great human happiness!
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Brief information about the main scientific achievements
of Academician of the Russian Academy of Sciences V.P. Dymnikov

The academician obtained fundamental scientific results in a number of areas of modern geophysics and mathematical
modelling. In the field of transfer of humidity fields in the atmosphere, he investigated the microphysical processes of
adaptation of humidity and cloud fields, formulated a new equation for the transfer of these fields, and also proposed
methods for solving it, solved the problem of parametrization of torn clouds, proposed a method for parametrization of
wet convection, etc.

Under the leadership of V.P. Dymnikov, a fully automated weather forecasting system for a limited area was developed
and put into operational practice. The works carried out under his leadership together with a specially created laboratory
at the Hydrometeorological Center of Russia were accepted in 2007 for implementation into the operational practice of
Roshydromet.

In the field of the theory of hydrodynamic stability, he solved the problem of the development of baroclinic instability
in the atmosphere in the presence of condensation, and investigated the problem of approximation by spectrum. The
problem of symmetry of Lyapunov exponents for regular systems with Rayleigh friction, the problem of instability of
zonal-asymmetric atmospheric flows, etc. is studied.

V.P. Dymnikov proposed and justified a dynamic-stochastic equation to describe the low-frequency variability
of atmospheric circulation and investigated the relationship of the singular vectors of the dynamic operator with the
eigenvectors of the covariance matrix, investigated the most correlated distributions of ocean surface temperature and
atmospheric circulation characteristics.

In the field of numerical methods for solving differential equations, a method for constructing absolutely stable
difference schemes for atmospheric hydrothermodynamics equations is proposed, which has an exact analogue of the
quadratic law of conservation of energy based on the symmetrization of the original system of equations. A method for
constructing difference schemes with a given set of integral conservation laws based on the use of conjugate equations is
proposed.

Under the leadership of V.P. Dymnikov, original global models of the general circulation of the atmosphere, zonal-
averaged models of the general circulation of the atmosphere and the ocean were developed, and a number of important
results on modelling the modern climate and its changes were obtained.

A new direction in climate theory has been formed — the mathematical theory of climate, the basis of which is the
study of the structure of the attractors of climate change models, their stability and sensitivity to changes in parameters.
The structure of the attractors of atmospheric models is investigated, the dissipation-fluctuation relations are applied to
construct the operator of the response of models to small external influences, which makes it possible to investigate the
sensitivity of a real climate system.

The applicability of conjugate equations of nonlinear hydrodynamic systems for the construction of known integral
conservation laws is investigated and proved, new conservation laws are obtained. A method for constructing optimal
excitation of large-scale components of atmospheric circulation is proposed, a problem of potential predictability of the
first kind is formulated and a method for solving it is proposed based on the reduction of a dynamic system to a dynamic-
stochastic one.

Under the leadership of V.P. Dymnikov, a global mathematical model of the world-class climate has been developed at
the INM RAS, which makes it possible to assess future climate changes based on joint interactive models of the general
circulation of the atmosphere, ocean, cryosphere and land. As part of the project to create a model of the Earth system,
original models of the upper atmosphere and ionosphere have been developed. In order to introduce the developed models
into operational practice, V.P. Dymnikov organized an ionosphere modeling laboratory at the E.K. Fedorov Institute of
Applied Geophysics.

V.P. Dymnikov is the head of the leading scientific school “Mathematical Modelling of Climate”, supported by
a grant from the President of Russia. On the initiative of Academician V.P. Dymnikov and under his scientific guidance,
since 2001, a school of young scientists “Computing and information technologies in environmental science” has been
regularly held in various cities of Western Siberia. He has trained 8 doctors and 12 candidates of sciences. The scientist is
the head of the seminar “Mathematical modelling of geophysical processes”, co-head of the seminar “Global changes in
the natural environment and climate”.



Comp ional Mathematics and Information Technologies. 2023;7(4):9-21. eISSN 2587-8999

COMPUTATIONAL MATHEMATICS
BBIUYUCIUTEIBHASA MATEMATUKA

UDC 519.6 Original article

https://doi.org/10.23947/2587-8999-2023-7-4-9-21

Two Dimensional Hydrodynamics Model with Evaporation
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Abstract

Introduction. The use of two-dimensional (2D) hydrodynamic models is relevant, despite the development of numerical
methods of marine hydrodynamics focused on the use of three-dimensional spatial models. This is due to the modelling
of hydrodynamic processes in shallow and coastal systems in solving practically important problems of predicting
the transport of pollutants in suspended and dissolved forms. Evaporation for the Southern of Russia marine coastal
systems (the Azov Sea, the Northern Caspian, etc.), and even more so in the coastal areas of the Red Sea, is a significant
factor that affects not only the balance of water masses, but also makes changes in the momentum of the system and
the distribution of the velocity vector of the aquatic environment. This effect is significant for coastal currents and
shallow-water systems.

Materials and Methods. The traditional method of converting the terms of the Navier-Stokes equations containing
differentiation by horizontal spatial variables was used, involving the rearrangement of differentiation operations by
horizontal spatial coordinates and integration by vertical coordinate when constructing a spatially two-dimensional model
of hydrodynamics of marine coastal systems when integrated by vertical coordinate. This made it possible to avoid the
appearance of non-physical sources of energy and momentum in the spatially two-dimensional model, which can be
essential in traditional 2D models with significant depth differences characteristic of coastal systems. The implementation
of the analogue of the law of conservation of the total mechanical energy of the system for the constructed 2D model is
investigated.

Results. Using the correct transformation of the 3D model (integration of the Navier-Stokes equations and continuity
along a vertical coordinate, taking into account evaporation from a free surface), spatially two-dimensional models of
hydrodynamics are constructed, for which the basic conservation laws, including mass and total mechanical energy of
the system, are fulfilled. The implementation of an analogue of the law of conservation of total mechanical energy for
various types of boundary conditions, including at the bottom, is investigated. The evaporation from the free surface
is correctly accounted for not only in the continuity equation, but also in the equations of motion taking into account
wind and waves.

Discussion and Conclusion. 2D model of hydrodynamics has been constructed and studied, taking into account
evaporation not only in the mass balance equation (continuity), but also in the Navier-Stokes equations of motion. The
proposed model can be used for predictive modelling of hydrophysical processes, including the spread of pollutants
in the aquatic environment of coastal systems and shallow reservoirs in relation to marine systems such as the
Azov Sea, the Northern Caspian Sea, coastal areas of the Red Sea, etc. Spatially two-dimensional models of marine
hydrodynamics, without replacing three-dimensional models, can serve as a model basis for operational forecasting of
situations in coastal systems and shallow-water objects using computing systems with relatively low performance and
a moderate amount of RAM (5-10 Tflops, 2—4 TB, respectively).

Keywords: Coastal Systems, Evaporation, 2D Hydrodynamics Models, Mass Conservation Law, Mechanical Energy
Conservation Law

Financing. The study was supported by the Russian Science Foundation grant No. 22-11-00295.
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AHHOTaN NS

Bgeoenue. HecMoTps Ha pa3BUTHE YHCICHHBIX METOAOB MOPCKOM THIPOJMHAMHUKH, OPUCHTUPOBAHHBIX HA UCIIOIb30Ba-
HHUE MPOCTPAHCTBEHHO-TPEXMEPHBIX MOJENeH, MPUMEHEHNE IBYMEPHBIX THIPOJMHAMHYCCKUX MOZAETIEH MO-TIPEKHEMY
ocTaercs akTyanbHbIM. [Ipexkae Bcero 3To kacaeTcsi MOAETUPOBAHUS THAPOANHAMUUYECKUX MPOLECCOB B MENKOBOAHBIX
U NPUOPEXKHBIX CHCTEMaX MPH PEIICHUH MPAaKTHYECKH BaXKHBIX 3371a4 MPOTHO3WPOBAHUS TIEPEHOCA 3arps3HSIOIINX Be-
IIECTB BO B3BELICHHOH M pacTBOpeHHOH (opmax. McnapeHue 11 MOPCKUX MPHOPEKHBIX CHCTEM, PACIIONararolIiXcs
Ha FOre Poccun (A3oBckoe mope, CeBepubiii Kacnmii n np.), a Tem Oonee B mpuOpekHBIX paiioHax KpacHoro mops,
SIBJISIETCSI CYIIECTBEHHBIM (DaKTOPOM, KOTOPBIM BIIHMSET HE TOJIBKO Ha OanaHC BOXHBIX MacC, HO M BHOCHT W3MEHEHHMS
B UMITYJILC CHCTEMBI U pacipeieieHHe BEKTOPa CKOPOCTH BOAHOW cpenbl. DTOT 3P deKT 3aMeTeH [yisi MPUOPEKHBIX Teue-
HUH ¥ MEJIKOBOJHBIX CHCTEM.

Mamepuanst u memoodst. B nannoii paboTe pu OCTPOSHUH IPOCTPAHCTBEHHO-IBYMepHO# (2D) Moaenu rupoqnHaMu-
KM MOPCKHX NMPHOPEKHBIX CUCTEM IIPH MHTETPUPOBAHUH 110 BEPTUKAJILHOM KOOPJMHATE HE MPUMEHSIACH TPAJULIMOHHAS
MEeTOoAMKa ITpeoOpa3oBaHus WieHOB ypaBHeHUi HaBbe-CTokca, conepxkamux AnpGepeHpoBaHme o TOPU30HTATBHBIM
MIPOCTPAHCTBEHHBIM IIEPEMEHHBIM, TIPEAIIONAraroas IepecTaHoBKy onepaiui auddepeHnrpoBanus 0 TOPH30HTATb-
HBIM TIPOCTPAHCTBCHHBIM KOOPAMHATaM M WHTEIPHPOBAHKE 10 BEPTUKAJIBHON KOOpAWMHATE. JTO MO3BOIMIO M30€XaTh
TIOSIBJICHHS B TIPOCTPAHCTBEHHO-IBYMEPHOH MOJEH HE(YUINUECKIX UCTOYHUKOB SHEPTHU U UMITYJIbCA, KOTOPbIE MOTYT
UMETh CyLIECTBEHHOE 3HAYCHUE B TPAIMLUUOHHBIX 2D-MoOEISIX NMpH 3HAYMTENBHBIX Nepenaaax NIyOuH, XapaKTepHBIX
JUISL IPUOPEIKHBIX CUCTEM. JIOTIONHUTENBFHO B PabOTE MCCIIEN0BAHO BBHIIIOJIHEHNE aHAJIOTa 3aKOHA COXPAaHEHUsI MOITHON
MEXaHHYECKON SHEPTUH CUCTEMBI U IOCTPOEeHHOH 2D-Monenn.

Pezynoemamut uccnedosanusn. C OMOIIBIO KOPPEKTHOTO npeoOpa3zoBaHus 3D-Moznenn (MHTErpUpOBaHUS YpaBHEHUH
Hagbe-Crokca 1 Hepa3pbIBHOCTH 110 BEPTUKAJIBHON KOOPAWHATE C YUYETOM MCIApEHHs CO CBOOOAHOM MOBEPXHOCTH) IMO-
CTPOEHBI MPOCTPAHCTBECHHO-ABYMEPHBIE MOAEIH THAPOANHAMUKH, IJISI KOTOPHIX BBIIOJIHSIOTCS OCHOBHBIE 3aKOHBI CO-
XpaHEHHs, B TOM YHCIIE MAcChl M MOJHOW MEXaHW4ECKOH 3HEprHu CHCTeMbl. lMcciaenoBaHO BBIMOMHEHHE aHAora 3a-
KOHA COXPaHEHUS MOJHOW MEXaHMYECKOM 3HEPruM Ul PA3INYHBIX THIIOB IPAHUYHBIX YCIOBUH, B TOM UYUCIIEC Ha JTHE.
BrinonHeH KOPPEKTHBIH y4eT MCHapeHHs cO CBOOOAHOW MOBEPXHOCTH HE TOJNBKO B YPaBHEHHWH HEPa3pbIBHOCTH, HO
U B yPaBHEHHSX JBIKCHUS C YIETOM BETPa U BOJIH.

Oécyscoenue u 3axniouenue. IloctpoeHa U HccieoBaHa JByMEpHasl MOJENIb THAPOJMHAMUKH, YIUTBHIBAIONAs UCIIa-
peHne He TOJIBKO B ypaBHEHHH OanaHca Macc (HEpa3phIBHOCTH), HO M B ypaBHeHHsX 1BrkeHns (HaBve-Ctokca). IIpen-
JIO)KEHHAs! MOJIEJIb MOXKET OBITh MCIOJIB30BaHa JUISl TPOTHO3HOTO MOJIETUPOBAHMS THAPO(U3NUECKUX MPOLIECCOB, B TOM
YHCIIE PACIPOCTPAHCHUS 3arpsI3HSIONINX BEIIECTB B BOAHOW CPEAe MPUOPEKHBIX CHCTEM M MEIKOBOIHBIX BOJOEMOB
MIPUMEHUTETHHO K TaKUM MOPCKHM CHCTeMaM, Kak A3oBckoe Mope, CeBepublii Kacmuii, mpubpexnsie paiionsr Kpac-
HOro mMops u Ap. IIpocTpaHCTBEHHO-ABYMEPHBIE MOAEIN MOPCKON T'MAPOIUHAMUKH, HE 3aMEHSS TPEXMEPHBIX MOJE-
JIeH, MOTYT CIIYy)XHTh MOJEJIbHOM OCHOBOM JUIs ONEPaTHBHOTO NMPOTHO3WPOBAHUS CUTYallMil B MPUOPEKHBIX CHCTEMax
1 MEJIKOBOZHBIX OOBEKTAX C UCTIOIb30BAHUEM BBIYNCIUTEIBHBIX CHCTEM C OTHOCUTEIIBHO HEBBICOKOM MPOU3BOANTEIHHO-
CTBIO H YMEPEHHBIM 00beMoM oneparuBHOM mamsth (5—10 Tdmoric, 2—4 T cooTBETCTBEHHO).

KrodeBble cjioBa: mpuOpeKHbIE MOPCKUE CHCTEMBI, HCIapeHue, 2D-Monenu TruapoIuHaMHUKH, 3aKOHBI COXPAHEHHMS
MaccChl U ITOJTHOM MEXaHUYECKOW SHEPTUU
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Introduction. The use of 2D hydrodynamic models is in demand despite the development of numerical methods of
marine hydrodynamics focused on the use of three-dimensional spatial models, the use of two-dimensional hydrodynamic
models remains in demand [1—4]. First of all, this concerns hydrodynamic processes in shallow and coastal systems
when solving practically important tasks of operational forecasting of the spread of pollutants in suspended and dissolved
forms, the movement of sediments and sediments. Evaporation for Southern Russia marine coastal systems (the Azov Sea,
the Northern Caspian, etc.), and even more so for coastal areas of the Red Sea, is a significant factor that affects not only
the balance of water masses, but also makes changes in the momentum of the system and the distribution of the velocity
vector of the aquatic environment. This effect is very noticeable for coastal currents and shallow-water systems [5—8]. The
aim of the work is to construct a conservative spatially two-dimensional hydrodynamic model for which the laws of
conservation of mass balance and total mechanical energy are fulfilled, taking into account the evaporation of water from
the free surface of a water body.

Coastal systems are characterized by high intensity of movement of the aquatic environment, large depth differences,
a complex shape of the coastline, and in some cases — the presence of various hydraulic structures. Industrial pollution
causes the greatest harm to water resources [9—10]. As a result of the activities of coastal enterprises and the navy,
polychlorinated biphenyls, heavy metals, surfactants, easily oxidized organics, polyaromatic hydrocarbons, etc. enter the
water. Waste from the petrochemical and oil refining industries is particularly dangerous. Oil pollution is one of the most
harmful and intractable emergencies [11-12].

Evaporation is an important process in most oil spills. Light oil changes very dramatically from liquid to viscous. In
conditions when the boundary layer of air is stationary (there is no wind) or has low turbulence, the air directly above the
water is quickly saturated and evaporation slows down [13]. When the wind speed increases, the evaporation rate increases
significantly and is a non-linearly dependent function of wave height. In this paper, a relatively simple evaporation model
is used, which allows us to take these effects into account.

Another feature of the obtained spatially two-dimensional models of hydrodynamics is the consideration of the fact
that the operations of differentiation by spatial variables in horizontal directions are not, as shown by A.I. Sukhinov,
commutative with respect to the operation of integration along a vertical spatial coordinate. In the case of coastal systems,
where there is a significant difference in depth, an arbitrary change in the order of these operations, performed for the
“convenience and simplicity” of obtaining spatially two-dimensional equations of motion of the aquatic environment, can
lead to the appearance of fictitious, physically unreasonable sources of momentum in the Navier-Stokes equations. The
method of constructing two-dimensional equations of motion proposed by the authors makes it possible to exclude this
negative effect.

Materials and Methods. To simulate the hydrodynamic process with evaporation in an open water area, the equations
of conservation of mass, momentum and energy describing the transfer of both liquid and gas phases are used. A rectan-
gular Cartesian coordinate system is introduced. The axis Oz is directed opposite to the direction g from some point on
the undisturbed surface of the liquid, the axis Ox is to the east, the axis Oy is to the north. Since the contribution of the
centrifugal force is = 0.2 % of the contribution of the gravitational force of attraction to the Earth, the angle 3 between
the vector of the angular velocity of rotation of the Earth and the vertical Oz can be considered complementary to /2 the
latitude of the place.

Results. Let’s perform the integration of the 3D continuity equation in the derivation of the 2D model of hydrodynamics

U, +v, +w =0
and the 3D Navier-Stokes equations

u) + (u2 )’x + (uv)’y + (uw)'z =—p'p.—¢ +np" (u’v'v +ul ul, )+ 2Q (vsin9 —wcos 9),

v+ (uv),x + (vz )’y +(w) - =—p'p, —¢) +np” (v;’x +v), +v;’z)— 2Qusin 9,

!

W+ (uw) » + (vw)’y + (w2 )’z =—p 'pl-¢.+np” (w;'x + Wi+ Wl )+ 2Qucos 9
for viscous (in linear approximation) incompressible (density ) liquid rotating at an angular velocity
Q=0 (jcos I+ksin9),
where i, j, k are the unit orts; u=u (x, y,z, 1), v=v (x,y, z, ), w=w (x, y, z, t) are the components of the liquid velocity

vector at point (x, y, z) at time ¢; p is the total hydrostatic pressure; ¢ is the gravitational potential; 1 is the first viscosity
coefficient in a homogeneous gravity field Vo = —g = —gk = const; p =p_ (x,y, #); is the atmospheric pressure,
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p=p,T+pg&—2), Vp= g(C;i + C’yj _k), —h<z<§&,where E=E& (x,),z) is the elevation of the level of the free surface
of the liquid with respect to the undisturbed state;

h=h(x,y, z) is the height of the liquid column under the undisturbed surface.

Substituting the expressions for the gravitational potential and pressure into the 3D Navier-Stokes equations, we
obtain:

’ ' r_
u +v,+w =0,

! ' '
'

u + (uz)x +(uv) y +(u )Z =—gC’ —p! (pa ),x +np ! (u;'x +u;',y +ul )+ 20 (vsin9 —Wwcos 9),
v, + (uv)'x + (v2 ),y +(vw),z =gl —p_l( . ),y +np” (vzx +V VL )— 2Qusin g,

W+ (uw) . + (vw),y + (w2 ),z =np” (wi’x +wy W )+ 2QucosY.

We integrate the obtained equations along the vertical coordinate z from — to & taking into account the relations for
differentiable functions f=f(x,y,z ), =& (x,y,0), h=h(x,, ?):

jﬂ&=[iﬁ%t—ﬂd+ﬁGM%

¢

jﬂ&={fﬁ%x—ﬂg+ﬁ0%9,
¢ 4 '
jﬂﬁ:{jw%y—ﬁg+ﬁkal

¢

[ fidz= 1.~ 1.

where f=1(x,y, &, 1), f,=f(x,y,—h, ), are the values of the function fon the surface and bottom, respectively
We obtain the following equations:

(U ~u, ~uyh )+ (7 =v, L = vkt )+ (w, —w, ) =0,

’ ’

¢ ¢
U —u,l —u,h)+ {J.uzdzJ c—ull —uphl |+ [J‘uvdzJ y—uyv . —uvh + (W, —u,w, )=

~h ~h

’ ’

’

9
H
=—gHC, ~(p,)  + 2 [
p p

¢
J.u;dsz—(u;)SC;—(u;)bh; + [Iu;dz]y—(u'y)sC;—<u_'V)bh; +

—h

+((), = (), )+ 29V sin® - cos 9), (1)

’ ’

¢ ¢
v, —v,C —v,h)+ [Iuvdz c—u v o—uv b |+ [Ivzdz v =V -V, +(v,w, —v,w, )=

~h ~h

’ ’

4 4
! H ¢ ! ! ! ! ’ ! ’ ’ !’ ’
= —gHCy —?(pa)y +£ J‘vxdz} X —(vx )SCX —(vx )bhx + [vadzJ v —(vy )SC}, —(vy )b hy +
—h —h

+((v)), =(v1),)-2QU sing,

2

’ ’

¢

¢
W —w,C —w,h')+ (Iuwdz} c—uwl —u,w bl |+ [vadz} y=vwl —vwh |+
ot

—h
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!

+ )= {iw;dz]x—( D0~ {jwdzJ 1,8 = 0w ), 1 [+

+((w!), =(w)), ))+2QU cos$, )

9 ¢ ¢
wheree U = J.udz, V= IVdZ’ W = | wdz; is the full depth.
—h b

By rearranging the terms, we get:
U + V}f + (— ul - vSC’}, +w, )— (ubh; + vbh; +w, ): 0,

¢ ¢
U/ +[J.u2dzJ x +[J.uvdzJ v —ux(C; +u . +v,C, —wv)—ub(ht' +u, b+ v, b, +Wb):

~h ~h

=_ch;+”((Ur —ul —uh! )x+(U’V—uSC'y—ubh’v)’y)+(FS)x+(F,,)X+ZQ(Vsin9—WcosS),
; , ,

¢ ¢
V;-{Iuvdz] x +[J.v2dz] y C, +ul +vC, —w, ) vb(htl+ubh),r +vyh, +w,,):
h

—h

’ ’

¢ ¢
o). ot 0505 bt st
h

—h

= ﬂ((W; -w.' —wh! )’x + (Wy' -w,', — wbh; )(y)"l' (Fv )Z + (Fb )Z +2QU cos 9,
p

where the boundary viscous stresses on the surface of the liquid are attributed to the friction force of the wind on the
surface
£ = (7)), )= (0 (o ) 6~ ) € ), )i
+(— Hp™ (o, )+ (00,0 - 0 €+ 02), ))J'+ (oo~ (- 02,2 - 0t ) 5+ 002,

and viscous stresses at the bottom are attributed to the friction force on the bottom
By = (7 )i+ (7), 3+ (R k= o (- G = ) = (), Ji+
(00,8 =00 ) 8+ 00), )i+ 00), 80 =00 ), €+ (1), Ji).

Taking into account the kinematic conditions on the surface and bottom

! ! _ -1
—u G =V AW =G op T w kv, b+ w, =~k

where wp™' is the layer of liquid evaporating per unit of time, we get

, ®
H +U +V +—=0.
) b
P
The following empirical equation was used to determine the evaporation rate from a unit area:

o (%j —e(p, -P,),

where P _is the vapor pressure of saturated air, mbar; P, is the partial pressure of water vapor at a given temperature and
humidity, mbar; e is the empirical coefficient, g/m*h/ mbar, which depends on the intensity of spray formation in the pool.

Consider the two-dimensional problem of determining the evaporation rate from the surface of water when air moves
at a constant speed at wind speed ¥, air humidity £, air temperature 7, water temperature 7. The evaporation rate from
the surface of the pool W is determined in g/sec/m? (Fig. 1).

13
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\% @,T,

L

Fig. 1. The boundary between water and air

Let us determine the empirical dependencies for calculating the evaporation rate according to the formula based on the
unit area based on experimental data:

_(4+B-¥)(P-0-P)

= . ,
where P is the saturated steam pressure at water temperature; P is the saturated steam pressure at air temperature; r is
the heat of vaporization (r, = 2.2582 J/kg at normal atmospheric pressure); 4 and B are empirical constants. The spread
of evaporation rates across different sources is +100 % —80 %.

There are a number of standards that give similar results in the middle of this range: WMO (1966) USSR, Sartori (1989),
McMillan (1971), etc. According to the WMO standard (1966) of the USSR, the coefficients 4 = 0.0369, B = 0.0266. It
should be noted that the evaporation rate calculated according to the specified standard for /= 0 m/s is consistent with
the evaporation rate determined according to the VDI 2089 standard for a fixed (undisturbed) surface, with an accuracy
of 10-15 %.

Calculations can be performed in both laminar and turbulent formulations with calibration of the Schmidt number S,
and the turbulent Schmidt number Sc,. This number is calibrated depending on the difference in water and wind speeds in
the area of the interface between the media. Based on the available tools of the STAR-CCM hydrodynamics package, the
velocity in the interface area can be determined as

V,=VV.G'",
where V'V is the velocity gradient determined from the current velocity field; G' is the characteristic cell size calculated
from its volume. The dependence of the turbulent Schmidt number on the velocity in the interface region for predicting
the evaporation rate on waves. For example, with a wave height of 1.5 m, a length of 10 m, and a speed of 3 m/s, we get:

Se,(V,) = (0333 V" + 6.667 V, +3)-3.5.

The above formula is used to predict the evaporation rate in the presence of waves. We do not consider further
refinement of the evaporation process and will continue to obtain a 2D model:

¢ , ¢ '
U[+(J‘u2d2] x +[Iuvdz] v +%us =—gHC' +%((U;’x —-u " —u,h! ) ( ;'y u, C'}',y —ubh;',y))+

—h —h

)2 )+ ). -

|=

(0. ) j}m(ms W coss),

’ ’

g
Vt +{Iuvdz} x +[J.v dzJ v +9vs = —gHC'y +ﬂ((V£x v —vbh;)+(Vv'; —vsg;‘, —vbh;'y))—i-
p p ’ ’

—h

o), C)jJr[(Fb)y—ﬂ(( A )J 20U sing,

p

{03
+{j;uwdzJ r{jvwdz} + 20, —g((W” —w = w )+ —wi g =kt )+
+((Fv) (( )t +(w) j [ B+ (w,) JJ+ZQUCOSC
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Isolating in derivatives
() =00, + ()80 () = (), = ()
(1) =), + 002 () =), = (),

of complex functions f=/1(x,y,&, 1), 0, f, =f(x,y,~h (x,y,?) t) terms having the form and dimension of viscous stresses,
therefore, changing continuously when crossing the boundaries of the “atmosphere — liquid” and “liquid — bottom”
interface, and attributing them to the generalized forces of friction of wind on the surface F and liquid on the bottom

F,”, we obtain: ®
H{+U +V +—=0,
p

! ’

¢ ¢
U, +Uu2dz] x +qudzj e +%us =—gHC' +g((U;’x +U;y)—us(§;’g +(;;y)—ub(hfx +h;y))+
—h —h

#(F7), +(F), +29 (7 sin® —w cos9), @
m[}..% , {i&] R . A AR BEARN 3
«(77), +(F7), —20Usins, (5)
o Jt] o e+ 20203 5 )l )

+(F) ( )+2§2UcosS (6)

B = (), () o+ ) g+ ), (e + 0 ))) i
T c+(i)yc 0.+ e i+
I (A R | (< 1Y
R =(7), o), ( )h # ), 0+ P i
+(<> o (), 12+ )+ 60, ()2 )i+

+(7). o (001, 2 +(w; )b i+ w0, ()74 (2,

they are equal in magnitude and directed opposite to the forces acting from the side of the column of liquid on the column
of atmospheric air above it and the section of the bottom below it. The terms that change abruptly when crossing the
boundaries of the “atmosphere — liquid” and “liquid — bottom” interface are left to the account of the forces of internal

where

viscous friction.

In case of
Wcos 9 << Vsin 9

the solutions of equations (4) and (5) do not depend on the solution of equation (6), which we exclude

H[+U;_+Vyf+2=0, (7
p

’ ’

¢ 4
U/ + (J.u dz}x-i—(juvdz}y—i-ﬂuY —gHC' +— (AU u A —u, Ah)+
p

—h —h

+(F*)X +(Fb*>x +2QV sin 9,

K

’ ’

¢ ¢
| S R
p p
—h —h

«(77), +(F7), —20Usins, @®)

K

15
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where A= 07/ Ox* + 0%/ 0y* is two-dimensional Laplace operator.
C.C.C,C:

uv’ uw’

Introducing coefficients C

uu’ w?

¢ g ¢
j u’dz=C, H'U?, Iuvdz =C, H'UV, jvzdz =C,H'V?, u=CH'Uv,=CH'V,
—h —h ~h

equations (7)—(9) can be rewritten as

H]+U.+V] +(o0/p)=0,
UL C U7 1)+ (Cuv 1)+ (ofp)C U/ )= ~gHE, +(n/p)(AU ~C, (U/H)AG -, ah)+

+(F7) +(F)), + 207 sin9,

Ve (CLUV Y (L 1)+ ofp)C 1/ H) = ~gHE, + (1/p) AV ~C,(7/H)AC-v,h)+
(7)), +(Fy), ~20Usins. ©)

K

Due to the Cauchy-Bunyakovsky inequality, there are the following restrictions for the coefficients C, and C,

2 ¢ 4
U :(J.udz] <H[wdz=C, 21, V* =() < Hj-vzdz:> C, =1,
“n Zh

—h

and due to the positive semi-definiteness of the quadratic form

Hi(u—v)zdz:H[j

—h —h ~h

¢ ¢
uzdz—2juvdz+ J‘vzdzJ =C, U =2C, UV +C, V7?20,
—h

— restriction for c,
c<Cc C

The next stage of the study is to obtain and analyze the balance equation of total mechanical energy with certain

simplifications.
When C =C =C =1 forasimplified model, we get:

v

H+U.+V] +(0/p)=0,
U (U8 )+ UV HY s +(ofp)C (U H) = —gHT. + (n/p)AU - C, (U H)AL — uyAk)+

+(F7), +(F)), +297sin9, (10)
Vv a7 1)+ /o) )= ~gHE + (nfp)AY —C, (7] H A v, Ah) +
+(77), +(F7), ~20Usins. (11)

The law of conservation of total mechanical energy is fulfilled — the sum of the potential energy in the resulting
gravity field and the positive definite quadratic form of the integrals U and V, acceptable as an estimate of the kinetic
energy of a column of liquid.

Multiplying (10) by U/H:

U+ UIH)U* B+ IR0V H) s+ ofp)C (U 1)+ 2UE, =
= (n/p)U/H)AU - C, (U/H)A - u,an)+ (U H)(F), +(F) ), )+ 202sin $(UY /H),
multiplying (11) by V/H:
W+ )01+ @] 1) 0 ), +(ofp) € 1)+ g, =
= (/) /H) AV =, (7 H e —v,am)+ (7 HN(E?), + (7)), )-20sin 9(uv /)

and taking into account the ratios

;= o)) + v /e,
V1) = o).+ en i,
o u). = er )+ (/o fem)).,
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/s Yov ), =02 er v+ (/)0 en))..
v/mYor/a) .= )em ot +(v/m) /).,
viara), =0 er v+ (v (em).,

we will get

(vl (oo o).+ (o o) s oo N vosv s ool 2)
+{ofp)C, 1D/ + o W)~ cUt)-

=(n/p)U/H AU = C,(U/H)A —u,Ah)+ (UJHN(F? ), +(F; ), )+ 2Qsin$(UV/H),
2 /er)). + (/v /em)). + (v /mfem) « 2 er o+, + v + @)+ (13)
+(o/p)C,-1/2)V/H) + g((Vc)'y - CV’) =
= /o)y /H YAV —C, (7 H)A - v,an)+ (P ENES), + (7)), )-2Qsins (UV/H).
Adding (12) and (13), we come to
(v +r2Yem) (v «r* e el (/o + v Yem)s e, +
+(o/(pH))(2c, -1+ @c, - )7 aH)-gtU: +7;)=
= (n/oNU/H)AU + (] H)AY = (C, (U] HY +C,(7/HF We~ (U7 H Yy (7 H o, i)+

Ol )+ () r(E7), + (), )y

Above the fixed (4, = 0) bottom is performed
- gt(Ur+17)= e + (/o) = (6 - 1*)r2). + (e (o1 gt =

= (gH(c=)/2). + o/ o et (- )2+ gH* 12).

As a result, we come to an equation that is an analogue of the equation of the balance of total mechanical energy in
differential form

(K+11)+ (U/H)K+T1+ P)) « + (7/H YK + 11+ P)) , + (o/ (0B )YIT + P)+ (14)
+(o/eH))(2C, -1 +(2C, -1 )(2H) =
~ (/WO AU+ ()Y =(C, (U1 +C. (V[ HY W= (] 1), + ), Joh)+

+ (U((F: )x + (F b )x )+ V((F: )y + (F b )y »/ H,

where K= (U*+V?)/2H),1=gH (- h)/2,P=gH?* 2,11+ P=gHE.
For a positive function E = E (x, y, f) > 0, satisfying the transfer equation

E'+(U/HE'+(VIHE'=0,
equation (4) is also valid for generalizing estimates of kinetic energy

K=E-(U*+V?/(2H).
If we consider the boundary 0G of the region G to be fixed then

j j (K+n)'tdxdy=[” (K+H)dxdy] .

using the Green function

I K((U/H)(K +11+P)) .« +((V/HK + 11+ P)), jdxdy - §(K +T1+ P\Udx ~ Vay )/ H =

17



18

A.L Sukhinov et al. Two dimensional hydrodynamics model with evaporation for coastal systems

= §(K+H+P)(Ui+V,n)dl/H,

oG

”((U/H)AU+(V/H)AV)dxdy=

= f(VK.n)ar - ”HQ v(U/EY + v H ) ey ([ j (K/H)AHdxdy,

oG

where n is the external normal to the boundary 0G of the region G and assuming C, = C, = C, we obtain the balance
equation of the analogue of the total mechanical energy of the liquid in integral form:

’

U J' (K + H)dxdy] + §(K +T1+ P)Ui + Vjn)dl/ H + J' I (/(pH)(2C = 1)K + IT + P)dxdy= (15)

- (n/p)[ (VK,n)di- IHQV(U/H]Z v HY )dxdy— (2c-1) I I (K/H Aldxdy +

G G

+ [/ Hu,+ /1, ))Ahdxdy] +
+ IJ.(U((F: )x + (Fb* )x )"‘ V((F: )y + (Fb* )y ))dxdy/H_

If the conditions of «sticking» are met on the bottom surface

v =w =0,

ub b b

then the term
Ij((U/H)ub +(V/H)v,)Ahdxdy=0
G
there is no balance equation (15), and above the bottom surface, which is a harmonic function
Ah=0 (16)

there is also no term

J I (K/H )Ahdxdy =0

G

and the model
C;+U‘;+V;+(m/p):0 or H,'+U)'(+V;+(co/p)=0, (17)

(U3 /a).+ O], + ofo)CU]H) = ~gHE, + (nfoXaU - CU/HNG)+ (18)
+ (F)x + (Fb)x +2QV sind,

s

ViV [H) o+ 1)+ (ofp)oW H) = ~gHE, +(nfp)Xar - C(v /A + (19)
+(£), +(F), —20Using

s

turns out to be strictly dissipative due to the action of internal viscous friction forces.
The corresponding (17)—(19) system of equations in averaged values of velocities # =U/H and v = V/H will have
the form:

¢+ (Hir) « + (H9) s +(0/p) =0 or H!+(Hir) .« +(H7) s +(o/p)=0. (20)

() + (72 ). + () , + (ofp)CT = —gHT, + (n/p)A(HE) - CTAL)+ @1
+(F7). +(F)), + 208V sing,

(HV)’, + (HW) + (HVZ 'y +(o/p)Cv =—gHC,, +(n/p NA(HV)- CVAG)+ 2)
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+(F7), +(F7), - 20Hsin 9

K]

or, by virtue of the continuity equation:

¢+ (Hir) « + (V) s +(fp)=0 or H!+(Ha) «+(H¥) , +(ofp)=0, 23)

) + i, +vit, +(o/p)C ~ 1)/ H)=—gC, + (n/(pH )\ A(Hu ) - CizAL)+ 24)
+(£7), +(F7). ) H + 205 sins,

v, +itv, + 9, +(o/pNC -1/ H)=—gC, + (n/(pH )A(HY)- CVAL)+ (25)

((F), +(#y), ) 1~ 200 sins.

s

Other spatially two-dimensional hydrodynamic models of coastal systems and shallow waters can also be obtained.
Introducing simplifications

g ’ C ’ g ’ C r
I u'dz— H(UJH) J' uydz— H(U/H) . [vidz— HV/H)., jv;dz S HV/H),
~h ~h —h —h

at stage (1)—(3) and reasoning similarly to the above, we come to the following model
G +UL+V]+(/p)=0, (26)
U+ (U H) 4 VY + @fp)CW] H) = ~gH, +<n/p>[(H<U/H> SN ]
+(F7), + (7)), + 20V sins, @7

VUV [H . H), ol 1) =gt +<n/p{(H<V/H>’xj! +(H<V/H>’y)}j ‘

+(77),+(F7), 20U sin8

s (28)
or in averaged values of velocities
H! +(HT) <+ (HY), +(ofp)=0, (29)
7, + 5+ (ofp O~/ 1) ==+ o) () + 1 )+
+((F), + (7). ) 1 +29¥sin9, (30)
v, + v, + 7V, +(0/p)C - 17/ H )= gt + (n/(pH)) ((HV; )+ (1, )'y)+
((#7),+ (), )1 - 203 sin9, a1

taking into account the equalities and assuming that the analogue of the total mechanical energy balance equation is
fulfilled

[ J'[(U/H) [{H(U/H)'X)Ix n (H(U/H),y)’yj +(v/H) [(H(V/H),x)'x + (H(V/H)’yj'yﬂdxdy -

- §H(V(K/H),n)dl—J.J-HQV(U/HY +|V(V/H)|2)dxdy,

in the form

!

[ J' I (K + n)dxdyJ + f(K +T1+ PYUi+Vj,n)dl/ H +” (/(pH))(2C = 1)K +TT + P)dxdy =

=(n/ p){ r(VK/H)m)ai- [[ 1 (Vw/a) + V7B ddy— (20 -1) [ (K/H)A(;dxdyj ;
([0 ) (0), + ), e

G

Another family of models can be obtained by leaving on account of the forces of internal viscous friction only the
terms that do not interfere with obtaining a balance equation with strict dissipation of the analogue of the total mechanical
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energy of the system due to the action of internal viscous friction forces and transferring the remaining terms to the
evaporation intensity, where an excess type term is added (under the surface of the liquid convex upwards) or insufficient
(under the surface of the liquid convex downwards) Laplace pressure:

(U3 1), + OV, +ofp) CUJH) =g, + (/XU —(1/2YU H)AH)+ (32)
( ) (b*) +2QVsind,

UVIHY (721, + (ofp) COJH) =g, + (nfp)AY - (112001 )H) +

+(F), +(F7), —2QUsins, (33)
H+UL+] +(ofp) —(n/p)(1-2C) ')A - an)=0

07+ (ofo) ~pl(1- (o) Jag- (20 an)=o.

The equation of the analogue of the total mechanical energy balance for the model (32)—(34) differs from (15) by
replacing (®/p) with

(/o) - /o)1~ ()" Jarr— ah)= (/o) ~(n/p){(1-(20) - (2) ). (34)

In the course of the work, a two-dimensional model of the hydrodynamic process was constructed and studied, taking
into account the essential features of coastal systems, based on the balance of mass, energy and momentum. The proposed
model can be used for predictive modeling of hydrophysical processes, including the spread of pollutants in the aquatic
environment of marine and coastal systems.

Discussion and Conclusion. The peculiarity of the obtained spatially two-dimensional models of hydrodynamics
takes into account the fact that the operations of differentiation by spatial variables in horizontal directions are not
commutative with respect to the operation of integration along a vertical spatial coordinate. In coastal systems, where
there is a significant difference in depth, an arbitrary change in the order of these operations, performed to obtain spatially
two-dimensional equations of motion of the aquatic environment, can lead to the appearance of fictitious, physically
unreasonable sources of momentum in the Navier-Stokes equations. The method of constructing two-dimensional
equations of motion developed by the authors makes it possible to eliminate this negative effect, and maintaining the order
of operations ensures that evaporation from a free surface is correctly accounted for not only in the continuity equation,
but also in the equations of motion taking into account wind and waves.
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MATHEMATICAL MODELLING
MATEMATUYECKOE MOAEJIUPOBAHUE
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Mathematical Modelling of Dust Transfer from the Tailings
in the Alagir Gorge of the RNO-Alania
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Abstract

Introduction. Mathematical modelling of the aerodynamics of mountain gorges is an actual means of studying possible
man-made emissions in various meteorological conditions that increase the transfer of pollutants in the direction of
densely populated areas. Aerodynamics and climatic conditions are unique for various mountain gorges. This requires
a separate study for each specific case. The paper studies the distribution of dust aerosol from the Unal tailings dump,
located near the village of Verkhny Unal (Alagir Gorge, RNO-Alania, RF), with south and south-easterly winds. With
these wind directions, the dust of the tailings dump is carried by air currents in the north direction, towards Alagir. The
aim of the study is to obtain a forecast for the surface concentration of dust with an increased content of lead, zinc and
other elements near densely populated areas of the flat part of RNO-Alania.

Materials and Methods. The model takes into account the terrain, surface wind roses and dust deposition processes. The
calculations were carried out for the case of neutral stratification and without taking into account the influence of seasonal
factors using a mathematical model previously published by the authors.

Results. The model prediction of the dust concentration distribution obtained from calculations is shown. The frequencies
and amplitudes of oscillations of unsteady jet streams in the cross section of the Alagir gorge are analyzed. Based on the
data of satellite sensing of the Earth’s atmosphere, the frequency of winds leading to the transfer of dust in the direction
of densely populated areas is estimated.

Discussion and Conclusion. The Unal tailings dump is a source of pollutants and over many years of its existence, soil
contamination can be significant. Field studies of the soil in the Alagir area and, possibly, measures for its reclamation
are necessary.

Keywords: mountain ravine, dust, mine tailings, mathematical model, complex terrain
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MaremaTu4eckoe MOAEJUPOBAHNE PACTIPOCTPAHEHHS NIBLJIM OT XBOCTOXPAHHUJIMILA
B Asarupckom ymejabe PCO-Ananus

E.C. Kameneuknii , A.A. Paguonos 3, B.IO. Tumuenko , O.C. IlanastoBa

IOxHbIT MaTeMaTHdeckuii HHCTUTYT BrannkaBkaszckoro HaydHoro neHTpa PAH,
Poccuiickas ®enepanns, r. Bnagukaskas, yn. Batytuna, 53

™Maar200772@mail.ru

AHHOTAIHA

Beeoenue. Maremarnaeckoe MOISIUPOBAHUE a3POJMHAMHUKN TOPHBIX YIIETHH M BO3MOXKHBIX TEXHOTEHHBIX BBIOPOCOB
B Pa3JIMUHBIX METEOPOIOTHUECKUX YCIOBHAX, OCOOEHHO YBEJIIMUMBAIOLIMX IIEPEHOC 3arps3HSIONINX BEIIECTB B HAIPaB-
JICHUH TYCTOHACEIECHHBIX PAHOHOB, ABISCTCSA aKTyaJbHBIM CPEICTBOM HCCIIEIOBAHUS 3TUX MPOLECCOB. A3pOANHAMUKA
1 KIIMMaTH9eCKUE YCIIOBUS YHUKAIBHBI ATl Pa3IMYHBIX TOPHBIX YIIENNH, 4TO TpeOyeT MPOBEeICHNUS OTAEIBHOTO HCCIIEN0-
BaHMS IS KXKJJOr0 KOHKPETHOTO citydas. B pabote paccMmarpuBaeTcs pacipocTpaHeHHE BUIEBOTO ad3po30iisi OT YHAJb-
CKOTO XBOCTOXPaHWININA, PACHIOIOKEHHOTO BOIM3K nocenka Bepxauit YHan (Anarupcekoe ymense, PCO-Ananus, PO),
B CIIy4ae BOSHUKHOBCHHS IOXKHBIX M FOTO-BOCTOYHBIX BETPOB. IIpH 3THX HampaBieHUsIX BETpa MbUTh XBOCTOXPAHWIININA
MIEPEHOCUTCS TEUEHUSIMH BO3/JyXa B CEBEPHOM HaIPaBJIeHUY, B CTOpoHY Anarupa. llensro uccnenoBaHus ABisieTcs Moiy-
YeHHE TMPOTHO3a JJIS IPU3EMHOI KOHIIEHTPAIMH MBIIH C TIOBBIIICHHBIM COACP)KaHHEM CBUHIIA, ITMHKA U IPYTUX AIIEMEH-
TOB BOJIM3U I'yCTOHACEIICHHBIX PalfOHOB paBHIHHON YacT PCO-Amnanus.

Mamepuanst u memoost. Monenb yuuThIBaeT JaHAMA(T MECTHOCTH, IPU3EMHBIE PO3bI BETPOB U MPOLIECCHI OCAKACHUS
MBUTH. BBIUUCIeHNS TPOBOAMIINCH IS CITydasi HEHTpaabHOM cTpariuduKaluy 1 0e3 ydera BIUSHUS CE30HHBIX (JaKTOPOB
C HCTIOJIb30BaHUEM MaTeMaTHYECKONH MOJIENH, PaHee OMyOINKOBaHHON aBTOPaMH.

Pesynomamul uccnedoganus. BrIoIHEH MOAETBHBIN NPOrHO3 pacHpeAeeHrs KOHIeHTpauuu neuid. [Ipoananusupo-
BaHBI YaCTOTHI ¥ aMIUTUTYIB! OCIMJUIALNI HECTAIIMOHAPHBIX CTPYHHBIX TEUEHUI B MONEPEYHOM CEUEHHH AJIarHpCKOro
ymenbs. Ha oCHOBE TaHHBIX CITy THUKOBOTO 30HANPOBAHUSI 3¢ MHOW aTMOC(EpHI OLIEHEHa OBTOPSIEMOCTh BETPOB, IPHBO-
JAIIUX K EPEHOCY MUY B HAIIPABJIEHUH I'yCTOHACEJIEHHBIX PaliOHOB.

Oécyscoenue u 3aKniouenue. YHaIbCKOE XBOCTOXPAaHHUIIHIIE SBISETCS NCTOYHUKOM 3arpsI3HSIONINX BELIECTB U 3a TOJbI
€r0 CYyIIECTBOBAHMS 3arpsiI3HEHUE ITOYBBI MOXKET OBITH 3HAYNTEIBHBIM. ABTOPaMH CJIENIaH BBIBOJ O HEOOXOIMMOCTH TO-
JIEBBIX UCCJIEOBAaHUM MIOYBHI B pailoHe Anarupa 1, BO3MOXKHO, IPUHSTUS MEp 110 €€ PEeKyIbTUBALIHN.

KiaioueBrnle ciioBa: TOPHOC YHICIIbE, IblJIb, XBOCTOXPAHUJINIIC, MaTEMATUYCCKasd MOJCIIb, CIIOXKHBII pem,e(b

Jas untupoBanusi. Kameneuxwuii E.C., PaguonoB A.A., Tumuenko B.1O., [TanastoBa O.C. Maremaruueckoe MOJEIUPO-
BaHHUE PAaCIpPOCTPAHEHHUS ITBUTH OT XBOCTOXpaHIIHIIa B AnarupckoM yiense PCO-Ananns. Computational Mathematics
and Information Technologies. 2023;7(4):22-29. https://doi.org/10.23947/2587-8999-2023-7-4-22-29

Introduction. Tailings contain fine-dispersed waste from mining and processing plants, which, as a rule, are stored
in an open manner and enter the atmosphere of mountain gorges in the form of a dust aerosol. Often, meteorological
measurements are not carried out in full in mountain gorges or are not available at all, and the available data are insufficient
to predict the distribution of pollutants (SV). This disadvantage can be partially eliminated by using mathematical
modeling and data from weather satellites. The experience of using mathematical modeling taking into account the data
of remote sensing of the Earth is given in [1-4].

The study of the atmosphere of mountainous territories using mathematical modeling is carried out for a wide range
of tasks [3—11]. In [5—7; 11-13] modern mathematical models, solution methods and basic laws of aerodynamics of
mountain gorges are presented. Due to the multifactorial nature of aerodynamics [7], idealized gorges are often modeled
and simplified synoptic conditions are considered [5—6; 8].

The dispersion of dust aerosol in mountain gorges and in flat areas differs [12—13]. In addition, each mountain gorge
has a unique climate and aerodynamics, for the study of which a detailed mathematical model must include many arrays
of initial data, boundary conditions and weather conditions, which is extremely resource-intensive and often faces a lack
of necessary data.

In [3—4], a mathematical model of a mountain gorge is used, which does not require detailed input data, but takes into
account the main factors: the mountain landscape of the area, surface wind roses, dust deposition processes, atmospheric
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turbulence. Standardized algorithms for solving hydrodynamic equations of the OpenFOAM computational package
implementing the finite volume method are used.

The authors consider the removal of SV from the bowl of the Unal tailings pond of the Sadon lead-zinc combine,
located in the bend of the Ardon River near the village of Unal (Alagirsky district, RNO-Alania, RF), in the Alagir gorge,
the Northern part of the Caucasian ridge, at 42.862 s. w. and 44.145 v. d., at an altitude of about 1700 meters above sea
level. The width of the gorge near the tailings dump reaches 3000 m, the height of the slopes is 2570 m. The tailings dump
was created more than 50 years ago and contains about 2.6 million tons of tailings, which contain 0.21 % wt. Pb, 0.32 %
wt. Zn, as well as other elements. Reclamation measures significantly reduce dusting processes, however, a significant
amount of dust is contained on the slopes of the gorge and in the soils near the tailings dump. The results of field studies
of tailings content on the slopes of the gorge from the Unal tailings dump are devoted to works [14—16].

The conditions of separation of dust aerosol particles from the surface obtained in experiments are presented
in [17—18]. The determining factors are the strength of the wind and the turbulence of the atmosphere, and the distribution
of dust deposited on the slopes is determined by the topography and the wind rose. In [8—9; 19-23], mathematical
modeling of aerodynamics and dust propagation is used for real problems.

In this paper, synoptic situations associated with easterly and southeasterly winds over the Alagir gorge are considered,
in which dust from the tailings dump spreads in a northerly direction, towards Alagir (RNO-Alania). The occurrence of
unsteady jet streams that carry dust in a northerly direction is discussed.

Materials and methods. The mathematical model used, presented in [3—4], is a fairly simple and workable tool useful
for estimating the concentration of polluting substance (PS) in the mountain atmosphere. The comparison of forecast
values and field measurement data showed satisfactory accuracy sufficient for practical applications.

Research results. Sixteen calculations were carried out with different boundary conditions for wind at the upper
boundary of the calculated area with a step of 22.5°: north, north-north-west, north-west, etc. In each calculation, the
aerodynamic fields and the concentration of PS from the model source located in the bowl of the Alagirsky Gorge tailings
pond were calculated. As a result of averaging and rationing of these calculations, the average concentration of PS is
obtained, given in [3]. The normalized PS concentration fields obtained for the south-east, south-south-east and south
directions of the external wind are shown here. In other calculated cases, the SV is moved not towards Alagir, but in
the direction of sparsely populated areas, reaching which the concentration of PS decreases below the MPC (indicated
according to the Federal Law of the Russian Federation “On Sanitary and Epidemiological Welfare of the population”
No. 52-FZ of March 30, 1999).

Figure 1 a shows the concentration of SV obtained by calculating the south-easterly wind direction; Figure 1 b shows
the south-south-easterly wind; Figure 1 ¢ shows the south wind; Figure 1 d shows a topographic map of the calculated
area exported from the computational grid. The location of the source is marked with a white circle; the values 0 < C<0.1C
are shown, where C_is the concentration near the source. The triangle marks the southern suburbs of Alagir. The
normalization used in [3] was applied. In the areas marked in blue, the concentration exceeds the value of 0.1C__ .
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Fig. 1. Forecast maps of the concentration of polluting substance (PS): a — south-easterly wind;
b — south-south-easterly wind; ¢ — south wind; d — heights.
The x-axis is directed to the east, y — to the north; the reference point is chosen on the topographic map arbitrarily,
near the tailings dump

Fig. 1 shows the predicted value of the concentration of PS on the slopes of the Alagir gorge and in the area of the
gorgers exit to the plain near Alagir for synoptic situations in which the concentration of PS will be maximum. The
concentration of PS 0.1C__, shown in Fig. 1, exceeds the MPC (for lead and zinc) by 2—3 times.

Fig. 1 a shows that the concentration of PS on the slopes of the gorges tracks the topography of the surface: the dust
aerosol spreads along the axis of the gorge, and is also captured by areas of increased turbulence and carried by the wind.
Fig. 1 illustrates the spread of PS to the northeast with a southerly wind, with only a small number of them falling into
the suburbs of Alagir. For the south-ecastern and south-south-eastern cases near Alagir, the number of PS is reached,
exceeding the MPC by 2—3 times for both lead and zinc.

1. Jet streams. The propagation of PS along the gorge is determined not only by the external wind, but also by the
jet stream, which occurs in a direction perpendicular to the cross-section of the gorge. In all calculations, a geostrophic
approximation is used, in which a balance is maintained in the free atmosphere between the pressure drop and the Coriolis
force, which makes it possible to calculate stationary air flows over a flat surface. Inside the cross-section of the gorge,
this balance is disturbed, as a result, an air flow is formed inside the gorge with a power depending on the baric gradient.

For example, in Fig. 2 and the profile of the northern component of the wind speed (perpendicular to the external wind)
above the tailings dump for the case of an easterly wind is given. The northern component of the wind speed directed
along the gorge reaches a value of 1.5 m/s, while the wind over the gorge does not have a northern component. In Fig. 2 b
for the same case, the spatial distribution of the northern component of wind speed is presented. At the exit of the gorge,
the jet stream turns to the west under the influence of an external wind. In almost all calculated cases, a similar jet stream
occurs, inside of which the source PS is located, which changes the pattern of their scattering, which spreads mainly to
the north or south along the gorge.

2. Pulsation frequencies of jet streams. At the point of the computational grid located above the tailings dump, all
calculated fields were recorded after each time step. The analysis of these data showed that the flow over the tailings dump
in most calculations is non-stationary under constant boundary conditions. For the southeast wind, the frequency is 0.0005 Hz

and the pulsation amplitude is =0.18 m/s; for the southeast — 0.00024 Hz and ~0.07 m/s, respectively; for the south wind —
0.00037 Hz and = 0.06 m/s.
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Fig. 2. Jet stream in the Alagir gorge: @ — profile of the northern component of the wind speed over the tailings dump;

b — spatial behavior of the jet stream (view from the south of the Alagir gorge in the area of the tailings)
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Fig. 3. Frequencies and amplitudes of oscillations at a point located above the tailings

dump at a height of about 20 meters: a — frequencies and b — amplitudes of oscillations

Fig. 3 shows the frequencies (Fig. 3 a) and oscillation amplitudes (Fig. 3 b) obtained as a result of 16 calculations
for different wind directions at the upper boundary, at a point located above the tailings storage at an altitude of about
20 meters. It can be seen that the frequencies (Fig. 3 a) are elongated along the northern direction close to the direction of
the gorge axis, and the largest pulsation amplitudes (Fig. 3 b) are located in the north-northeast direction coinciding with

the gorge axis, as well as in the east and south-east directions when jet currents arise.
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Probably, such slow and small changes in wind speed inside the gorge do not lead to noticeable changes in the transfer
of PS. In the case of a north-northeast wind, the oscillation occurs in 15 minutes at 0.25 m/s, which leads to the appearance
of dust clouds, increased turbulence and increased air removal from the gorge.

3. Wind rose. Wind roses and wind strength by direction, based on satellite measurements of atmospheric characteristics
provided by the European Copernicus Global Monitoring System (EuMetSAT and Sentinel weather satellites) [24—25] and
measurements provided by the NASA weather satellite system (GEOS, Terra, Aqua) [26] for 20 years of measurements,
are given in [4] (Fig. 2). The differences observed there can be attributed to the discrepancy of the areas (about 10x10 km
or more for different weather satellites) for which measurements are provided, as well as the averaging time of these
measurements.

Based on the available data, it is possible to draw conclusions about the repeatability of the synoptic situations
considered in this paper: the repeatability of the south wind is 15.0 % according to Copernicus (ERA-5 reanalysis model)
and 10.1 % according to NASA (MERRA2 reanalysis model); south-east — 10.4 % and 3.3 %, respectively; south-south-
eastern — 20.9 % and 5.2 %. Thus, the synoptic situations under consideration occur quite often, their total repeatability
is 46.3 % according to Copernicus and 18.6 % according to NASA, and their consequences need to be analyzed and
monitored.

The accuracy of the wind rose obtained from 16 computational experiments for 16 directions of the external wind and
the wind rose measured by a weather station located in the Alagir gorge near the Unal tailings dam was compared. This
comparison is described in [4] (Fig. 3) and shows satisfactory agreement with the exception of southern winds, which are
more winds in the model rose. Both the shape of the wind rose and the repeatability of the other wind directions practically
coincide.

Discussion and Conclusion. The results obtained show that the Unal tailing dump is a source of dust containing soil
pollutants. During the existence of the tailing dump, pollution can become very large-scale, as a result of which field
studies of the soil in the Alagir area are required, as well as measures for its reclamation.
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Abstract

Introduction. Mathematical modelling of currents is an urgent research topic in the field of hydrodynamics and
oceanography. Despite ongoing research in the field of developing accurate and efficient numerical methods for solving
Navier-Stokes equations that take into account vortex viscosity, the problems of accurate prediction and control of
turbulence remain unresolved. The influence of nonlinear effects in vortex viscosity models on the accuracy of forecasts
and their applicability to various flow conditions also remains relevant. The aim of the study is to study the influence
of linearized and quadratic bottom friction and two turbulence models on the numerical solution of stationary and non-
stationary periodic flows. Special emphasis is placed on comparing numerical results with analytical solutions within the
framework of using various models of bottom friction.

Materials and Methods. The computational models used in this study are based on a simplified two-dimensional
wave model and full three-dimensional Navier-Stokes equations. The classical model of shallow water motion and
the 2D model without taking into account dynamic changes in the geometry of the reservoir surface are derived from
a system of equations for a spatially inhomogeneous three-dimensional mathematical model of wave hydrodynamics of
a shallow reservoir. Analytical solutions were found by linearization of the equations, which obviously has its limitations.
A distinction is made between two types of nonlinear effects — nonlinearities caused by higher-order terms in the equations
of motion, i. e. terms of advective acceleration and friction, and nonlinear effects caused by geometric nonlinearities, this
is due, for example, to different water depths and reservoir widths, which will be important when modelling a real sea.
Results. The results of modelling stationary and non-stationary periodic flows in a schematized rectangular basin using
linearized bottom friction are presented. The influence of linearization on the numerical solution is investigated in
comparison with analytical profiles using models calculating bottom friction in a quadratic formulation. In combination
with quadratic bottom friction, two turbulence models are studied: the constant vortex viscosity and the Prandtl mixing
length model. The results obtained as a result of three-dimensional modeling are compared with the results of two-
dimensional modelling and analytical solutions averaged in depth.

Discussion and Conclusion. New approaches to modelling and studying flows with variable vortex viscosity are
proposed, including analysis of the influence of linearization and the use of various turbulence models. For the linearized
and quadratic formulations of bottom friction, it is proved that the numerical results for the case of stationary flow show
great similarity with analytical solutions, since the surface height is much less than the water depth and advection can
be neglected. The numerical results for the unsteady flow also show a good agreement with the theory. Unlike analytical
solutions, numerical modeling has minor deviations in the long run. The study of flows, within the framework of using
various turbulence models, will make it possible to take into account the influence of nonlinear effects in vortex viscosity
models on the accuracy of forecasts and their applicability to various flow conditions. The results obtained make it possible
to better understand and describe the physical processes occurring in shallow waters. This opens up new possibilities for
applying mathematical modeling to predict and analyze the impact of human activities on the marine environment and to
solve other problems in the field of oceanology and geophysics.

© E.A. Protsenko, S.V. Protsenko, 2023
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AHHOTaLUA

Beeoenue. Maremarnueckoe MOJCTUPOBAHNE TEUCHHUH SBISIETCS aKTyaJIbHOW HCCIIEOBATENbCKOW TEMOH B 0OIacTw
THIPOAMHAMHMKH M OkeaHorpaduu. HecMOTpsi Ha HEmpeKpallaroIrecs UCCICAOBaHu B 001acTH pa3pabOTKH TOYHBIX
1 3Q(EeKTHBHBIX YUCICHHBIX METONOB Ul pelieHus ypaBHeHni Hapbe-CTokca, yUHTHIBAIOUIMX BUXPEBYIO BSI3KOCT,
3aJla4ydl TOYHOTO TPEICKA3aHUs U KOHTPOJIS TypOYJICHTHOCTH OCTAIOTCSI HEPEIICHHBIMU. Takke aKTyaIbHBIMU OCTAIOTCS
BOTIPOCHI BITUSTHUS HEIMHEHHBIX 3P ()EKTOB B MOJIEIAX BUXPEBON BA3KOCTH HA TOYHOCTH MIPOTHO30B U HX MPHUMEHUMOCTH
K Pa3IMYHBIM YCIOBHAM TedeHus. Llenpio necneqoBaHus ABISCTCS H3YyUCHNE BIUSHIS TMHSAPH30BAaHHOTO U KBaJApaTHy-
HOTO JIOHHOTO TPEHHS U IBYX MOZAETeH TypOyJIeHTHOCTH Ha YNCICHHOE PelIeHNe CTAIINOHAPHBIX M HECTAIIMOHAPHBIX T1e-
pI/IO)II/I‘IeCKI/IX TC'—IGHI/Iﬁ. OCOGBII\/’I AKIICHT CACJIaH Ha CpaBHeHI/II/I YUCJICHHBIX peByJ'[I)TaTOB C aHAJIMTUYCCKUMHU peH_IeHI/IS[MI/I
B paMKax HUCIIOJIBb30BaAHUA pa:umtmmx MO}I@J’ICIZ JOHHOI'O TpeHl/Iﬂ.

Mamepuanvl u Mmemoosl. BeraucnurenbHble MOJIETH, PUMEHSIEMbIE B 9TOM HCCJIEIOBAaHUM, OCHOBaHbI Ha YIPOLICH-
HOHM ABYMEPHOH BOJIHOBOM MOJENIN U MOJHBIX TpexMepHbIX ypaBHeHUsIX HaBbe-Crokca. Knaccuueckast Moaenb ABHxe-
HUSL MeNKOH Bombl U 2D-Momens 6e3 ydera THHAMHYECKOTO M3MEHEHHs TeOMETPHH MOBEPXHOCTH BOJOEMA ITOTyYEHBI
W3 CUCTEMBbI YPABHEHHUH [UIsl IPOCTPAHCTBEHHO-HEOJHOPOJHON TPEXMEPHON MareMaTHUECKON MOZIETN BOJIHOBOM THIpO-
JUHAMHUKHW MCJIKOBOJIHOT'O BOAOCMA. AHaHI/ITI/I‘IeCKI/Ie pGHIeHI/IH 6I)IJ'II/I HaﬁIIGHI)I HyTeM JmHeapmauI/m ypaBHeHHﬁ, qTo0,
O4YCBHUIHO, UMCCT CBOU orpaHquHym. HpOBOZlI/lTCSI pasnwme MC)K}Iy HeHHHeﬁHOCTﬂMH, BBI3BAHHBIMU YJICHAMU 60.]166
BBICOKOTO TOPS/IKA B YPABHCHUSX JABIDKCHHSA (T. €. WICHAMH aJIBEKTUBHOTO YCKOPCHUSI ¥ TPEHUS ), H TCOMETPUICCKUMHU
HEJNMHEHHOCTSIMH, CBS3aHHBIMH, HAIPUMEp, C PA3IMIHON TITyOMHON BOIBI M IIMPHHOW BOAOEMa, UYTO OyIeT BaXKHO TpH
MOJIEITNPOBAHHUHU PEaTHHOTO MOPSI.

Pesynomamul uccnedosanus. IIpencrapieHsl pe3yasTaTsl MOICIMPOBAHHS CTAIIMOHAPHBIX M HECTAIIMOHAPHBIX IIEPHO-
JMUYECKUX TEYCHUH B CXEMAaTU3MPOBAHHOM MPSMOYTOJILHOM OacceifHe ¢ MCIOIb30BaHUEM JIMHEAPHU30BaHHOTO JOHHOTO
TpeHus. VcciienoBaHo BIMSIHUC JTUHEAPU3AIMY HA YUCIICHHOE PEIICHUE B CPABHCHUU C aHAJIMTUYCCKUMU MPOQUISIMHU,
HCTIIONB3YIOMIMMHU MOJIEITH, PACCUUTHIBAOIIIE IOHHOE TPCHHUE B KBaIpaTHUHOU (hopMynupoBke. B coueranuu ¢ kBampa-
TUYHBIM TPCHHUEM O JTHO U3YYarOTCs JBE MOIEIH TypOYICHTHOCTH: IMOCTOSTHHAS BUXPEBAs BSI3KOCTh M MOJENb JTHHBI
nepeMemmBanus [Ipanarna. PesynsraTel, ONMydYeHHBIE B Pe3yiabraTe TPEXMEPHOTO MOIEITHPOBAHISI, CPaBHHBAIOTCS
C pe3ynbTaTaMy IByMEPHOTO MOACIHPOBAHUS U aHATUTHYECKUMHE PEIICHUAMH, YCPETHEHHBIMH I10 TITyOHHE.
Oodcyscoenue u 3akniouenue. IIpenoXeHbl HOBBIE MOIXOIBI K MOJEITUPOBAHUIO U UCCIICIOBAHUIO TEUCHHUM C TIEpEeMeEH-
HOUW BHXPEBO BA3KOCTBIO, BKIIIOUAs aHAJIU3 BIMSHUS JIMHEApH3aLluK U UCIIOJIb30BAaHHUE PA3IMUHBIX MOJeIeil TypOyIeHT-
HOCTH. [[)1s MMHEapU30BaHHON U KBaIPATUIHON (hOPMYIUPOBOK JOHHOTO TPCHUS JTOKA3aHO, YTO YUCICHHBIC PE3YIBTAThI
JUTS CITy4asi CTAIIHOHAPHOTO TEUCHHS AEMOHCTPHUPYIOT OOIBIIOE CXOICTBO C AaHANUTHICCKUMH PEIICHUSMHE, TI0CKOIBKY
BBICOTA TIOBEPXHOCTH HAMHOTO MEHBIIIE TTyOWHBI BOJBI M aJIBEKIIHEH MOXKHO MpeHeOpedb. YNCIeHHBIE Pe3yabTaThl IS
HECTAIIMOHAPHOTO TEYEHHS TAKXKe MOKA3BIBAIOT XOPOIIee COOTBETCTBUE TEOPHH. B OTIHUYME OT aHATUTHYECKUX perie-
HUHI YUCJIICHHOC MOJICIII/IpOBaHI/IC HUMECT HC3HAYUTCIIBHBIC OTKJIIOHCHHS B )IOJ'IFOCpO‘IHOf/'I HepCHeKTHBe. I/ICCHCI[OBaHI/Ie
TG‘-IGHI/Iﬁ, B paMKax UCIIOJIb30BAHU S pa3m/1qu1x Moaeneﬁ Typ6yﬂeHTHOCTI/I, IIO3BOJIUT OCyIIJ,eCTBl/ITI) yqu BIIUSIHUS HEC-
JMUHEHHBIX 3P (PEKTOB B MOJEISIX BUXPEBOM BA3KOCTH HA TOYHOCTH MIPOTHO30B U UX MPUMEHUMOCTH K Pa3InYHBIM YCIIO-
BHAM TeueHHs. [1oydeHHBIC pe3yabTaThl ITO3BOJISIOT JIyUIlIe MTOHAT M OMUCATh (PU3UICCKHE MPOIIECCHI, TPOUCXOISIINE
B MEJIKOBOIHBIX BOJOEMaX. DTO OTKPHIBAET HOBBIC BOSMOXKHOCTH IPHMEHEHHS MAaTeMaTUIeCKOTO MOIEIUPOBAHUS IS
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MIPOTHO3UPOBAHUS U aHAIN3a BO3ACHCTBUS YEIOBEUECKOM JICITENbHOCTH Ha MOPCKYIO CPEAy U AJIsl PELICHUs] JPYTHX 3a-
Jia4 B 00J1aCTH OKEAHOJIOTHU U Te0()U3UKH.

KioueBble cJI0Ba: THAPOIUHAMUKA, MEIKOBOHBIM BOJOEM, BOTHOBOE JIBUYKEHHE, YMCIIEHHOE MOJICTIMPOBAHHUE
duHancupoBanme. lcciaenoBaHue BBIMOJHEHO 3a cueT rpaHta Poccuiickoro Hayuynoro ¢onma Ne 23-21-00210.
https://rscf.ru/project/23-21-00210/

Jas uutupoBanus. [Iponenxo E.A., [Iponenko C.B. Maremarnieckoe MOIEITHPOBAHIE CTATMOHAPHBIX U HECTAIIMOHAP-
HBIX IEPUOANIECCKUX TEUEHHUH C UCTIONb30BAaHNEM PA3INYHBIX MOJeNel BuxpeBoil Bsskoctu. Computational Mathematics
and Information Technologies. 2023;7(4):30-38. https://doi.org/10.23947/2587-8999-2023-7-4-30-38

Introduction. Mathematical modelling of flows is an important and relevant tool for scientific and engineering
research, allowing to identify possible risks, optimize processes and investigate complex physical phenomena that are
difficult or impossible to study experimentally. The application of the mathematical modeling method makes it possible
to study the main characteristics of currents: velocity, pressure, concentration, temperature, which cannot be measured
directly. For example, modeling can help predict the spread of pollution in water systems or determine the optimal flood
control strategy.

Many scientists are engaged in flow research using various models of vortex viscosity. The analysis of studies [1—10]
related to the development of numerical methods aimed at solving the Navier-Stokes equations for complex periodic
flows in the field of turbulence and fluid dynamics suggests that modeling stationary and nonstationary periodic flows
remains an important scientific and applied problem.

Despite the successes in this direction — the development of more accurate and efficient numerical methods for
solving Navier-Stokes equations that take into account vortex viscosity (these methods allow for more accurate modeling
of complex flows, such as the flow around bodies with a high degree of vortex activity), there are also unsolved problems.
This includes, for example, accurate prediction and control of turbulence. The influence of nonlinear effects in vortex
viscosity models on the accuracy of forecasts and their applicability to various flow conditions also remains relevant.
Such models make it possible to obtain a more accurate and realistic description of the behavior of the fluid flow. This is
especially important when studying turbulent flows, where vortex viscosity is one of the key factors influencing the nature
of fluid movement. Modelling of such flows makes it possible to refine the parameters of vortices, determine their effect
on other physical processes and develop methods for controlling or controlling the flow.

The use of various vortex viscosity models makes it possible to take into account flow features such as flow geometry,
the presence of obstacles, changes in density or viscosity. Each vortex viscosity model has its limitations and its choice
depends on specific factors and modeling goals. Comparing the results obtained using different models allows them to be
refined and verified, as well as to draw more accurate conclusions about the behavior of the flow.

Materials and Methods. The computational models used in this study are based on a simplified two-dimensional
wave model and full three-dimensional Navier-Stokes equations.

A spatially inhomogeneous three-dimensional mathematical model of wave hydrodynamics of a shallow reservoir
includes [1]:

— Navier-Stokes equations of motion:

’

1 ’ ’ ! !/ !
’ r ’ r ’
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— continuity equation: (2

! ’ ’ ’
pt + (pu)A + (pv)y + (pw)z = O’
where V = {u, v, w} is the water flow velocity vector; p is the density of the aquatic environment; P is the hydrodynamic
pressure; g is the acceleration of gravity; u, v are the coefficients of turbulent exchange in horizontal and vertical directions;
n is the vector of the normal to the surface describing the boundary of the computational domain.

2D mathematical model of the motion of the aquatic environment is based on 3D model and includes:

— Navier-Stokes equations:
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— continuity equation (for incompressible fluid): u/+ v;+ w'=0;
— equation of hydrostatics: P =pg (z +§).
In the hydrostatic case, the continuity equation has the form [11, 12]:

0, +(Hu) '« +(Hv), =0,
where 0 = min (y, §); H=h + 0, & is the depth of the reservoir.
From the developed system of equations, it is possible to obtain a classical model of shallow water movement and

a 2D model without taking into account the dynamic change in the geometry of the reservoir surface.
Analytical solutions for a depth-averaged model and a model that contains vertical information are:

UZIZ 1 eiu)t,
l-io,

u=4 '[1 —ltanh(bd)jem’,
bd

where Y is a function only of o, and bd.
Thus, the depth-averaged velocities in both models look very similar and can be described by a function of dimensionless
parameters 6, o, and bd respectively, where:

8 U 8 s iod?
O, ==—C; — G, =——C — bd = .
3t ' wd 3t "2 od v,

Analytical solutions were found by linearization of equations, which has its limitations. A distinction is made between
two types of nonlinear effects:
1. Non-linearities caused by higher-order terms in the equations of motion, i.e. the terms of advective acceleration and

friction. kU friction linearization is based on optimal reproduction of the prevailing singular progressive wave. Although
such linearization is effective for the purposes of this study, it distorts the propagation and generation of other components
of the motion of the aquatic environment.

2. Nonlinear effects caused by geometric nonlinearities that result from the dependence of the cross section on the
height of the surface. This is due, for example, to the different water depth and width of the reservoir, which will be
important when modelling a real sea.

Turbulence modelling. Turbulent viscosity expresses momentum transfer in a turbulent flow. Several models of
turbulent viscosity are available:

— constant vortex viscosity model;

— Prandtl length mixing model;

— k—¢ model;

— Large eddy simulation (LES) [4, 7-8].

The constant vortex viscosity model is a simple model describing vortex viscosity as the product of velocity and length

scale:

v, = lKa’u*.
6

The Prandtl mixing length model uses the mixing length hypothesis, in which the velocity characterizing turbulent
fluctuations is proportional to the velocity difference in the average flow at a distance / , at which mixing or momentum

. . Ou L .
transfer occurs, and is determined as /,, e when reused / as a control length scale, the vortex viscosity can be written
X

as the product of this scale squared by the local velocity gradient [13—15].
The model k—¢ relates the turbulence viscosity to the kinetic energy of turbulence & and the velocity of turbulence

dispersion. The evolution of k£ and € in time is described by the transfer equations.
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When working with large coherent turbulent structures, the method of Large eddy simulation (LES) should be used.
In LES models, large turbulence scales are directly resolved on the computational grid, while smaller scales are accounted
for using the closure formulation.

The simulation is performed using the following boundary conditions:

— losed boundaries on the bottom, embankment or wall (with or without wall friction);

— free surface boundary;

— constant water level at open borders;

— harmoniously changing water level.

The coefficient of friction in the depth-averaged model (c,), differed from the coefficient of friction in the vertical
information model (c,,), while a constant vertical vortex V150051ty was used. In practice, numerical modelling usually uses
a viscosity that varies Vert1cally in accordance with the turbulent mixing model along the length. Using this definition of
vortex viscosity and integrating over water depth provides a logarithmic velocity profile:

u(z) =2 h{ﬂd} 3)

Zy

where u, is the shear stress velocity; « is the von Karman constant (not to be confused with the bottom friction coefficients
K, K,). The parameter z, may be related to the actual roughness:
KN

30

Zy=

where «, is the empirically determined roughness height.
For the depth-averaged model, the shear stress of the formation can be related to the depth-averaged velocity, through
T, =¢; |U |U =u?. in combination with the logarithmic profile of equation (3), an expression for the coefficient of friction
Sl

1 1. (., d
=—In| e’ — | 4)
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1

is found [

For a 3D model with a vertical dimension, the shear stress of the layer can be related to the coefficient of friction (¢ /2)
through t, = c,, [u,| u,. The bottom voltage is defined as:

U

U = Uy, =
¢
J2

Ty

= U
As a result, an expression for the coefficient of friction will be obtained:

L 1, (245 )
N K %

The ratio between and is found by equating (4) and (5):

gl

Results. Calculations are performed for stationary and non-stationary (periodic flow) flows. In the stationary case, the
gradient of the water level is constant over time. In the non-stationary case, a periodically changing flow is investigated. In
both cases, numerical modelling is performed using linearized bottom friction corresponding to the analytical approach.

The numerical response of horizontal (depth-averaged) velocities should correspond to analytical velocity profiles
averaged over depth. The observed difference can only be caused by numerical approximations, i. e. time integration and
(horizontal) discretization.

For both flow cases, the geometry of the computational domain is represented as a rectangular basin with two open
borders on the short sides and a water depth of 12 m. The width of the pools is small (40 m) compared to the length.
For the case of steady flow, the basin is extended by 20.000 m in length. A pool of this length is necessary for the full
development of the water level gradient.

The boundary conditions for the stationary case determine the water level of 20 cm at the inflow boundary (left),
the water level of 0 m at the outflow boundary (right) and zero normal velocity on the side walls and surface (upper
boundary). Thus, the water level is fixed with a slope i =107 (Fig. 1).
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i =10
{=20sm

L=20000m
z=-12m

Fig. 1. Steady flow in a long channel

When the 3D results are averaged in depth (3D-DA), they can be directly compared with the corresponding results of
the 2D model. The same values were selected for the roughness coefficient k,, in both models, ¢ ) was chosen to be 0.002,
K, should be 0.086 m, therefore, C, will be equal to 0.0042. This is the input data for a linearized bottom friction model.

Thus, the simulation with quadratic bottom friction was actually performed before the linearized case. This allows
comparison between all models (2D and 3D, linear and quadratic).

In combination with quadratic bottom friction, two turbulence models are studied: the constant vortex viscosity and
the Prandtl mixing length model. Ultimately, both calculations will result in the same velocity averaged over depth,
provided that a certain value is selected for the viscosity of the vertical vortex corresponding to the selected specific

bottom friction coefficients, resulting v,= 0.22 m*/s (Table 1).
Table 1

Input parameters for the case of steady flow

Parameter The calculated value of the
parameter
¢, 0.002
¢, 0.004
K, 29-10°
K, 83-.107
v, 0.22 m?/s

The simulation was performed for a long channel with linearized bottom friction. The values of the input parameters
used for this simulation are summarized in Table 2. Theoretical velocity profiles for steady-state flow with linearized
bottom friction are used to compare numerical results with analytical ones. Unlike analytical solutions, numerical
modelling has minor deviations in the long run.

Table 2

Input parameters for stationary flow with linearized bottom friction

Fundamental parameters Derived parameters
i, =107 Az, =d/nz=2m
d=12m 0.004

Kk, = 0.086 m K, =57-107
nz=6 K,=83-107°
v, v,=0.22 m*/s

In both 2D and 3D, numerical results are consistent with analytical solutions. When constructing the velocity profile
u(z) in AZOV3D, an ideal correspondence to the theoretical parabolic profile was demonstrated (Fig. 2, green shows the
result of AZOV3D, black shows the analytical solution).

The following is an example that examines the effect of linearization on the numerical solution in comparison with
analytical profiles for the same long channel. For this example, AZOV3D models are used that calculate bottom friction
in a quadratic formulation.
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d, m
0
-2
—4 AZOV3D
AZOV3D-DA
—6 AZOV2D
ANALYTE
—8 ANALYTE-DA
—10
—12
0 0.5 1.0 1.5 20 ums

Fig. 2. Parabolic velocity profiles for steady flow with linearized bottom friction and constant vertical vortex viscosity

First, a simulation with a constant vortex viscosity is performed, and then another turbulence model is tested — the
mixing length model. Table 3 shows the values of the input parameters used for this simulation.

Table 3

Input parameters for the stationary case with quadratic lower friction

Fundamental parameters Derived parameters
i, =107 Az, =d/nz=2m
d=12m ¢, =0.002

K, = 0.086 m ¢, =0.0042
nz==6 v, =0.22 m%s
k=04 u,=0.077 m/s
d, m
AZOV3D
AZOV3D-DA
AZOV2D
ANALYTE
ANALYTE-DA
0 0.5 1.0 1.5 20 umis

Fig. 3. Parabolic velocity profiles for steady-state flow with quadratic bottom friction

and constant vertical vortex viscosity

The numerical results are compared with the theoretical velocity profile in a similar way to the linearized case and are
completely consistent with the analytical solution, as shown in Fig. 3 for the case with constant vortex viscosity and in
Fig. 4 for the case with the mixing length model. The velocity profiles are reproduced correctly: in the case of a constant
vortex viscosity, a parabolic velocity profile, and in the case of a mixing length model, a logarithmic profile. Both 2D and
3D modeling correspond to the theory.
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d, m
0
-2
4 AZOV3D
AZOV3D-DA
—6 AZOV2D
ANALYTE
-8
—10
—12
0 0.5 1.0 1.5 2.0 u,m/s

Fig. 4. Logarithmic velocity profiles for steady-state flow with quadratic bottom friction and viscosity determined
by the mixing length model

For both the linearized formulation of bottom friction and the quadratic one, it is proved that the numerical results for
stationary flow, as expected, show great similarity with analytical solutions. Since the surface height is much less than the
depth of the water, advection can be neglected, so that the numerical characteristic is reproduced in full accordance with
the theory, providing a good starting point for unsteady flow.

The numerical results for the unsteady flow show a good agreement with the theory. In addition, the analytical approach
showed that the speed calculated using a 2D model is more likely to be greater than the 3D speed than vice versa. This
behavior is certainly reflected in the numerical examples above, since all calculated ratios are greater than one.

Discussion and Conclusion. Calculations have been performed for stationary and non-stationary (periodic flow)
currents using linearized bottom friction. In both 2D and 3D, numerical results are consistent with analytical solutions.
When constructing the velocity profile in AZOV3D, an ideal correspondence to the theoretical parabolic profile is shown.

The effect of linearization on the numerical solution is studied in comparison with analytical profiles using models
calculating bottom friction in a quadratic formulation. In combination with quadratic bottom friction, two turbulence
models are studied: the constant vortex viscosity and the Prandtl mixing length model. The numerical results are compared
with the theoretical velocity profile in a similar way to the linearized case and are consistent with the analytical solution,
but unlike analytical solutions, numerical modelling has minor deviations in the long run. A parabolic velocity profile is
obtained in the case of a constant vortex viscosity, and a logarithmic one in the case of a mixing length model.

For the linearized and quadratic formulations of bottom friction, it is proved that the numerical results for the case
of stationary flow show great similarity with analytical solutions, since the surface height is much less than the water
depth and advection can be neglected. The numerical results for the unsteady flow also show a good agreement with the
theory. The analytical approach showed that the speed calculated using a 2D model is highly likely to be higher than the
3D speed, which is confirmed by numerical data. The study of flows in various turbulence models makes it possible to
determine the influence of nonlinear effects on the accuracy of forecasts in vortex viscosity models and their applicability
to various flow conditions.
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Abstract

Introduction. The negative consequences that may arise due to an accidental oil spill are difficult to account for, since
they disrupt many natural processes and relationships within the ecosystem of the reservoir. After an oil spill, a dense
layer of oil film forms on the water surface quite quickly, preventing access to air and light (after a spill of one ton of oil,
an oil slick about 10 mm thick forms on the surface of the reservoir after 10 minutes). As a result, the fauna and flora of
the reservoir suffer. If the accident occurred in the coastal zone near a populated area, then the toxic effect is enhanced,
because petroleum products in combination with various pollutants of human origin can form dangerous compounds. For
high-risk areas (the main routes of transportation of petroleum products, places of their bunkering and unloading, etc.),
it is necessary to predict various scenarios for the spread and transformation of oil pollution, taking into account their
multifractional composition, turbulent diffusion and advective transport, destruction under the influence of natural factors.
The aim of the work is to build a linearized non-stationary spatially heterogencous mathematical model of transport and
transformation of oil pollution, taking into account the above factors.

Materials and Methods. The oil that has entered the aquatic environment is represented as a surface and suspended
substance in the water column. Oil is subject to a variety of transformation processes: advection, gravitational spreading,
emulsification, dispersion, dissolution, biodegradation, etc. The study of these processes and their forecasting, as a rule,
requires the development of mathematical and software. In mathematical and numerical modeling, one should start from
the system of Navier-Stokes equations and continuity equations, as well as introduce additional physical tolerances of the
flow geometry, acceptable and justified in each case, as shown by world experience and objective analysis of the physical
picture of processes. Mathematical modeling of the oil distribution process in coastal marine systems has been performed.
Results. Mathematical oil distribution model has been created, taking into account its multifractional composition. It
is assumed that oil fractions can be in water in dissolved or undissolved states. The modeling takes into account such
physical characteristics of particles as density, acceleration of gravity, molar mass, etc. After the linearization of the
problem under consideration, difference schemes using extended uniform grids were constructed.

Discussion and Conclusion. Pollution caused by an oil spill in the aquatic environment occurs very quickly and is often
very destructive. An important factor will be prompt response, which plays a crucial role in minimizing its negative
consequences. Modeling of the oil spill process can be useful for determining the location and condition of oil at sea,
conducting a risk analysis of the spread of the substance and developing measures to localize and eliminate pollution.

Keywords: coastal marine systems, emergency oil spill, oil slick, multi-fraction composition of oil, concentration of oil
particles, mathematical modelling, continuous model approximation
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MaremaTnueckasi MojieJib MPOLeCCa PaCPOCTPAHEeHU s
He(PTAHBIX 3arpsi3HEHU B MIPUOPEKHBIX MOPCKUX CHCTEMAaX
B.B. Cunopsikuna'?

1JToHCKO# rocynapcTBEHHBIH TEeXHUUECKUH YHUBEPCUTET, T. PoctoB-Ha-Jlony, Poccuiickas Deneparus
2Taranporckuil ”HCTUTYT uMern A.T1. Uexosa (punuan) PIDY (PUHX), . Taraupor, Poccuiickas ®eneparus

Mcvv9@mail.ru

AHHOTALUA

Beeoenue. HeratnsHble 1mociaencTBUs, KOTOPbIEe MOTYT BO3HHKHYTH IO NPUYMHE aBapUHHOIO pasiuBa HedTH, HOCAT,
KaK IIPaBUJIO, TPYAHO YUUTBIBAEMBII XapaKTEp, IOCKOIbKY HAPYIIAOT MHOTUE €CTECTBEHHBIE IIPOLIECCHl U B3aUMOCBA3U
BHYTPH 3KOCHCTEMBI BomoéMma. [locie pasnuBa He()TH Ha BOIHON IOBEPXHOCTH JOBOJIBHO OBICTPO 00pa3yeTrcs IIOTHBIN
ClI0i He(TAHON IUICHKH, MPEIMSTCTBYIOMMK JOCTYIy BO3AyXa M cBeTa (IIOCie pa3inBa ONHOW TOHHBI HedTH depes
10 MUHYT Ha MOBEPXHOCTHU BOI0EMa 00pa3yeTcss HeTIHOE MATHO TONMKHOMK okoo 10 Mm). Benenctue aToro crpagaer
JKMBOTHBIN M PacTUTENIbHBII MUp Bojoema. Eciu aBapust mpou3onuia B IpUOPEKHON 30HE HEMoJalIeKy OT HACEeJICHHOTO
IYHKTa, TO TOKCHYECKUH 3(P(EKT yCHIMBaeTcs, IOTOMY 4YTO He(Th/He()TENPOLYKThl B COYETAHHU C Pa3IUYHBIMH
3arpsI3HATENISIMU - YEJIOBEUECKOTO TIPOMCXOXKICHMSI MOTYT OOpa3oBBIBATH ONACHBIE coeAuHeHus. [t tepputopuit
TIOBBIIIEHHOTO PUCKA (OCHOBHBIX MapIIPyTOB TPAHCIIOPTHUPOBKU HE(PTENPOIAYKTOB, MECT UX OYHKEPOBKH U BBITPY3KH U JIp.)
HEOOXOAMMO IPOTHO3MPOBATh PA3JIMYHbIE CLEHAPUU PACIPOCTpaHeHHs WU TpaHcopmauuu HEe(PTSIHBIX 3arps3HEHUN
C Y4eTOM HMX MHOTO(PaKIMOHHOTO COCTaBa, TypOyneHTHOH Iud(dy3uu u agBeKTHBHOTO NEPEHOCA, NECTPYKLHMHU IIOX
BO3/IeHiCTBHEM NIPUPOJHBIX (PAKTOPOB U T. A. Llenapro paboThl ABISETCS MOCTPOSHHE JINHEAPU30BAHHOIN HECTAIIMOHAPHON
IIPOCTPaHCTBEHHO-HEOAHOPOAHONW MaTeMaTHYECKOW MOJENN TPaHCIopTa W TpaHchopMmannu HEPTSHBIX 3arps3HEHUH
C YUCTOM IMECPCUUCICHHBIX BbILIC q)aKTopOB.

Mamepuanst u memoost. Ilonapnias B BOAHYIO cpefy He()Th NpeACTaBIAeTCs B BUIE IIOBEPXHOCTHON M B3BEIICHHON
B BOmHOW Tomme cyOctaniuu. HedTs moasepskeHa MHOXKECTBY TpaHC()OPMALMOHHBIX IMPOLECCOB: aJBEKIMH, I'pa-
BUTAllMOHHOMY PpacTEKaHMIO, SMYJIBIHMPOBAHMIO, JIUCIIEPIHMPOBAHUIO, PAacTBOPEHHUIO, Owonmerpagamuu u ap. Hc-
CJIe/IOBAaHUE JaHHBIX IPOLECCOB M MX IPOTHO3MPOBAHWE, KaK IpaBWio, TpeOyeT pa3padOTKH MaTeMaTHYecKOro
U TPOTrpaMMHOTO obecriedeHus. Kak Mmoka3piBaeT MHUPOBOH OMBIT W OOBEKTHBHBIN aHAIN3 (U3NIECKOW KapTHUHBI
MIPOLIECCOB, NPH MAaTEMaTHYECKOM W YHCICHHOM MOJEIMPOBAHHU CIIEAYET OTTAJIKUBATHCS OT CHCTEMBI ypaBHEHWH
Hasbe-CTokca M ypaBHEHMH HEPa3pbIBHOCTH, @ TAaKXKe BBOJMTH JONOJHHUTENbHBIE (PU3NYECKUE JOIyCKH T'€OMETPHU
MIOTOKA, IpHUEMJIEMbIe 1 00OCHOBAHHBIE B KAKIOM KOHKpPETHOM ciydae. C yueToM AaHHBIX COOOpaKeHUil BHIIIOJIHEHO
MaTeMaTH4eCcKOe MOJICIIUPOBAHHE IIPOLECcCa PACIIPOCTPAHEHUSI HETU B IPUOPEKHBIX MOPCKUX CUCTEMAX.
Pezynomamut uccneoosanus. Co3ana MaTeMaTHIeCKask MOJIENb TIpoIiecca paclipocTpaHeH!s! He(TH, yUNThIBAromIas e¢
MHOTro(pakMOHHBIN coctaB. [Ipearnonaraercs, 4To ¢ppakuuyu HeGTH MOTYT HAXOIUTHCS B BOJIE B PACTBOPEHHOM HIIH
HEPACTBOPECHHOM COCTOSAHUAX. HpI/I MOJCJIMPOBAHUUN YUYHUTBIBAOTCA TaKUE (bMSI/l‘ieCKI/Ie XapaKTCPUCTHUKN YaCTUI] KaK
IUIOTHOCTh, YCKOPEHHE CBOOOIHOTO MaJieHus, MOJISIpHasl Macca u ap. Ilocie nuHeapusanuy paccMaTpuBacMoi 3aiaun
OBLTH ITOCTPOEHBI PA3HOCTHBIE CXEMBI, HCTIONIB3YIOLINE PACITUPEHHBIE PABHOMEPHBIE CETKH.

Oécyscoenue u 3akniouenue. 3arpsisHeHNE, BRI3BAHHOE Pa3IMBOM HE()TH B BOIHOM cpejie, IIPOUCXOAUT OYEHBb OBICTPO
U HEPEJIKO SIBIISICTCS BEChbMa Pa3pylIUTEIbHBIM. B TaHHON CHUTyaly BaXKHBIM (PaKTOPOM OyIeT ONepaTUBHOE Pearkupo-
BaHME, WIPAOIEE PEINAIONIyI0 POJb Ul MUHHUMHU3AIMU €0 HEraTHUBHBIX NOCIENCTBUI. MonenuposaHue mpolecca
pas3nuBa HETH MOXKET OBITH ITOJIE3HBIM VIS ONPEENICHNS] MECTOIIOJIOKEHHS M COCTOSIHUSL HEpTH B MOpE, MPOBEICHUS
pHCK-aHaJIM3a paclpoCTpaHeHUs CyOCTaHIIMU U pa3pabOTKe Mep 110 JOKAIU3AUNH U JIMKBUIAIMY 3arpsi3HEHNS.

KoueBbie ciioBa: npuOpexHble MOPCKHE CUCTEMBI, aBapUHHBINA pasziauB HedTH, HeTSHOI MK, MHOTO(PaKIIMOHHBINA
cocTaB He()TH, KOHIIEHTPALUs YacTHI HehTH, MaTeMaTHIeCKOe MOJIEITNPOBAHNE, ANPOKCUMAIHS HENIPEPHIBHOM MOJETH

dunancupoBanue. lccienoBanue BBIMOJHEHO 3a cueT rpaHta Poccuiickoro Hayunoro ¢onma Ne 23-21-00509.
https://rscf.ru/project/23-21-00509

Jas uutupoBanus. Cunopskuaa B.B. MaTemaruueckas MoJelns mpolecca pacpoCcTpaHeHUs! HePTAHBIX 3arpsA3HEHHH
B IpUOpeXHBIX MOpckux cuctemax. Computational Mathematics and Information Technologies. 2023;7(4):39—46.
https://doi.org/10.23947/2587-8999-2023-7-4-39-46

Introduction. There is an increase in the volume of trade in oil and petroleum products all over the world, with
a significant share in their transportation being occupied by maritime shipping. To ensure the environmental safety of
waterways and nearby infrastructure, certain restrictions and measures are observed throughout the entire transportation
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of goods. Despite this, over the past 50 years, 5.86 million tons of oil spilled into the sea have been recorded in the
world. Moreover, about 80 % of this oil is spilled at a distance of no more than 10 nautical miles from the coast [1]. The
negative consequences of oil pollution of reservoirs can be significantly reduced with timely localization and elimination
of pollution. For these purposes, a developed set of measures is needed for their use by rapid response services. This set
of measures, among other things, should contain some apparatus that allows forecasting the distribution of oil pollution.
These forecasts require the use of mathematical and numerical modelling methods [2—4].

Scientific research in this area is carried out in Russia and abroad by such scientific centers as the P.P. Shirshov Institute
of Oceanology of the Russian Academy of Sciences (Russia), the Institute of Water Problems of the Russian Academy
of Sciences (Russia), the State Hydrological Institute (Russia), the Chinese Petroleum University and the Institute of
Oceanology of the Chinese Academy of Sciences in Qingdao (China), the universities of Tasmania and Macquarie
(Australia), Memorial University of Newfoundland (Canada)ln Russia and abroad, etc. [5—9]. The accumulation of new
knowledge and experimental data encourages us to obtain new results on the problem we are interested in.

This paper presents a mathematical model of the distribution of oil pollution, taking into account the following
physical parameters and processes: the multifractional composition of oil, turbulent diffusion and advective transfer,
evaporation, destruction under the influence of microorganisms, etc. This mathematical model is integrated with the
hydrodynamic model described, for example, in [10, 11]. For the initial boundary value problem modeling the processes
under consideration, difference schemes on grids with uneven steps in boundary cells (near the boundary) are constructed.

Materials and Methods

Problem statement. We will use a rectangular Cartesian coordinate system Oxyz. Let Q c R’ be the calculated area,
Q={0<x<L,0<y< L,0<z<L}. We consider the case of an oil release within a short time interval (a single-stage
release) into the area under consideration. The oil that has entered the area € forms a spot on the free surface €. The area
of coverage of the initial unexploded oil slick is indicated by .

Note that in the initial boundary value problem modelling the spread of oil pollution, a number of processes are
considered on the surface of a reservoir and therefore a two-dimensional formulation is used here. The process of oil
distribution and transformation in the coastal zone is described by the following equations [12]:

— equations for the concentration of the fraction of the oil number o ocated in the surface layer:

%m‘ﬁw%:i@zaﬁ}i w | (Kb g o Yy, o @y ()
ot ox ay oxl "ax ) oyl "oy RO q(c, +K,)

:{Oa (x’y)E 0O, aCu
=0

€ s (v¥)eos i

o

=0, (x,y) €Y; @)

— equations for the concentration of microorganisms — destructors of oil:

ot Ox oy oOx ox ) Oy o ) ¢, +K,
M| =My M o0 (1 ))ey; @

on

— equations for the concentration of the fraction of the number a of oil in the dissolved state:

222 P 2, B0, 2 (u 6%}2(&%], B

o x| oy oz " ax ) "oy ) el
0 g s Xm, (x,,2)eQ,, 6)
0z
—* =0, (x,y,z)eQ\QO. (7
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The following designations are used in equations (1)—(7): u, v, w are the components of the aqueous medium
velocity vector; ¢, is the concentration of the fraction of the oil number o located in the surface layer, o =ﬁ;
w, =p, +(p, — p.gh’ I, (w, is the coefficient of horizontal diffusion of particles, g is the acceleration of gravity,
p,p,, are the particle densities of the fraction o and water, respectively, / is the thickness of the oil film); K, is the mass
transfer coefficient for hydrocarbon, K, =2,5-10°U°" (U is the wind speed relative to water); P_is the vapor pressure
of the fraction particles a; R is the universal gas constant, R = 8.314; 0 is the ambient temperature above the surface of
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the spot; K, is the coefficient of mass transfer of dissolution; S, is the solubility in water of the particles of the fraction
a, o=A4'+1,4; X is the molar fraction of fraction particles a; m_is the value of the molar mass of the fraction particles
a; q is the value of the proportionality coefficient between the number of microorganisms and the absorbed substrate;
M is the concentration of microorganisms; o_ is the value of the maximum growth rate of microorganisms when feeding on
fraction particles a; K is the saturation coefficient value; A is the rate of death of microorganisms; ¢_is the concentration
of the fraction o of oil in the dissolved state; a=A"+1,4; u, is the coefficient of vertical diffusion; 7 is the vector
of the external normal to the surface describing the boundary of the computational domain; vy is the area describing the
surface layers of the reservoir.

Mathematical model of the spread of oil pollution is obtained using a superposition of the results of solving the
problem (1)—(7) for each fraction.

Results

Linearization of the problem. A uniform grid with a step : ® = {# =nt,n=1,..., N; Nt=T} is built on the time interval
0 <t<T. The linearization of the tasks under consideration has been performed on the time grid o . The linearization was
performed in such a way that in equation (1), which determines the concentration of the fraction on a given time layer,
the concentrations of microorganisms on the previous time layer were used.

At each time step n = 1,2,.,N, t_ <t <t let the solutions of equations (1)~(3) be the functions ¢, M", o
n=1L12,.,N +1 respectively. In this case, the linearized analogue of the problem under consideration for all intervals
t <t<t,n=1.2,.,N will be written as:

n

o
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If n =1, then it is sufficient to take the functions of the initial conditions from formulas (9) as E; (x, y,O). If n=2, then
the function of the initial condition is taken from formulas (12) M (x, y,O) , it is substituted into equation (8) and then the
solution of problems (8)—(10) and (14)—(16) is carried out in the interval £, <¢<¢ , in the course of which the concentration
values are found Eaz (x, »,t ), <NP; (x, »,t ) In turn, equation (11), which contains a function Eal (x, y,O), in the right part, has
asolution A (x, V.t ) When continuing this process for cases n = 3,...,N we will adhere to the described logic. Functions
c! (x, »t ) =c! (x, ¥, tn,l) and @, (X, A ) =¢ (x, .z, tn_l) are determined when solving problems (8)—(10) and
(14)~(16) in the interval ¢ | <t<t¢ ,,n=3,...,N assuming that the known functions are M (x, y,tH) for the previous

time periodz , <t<t .
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Difference scheme for linearized problem. The terms describing the convective transport of particles from equations
(8), (11) and (14) have the form in symmetric form [13]:

l[uﬂ+vﬂ+l—)a ucy +l—H Y }

c,'
2| ox oy Ox oy

i ot owrt ouitt) o)
2" oy o v |

l{ué(ﬁi L 0e by oludr) o) 6(w6£)}
2| ox oy oz Ox oy oz

this makes it possible, as a result of discretization, to construct a difference advective transfer operator with the property
of skew symmetry [14, 15].

In the domain G we will construct a connected grid o, ®s =0 x 0, x0: where . ={x,:x, =ih,;
i= O,],___,NX;NXhX = Lx}, U_Jy = {yj ;yj_: ‘ihx;l :EJ""’N}’;Nyhy = Ly}, ®, = {Zk 'z, = khx; k= 0,1,...,Ny;Nth L}
The set of internal nodes of the grids ., ., ®,,®: will be denoted, respectively, as 0,000, On the space-time grid

o, = o % o, we approximate the problem (8)—(16) with the task in nodes shifted by half the grid step speeds and in the
corresponding coordinate direction.
Next, the “~ symbol is above the functions c;, c;’_l 00,0 :_1 and M", M*! will indicate that they belong to the class
of grid functions. The functions ¢, , @, ,M" are considered as sufficiently smooth functions of continuous variables.
After approximation in the inner nodes of the grid o the equations (8), (11) and (14) will take the form:
—n —n-1
Ca —Ca

+%(W(x,— +05h,,y, Jeuls, + by, )-u (e, ~05h,, v, ) el = h., )) "

X

T

+%(V"<xi,yj +O.5h},)52(xi,yj +h},)—v"(xi,yj —O.Shy)EZ(xi,yj —hy)) =

= hl_f(u; (x,. + O.th,yj)(zz (xi + hx,y‘,)—EZ (x,.,yj)j —u, (xl. - O.th,yj)(a(xl.,yj)—EZ(xl. + hx,yj )D + (17)

+hL2(u:' (x,.,yj +O.5hy)(22(x,,yj +hy)»EZ(xi,y‘/))—p;(x,,yj —O.Shy)(EZ(xi,y‘/.)—ZZ(x,.,yj —hy)D_
5

_(Klg(?‘FKDSanuma— (Daca<xl-,yj) M’H(xl.,yj);

q(EZ(x,,yj)+ KX)

Mﬁ (405800, (s o, s 0o, "5 o, )
+2Lhy(v" (5w, +0.50, M (s , + ) )=V (5, 9, = 0.5, )0 (x,, v, —hy)) =%(u;(x,. +0.5h,,y,)
(9705 )35, )5 =05 3, )7 ) "
oo 03 )08 s, )57, ), 058, )
(3, 03, _hy))j+%M"(xi,yj)_xﬁﬂ(xi,yj);
e (s #0h,2 J o2 e 03,2 s o 2 )
+%(v"(xl.,yj +0.5h,,2, Jon iy, + oz )= (6,3, =05k, Jon (%00, = B2, )j+

y

+%[W" (xl.,yj,zk +0.5hz)62(x,,yj,zk +hz)— w"(xl.,yj,zk —0.5h, )52(%’){,-’21( —hz):

z

43



44

V.V. Sidoryakina. Mathematical model of spreading oil pollution in coastal marine systems

—n
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-n

- (pu(xi’yjﬂzk ))_Hv(xiﬂyjﬂzk _O'Shz)(az(xi:yjazk)_(_p:a(xiayjazk _hz))j'

To the difference equations (17)—(19), it is necessary to add the initial conditions for (x, y, z) € ®, as well as the
approximation of the boundary conditions.
To set the boundary conditions, it is convenient to introduce an extended grid:

—

o ={v v,z )i =100 N, +1j =10, N, + 1k =—10,... N, +1;
X, =ih;y; = jh;;zy =kh ;N h =L ;N,h, =L;N.h, :LZ}.

We will consider the known values of the components of the velocity vector of the aquatic medium at the nodes of
the grid © \o, with fractional index values, for example, u" (0,54, Yy z), u' (L +0,5h, Yy z,), V' (x, 0,5 hy, z,),
V' (x, Ly +0,5 hy, z)w" (x,, Yy 0,5 1), w" (x, Vs L_+0,5h),etc.

We will approximate the boundary conditions using the example of condition (15). The arguments for boundary
conditions (10), (13) and (16) are carried out in a similar way.

We will assume that @/ (x,y,z)=0, if (x,y,z)€® \ . For those grid nodes ® \ @ , that are outside the calculated
area, the value of the components of the velocity vector of the aquatic medium is assumed to be zero.

Let’s formally write down the expression:

c ()

which can be considered as a difference approximation of the convective term at z = 0.

- ﬁ(w (20,058 J00 ()= (v, ;=058 )@ (x; v, . )) "
z=0 z

Along with (17), it is possible to write the equality for the boundary condition (15):

- —n

(PZ(xj’yjahz)_ (Pa(xj’yjﬂ_hz)
2h,

= KDSuXumu’

from which we obtain: (18)

(pfl(x./’y.i’hz): (_pZ(xi’y,/’_hZ)+ 2thDSaXuma’

From expressions (17) and (18) we obtain:

(s,

_ %(Wn (xi’yj ,0.5h, (62 <xi,yj,—hz)+ 2hZKDSaXuma) —-w" (xiayj ,—0.5h, )62 (xjayj’_hz )j (19)
z=0 z

Next, let us formally consider the equality on an extended grid ®

o (+!)

Since there is no turbulent diffusion on the free undisturbed surface of the reservoir, we can assume that
w,(x,y,-0,5h)=0. With this in mind, from the expression (20) we get

o)

@ (x0,h )= 0, x, 9,0
z_thl_z (v, v,.0.5m,) e, l 9,(x.7,.0)

9, -, - 20
—llv(xi,yj,_()’Shz)(pﬂ(xi’y/’o) h(Pa(x“yj’ hz) . (20)

z z

Ehizuv(xi»y,-,O.Shz)(EZ(xwy‘,-,hz)—EZ(xi,yj,O) )
=0 =
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From (18) and (21) we find
v.(%.)

Discussion and Conclusion. The paper presents a mathematical model of the process of spreading and transformation

L

2
z=0 hz

uv<xl.,y‘/. ,0.5h, )(52 (x‘/.,yj ,—h_,)— 62 (xi,y.i,0)+ 2hZKDSﬂXumq).

of oil pollution in coastal marine systems. This model takes into account the multifractional composition of oil pollution,
turbulent diffusion and advective transport, destruction of oil particles under the influence of microorganisms, etc. The
approximation of the proposed model is performed with the second order of accuracy relative to the steps of the spatial
grid. The issues related to the study of the monotony of the constructed difference scheme and its convergence to the

solution of the initial initial boundary value problem are the subject of further research by the author.
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Abstract

Introduction. Pollution of shallow waters is becoming an increasingly serious problem. It is important to study the
mechanisms of pollution distribution in them to protect and restore such vulnerable ecosystems, it is necessary to develop
strategies for the development of sustainable and environmentally friendly use of natural resources, minimizing the
negative impact on the environment. Part of this work is the construction of a mathematical model for the spread of
pollutants (in particular, phosphates) in shallow reservoirs. The aim of the work is to construct scenarios for changes in
the concentration of phosphates at various parameters of the model.

Materials and Methods. The phosphate transport mathematical model in a shallow reservoir is described, implemented
using a modified alternating triangular iterative method to solving grid equations.

Results. The developed mathematical model is numerically implemented in the form of a software module. This model
is an important tool for assessing and predicting the various pollution sources impact to the water quality of ecosystems
such as lakes and reservoirs.

Discussion and Conclusion. The resulting model can be used to analyze various pollution scenarios, for example, to
determine optimal waste management strategies and prevent pollution of water resources. In addition, the software
module developed by the authors allows you to simulate the process of the phosphates concentration changing and can
be useful for conducting scientific and engineering research in the aquatic ecology field and developing effective methods
for adapting hydrobiocenosis to changes in the aquatic ecosystem.

Keywords: mathematical model, pollutants, shallow water body, phosphates, algorithm, software module

Funding information. The study was supported by the Russian Science Foundation grant no. 22-11-00295.
https://rscf.ru/en/project/22-11-00295/

For citation. Lyashchenko T.V., Chistyakov A.E., Nikitina A.V. Pollutions spreading process modelling
in an aquatic ecosystem. Computational Mathematics and Information Technologies. 2023;7(4):47-53.
https://doi.org/10.23947/2587-8999-2023-7-4-47-53

Hayunas cmamos

MO}ICJII/IpOBaHI/Ie nmpouecca pacnpocTpaHeHUus 3arpAa3HCHUsA

BOJHOM 3KocucTeMbl pocharamu

T.B. JIsamenxo > &, A.E. Uncraxos®> , A.B. Hukurnna?

'TaraHpOrcK1ii HHCTHTYT YIIPABIEHHs U SKOHOMHUKH, I. Taraupor, Poccuiickas @enepanyst

2JTOHCKO# TOCYAapCTBCHHBIN TEXHHYECKHI yHUBEpCHUTET, I. PocToB-Ha-J[oHy, Poccuiickas denepanust

SWIHCTUTYT KOMIIBIOTEPHBIX TEXHOJIOTHI U HH(POPMALMOHHO# Ge3omacHoCcTH FOKHOTO (henepaabHOro yHUBEPCUTETA,
r. Taranpor, Poccuiickas ®enepanus

M™Mt.lyashchenko@tmei.ru

AHHOTaLMA

Beeoenue. 3arps3HeHne MEITKOBOIHBIX BOIOEMOB SIBIISIETCS OUY€Hb CEPbEe3HON MPoOIeMoit. [l 3auThl 1 BOCCTAHOBIIE-
HUA TaKUX YA3BUMbIX DKOCUCTEM Kpaﬁﬂe Ba’XXHO U3YYUTb MCXaHU3MBI paCIIpOCTPAaHCHU B HUX 3anH3HeHHﬁ, pa3pa60TaT1)
CTpaTeruy Mo pa3BUTHIO YCTOMYMBOTO M HKOJIOTMUECKH YUCTOTO HCIOIB30BAaHUS MPUPOAHBIX PECYpPCOB, MUHUMU3AINU

©rTv Lyashchenko, A.E. Chistyakov, A.V. Nikitina, 2023

47


https://doi.org/10.23947/2587-8999-2023-7-4-47-53
mailto:t.lyashchenko%40tmei.ru?subject=
https://rscf.ru/en/project/22-11-00295/

https://doi.org/10.23947/2587-8999-2023-7-4-47-53
mailto:t.lyashchenko%40tmei.ru%20?subject=
https://orcid.org/0009-0003-4244-2712
https://orcid.org/0000-0002-8323-6005
https://orcid.org/0000-0001-7257-962X
https://orcid.org/0009-0003-4244-2712
https://orcid.org/0000-0002-8323-6005
https://orcid.org/0000-0001-7257-962X
$$$/Dialog/Behaviors/GoToView/DefaultURL
$$$/Dialog/Behaviors/GoToView/DefaultURL
https://creativecommons.org/licenses/by/4.0/

48

TV Lyashchenko et al. Pollutions spreading process modelling in an aquatic ecosystem

HETaTHBHOTO BIMSAHMS Ha OKPYXKAIOIIYI0 cpeny. YacTblo 3ToH paboThl ABIAETCS HOCTPOCHUE MAaTEMaTHUSCKONH MOJEIH
pactpoCTpaHeHUsl 3arpsA3HeHUH (B 4aCTHOCTH, (ocdaToB) B MENKUX BojoeMax. Llenbio paboTsl SBIACTCS MOCTPOCHUE
CIleHapHeB U3MEHEHNUS KOHIEHTpaliK (ochaTroB NP pa3INIHBIX TapaMeTpax MOJCIIH.

Mamepuanvt u memoost. C MOMOIIBI0 MOAU(DUIUPOBAHHOTO TIONEPEMEHHO-TPEYT0IEHOIO HTEPALlIOHHOTO METOJIa pelie-
HUS ceTouHbIX ypaBHeHui (MITTM) cozgaeTcs MaTeMaTudeckast MOZENb TpaHCHopTa (pocdaToB B METKOBOAHOM BOZIOEME.
Pe3ynomamut uccnedosanus. PazpaboranHas MaTeMaTHyeckas MOJACIb YHCICHHO Pealli30BaHa B BHJE MPOrPaMMHOTO
MOAYJIsL. DTa MOAEIb MPEACTABISIET cOO0W BayKHBIM MHCTPYMEHT JJISl OLIEHKH M POTHO3UPOBAHMS BO3JCHCTBHS pa3iiny-
HBIX MICTOYHHKOB 3arpsi3HEHUs Ha KaueCTBO BOJ| SKOCHCTEM, TAKUX KaK MOpE, 03€pO U BOIOXPAHUIIHUILE.

Obcyscoenue u 3axntouenue. I1omydeHHas MOIEIb MOXKET OBITh HCITONB30BaHA TS aHAJIM3a PA3IMYHBIX CLIEHAPUEB 3arpsi3-
HEHHS, HAITPUMED, [UTs ONPE/IeTICHAs ONTHUMAJIBHBIX CTPaTeruid YIIPABICHUs OTXONAMH H TPEIOTBPAIICHHUS 3arpI3HEHHUS BO-
JHBIX pecypcoB. Kpome Toro, paspaboTaHHBIIT aBTOpaMu MPOTrpaMMHBIN MOJYJIb ITO3BOJISIET MOJICITMPOBATH MPOLECC N3MEHE-
HHS KOHIIEHTpalu# (ochaToB 1 MOXKET OBITh MOJIE3CH JUIS TPOBENICHHUS HAYYHBIX U HH)KCHEPHBIX UCCIIEJOBAHUI B 00J1aCTH
BOJIHOM HKOJIOTHH U pa3paboTKH 3P (PEKTHBHBIX METOZIOB aAaNTAMK THAPOOHOIIEH03a K M3MEHEHHUSIM BOJHOM SKOCHCTEMBL.

KioueBble ciioBa: MaTeMaTHuecKast MOZIEINb, 3arpsA3HSIONINE BellecTBa, (pochaThl, MEIKOBOJHBIH BOIOEM, aITOPUTM,
MIPOTrPaMMHBIA MOYITh

duHancupoBanme. lccienoBanue BBIMONHEHO 3a cueT rpaHTa Poccuiickoro HayuHoro donma Ne 22-11-00295.
https://rscf.ru/project/22-11-00295/

Jasi uutupoBanus. Jlsmenko T.B., UuctsakoB A.E., Hukutuna A.B. MozgenupoBaHue mpolecca paciipoCcTpaHeHHs 3a-
rps3HeHus GocdaramMu B BOgHOM dKkocucteme. Computational Mathematics and Information Technologies. 2023;7(4):47-53.
https://doi.org/10.23947/2587-8999-2023-7-4-47-53

Introduction. Shallow waters are vulnerable ecosystems exposed to various sources of pollution. This is becoming
an increasingly serious problem, especially for systems such as the Azov Sea, Tsimlyansk and Rybinsk reservoirs, small
lakes, etc. Pollution of shallow waters occurs due to emissions of various harmful, toxic and insufficiently purified
substances that can have a negative impact on living organisms and ecosystems of reservoirs. Waste from agricultural
production, industry, and transport become permanent sources of pollution of water systems. Mathematical modelling
makes it possible to better understand the mechanisms of pollution transfer, changes in their concentrations and the
impact on the environment. This, in turn, will help to develop effective measures to prevent and reduce pollution of
reservoirs, as well as to assess the effectiveness of actions already taken.

Various pollutants have a wide range of properties characteristic of them, and the methods of their transportation
in water systems also differ. Some substances may be soluble in water and evenly distributed in it, while others may
accumulate in the form of particles or settle to the bottom of a reservoir. This can cause an uneven distribution of
pollutants in the aquatic environment and have a negative impact on living organisms. It is also important to take into
account factors related to the biological activity of pollutants. Some substances can undergo biochemical decomposition,
which affects their concentration and degree of toxicity. In addition, pollutants can accumulate in living organisms,
causing significant harm to them. For example, heavy metals accumulate in the tissues of fish and other aquatic organisms,
which can lead to violations of their vital functions and even threaten human health when eating such fish and other
aquatic organisms. For effective control and prevention of pollution of reservoirs, it is important to investigate not only
the physico-chemical properties of pollutants, but also the parameters of the surrounding aquatic environment, the activity
of biological processes and ecological interactions of aquatic organisms.

Phosphates are chemical compounds that affect water quality by stimulating excessive growth of blue-green algae.
Although all plants need phosphates for normal growth, the concentration of phosphorus in surface waters should be
only 0.02 parts per million. The presence of a high concentration of phosphates makes the water cloudy, it turns green,
and has a low oxygen content. The excess amount of phosphates in the water feeds algae, which grow uncontrollably in
aquatic ecosystems, produce harmful toxins during decomposition and create an imbalance that leads to the destruction
of other forms of life. During flowering, and then the death of microalgae, anaerobic decomposition products are formed,
hydrogen sulfide appears and fish starvation occurs. Fig. 1 a demonstrates a dangerous phenomenon — the “blooming
of waters” of the Taganrog Bay in the summer, caused by the ingress of biogenic substances (nitrogen, phosphorus,
silicon compounds) into the reservoir with the drains of the Don, Kuban, etc. rivers, as well as by settling on the surface
of the reservoir from the air. Fig. 1 b demonstrates the same phenomenon in the Tsimlyansk reservoir, Fig. 1 ¢ shows
that even at the Rybinsk reservoir located much to the north, at low air temperature, the water turns green. The problem
of “blooming” water and interruptions in the water supply of cities cannot be completely solved only by such methods
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as the introduction of chlorella or silver carp [1, 2]. It is necessary to know where the largest amount of these algae will
accumulate (including in order to reduce the cost of methods to combat them). This problem can be solved on the basis
of mathematical modelling of the process of spreading pollutants, including the main types of biogens. These include
phosphorus, sodium and silicon compounds. The model is based on the assumption that a decrease in the concentration of
phosphates occurs, among other things, due to its consumption for the growth of phytoplankton cells.

a) b) ¢

Fig. 1. Aquatic ecosystems exposed to the dangerous phenomenon of “blooming waters™:
a — Taganrog Bay of the Azov Sea; b — Tsimlyansk reservoir;
¢ — Rybinsk reservoir

Mathematical modelling of the transport of pollutants in reservoirs is an effective method used in environmental
research. This approach makes it possible to study pollution propagation processes more deeply and systematically,
predict their potential consequences, and contribute to the development of effective strategies for the management and
protection of water resources [3, 4].

Materials and Methods. The mathematical model of transport of pollutants (PS), which makes it possible to assess
and predict the impact of various sources of pollution on water quality in a shallow reservoir, has the form:

oS, oS,

—+u—+v%+(w—w l.)%=u,-ASi +
ot Ox oy &7 0z

i(v,. %]—(ki +d)S, +y,(x,p,2,1), (M
oz oz
where S, is the concentration of the i-th impurity, i = 1,_6 , and 1 is total organic nitrogen (N); 2 is phosphates (PO,); 3 is
phytoplankton; 4 is zooplankton; 5 is dissolved oxygen (O,); 6 is hydrogen sulfide (/,S); U = (u, v, w)* is the velocity vector
of the water flow; w_ is sedimentation rate; u, ,v, are the coefficients of turbulent exchange, respectively, in horizontal
and vertical directions; £, is the solubility coefficient for PS, loss — for oxygen and hydrogen sulfide, mortality — for
hydrobiont; d, is the coefficient of reduction of PS due to the eating of blue-green algae (cyanoprokaryotes), reduction
due to respiration (for oxygen) and chemical reactions (for oxygen and carbon dioxide), the coefficient of eating away of
hydrobionts by representatives of higher trophic levels; y, is the chemical and biological source (drain) [5].

Initial and boundary conditions are added to the system (1), taking into account the type and concentration of PS
deposited on the surface of the reservoir from the air environment.

The solution area G of the problem is an enclosed basin bounded by the undisturbed surface of the sea z = 0, the bottom
H,= H (x, y) is the depth to the solid surface of the reservoir (excluding sediments). Boundary conditions:

— on the sea surface: z =~ (x, y, 1): S, = ¢, (S)), @, where are the known functions;

— on the ocean bottom z = H (x, y) for the velocity of flow and adhesion:

oS,

u=0,v=0,w=0,§5=0,ectuU >0, —~=0, ecru U <0; %:

-€.5.,
on 0z

where n is the vector of the external normal to the surface, ¢, is the absorption coefficient of the i-th component by bottom
sediments.

In the formulation of the initial boundary value problem for the system , it is sufficient to set the initial conditions for
the functions u, v, w, S;:

u(x, y,z, 0) = u (x ,, 2); v(x, y, z, 0) = v (x, y, 2); w(x, y, z, 0) = w(x, y, 2); S, = Sl.’o, i= 1,_6
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The initial model of hydrophysics is solved by the pressure correction method, while the system is divided into two
subtasks: the first includes the equations of diffusion, the second of convection and continuity.

The results of the study. Let us consider discrete analogues of the convective (S’ ) and diffusion transfer (uS ; )')C
operators for the concentration of phosphates S,, which can be written as follows:

i+ ‘_Si' Si'_Si— j
(% )i,juS; = (% )[,jui+l/2,j # + (42 )[,ju[—]/Z,j jle ’ 2)
’ Si+'_i' Si'_Si—'
(qO)i,j(HS;)X :(ql)i,jHiJrl/Z,j I’th : _(qZ)i,jHi*I/Zsj’/h—ZLJ_ )

axSi,j +Bx ,
h

x

- ‘(% )i,j - (qz )i,j‘”i,j

where q,, q,, g, are the occupancy coefficients of control areas; o, B are the coefficients in boundary conditions [6].

To determine the approximation error of expressions (2), (3), we define the calculated area. Expression (2) can be
considered in the case (ql)iyj = (qz)l._/. = 0, while we will assert that the error of approximation of the resulting expression
is equal to the error of the original expression. To determine the approximation error of expression (3), two cases need
to be considered: the first case does not take into account the influence of the boundary (q),,= (qz)w,
takes into account the influence of the boundary (‘11)1-_,- =1; (qZ)i,j = 0, because the approximation (3) can be written through
a linear combination of approximations obtained in the two cases described earlier. Thus, to determine the errors, it is

=1, the second one

sufficient to investigate the accuracy of the following approximations:

— the discrete analogue of the convective transfer operator in the absence of the influence of the boundary of the region

S,

i+,

i+1/2, "

S S -8
.J ij i-1,j 4
Ui, @)

2h
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— the discrete analog of the diffusion transfer operator in the absence of the influence of the boundary of the domain

S, Si,j _Si—l,j

Si+1,j TR

(HSX) x =W h—z_ Wic2, 02 ) ©)

To find the approximation error of expression (4), it is necessary to use the Taylor series expansion relative to the node
(i, ) of the values of the functions in the nodes (i + 1, /) and (i — 1, j):
(] " hf 3
i =S, + (Si,j) h+ (Si,j) 7+O(hx )’

i+l,j

S, =5, (s, +(S,.,j)"%+0(hj).

i-1,j i,j

Taking into account the approximation (4), we write as

uS' = Uisira,j ;”f—l/w (Si’j)' +W(Si’jy h, +O(hf).

Taking into account the expression

— 2 p—
Uisya, it Uiy —2”i,j +0(hx ), Uiniya,; Uiy, _O(hx)y

we establish that the discrete analogue of the convective transfer operator will take the form

S, . =S S . -S. . '
”i+1/2,j%+”i—1/2,ijm= i,j(Si,j) +O(h.f)~

To find the approximation error of expression (5), we use the Taylor series expansion at the node (7, j) of the calculation
function S at the nodes (i + 1, /) and (i — 1, /) [7, 8]:
2

S, =S, +(S,.,j)'hx+(sl.,j)"hz~* o),
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i, =S, —(s,)n +(Sl.,j)”%+0(h3).
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Taking into account the approximation (5), it will be written as:

!

(“‘S;) X ZWQS}JY +W(Si,j)" +(u'i+l/2,j _p’i—I/Z,jXSi,j)mh_g+0(hj)'

x

Taking into account the expressions:

Wiy T Wi, = ZlJ-i,j +0(h.f)’

Riviya, ;= Ry, = (Hi,_; )’ h, + O(hf )’

we obtain that the discrete analog of the diffusion transfer operator, in the absence of the influence of the boundary of the
domain, will take the form [5]:

S. . —S =S Y
Hi+1/2,j%‘“m/z,j%:(ui,,/(si,_/)) +0(hj)-

X X

To calculate the relative error of the solution, the formula was used [8]:
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Fig. 2. Distribution of the PS concentrationa — ¢ =5, n =0,005,v=0,1,d=1;b—t=20,u=0,01,v=0,1,d=1;
c—1t=60,u=0,005,v=0,1,d=1;d—¢t=100,u=0,01,v=0,1,d=1
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The minimum relative error takes the value 0.002 with an optimal time step of 0.001. During the study, various
estimates of the error of the scheme for solving the PS propagation equation were considered, and the time step was
optimized. Consider the following scenario: convective transport is practically nonexistent. A constant uniform function
of the pollution source on the surface of the area. Type of impurity: heavy uniform; source of contamination /= 10. Fig. 2 shows
the change in phosphate concentration with a decreasing coefficient of d = 1 in a vertical section based on a numerical
experiment with the developed software module.

The proposed model makes it possible to study the processes of propagation of various types of pollutants from the
surface of the reservoir, taking into account their dissolution and subsidence to the bottom. The results of calculations
of the spread of pollutants with different flow rates, diffusion coefficients, intensity of polluting effluents and solubility
coefficients of various phosphates are presented. A comparative analysis of the obtained results was carried out, which
showed that the developed model adequately reflects the process of transport for. The numerical experiments used
a developed software module that implements an algorithm for a mathematical model of the spreading and dissolution of
phosphates with different solubility coefficients. This module allows you to predict and visualize the process of transport
of pollutants in aquatic ecosystems.

Discussion and Conclusion. An adaptive modified alternately triangular iterative method was used to solve the
problem of PS transport in a shallow reservoir obtained during the discretization process. To improve the accuracy of
calculations, schemes of increased order of accuracy have been developed, which provide a better approximation of the
boundaries of the sections of the medium. The developed model can be used to analyze various scenarios of pollution
of aquatic ecosystems and determine the optimal measures to prevent or reduce their pollution. For example, it can help
determine the optimal locations for sewage treatment plants or evaluate the effectiveness of measures to reduce pollutant
emissions. In addition, the developed algorithm of the software module allows monitoring water pollution in real time,
which allows you to quickly respond to possible threats to the environment and take the necessary measures to protect
water resources.
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Abstract

Introduction. Coastal systems of Southern Russia are constantly exposed to biotic, abiotic and anthropogenic factors.
In this regard, there is a need to develop non-stationary spatially inhomogeneous interconnected mathematical models
that make it possible to reproduce various scenarios for the dynamics of biological and geochemical processes in coastal
systems. There is also the problem of the practical use of mathematical modelling, namely its equipping with real input
data (boundary, initial conditions, information about source functions). An operational source of field information can be
data received from artificial Earth satellites. Therefore, the problem arises of identifying phytoplankton populations in
images of reservoirs, which, as a rule, have a spotty structure, with low image contrast relative to the background, as well
as determining the boundaries of their location.

Materials and Methods. This work is based on the correct application of modern mathematical analysis methods,
mathematical physics and functional analysis, the theory of difference schemes, as well as methods for solving grid
equations. Biogeochemical processes are described based on convection-diffusion-reaction equations. Linearization of
the constructed model is carried out on a time grid with step t. A method for recognizing the boundaries of spotted
structures is being developed based on Earth remote sensing data. A combination of methods is considered as image
processing algorithms: local binary patterns (LBP) and a two-layer neural network.

Results. The developed software-algorithmic tools for space image recognition are presented, based on a combination of
methods — local binary patterns (LBP) and neural network technologies, focused on the subsequent input of the obtained
initial conditions for the problem of phytoplankton dynamics into a mathematical model. Regarding the necessary
mathematical model, a continuous linearized model has been proposed and studied, and on its basis a linearized discrete
model of biogeochemical cycles in coastal systems, for which practically acceptable time step values have been established
for numerical (predictive) modelling of problems of the dynamics of planktonic populations and biogeochemical cycles,
including in the event of death phenomena, which makes it possible to reduce the time of operational forecasting. At the
same time, for the constructed discrete model, properties that are practically significant for discrete models are guaranteed
to be satisfied: stability, monotonicity and convergence of the difference scheme, which is important for reliable forecasts
of adverse and dangerous phenomena.

In the process of work, referring to satellite images, which make it possible to obtain the state of coastal systems with
high accuracy, initial conditions are entered into the mathematical (computer) model. The model analyzes satellite image
data and determines levels of “pollution”, the formation of extinction zones and other factors that may threaten nature.
Discussion and Conclusion. Discussion and conclusions. Using this model, it is possible to predict possible changes in
coastal ecosystems and develop strategies to protect them. The results obtained make it possible to significantly reduce
the time of forecast calculations (by 20—30 %) and increase the likelihood of early detection of unfavorable and dangerous
phenomena, such as intense “blooming” of the aquatic environment and the formation of extinction zones in coastal systems.

Keywords: mathematical model, biogeochemical cycles, remote sensing data, neural network-LBP
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IIporuo3 cocrosiHusi NPUOPEKHBIX CHCTEM C OMOIIBI0
MaTeMaTH4Y€eCKOr0 MOJAEJIMPOBAHUSA HA OCHOBE KOCMUYECKHNX CHUMKOB
H./. I[Tanacenko

JloHCKOM rocylapcTBEHHBIN TEXHUUECKUN YHUBEpCUTET, I. PocToB-Ha-Jlony, Poccuiickas denepanus
™Mhnatalija93_93@mail.ru

AHHOTALUSA

Beeoenue. lpubdpexusie cucteMsl FOra Poccuu MOCTOSHHO MOBEPrarOTCs BO3ACHCTBUIO OMOTHYCCKHIX, a0MOTHUCCKUX
W aHTPOIOTeHHBIX ()aKTOPOB. B CBSI3M € 3TMM BO3HHKAET HEOOXOIMMOCTh Pa3padOTKH HECTALMOHAPHBIX TPOCTPAHCTBEHHO-
HEOJHOPOAHBIX B3aUMOCBSI3aHHBIX MAaTeMaTHUECKUX MOJEINEH, MO3BOJIIOUINX «IPOUIPHIBATE» PA3JIMYHBIE CLIEHAPUU
TUHAMUKA OMOJIOTHYECKAX W TCOXMMHYECKHX IPOIECCOB B MPUOPEKHBIX CHcTeMaX. Takke CyIIecTByeT IpoOiema
MPAKTHIECKOTO MCIOIB30BAHMS MAaTEMAaTHIECKOTO MOJCIMPOBAHHS, & IMEHHO €r0 OCHAIIEHHS PeaTbHBIMHA BXOIHBIMU
JaHHbIMH (TPaHUYHBIMA M HA4YaJbHBIMU YCIOBUSAMH, HHGpoOpManued o QyHKUUIX-UCTOYHMKAX). OrnepaTHBHBIM
HCTOYHHKOM HATypHOM HH(OPMAIK MOTYT CTaTh AaHHbIE, IOTy4aeMble OT UCKYCCTBEHHBIX CITyTHUKOB 3emuti. [ToaTomy
BO3HMKAET 3aj1a4a WACHTU(HUKALUK U ONPE/ICIICHHS TPAHULL PACIIONIOKEHUST (PUTOTUIAHKTOHHBIX MOIYJISIINI (MMEIOIINX,
KaK MNpaBWIO, IATHHUCTYIO CTPYKTYpy) Ha CHHMKax BOZOEMOB IIPH MajOM KOHTpAacTe M300paXEHWH II0 OTHOIIE-
HUIO K (OHY.

Mamepuanst u Memoosl. ABTOPOM HCIIONB3YIOTCS METOIBI MATEMAaTHIECKOTO aHAIHN3a, MATEMaTHICeCKON PH3HUKH, PyHK-
LMOHAIBHOTO aHAIN3a, TEOPHH PA3HOCTHBIX CXEM, a TAK)KE METOAOB PELICHNS CEeTOYHBIX ypaBHEHHH. brnoreoxnMmaeckre
IpOLIECChl ONMMCAaHbl Ha OCHOBE YPaBHEHUH KOHBEKIMHU-IU(dy3un-peaknny; JHMHeapu3anusi MOCTPOCHHON MOJENN
MIPOU3BOUTCS HA BpPEMEHHOM ceTke ¢ maroM t. CTpOUTCS] METOA paclio3HaBaHMs IPaHUILl IISITHUCTBIX CTPYKTYp Ha OCHOBE
JAHHBIX TMCTAHIMOHHOTO 30HUPOBaHMS 3eMiH. B kauecTBe anropuTMoB 00pabOTKK M300paKeHUH paccMaTpUBaeTcs
KOMOWHAITHSI METOIOB JIOKATBHBIX OMHApHBIX 1a0noHoB (LBP) i qByXCroiiHOM HEHPOHHOMH CEeTH.

Pesynomamet uccneooeanus. PazpaboraH mporpaMMHO-aNTOPUTMHYECKHI HHCTPYMEHTapUH pacmo3HaBaHUS KOCMU-
YECKMX CHHMKOB, OCHOBAaHHBI HAa KOMOHMHAIIMM METOIOB JIOKAJbHBIX OMHApHBIX ma0s10HOB (LBP) m TexHomoruii
HEUPOHHBIX CETEd, OPUEHTUPOBAHHBIM HAa IOCIEAYIOIMI BBOJ IIOJIYYCHHBIX HaudajbHBIX YCIOBUH Ul 3aJadd
JMHAMMKH (DUTOIUIAHKTOHA B MaTeMaTHUeCcKylo Mozeib. [IpeanoxkeHa u nccieioBaHa HeNpepbIBHAs JIMHEAPU30BaHHAsS
MaTeMaTniecKkas Mojielb, a Ha €€ OCHOBE — JIMHEapW30BaHHAsl JUCKpPETHas MOJEIb OMOTeOXMMHYECKUX IMKJIOB
B MPHOPEKHBIX CHCTEMax. Y CTAaHOBJICHBI NMPAKTHYECKU JOMYCTHMEIC 3HAUCHHS IMara Mo BPEMEHH IPH YHUCICHHOM
(IPOTHOCTHYECKOM) MOJCTHPOBAHUH 3aJad NWHAMHUKH IUTAHKTOHHBIX MOMYJSIIUN W OHOTEOXMMHUYECKHX LHKIIOB,
B TOM YHCJIE TIPA BOZHUKHOBEHUH 3aMOPHBIX SBJICHHUH, YTO ITI03BOJIIET COKPATUTh BPEeMs ONIEpaTHBHOTO MporHo3a. Ilpu
9TOM JJId HOCTpOCHHOﬁ I[PICerTHOﬁ MOJICJIU TapaAaHTUPOBAHHO BBIMOJHAIOTCA NPAKTUYCCKHA 3HAYUMBIC JIsI JUCKPECTHBIX
Mojienel CBOMCTBA: yCTOMYMBOCTh, MOHOTOHHOCTh U CXOAMMOCTb Pa3HOCTHOM CXEMBI, YTO BaXKHO AJIS JOCTOBEPHBIX
IIPOTHO30B HEOJIArompHsTHBIX M ONACHBIX sIBIEHWH. B mpomecce paboThl, oOpamasch K KOCMHYECKMM CHHUMKaM,
KOTOPBIE TIO3BOJISTIOT TIOJIYYHUTH COCTOSIHUE TIPHOPEIKHBIX CUCTEM C BBICOKOW TOYHOCTHIO, BHOCATCSI HAYaJIbHBIC YCIOBHUS
B MaTEMaTUIECKYIO (KOMITBIOTEPHYI0) MOJIeNIb. MOAeh aHaIH3HPYeT JaHHBIEC CITY THUKOBBIX N300pakeHH U OTIpeIeisieT
YPOBHHU «3arpsi3HEHHsD, 00pa30BaHKe 30H 3aMOPOB U ApYyrue (GpakTopbl, KOTOPbIE MOTYT YTPOKATh HPUPO/IE.
Oécyscoenue u 3axntouenue. C IOMOIIBIO pa3padOTaHHON MOJIENIM MOKHO TPE/ICKa3bIBaTh N3MEHEHHS B IPUOPEHKHBIX
9KOCUCTEMAX M pa3padaThIBaTh CTPATEruy 1o ux 3amute. [oaydyeHHbIe pe3ynbTaThl I03BOJISIOT CYIIECTBEHHO COKPATHTh
BpeMsi TporHoctuueckux pacderoB (Ha 20-30 %) M THOBBICHUTH BEpOATHOCTH 3a0JaroBPeMEHHOI0 OOHAPY>KEHHMS
HEOIarONPHUATHBIX U OMTACHBIX SBIICHUHN, TAKIX KaK HHTCHCHBHOE «IIBETECHIE» BOJTHOH Cpebl M 00pa30BaHKE 30H 3aMOPOB
B MIPHOPEKHBIX CHCTEMAX.

KiroueBble c1oBa: mMareMaTuyeckas MOJCIb, OMOTCOXUMHUYCCKHUE IMKIIbI, TAHHBIC JMCTAHIIMOHHOTO 30HIUPOBAHUS,
HelipoceTs-LBP

BaarogapHocTH: aBTOp ONarofapuT CBOEro HayuyHoro pykoBomutens CyxuHoBa AsekcaHnmpa MBaHoBuua (wicHa-
koppecnionnienta PAH, n-pa ¢wus.-mar. Hayk, mpodeccopa, 3aBemyromero kadeapoi J[OHCKOro rocyaapcTBEHHOTO

TCXHUYCCKOT'O yHI/IBepCI/ITeTa) 3a 6CCHCHHyIO IIOMOIIIb U COBCTHI.

dunancupoBaHue. VccenoBanue BRIIOIHEHO MU MOAAEpKKe rpaHTa Poccuniickoro HayuHoro ¢onma (mpoekt Ne 21—
71-20050).
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Introduction. Coastal systems play an important role in the ecosystem of our planet, providing conditions for the life
of many species of plants and animals. However, due to negative and catastrophic events, coastal systems may be under
threat. Here are some excerpts from sources [1, 2]: “... the overfishing in July 2020 in the southeastern sector of the Azov
Sea caused significant damage to the reproduction process of commercial fish; extensive zones of hypoxia and hydrogen
sulfide contamination occurred in the eastern part of the Azov Sea in 2001; a catastrophic storm in November 2006, storm
surges in 2007, 2014; shallowing of the Azov Sea the shores of Taganrog (Rostov region) and the Don River in 2019,
2021, 2022”. Since changes in the systems occur within a few weeks, prompt forecasting of adverse events is required.
Therefore, mathematical modeling, in particular based on satellite images, can be a useful tool for predicting the state of
coastal systems and evaluating the effectiveness of conservation measures.

Materials and Methods. The problem of forecasting the dynamics of phyto- and zooplankton is relevant for marine
and coastal systems. On the one hand, they make up more than 95 % of the biomass of marine and coastal systems and
are the foundation of the trophic pyramid (the basis of nutrition for its higher levels). On the other hand, an excess of
plankton leads to blooming and overseas phenomena, and an extremely large excess of nutrients ceases to be a food base
for plankton, being a toxicant for the living environment.

These problems, in relation to the Sea of Azov and similar marine and coastal systems, are reduced to a system of
10 diffusion-convection-reaction equations, with functions of the right parts that depend non-linearly on the desired
solutions. Direct decomposition of these problems is impossible, and for the subsequent numerical solution, correct
linearization of the corresponding initial boundary value problem on the right sides is required. Despite the large number
of works devoted to this problem, some important stages of their research and numerical implementation do not have
a satisfactory solution at this time. Among the insufficiently studied problems of constructing mathematical models of
phytoplankton dynamics and their application for operational forecasting, it should be noted the development and study of
a linear continuous mathematical model of biogeochemical processes approximating the original nonlinear problem, the
construction of a discrete analogue for it with the properties of monotony, approximation, stability and convergence, as
well as the creation of a program for recognizing the boundaries of plankton populations (boundary contours) on satellite
images, having improved characteristics of their identification in conditions of low contrast objects.

This task is computationally time-consuming, since the grid equations obtained as a result of approximation have
dimensions from several million to hundreds of millions. Solving real tasks of forecasting biogeochemical processes in
an acceptable time (tens of minutes — tens of hours), it is necessary to quickly and reliably recognize remote sensing
data — the location and boundaries of plankton populations and other substances.

Figure 1 schematically shows the process of studying the dynamics of marine and coastal water systems. For early
decision-making, valid models and data are needed that allow these models to work reliably.

Construction of a continuous mathematical model

Linearization on a time grid

Investigation of the correctness
of a linearized problem

Setting initial conditions
based on expedition
data

Hydrometeorological
and hydrophysical data

Fig. 1. Research scheme of continuous and discrete mathematical models
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Results

Object recognition program “neural network-LBP”. The use of mathematical models requires the presence of real
input data (boundary and initial conditions, information about source functions), which make it possible to correctly set
initial boundary value problems for systems of nonlinear partial differential equations, as well as to determine various
functional dependencies included in the constructed models. In the decision-making process related to dangerous natural
phenomena and disasters, up to 50 % of the total computer forecasting time can be occupied by recognizing the situation,
namely, determining the location and size of the plankton blooming spot and other initial data.

The available source of natural information for mathematical modelling can be remote sensing data of the Earth.
Their recognition and input as initial and boundary conditions is a very time-consuming procedure and requires the
development of appropriate algorithms.

In the course of the study, an algorithm was developed for identifying planktonic populations with a complex structure
and low contrast (differences in shades of green) of the background and the region — “neural network-LBP”. A detailed
description of this algorithm can be found in [3-5].

The software module (based on the algorithm “neural network-LBP”) is included in the research predictive complex
(RPC) “Azov3d”, developed at the scientific school of A.I. Sukhinov. It allows you to get initial data for predictive modelling.
Fig. 2 presents the results of numerical experiments with a software module, using the example of the Taganrog Bay.

2.8
2.1
1.4

0.7

0.0

Fig. 2. Determination of the initial modeling of the dynamics of phytoplankton concentrations of RPC “Azov3d”

The data obtained using the neural “network-LBP” software modules and the biogeochemical cycles included in the
“Azov3d” RPC make it possible to predict the dynamics of changes in the concentrations of the three most common
phytoplankton species and seven biogenic substances in the summer period.

Mathematical model. The dynamics of planktonic populations should be considered in connection with the dynamics
of the main biogenic substances: phosphates, organic phosphorus in suspension, dissolved phosphorus, dissolved oxygen,
nitrates, nitrites, ammonium (ammonium nitrogen), total organic nitrogen, dissolved inorganic silicon (including silica
and silicates), hydrogen sulfide (including elemental sulfur).

Let us consider the constructed mathematical model of the dynamics of biogeochemical cycles, including the equations
of the dynamics of phytoplankton populations and basic nutrients [5—8]:

%+u%+v%+ w%: div(E-gradq,)+R , (x,y,z)e G, 0<t<T, (M
ot ox Oy 0z Yoo

where g, is the concentration of the corresponding component numbered i, i € M, M = {F, F,, F,, PO,, POP, DOP, O,,

NO,, NO,, NH,, N, Si, H,S}; F, is the concentration of green algae, F, is the concentration of blue-green algae and F/, is

the concentration of diatoms.

The biogenic components are listed below: PO, means that the component belongs to phosphates, POP belongs to
organic phosphorus in suspension, DOP belongs to dissolved phosphorus, O, belongs to dissolved oxygen, NO, belongs
to nitrates, NO, belongs to nitrates, NH, belongs to ammonium (ammonium nitrogen), N belongs to total organic nitrogen,
Si belongs to dissolved inorganic silicon (including silica and silicates), H,S belongs to hydrogen sulfide (including
elemental sulfur).

V= (u,v, w)T is three-dimensional velocity vector of the aquatic medium, u, v, w are the components of the vector
I_/: directed along the coordinate axes Ox, Oy and Oz respectively. It is assumed that the axis Ox is directed to the north, Oy
— to the east, Oz — vertically down, so that the given coordinate system forms the right triple of vectors. The origin of
the coordinate system is located on the undisturbed surface of the water & = (K,.K,.K,)"is the coefficient of turbulent
exchange (turbulent diffusion), where K, is the coefficient of turbulent diffusion in each of the coordinate directions Ox
and Oy, which for simplicity we will consider constant, K is the coefficient of turbulent exchange in the vertical direction Oz.
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Let’s formulate a mathematical model in relation to the Taganrog Bay and the Azov Sea. Note that it is described by
10 equations of the form (1), i. e. the diffusion-convection equations of the functions of the right parts R,=R, x,y, 20,
depending on the desired solutions, on the temperature of the aqueous medium (T ) and its salinity (S) in accordance
with the equations (2)—(14) [8]:

RF, =CE(1_KER)q1~",~ _KFIDqu _KF,Equ: i=f3, 2
3
Rpop = ZS rp49E — K p9por = Kpnqrops 3
i=1
3
Rpop = Sp FEqF + K ppqpor = Kpndpops “
i=1
3
Rpo, = ) 5pCp\K ( )qF + K pndpor + Kpydpor ®)
i=1
3 f (2) ( ) 3
N \dm,
Ryy, = SNCF,( Krr \ * qr, +ZSN(KF,.D+K55)QF,_K42‘1NH4, (6)
il fN (‘11\/03 >4 no, anHA) i=1

3

(1)
Ry = ZSNCF (K, =1) Sy (qN03JqN02!qNH4). 9o,
2 i i
Py fN(qN03’qNOZ’qNH4) 4no, T 4o,

9r, + Ky, —Kxqyo, » (7

\f]\(ll)(qNO3’qN02!qNH4)_ 9 no,

syCr ( Kpr—1)
fN(qN03’QN()2’qNH4) 4o, T 4o,

qr, “‘Kzs‘]/vo2 > (®

3
/voz
i=1

i

R = sy

i

CF3 (KF3R _I)QF3 +SS[KF3DqF3a ©)

where K, is the specific rate of respiration of phytoplankton; K, is the specific rate of death of phytoplankton; K, is
the specific rate of excretion of phytoplankton; K, is the specific rate of autolysis POP; K, is the phosphatification
coefficient POP; K, is phosphatification coefficient DOP; K, is the specific rate of oxidation of ammonium to nitrites
during nitrification; K, is the specific rate of oxidation of nitrites to nitrates during nitrification; S, S, , S, are normalization
coefficients between the content of N, P, Si in organic matter [6].

The growth rate of phytoplankton is determined by the expressions:

CFI’Z = KNFM memp (Ttemp) s (S)min{fP (qP04 )va (qNo3 >4 N0, > DN, )} > (10)

Cr,= K s, mem,, (Ttemp) s (S)min {fP (qPO4 )7f1v (qNo3 >4 no, > qNH4)9fSi (qSi )} ) (11)

where is the maximum specific growth rate of phytoplankton.
Functions of the growth rate of hydrobionts dependence on temperature and salinity:

memp (Ttemp):exp(_a {( temp opt)/ opt} )5 =13_33 (12)
fS(S)=exp(_bl{(S_Sopt)/Sopt}2)9 l=293: (13)
kg, mis S<S,,
S)=
fS( ) exp(_bl{(S_Sopt)/sopt}z)’ ! S>S0pt’ (14)

where £ =1;T, opt > Sope AT optimal temperature and salinity for a given type of phytoplankton; a,> 0, b,> 0 are defined as

coefﬁc1ents of the w1dth of the range of tolerance of phytoplankton to temperature and salinity, respectively.
The boundary and initial conditions for the system of equations are formulated by equations (15)—(17):

g.=0,atcifu <0, %, =0,ato,ifu >0; (15)
811

8q. aq[

1t — —=—£.q.

. 0,aty, . i4; atthe bottom Y, , (16)
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q,(x,y,2,0)=q, (x,, 2), v x,y,2,0)= I_/(; (x,y,2),t=0,ie M, (17)
Ty @ 3,2,0)=T_  (x,»,2),8(x,,2,0)=5 (x,y,2),(x,»,2) €G,

where ¢, are non-negative constants; i € M; ¢, takes into account the lowering of algae to the bottom and their flooding for
i € {F, F,, F,} and takes into account the absorption of nutrients by bottom sediments for i € {PO,, POP, DOP, O,, NO,,
NO,,NH,, N, Si, H,S}, U5 is the component of the velocity vector of the water flow normal with respect to the boundary
surface, 7 is the vector of the external normal to the boundary surface, T, is the temperature of the aqueous medium,
S is salinity.

Figure 3 graphically shows this process. Note that the right-hand sides of positive constants are supposed to be used
in functions.

L Coast
0]
Free surface X
X The flow
L of particles flows out
G
y Y
z
The flow
of particles flows in I u->0
w. <0 Bottom
z

Fig. 3. Schematic representation of the considered area

For clarity, we present the model and the structure of the connections of the considered mathematical model of
biological kinetics and geochemical cycles in the form of a block diagram (Fig. 4).

POP DOP
PO

AF-A
ChVv Sc Si

NO
3 NH

4

Fig. 4. Structure of the model of biogeochemical transformation of phosphorus, nitrogen and silicon forms

This structure was developed at the P.P. Shirshov Institute of Oceanology of the Russian Academy of Sciences by
E.V. Yakushev [9-11], and also improved in the works of A.I. Sukhinov, A.V. Nikitina, Yu.V. Belova [2, 3, 5-8].
Comparison with numerous field data confirmed the validity of the structure of relationships between individual elements
of the model.

Further, the existence and uniqueness of the solution of the initial-boundary value problem of the dynamics of
biogeochemical cycles, linearized along the right sides, was investigated under natural restrictions on the smoothness of
the input data [6-8].
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The idea of linearization is that the nonlinear right-hand sides are taken with a delay relative to the simulated time step.

It is proposed to implement the linearization of the right parts using a uniform time grid @_ in time increments 1:
o, :{tn =nt,n=0,1,..,N;Nt= T}.

At each time step ¢ | <t <t we will consider the equations (1) linearized by the functions of the right-hand sides
Rq,. (i € M), the solutions of which are functions ¢;" (n=1,2,...N) of the form:

ai+div(l7-ai")=div(khai+k,,ai+kva£}+ﬁ", (18)
ot Ox oy oz a

After that, we can proceed to the study of the proximity of solutions of the linearized and initial initial boundary value
problems [8].

Investigation of the proximity of linearized and original initial boundary value problems solutions. Take equations
(1) and (18) with the corresponding boundary and initial conditions. Subtracting the corresponding equations (1) from
equations (18) and introducing the linearization error function, we obtain a problem that has the form characteristic of
a linearized problem, where instead of the functions of the right part there is an error in approximating the right parts of

the original continuous problem:
oz} oz 0oz oz' .. (- ~
i+ui+vi+w Zi —d1V(k~gradz,."):R;_ —R;_, (19)
ot Ox Oy z ' '
i=1,.,10,n=1,.,N, (x,y,2) € Gt <t<t,.

-1

We add the corresponding initial and boundary conditions to the system.

We will assume that each of the qi functions is integrable “with a square” in the domain G. We introduce a scalar
product of functions such that for any selected interval from 0 to 7 there exist and are bounded integrals, each of which is
a continuously differentiable function of the variable .

Let ‘s introduce the norm: 1
1 2
"E'\"Lz(x,%z) =(e) = [IJ- £ (x,y,2) dxdydz} :

G

Obviously, each such norm is a non-negative function of a variable continuously differentiable by this variable.
Multiplying both parts of equation (19) by the linearization error function, and then integrating first over the domain G,
and then over the time variable 7, we obtain an integral equality, which is a quadratic functional:

j[jz!' 2. a;; dG]del [ L[ z{’-div(ﬁ-z{’)dG}dt—]: Ulj-z{’-div(l?-gradz',.’)dCﬂdt:

n—1 n-1

.[{” R R "dGJdt.

-1

Using the Ostrogradsky-Gauss theorem, Green’s formula and Poincare inequalities, we arrive at an estimate (20):

217 (x,0.2, tﬂ-l)Hszm) ’ :
k

IS /NN

In-1
guaranteeing the proximity (convergence at Tt — 0) of solutions of a linearized and nonlinear problem. For the substance
F, (the original function ¢, = g¢,) in L,(G) on a sequence of grids, if the expression in square brackets is non-negative,
we obtain:

<

|16, 3,2.8)|

L>(G)

+2[KNF|(1_KF|R)_KF1D_KF|E -4

o.(t—0): ||Z1n (x,y,2.t,)
L

Cy=const>0

< Cr
AG)  n=1,2,.,N

By a similar method of estimation, it is possible to prove the proximity of the linearized and initial equations for the remaining
substances (biogenic components). After the conducted research, the basis for constructing a correct difference scheme appears.

Investigation of the difference scheme for the problem of dynamics of biogeochemical cycles. When constructing
a discrete model, we will focus on the linearized chain of initial boundary value problems constructed earlier using
equation (18). The construction is carried out in a standard way, however, a feature is the skew-symmetric notation of the
convective transfer operator, which guarantees monotonicity when limited to time steps and grid space steps.
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In the study of difference schemes, specific features in the assignment of the right parts are taken into account. In the
subsequent analysis, restrictions will appear on the value of the permissible time step 1, the more stringent the greater the
positive value of the right part, which is responsible for the increase in the number (concentration) of the substance for
phytoplankton populations. The remaining functions of the right parts (i = 4,...,10) provided that biogens enter the area
under consideration, are non-positive and therefore an increase in concentrations is not observed in real problems.

Also, for simplicity of presentation, we will consider a parallelepiped as the selected area:

G={0<x<L,0<y<L, 0<z<L,|.

To set the grid functions of concentrations of plankton populations and biogenic substances, we will construct
a uniform space-time grid @, x @, and use the template of the difference scheme (control volume) (Fig. 5).

V4
i3, k+1
(i, ] )y
@, j+1, k)
X
(i-1,j,k) (), k) (i+1,j, k)
(1,j-1,k)
@, ], k=1)

— nodes for velocity vector components (u by axis Oy, w by axis Oz)

— nodes for setting concentrations of plankton populations and nutrients

Fig. 5. Schematic designation of the control volume and the scheme template

All unknown functions are set and calculated at the nodes of the template, and the velocity functions, since they are
input data that are calculated at the stage of hydrodynamic modeling, are calculated in the middle of the edges of the
template of the difference scheme. To correctly set the boundary conditions of the second and third genera in the difference
scheme, we will use an expanded spatial difference grid, with a deviation from all nodes in the direction of the normal
(perpendicular) outward by a distance of one grid step in the corresponding direction. For brevity, we omit this stage.

Based on the symmetric form of representation of the convective transfer operator, we come to this operator in a skew-

symmetric form: (x, y, z) € »,i=1,...,10:
Cyql'= ((”;1+0,5‘7ir,lr+1 - u:’—O,Sqi’:r—l)/th) + ((V:+0,5‘7ir,lr+1 - v:’—O,Sqir,lr—l)/2hy) @D

+ ((wfw;!?fm - W:—O,Sqi',,r*l)/ th)'

And to the type of diffusion transfer operator:

Dq! = (ks o5l = a)/m) ke, osllar = a2 )/ ) )+
+ ((kh,r+0,5 ((q;",rﬂ - qln)/h\) —ky,os ((qln - q[’f,_l)/hy))/hy) + (22)
+ ((k.,ﬁo,s ((qi",m -q; )/ hz) ~kyros ((q P4 z’n.r—l)/ h. ))/ hz)'

In the direction of the Ox and Oy approximations, Neumann boundary conditions (of the second kind) take place. At
the bottom of the reservoir (Oz), we present the results of approximation of boundary conditions of the third kind. Here
and further, for brevity, we will omit them. These approximations are valid for grid nodes and have an approximation error
for the corresponding continuous (differential) operators O(A?).

The constructed relations guarantee that the error of approximation of the difference scheme on the grid in norm C is
limited and estimated by the inequality:
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¥(x,y,2,2,)

max 4§ max
1<n<Np (X,Y,Z)Emh

}sM-(hvar), h* = h} +h; +h?, M = const > 0. (23)

It is assumed that on the expanded grid, which was mentioned above, there is an aquatic environment in horizontal
directions and these values can be determined in the hydrodynamic block of the combined model “hydrodynamics,
phytoplankton populations and biogens”.

Sufficient conditions for monotonicity and convergence to the solution of a linearized problem. When proving the
monotonicity of the difference scheme and its convergence at [#| — 0 and T — 0 we apply the maximum grid principle
and its corollary — an estimate of the solution of an inhomogeneous grid equation in norm C. For the convenience of
subsequent calculations, we present a template of the difference scheme (Fig. 6) with the designation of nodes that will be
used in the canonical form of writing grid equations of a general form.

Q,
@, j, k+1)
Q,
G, j+1, k)
Q4 P Ql
(G-1,], k) (3, %) (+1, ], k)
1,1k
R (i.j. k1)
Q,

Fig. 6. The template of the difference scheme with the designation of nodes

On the previously constructed spatial grid, we will consider (on the upper time layer) the grid equation in canonical
form:

AP)Y(P)= > B(P.0,)¥(0,)+F(P), (24)

0,,1il'(P)
m=1,2,...,6

Pe (D’PE(xi’yj’Zk)’ Y(P)E(Tq(xi:yj’zkﬂ)'

The values of the coefficients, as well as the right parts, will be generated for the internal and boundary nodes
separately. It should be noted that the values of the velocity vector component determined in half-integer grid nodes in the
hydrodynamic block of the model participate in the formation of all coefficients of the grid equation.

When the condition (inequality) of the Courant and the restriction on the grid number of Pecles are met, we determine
the permissible values of time steps of the order of 20 seconds for coastal systems:

"(x. £0,5h ,y. h 2
1074§|” (x, £05h,,y .2, ) |h, SR U 25)
ky(x, £0,5h,,,,2,) 61/
"(x.,y. £0,5h h
1074S 14 (xny/ > y;Zk)| y SL T~ 16,6 [C], (26)
ky(x;,y; £0,5h,,z,)
107 < Wn(xi’y”zki0’5h2)|h"’ <1, 1210 =16,6[c] 27)
k,(x;,y;,2, £0,5h.) T 6,10-31% =

For further studies of the stability of the difference scheme and convergence, an assessment of the coefficients will
be required. We formulate a theorem in relation to the problem under consideration, using the theorem of estimating the
solution of an inhomogeneous grid equation:

z"(x[,yj,zk)EZ”(P)z 0,Pe® \®.
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For ease of use, we use an extended grid on which the conditions of the theorem are fulfilled.
The theorem. If:
D(P)=4(P)- > B(P.0,)>0.B(P,0,)=0,m=12,...6,

Quelll'(P)
m=1,2.....6

in all nodes of the connected grid ® , then to solve the problem:

ZBPQ 0,)=F(P),-Pc®,z"(P)=0,PcY. =5 \®,
Q,”ELU(
m=1,2,...,6
1s fair assessment:
H X, y,zl
x v,z, t (@)

Focusing on the canonical form of the grid equation for the constructed difference scheme in the inner and boundary
nodes of the main grid, when the condition (inequality) of the Courant and the restriction on the grid number of Peclet are
met, when estimating for D(P) from below:

we guarantee monotony and stability.
Thus, it is possible to return to the error estimation based on the constructed discrete model. When switching from the
time layer of the number “n—1" to the time layer “n” in accordance with the Theorem , we obtain:

<4M(h2 +1:)1:,

xy,
@) xy,zt

n T
z

< 4§M<h2 +’[)‘C =4MN, 1 (h2 +Z')S 4MT(h2 +’C)E K<h2 +T),

< "zNT

where K = 4MT is constant.
Taking into account the obtained estimate of the approximation error O(|4*+ t). The resulting system of grid equations
for all substances (concentrations of phytoplankton, as well as biogenic substances) has a high dimension in real problems.
On the numerical implementation of the constructed difference scheme. The system of solved grid equations in
operator form can be represented as:

—n+l
99 DG -0 =R n =0, NFLic (F,F, Fy .. 10},
T
Taking into account the special constructed difference scheme, due to the choice of a sufficiently small time step, and
it is possible to use the Seidel method (D, # D).
Let
A;=A; +D; + 4],

(AI— +D)q—ln+l ,S+1 A;qiml,s +Rin’

where the initial approximations on each time layer n =1, 2,..., N are given based on the obtained “final” values of the
iterative process for the desired grid function on the previous time layer, and for n =0, n+1=1, g" is determined based
on the initial conditions for the initial boundary value problem.

The analysis shows that the denominator p of the geometric progression is included in the estimate:

+1,5+1
z"!

i

+1,5
z! |

<p

(@) c@®)

The number of time steps for which these systems need to be solved will range from 103 to 105 iterations. These
features of grid problems, especially in the operational forecast of the aquatic ecosystem, may require the use of high-
performance computing systems with many thousands of processors, but this topic goes beyond the boundaries of this

study, in which parallel algorithms are not considered.
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Since the scheme is a system of grid equations with guaranteed diagonal predominance, it becomes possible to use
a simple but rather effective Seidel method, which will converge when solving high—dimensional grid equations at
a geometric progression rate with a denominator of 0.75-0.8.

Discussion and Conclusion. To check the correspondence of the compiled mathematical models of hydrodynamics
and biological kinetics, the author used expedition data. The “Azov3d” software module, based on the initial data entered
into the system automatically, simulates the dynamics of changes in concentrations of three types of phytoplankton and
nutrients in the Taganrog Bay for a time interval of 30 days (06.08.2020-10.09.2020), (Fig. 7).
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0.7

0.0

Fig. 7. Modelling the dynamics of phytoplankton concentrations of RPC “Azov3d”

The results of the work of the software module, which is part of the RPC “Azov3d”, clearly illustrate the possibilities
of determining contours on the water surface and allow you to trace their change over time in the surface layer of the
reservoir. Using this model, it is possible to predict possible changes in coastal ecosystems and develop strategies for their
protection. The obtained results make it possible to significantly reduce the time of prognostic calculations (by 20-30 %)
and increase the probability of early detection of adverse and dangerous phenomena, such as intensive “blooming” of the
aquatic environment and the formation of zamor zones in coastal systems.

Mathematical modelling based on satellite images can be a useful tool for conducting research of coastal systems
and developing strategies for the conservation of its ecosystem. However, in order to use this method effectively, it is
necessary to continue to improve mathematical models and improve access to data collected by spacecraft.
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