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Abstract

Introduction. Seismic exploration is a widely used technology for locating hydrocarbon deposits. An important stage
of this process is the simulation of seismic wave propagation in a geological model of the medium with specified
physical characteristics. Due to the high computational cost of this problem, the acoustic approximation is widely used in
practice, allowing for the correct description of longitudinal wave propagation. The most common approach to seismic
modeling is the use of finite-difference schemes on staggered Cartesian computational grids. Despite their simplicity
of implementation and high computational efficiency, such methods exhibit insufficient accuracy when modelling
complex geological structures, including curvilinear interfaces between geological layers. A promising direction is the
development of new high-order computational methods on curvilinear computational grids. This paper presents a stable
fifth-order grid-characteristic method successfully applied to solving the problem of acoustic wave propagation in the
two-dimensional case.

Materials and Methods. The study employs a grid-characteristic method with a fifth-degree interpolation polynomial
constructed on an extended spatial stencil. A class of curvilinear grids is identified that makes it possible to retain the
accuracy achieved when solving a one-dimensional problem. Furthermore, the use of a multistage splitting method allows
the preservation of the scheme’s order in both time and space for multidimensional formulations.

Results. The formulas of the computational algorithm are presented, the achievement of the declared convergence order
is empirically confirmed, and wavefield patterns of the dynamic process are calculated.

Discussion. The results demonstrate lower numerical dissipation of the proposed computational algorithm. The trade-off
for this improvement is a significant increase in computation time.

Conclusion. The developed computational algorithm ensures high accuracy in calculating seismic fronts, which is
critically important for seismic exploration tasks in layered geological massifs.

Keywords: seismic exploration, seismic waves, mathematical modelling, curvilinear grids, acoustic medium, grid-
characteristic method, operator splitting
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AHHOTALMSA

Beeodenue. Celicmuueckas pa3Befka SBISETCS HIMPOKO IPUMEHAEMOM TEXHOJOTHMEH IOUCKA MECTOPOXKACHUI
YTIEBOAOPOAOB. BakHBIM 3TamoM AaHHOTO IIpoliecca SBISETCA pacdéT paclpoCTpaHEHHS CEeHCMHMYECKHX BOJH B
T€OJIOTHYECKOH MOJIETM CPEebl ¢ 3aJaHHBIMU (PU3NYECKUMH XapaKTepHCTHKaMu. BBHIY BBICOKOW BBIYHMCINTEIBHON
CIIO)KHOCTH 3a7ladydl Ha TPAKTHKE aKTHBHO HCIIONB3YeTCsS aKyCTHYEeCKoe MPUOIIIKEHHE, IMO3BOJIAIONIeEe KOPPEKTHO
OITMCaTh PacIpOCTPaHEHNE MPOAOJIBHBIX BOJH. Hanbonee yacTo i celiCMHUECKOTO MOJIEIUPOBAHUS HCTIONIB3YIOTCS
KOHEYHO-Pa3HOCTHBIE CXEMbI Ha CIBHHYTHIX KYOMYECKUX pacuéTHBIX ceTKax. HecMOTpsi Ha MPOCTOTY MX peann3aiuu
U BBICOKYIO BBIYHCIHUTENBHYIO 3(Q(QEKTUBHOCTb, TaKWE MOAXOABI JIEMOHCTPUPYIOT HEIOCTaTOYHYIO TOYHOCTH IIpH
MOACINPOBAHUM CIIOKHBIX T'€OJIOTHYCCKUX CTPYKTYP, BKITHOYaA KpHBOHHHeﬁHBIe TpaHUIbI pa3aciia reoJIOrn9eCKmux CIIOEB.
[lepcrieKTHBHBIM HAIIPABICHUEM SBIISCTCS pa3pad0TKa HOBBIX BBIYHCIUTEIBHBIX METOIOB BBICOKOTO TTOPSIKA TOYHOCTH
Ha KpUBOJIIMHEHHBIX pacuéTHBIX CeTKax. B HacTosmeil paboTe npencTaBiieH YCTONUMBBINA CETOUHO-XapaKTePUCTUIECKUI
METOJ] MATOr0 MOpsAKa AaNMNpOKCUMAIWH, YCHEITHO NPUMEHEHHBIA [UIsl PELIeHHs 33Ja4d O paclpOCTPaHEHHU
AKYCTHYCCKUX BOJIH B }IByMGpHOfI IIOCTAHOBKE€.

Mamepuanst u memoowt. Vicionb3yeTcs CETOUYHO-XAPAKTEPUCTUUECKHHA METOJ C WHTEPHOJALUOHHBIM MOIHHOMOM
MATON CTETNEeHH, MOCTPOSHHOM Ha PACIIMPEHHOM TPOCTPAHCTBEHHOM IadyioHe. BhineneH Kiacc KPUBOJWHEHHBIX
CETOK, MO3BOJISIOMIMN COXPAHUTh JOCTHUTHYTYIO MPU PEIICHUH OJHOMEPHOM 3ahaud TOYHOCTH pacuéra. IIpu stom c
MTOMOIIIBI0 METO[a MHOTOIIIArOBOTO PACIICIUICHHUS YIAE€TCS COXPAaHUTh MOPSIIOK CXEMBI IO BPEMEHH H 110 IIPOCTPAHCTBY
B MHOTOMEPHOM MOCTaHOBKE.

Pezynomamor uccnedosanus. llpeacraBinensl GOpMyIIbl BEIYUCIUTENBHOTO aJTOPUTMA, SMIMPHUECKH MOATBEPIKICHO
JOCTHKEHHE 3a8BICHHOIO MOPSAAKAa CXOAUMOCTHU, PACCUUTAHBI BOJIHOBBIE KAPTHHBI JUHAMUYECKOT0 MpOoLecca.
Oobcyscoenue. Pe3ynbTaThl pacuéTOB JEMOHCTPUPYIOT MEHBIIYIO YUCICHHYIO JUCCUMAIMIO MPEIJI0KEHHOTO
BBIUUCIIUTENBHOTO anroputMa. [lnaroii 3a 370 ABIsSETCA 3HAUMMOE YBEITUUYEHUE BPEMEHU pacuéTa.

3axnwouenue. Pa3zpaboTaHHBIA pacUETHBIA aNTOPUTM OOECTIEUMBAET BBICOKYI) TOYHOCTh pacuéra CeHCMHUYECKUX
(pOHTOB, YTO KPUTHIECKH BaXKHO B 33/1a9aX CEHCMOPA3BE/IKN B CIIOMCTHIX T'€0JIOTMYECKUX MAaCCHBaX.

KuroueBble ci1oBa: ceficMuyeckast pa3Be/ka, CeCMUUECKHE BOJTHBI, MATEMaTHYECKOE MOJIEIHPOBaHNIE, KPUBOJIMHEHHBIC
CETKH, aKyCTUYECKasi Cpefia, CETOUHO-XapaKTePUCTUUECKUI METOI, OLIEPATOPHOE PACLIETIICHHE

®unaHcupoBanue. PaboTa BhIMONHEHAa B pamKax rocyrapctBerHoro 3amanus HUIL «KypuaTtoBckuii MHCTHTYT» —
HUHWCHU mno Teme Ne FNEF-2024-0002 «MaTemaTH4eckoe MOICIHPOBAHHE MHOTOMACIITAOHBIX JUHAMIYCCKUX
MPOIIECCOB U CHCTEMBI BHUpTyajbHOro okpyxenus» (1023032900401-5-1.2.1). HccnemoBanuss Mu Cunb ObLIH
nojanepxanbl Kutaiickum cOBETOM MO CTUIEHIUSIM.

Jas nurupoBanus. Mu C., ['onydes B.M. MHoroctamuiiHplii CETOYHO-XapaKTEPUCTHUCCKUI METO]] MOBBIIICHHOTO
TIOpsIJIKa TOYHOCTH I 3amay akyctuku. Computational Mathematics and Information Technologies. 2025;9(3):7-15.
https://doi.org/10.23947/2587-8999-2025-9-3-7-15

Introduction. Computer simulation of wavefields in heterogeneous media is widely used in geophysical research
and plays a key role in solving problems of migration and inversion of seismic exploration data [1, 2]. Many different
numerical methods applicable to solving the dynamic deformation problem of geological media have been developed
by various research groups: the finite-difference method [3], the finite-element method [4], the discontinuous Galerkin
method [5], and the spectral element method [6]. Among them, the finite-difference method remains the most frequently
used in practice due to its ease of implementation and high computational efficiency.

One of the actively developing methods is the grid-characteristic method [7], which is used in the present work.
In recent years, active development of modifications of the grid-characteristic method has been carried out on various
types of computational grids: unstructured tetrahedral [8, 9], Cartesian [10-13], curvilinear structured [14], chimeric
overlapping [15—17] for solving practical problems of seismic exploration [8, 10, 11, 15, 16], seismic resistance [12, 14],
non-destructive testing of composite materials [18], and calculation of vibrations of railway tracks [13, 17].
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In marine seismic exploration, seismic waves propagate both in an acoustic medium (water layer) and in an elastic
medium (sea bottom and underlying geological massif). If the interface between the media is curvilinear, the finite-
difference method encounters significant difficulties when attempting to correctly calculate the travel times of waves
reflected from the bottom [19]. One possible way to improve the accuracy of specifying the geometry of the interface
is to reduce the grid step, but this leads to a significant increase in the computational complexity of the problem [20].
To achieve a compromise between the increase in computational costs and a decrease in the accuracy of modelling, it
is possible to combine the finite difference method with the coordinate transformation technique [21]. This approach is
based on mapping a curvilinear computational grid coinciding with the layer boundary into a computationally convenient
orthogonal grid using a sufficiently smooth coordinate transformation.

In this paper, we consider the problem of seismic wave propagation in an acoustic medium containing curvilinear
layer interfaces. Using the inverse transformation from curvilinear to Cartesian coordinates allows us to apply a grid-
characteristic method of increased accuracy order on an extended spatial stencil for a special class of computational grids.
To eliminate the effect of reducing the order of approximation of a two-dimensional computational algorithm in time
due to the use of coordinate-wise splitting, the method of multi-step operator splitting is used [22]. The computational
experiments conducted confirm the high accuracy of calculations and the stability of the scheme when the standard
Courant condition is met.

Materials and Methods. The dynamic behavior of a homogeneous acoustic medium under small deformations and in
the absence of external volumetric forces is described by a hyperbolic system of equations of the form:

—

ov -
—+Vp=0,
Pat p

Py e -7 =0,
ot

The following notations are used here: p is the medium density; c is the P-wave propagation velocity; p(x,y,z,f) is

the pressure, V(x,y,z,t)= (u,v,w)T is the velocity vector at the considered point of the acoustic medium. In the two-

dimensional formulation of the problem considered in this paper, all the sought functions do not depend on the third spatial

N
variable: g_v = 6,a—p =0. Let the integration domain initially be covered by some curvilinear structural computational
z /4

grid so that its sufficiently smooth mapping onto a uniform square computational region is possible (Fig. 1). Let the
relationship between the original Cartesian coordinates x and y and transformed coordinates & and 1 is set explicitly as

{x =x(&m),

y=y(&m).

Fig. 1. The original curvilinear computational grid (x, ) (left) and the transformed square grid (&, n) (right)

By transitioning to new coordinates in the original system of equations, we obtain that

6_p+pchKa_ua_y_a_ua_yﬂ+pczi[[@@_@a_xﬂ:O,
ot Vil\egon onee Vil\onoe  agom
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6_u ll(ﬁpﬁy 6p6y] 0

ot pl\ogon onog
@+u(a_pa_x_a_pa_x] _
ot pl\enee ogon)
Ox
where a new notation [J| = g}% gi’ is the Jacobi matrix.
on on

This system of equations can be rewritten in canonical form:
— — —
q,+4.4.+44q,=0.

The following additional notations are introduced here:

q=(puv),
2 1 ay > 1 Ox
SRVETARVER
4= 1LYy o |
pllon
11 0ox
B ot 0
pllon
2 lP 210k
; P Tlee ™ Plee
110y
o 0
| ol
Ilor 0
pllog

To construct a numerical solution to this two-dimensional system of equations, one can use the method of splitting by
spatial directions, thereby reducing the problem to a sequential solution of two one-dimensional problems

5+Aﬁé:0,
_)
q,+44,=0.

In this case, the solution of the first system of equations is the initial condition for solving the second system of
equations. Note that this procedure allows us to construct a converging computational algorithm, which, however, in

the general case has only the first order of approximation in time. This is due to the non-permutability of the operators
associated with the matrices 4, and 4.

Note that each of the one-dimensional systems with matrix 4(j =&, n) is hyperbolic and can be represented as follows:

-1
4;=Q;A,Q,

bl B
S EEE

The solution of a one-dimensional hyperbolic system with constant coefficients can be reduced to the solution of a
spatial interpolation problem by transitioning to Riemann invariants according to the formula:

- -
0=0Q4.
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For clarity, let us consider the procedure for constructing a solution to the problem along the direction &. Performing
left multiplication of a system of equations by a matrix Q, and substituting the expressions obtained above into the
original system of equations, under the conditions of independence Qé from &, we obtain, that

— —
o, + A0, =0.

For each equation from this system of one-dimensional independent transport equations with constant coefficients,
according to their characteristic properties, the value at the next time layer is exactly determined by the following expression:

8(§m,t" + r) = 8(&,” —Aér,t").

When calculating the right-hand side of this equality, the procedure of interpolation by polynomials of a given degree
on a fixed spatial stencil is used. In this work, a grid-characteristic scheme of the fifth order of approximation is used,
constructed on a seven-point template using an interpolation polynomial of the fifth order [23]. Then the desired vector
function ¢ =(p,u,v)T, on the next time layer can be calculated using the formula (due to the non-degeneracy of the
transformation):

7=0.'c.

Note that the structure of the matrix of eigenvectors can be written compactly in tensor form. We introduce the
following notations for the directions corresponding to the axes &, 1:

y
ro 1 on
mET————| 4|

ox o\ | -=
on) \on N

_¥
r _ 1 a&
n=—— o |

Ox oy =
% 2s

Then the transition to Riemann invariants has the form:

1- -, p .
®,, =—n, - vit—,forc,
1.2 B 0 2pC f E.;
o, =lﬁl VL forn.
c2 2pc

As noted earlier, the use of this splitting method reduces the order of approximation of the two-dimensional scheme
in time. To solve this problem, this paper uses multi-step operator splitting based on the use of fractional time steps [24].
In general, this calculation algorithm for each time step can be represented as follows:

foriinl,...,s:

solve step along &: step &(afr),
solve step along n: step n(a?r).

Coefficients Otf e (1,2,...,s), je (&,n), defining the values of fractional time steps, uniquely determine the multi-step
splitting scheme. It should be noted that it is possible to construct a non-unique scheme of a given order of approximation
with a given number of stages. In this paper, a Sth-order multi-step splitting scheme with 7 stages was used [24]. Its
coefficients are presented in Table 1.

Table 1

Coefficients of the used 5th order multi-step splitting scheme

i o; o]

1 0.475018345144539497 ~0.402020995028838599
2 0.021856594741098449 0.345821780864741783
3 ~0.334948298035883491 0.400962967485371350

11
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End of table 1

I o; o}

4 0.512638174652696736 0.980926531879316517
5 —-0.011978701020553904 —1.362064898669775624
6 —0.032120004263046859 0.923805029000837468
7 0.369533888781149572 0.112569584468347105

Results. The constructed two-dimensional grid-characteristic scheme was applied to model the process of propagation
of a plane P-wave. The problem statement typical for the field of seismic exploration in a subhorizontal layered geological
massif was considered. The computational domain was covered by a curvilinear computational grid specified by the

following coordinate transformation:
x=,
{y =n+7E’,
where y=5-10"*,

The advantage of this parameterization method is the independence of the eigenvectors and eigenvalues of the problem
for steps along (&, ) of (€, ) accordingly. This allows you to bring a matrix Qj under the sign of differentiation with respect
to the coordinate and construct an exact solution to the one-dimensional problem. The initial area of interest in Cartesian
coordinates occupied a square with a side of 600 m. The acoustic characteristics of the medium were set equal to the
following values: the density of the medium p = 1000 kg/m?, P-wave velocity ¢ = 2000 m/s. The initial disturbance was
set at a distance of 400 m from the lower boundary directed vertically downwards. Totally, 50ms of physical time were
calculated. The time step was selected from the Courant stability condition for the intermediate step of the computational
algorithm, corresponding to the maximum coefficient by modulus o .

To confirm the achievement of the declared increased order of convergence by this scheme, a series of calculations
were carried out on successively refined curvilinear computational grids. The results of the empirical assessment of the
order of convergence according to the norms L, and L  are presented in Table 2.

Table 2
Study of the order of convergence of the constructed scheme. The problem with a vertical P-wave
h Errorin L, Errorin L Orderin L, Orderin L
2.000 2.6081E+09 9.0030E+05 — —
1.000 1.0736E+09 3.6153E+05 1.281 1.316
0.500 1.1051E+08 4.3919E+04 3.280 3.041
0.250 4.3173E+06 1.6748E+02 4.678 4713
0.125 1.3778E+05 5.3186E+01 4970 4977

The calculation was performed using the standard method of splitting by spatial directions. The results are presented
in Table 3.

Table 3

Study of the order of convergence of the scheme with standard splitting. The problem with a vertical P-wave

h Errorin L, Errorin L Orderin L, Orderin L
2.000 1.7314E+09 5.9920E+05 — —
1.000 4.3286E+08 1.6200E+05 2.000 1.887
0.500 3.5098E+07 1.9527E+04 3.624 3.052
0.250 5.6940E+06 3.8921E+03 2.624 2.327
0.125 1.3951E+06 9.6667E+02 2.029 2.009

Note that the propagation of the wavefront along one of the lines of the computational grid, as it happened in the
test presented above, is not an essential requirement for maintaining the order of convergence by the scheme. Under the
conditions described above, the problem of propagation of a P-wave at a fixed angle f = —5° was solved. The results of
the empirical assessment of the order of convergence for two norms are presented in Table 4.
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Table 4
Study of the order of convergence of the constructed scheme. Problem with an inclined P-wave
h Errorin L, Error in L Orderin L, Order in L

2.000 2.1279E+09 8.9108E+05 — —

1.000 8.7694E+08 3.5489E+05 1.279 1.328
0.500 8.8829E+07 4.2314E+04 3.303 3.068
0.250 3.4498E+06 1.6029E+03 4.686 4.722
0.125 1.1013E+05 5.0870E+01 4.969 4.978

The calculation was performed using the standard method of splitting by spatial directions. The results are presented

in Table 5.

Table 5

Study of the order of convergence of the standard splitting scheme. The problem with an inclined P-wave

h Errorin L, Errorin L Orderin L, Orderin L
2.000 1.4481E+09 5.9613E+05 — —
1.000 3.6522E+08 1.6221E+05 1.987 1.878
0.500 3.6355E+07 2.4925E+04 3.329 2.702
0.250 7.3132E+06 5.4214E+03 2.314 2.201
0.125 1.8012E+06 1.3417E+03 2.022 2.015

Of greatest interest is the calculation of the process of seismic wave propagation in a medium consisting of geological
layers with different mechanical characteristics (sandstones, clays, carbonates). To test the possibility of using the developed
numerical scheme to solve this type of problem, the following computational experiment was conducted. Three computational
grids were considered, covering three geological layers occupying a physical area of 90x150 m. The computational grid in
the middle area was set as curvilinear with the parameter y =5 - 10*. This leads to the formation of a curvilinear upper and
lower boundaries. Then, the computational grids in the upper and lower regions were set with a gradually changing parameter
v so that the upper boundary of the upper grid and the lower boundary of the lower grid remained horizontal. A test was
performed for the absence of significant reflections from “virtual” geological boundaries caused only by dividing the entire
computational grid into three subregions. For this purpose, the same acoustic parameters were used in each of the layers.

The seismic signal source was a plane P-wave propagating downwards at a distance of 20 m from the upper boundary
of the upper subdomain. The spatial grid step was 0.5 m, the time step was 100ps, which satisfies the Courant stability
condition. Spatial pressure distributions in the entire computational domain at a fixed time T = 50 ms, obtained using the
widely used third-order approximation grid-characteristic scheme and standard splitting scheme, and using the fifth-order
approximation grid-characteristic scheme and multi-step splitting scheme described in the work are presented in Fig. 2.
The amplitude of the original wave is more accurately preserved and there are no significant reflections.

0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
00 100 100
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Fig. 2. Acoustic field in a three-layer medium. The following are used: a one-dimensional scheme of the third order
of approximation and the usual spatial splitting (left) and the scheme proposed in this paper (right)
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Discussion. In this paper, a new two-dimensional grid-characteristic scheme on curvilinear structural computational
grids is presented. It is based on the application of the multistep splitting method to preserve the high order of approximation
in time and uses the properties of the hyperbolic system of equations to reduce the solution of a one-dimensional hyperbolic
problem to the procedure of spatial polynomial interpolation on a fixed seven-point template. The behavior of the
obtained numerical solution to the problem of plane wave propagation in the computational domain covered by a special
curvilinear grid is systematically investigated. The claimed 5th order of convergence in both coordinate and time is shown
to be achieved. Note that in the case of impossibility of analytical calculation of the Jacobian of the transition between
computational grids or the dependence of the operators of one-dimensional problems on the coordinate, the following
modifications can be used. First, the Jacobian of the transition can be calculated with a given degree of accuracy by the
finite-difference method. Secondly, the dependence of one-dimensional operators on the coordinate can be considered by
using appropriate solvers of higher order of approximation for the one-dimensional hyperbolic problem.

The paper demonstrates the possibility of using the constructed simulation algorithm for modelling the seismic exploration
process in a layered geological medium with curvilinear boundaries. To describe the horizontality of the daylight surface, a
calculation grid is used that gradually levels out with distance from the interface. The comparison of the obtained acoustic
wavefields with another calculation scheme showed the possibility of increasing the accuracy of preserving the amplitudes
of propagating waves together with the absence of significant numerical artifacts at the contact boundaries.

Conclusion. Thus, it seems possible to apply the described approach to solving practical problems of seismic
exploration. Promising areas of further research are:

1. Generalization of the simulation algorithm to more complex models of geological media: elastic, elastoplastic,
elastoviscoplastic models;

2. Generalization of the calculation algorithm to three-dimensional problem statements to increase its universality and
engineering applicability.
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Abstract

Introduction. A finite-difference scheme approximating a boundary value problem for a parabolic-type equation in a
three-dimensional setting with boundary conditions of the first-third types is considered. This paper is a continuation of
the authors’ previous works devoted to the numerical solution of one of the pressing problems of hydrophysics in shallow
marine zones — the problem of transport, deposition, and transformation of suspended matter. The approximation of this
class of problems inside the domain leads to schemes converging at a rate of O(t + /%), where h* =h] +h) +h2, h, h, h,
and t are the steps of the difference grid along the spatial coordinates x, y, z and time, respectively. However, the case
of boundary conditions requires careful treatment, since an inaccurate approximation may reduce the overall order of
accuracy of the finite-difference scheme. The methods proposed by the authors for approximating boundary conditions
ensure the convergence of the finite-difference scheme at the rate of O(t + A2).

Materials and Methods. The authors focused on approximating third-type boundary conditions (with second-
type conditions considered as a particular case). The approach is based on the central difference approximation of
boundary conditions on an extended grid and the elimination of suspended matter concentration values in ghost
nodes (cells).

Results. Approximations of the second- and third-type boundary conditions were constructed for a boundary value
problem describing suspended matter transport. These approximations guarantee convergence of the finite-difference
scheme at the rate of O(t + A2).

Discussion. The study may be useful in convection—diffusion problems where achieving numerical solutions with
acceptable accuracy is required.

Conclusion. Future research may focus on the analysis of the constructed finite-difference schemes under physically
motivated constraints on the time step T and the grid Peclet number.

Keywords: coastal marine systems, convection—diffusion problem, finite-difference scheme, second- and third-type
boundary conditions, approximation error
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OPMZMHaJleoe meopemudecKkoe ucciedosanue

ANNpPoOKCHMALUSI TPAHUYHBIX YCJIOBHH BTOPOIro M TPeThero poaa
B KpaeBbIX 32/1a4ax JJIsl ypPAaBHeHUH KOHBeKUMUu-1uppy3un
€ NPUJIOKEHUEM K IKO0JIOTHYecKoi ruapopusnke

A.N. CyxunoB , B.B. Cunopsikuna [

JloHcKoM rocyiapcTBEHHBIN TEXHUUECKUN yHUBEpCUTET, I. PocToB-Ha-Jlony, Poccuiickas deneparust

P4 cvv9@mail.ru

AHHOTaN NS

Beseoenue. PaccmarpuBaeTcsi pa3HOCTHAs CXeMa, alllpOKCHUMUPYONas KpaeBylo 3a1ady Uil ypaBHEHHs mapadonuye-
CKOI'0 TUIIa B TPEXMEPHOU IOCTaHOBKE ¢ ycyoBusamu Ha rpaHune I-III pona. [lanHas cTarhs ABIISETCS TONOJHEHUEM
K IPEABLIYIUM paboTaM aBTOPOB, MOCBSIICHHBIM YHCICHHOMY PEIICHHUIO OJHOM M3 aKTyaJbHBIX 33734 IHIPOGU3UKI
30H MOPCKOTO MEJIKOBOJBS — 3aJa4ye MepeHoca, OCAKIACHUS (TPaHCIOPTa) U TpaHChOpMaIMK B3BEIICHHOIO BEIlle-
CTBa. ANIIPOKCHMAIUS YKa3aHHOTO Kjlacca 3aj1a4 BHYTPH OOJIACTH NMPHBOAUT K CXEMaM, CXOJISIIUMCS CO CKOPOCTBIO
O(t+h?),tne h*=h]+h+h: h,h,h v T— wark pasHOCTHOMN CCTKH 10 IPOCTPAHCTBEHHBIM KOOPIUHATAM X, Y, Z
1 BPEMEHH COOTBETCTBEHHO. IIpH 9TOM TpeGyeT aKKypaTHOro PACCMOTPEHHS Cllydail FPAHHYHBIX YCIIOBHIA, TOCKONBKY
IPY HEYauHOW MX allPOKCUMAIIMU MOXKET ITOHU3UTHCS MOPSI0K allPOKCUMAaIMU Pa3HOCTHON cXeMbl B LiesioM. [Ipen-
JIO)KEHHBIE aBTOPaMH METOJIbI alllIPOKCHUMAIK TPAHUYHBIX YCIOBHH 00ECIIEUNBAIOT CXOIUMOCTh PAa3HOCTHON CXEMBI
co ckopocThio O(T + h?).

Mamepuanst u memoodsl. B cBOUX HCClIeOBAaHUAX aBTOPaMH CleJIaH aKLEHT Ha allpoKCUMAaluKi TPaHUYHBIX YCIOBUIMA
TpeThero poza (anmpoKCUMaIHsi TPAaHUYHBIX YCIIOBHH BTOPOTO pOJia paccMaTpUBAaeTCs Kak X YacTHBIN ciydait). OpueH-
THUPOM CITYXKHT aIllIPOKCUMAaLUs YKa3aHHBIX TPAHUYHBIX YCIOBUI 110 (OpMYIie IIEHTPAIBHBIX PA3HOCTEH C TOCIIEAYFOLUM
muddepeHunpoBaneM obenx yacteil ypaBHeHUH AU HY3UH-KOHBEKLIIUH M UCKIIOUEHHEM U3 MOJTYYEHHBIX BBIPaKEHUN
(GyHKIMH pemieHus B QUKTUBHBIX y3JIaX paclIipeHHOH CETKH.

Pesynomamut uccnedosanus. IloctpoeHs! anmpokcuManuu rpanudnbix yenosuid [I-111 pona ans kpaeBoit 3agauu, onu-
CBIBAOLICH TPAHCHOPT YAaCTHIl B3BEIICHHOTO BELIECTBA, 00ECIEYHBAIOIIUE CXOMUMOCTh Pa3HOCTHOM CXEMBI CO CKOPO-
cteio O(T + h?).

Obcyscoenue. Pabota MOXXeT OBITH TIOJIE3HA B 3a7a4ax Au(dy3ur-KOHBEKIIUH, TI¢ HEOOXOMUMO TOOUTHCS YUCIICHHOTO
pEeLIeHus ¢ TPHUEMIIEMOMN TOYHOCTBIO.

3aknwuenue. JlanpHeinye ucciaeoBaHUs aBTOPOB MOT'YT OBITh HAaIlPaBJICHbl Ha HCCIIEI0BaHIE IOCTPOCHHBIX PA3HOCT-
HBIX CXEM C y4eTOM (pU3n4ecKn MOTUBHPOBAHHBIX OTPaHUYCHUII Ha [Iar BpEMEHHOW CETKH T U ceTouHoe unciio lekie.

KroueBble ciioBa: npuOpexHbIE MOPCKHE CHCTEMBI, 3a1ada Ju((y3nu-KOHBEKIMN, Pa3HOCTHAsI CXeMa, TPaHWYIHBIC
YCIIOBHSI BTOPOTO M TPETHETO POJa, IOTPELTHOCTh allIPOKCUMAIN

®dunancupoBanue. lccienoBanue BBHINOIHEHO 3a cdeT rpaHta Poccuiickoro HayuHoro ¢onma Ne 22-11-00295-11,
https://rscf.ru/project/22-11-00295/

Jas nutupoBanus. CyxunoB A.U., Cunopsxuna B.B. AnmpokcumMariusi rpaHUYHBIX YCIOBHH BTOPOTO M TPETHETO POjia B
KpaeBbIX 3aJa4yax JJisl ypaBHEHU I KOHBEKIMU-TU(Q]y3HUH C IPUIOKEHNEM K dKotorudeckor ruapodusuke. Computational
Mathematics and Information Technologies. 2025;9(3):16-29. https://doi.org/10.23947/2587-8999-2025-9-3-16-29

Introduction. We consider an initial-boundary value problem describing the transport of suspended matter of a
multi-fractional composition, taking into account three spatial variables as well as the following physical parameters and
processes: advective transport driven by the motion of the aquatic medium, microturbulent diffusion, and gravitational
settling of suspended particles, along with the transition of particles from coarse granulometric fractions into finer ones
(disintegration) and, conversely, the aggregation (coagulation) of particles of smaller fractions into larger ones [1-4].

For the continuous problem, the right-hand sides of the convection—diffusion—reaction equations governing the multi-
fractional suspensions are transformed on a “lagged” time grid. Specifically, on a temporal mesh with step t, the right-hand
sides of the equations for suspended matter transport are modified as follows: for the concentration functions of fractions
that enter the right-hand sides but do not belong to the fraction under consideration in the corresponding convection—
diffusion—reaction equation, their values are taken from the previous time level. This approach significantly simplifies the
subsequent numerical implementation of each convection—diffusion—reaction equation.

In the present study, we develop and analyze a finite-difference scheme approximating a boundary value problem for
a parabolic-type equation in a three-dimensional setting with boundary conditions of the first through third types. This
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paper extends the authors’ previous research devoted to the numerical solution of one of the pressing problems in the
hydrophysics of shallow marine areas — namely, the transport, deposition (settling), and transformation of suspended matter.

As is typical, the approximation of this class of problems within the computational domain leads to schemes converging
at the rate of O(t + h?), where h* = h? +h! +h?, h,, h,, h_are the spatial mesh steps and t is the time step. At the same time,
the treatment of boundary conditions requires special care, since their inaccurate approximation can reduce the overall
order of accuracy of the finite-difference scheme. The boundary approximation methods proposed by the authors ensure
convergence of the finite-difference scheme at the rate of O(t + /2).

Materials and Methods. We assume that particles of suspended matter dispersed in the water column are divided into
R fractions. The problem is formulated for the domain G

G={0<x<L,0<y<L,0<z<L}|

In the rectangular Cartesian coordinate system Oxyz, we consider the three-dimensional convection—diffusion—reaction
equation for particle settling, expressed using a skew-symmetric representation of the convective transport operator [5—10]:

6;’ +Cyc, =Dc,+F,r=1,..R, (x,y,2)€G,
t

_1},0c 0 0, 8(uc,)+8(vcr)+6(w,c,)

Ce, =—|u—L+ —+ ,
2| ox oy o0z Ox Oy oz

De, = ﬁ(“hr ac,) NN ﬁ(uw %} (1)
Ox ox) Oy oy ) Oz 0z
E = (Otzcz - Blcl) +v.6, FR = (BR—]CR—I - Q‘RCR) +VrCr>
F = (Br—lcr—l - arcr) + (ar+lc;‘+1 - Brcr) + yrcr’ r= 2""7R - l’

r

!

where ¢ , ¢ =c, (x, Y, z, ) is the particle concentration at time ¢, ¢ € [0; T]; u, v, w — are the components of the velocity
vector of the aquatic medium U; W, Wo=wEw, w,, is the particle settling velocity determined by hydraulic size;
M, 1, are the horizontal and vertical diffusion coefficients; F is a source term; o, B are the coefficients describing the
transformation rate of particles from one fraction to another, o, > 0, B > 0; y_is the intensity of an external particle source.

Equation (1) is supplemented with the initial condition:

¢, (%,3,2,0)=c, (x,3,2), (x,y,2) € G )
and boundary conditions:
— on the lateral faces of the parallelepiped G-

¢, =c,if u.<O0, ?3)
% 0, if u, >0
on

(4 is the projection of the velocity vector onto the outward normal 7 at the boundary, and ¢’are prescribed concentration
values);
— on the upper and lower boundaries of the domain G, respectively:

oc

—r =0, 5
0z ©)
Oc W, ,

o8 6
T ©)

In problem (1)—(6), we introduce a transformation from the z-coordinate system to the 0-coordinate system. In
this framework, a Cartesian system is retained in the horizontal plane, while the vertical coordinate is replaced with a
dimensionless variable 6, 6 € [0; 1].

The transformation is defined by the relation:

.
0=""1 x,=x, y,=» (7

where /% is the water depth, and 1 is the vertical coordinate measured relative to the free surface.

Using the methods described in [11], we apply a “lagged” transformation on the temporal grid
o, ={t,=nt,n=0,1,..,N,, Nt=T}. As aresult, we obtain a sequence of initial-boundary value problems, linked by the
initial and final data at each time level.
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Equation (1) is transformed as follows:

n
oc!

+Cycl =D’ +F",t _ <t<t,n=12,.,N,

S T K.~ L]

== +v
"2 ax oy "HO0 ox oo H 00 ®
. O oc! 0 oc! 1 0 oc!
Dcr =4 “’h,)' +— “h,r_ +_2_ “’v,r_ >
Ox Ox ) Oy dy) H”00 00
F = (0,65 (6,3,0,8,) =Byl ) +v7ers Fr = (Baoicin (5,250, 1) = pch) + Yich,
F = (B (6.008,,) = 0,0 )+ (0 el) (4,0,000,) = B,el ) 470, r =2, R-1.
with corresponding modifications of the initial and boundary conditions (2)—(6):
¢ (x,3,0,0)=c, ,(x,7.6,0)e G,
' 9
(3,0, )=c"" (x,.0,¢,,),n=2,..,N,,(x,,0) € G, ©)
¢ =c,if u, <0, (10)
a—Cj=o, if u, >0, (11)
on
oc!
%L o, (12)
00
0 u, (13)

It has been proved that the solutions of the transformed system converge to the solution of the original problem in the
norm of the Hilbert space L2(G) with accuracy O(t) as t—0 [11].

To calculate the velocity field components of the aquatic medium, we employ a three-dimensional hydrodynamic
model of bottom topography flow that accounts for bed friction and free-surface elevation [12—-14].
Pu v Ow Ow, Ow, On,
ot ot 00t o’ T oyt T o8’
52Mh,y azuh,r 52Hw

For S P ¢ o

mixed partial derivatives of ¢, with respect to x, y, 0 exist and are continuous up to the fifth order inclusively, while
the mixed partial derivatives with respect to x, y, 0, ¢ are continuous up to the second order. Furthermore, the mixed
derivatives of the velocity field components u”, v, w '" with respect to spatial variables x, y, 0 are assumed continuous up
to the second order inclusively.

To approximate problem (8)—(13), we introduce computational grids:

Results. We assume the existence and continuity of the derivatives aas

well as the continuity of its second-order partial derivatives: . Additionally, we require that the

O=0,XO, X0 HD=0, XD, XDy,
where
o ={x:x=ih;i=1..,N -5 (N, -1)h, =L -h}, ® ={x:x=ih;i=01..,N;Nh =L},

o, :{y: y=jh;j=1..,N, -1 (Ny —l)hy =L, —h},}, o, = {y: y=jh; j=0L...N;Nh, ELy},
W, ={0:0=khy; k=1,..,Ny—1; (N, —1)hy =1—hy}, ®, ={0: 0 =khy; k=0,1,...,Ny; Noh, =1}.

In [15], a finite-difference scheme was obtained that approximates problem (8)—(13) at the internal nodes of the

grid with second-order accuracy in spatial variables and first-order accuracy in time. The finite-difference scheme

approximating equation (8) can be written as:

—n-1

—n
Cr (xi’yj5ek)_cr
T

Cc;! Zj[u" (x,. +0.5hx,y‘,.,9k)5,_" (xl. +hx,yj,9k)—u" (xl. —O.ShX,y‘,.,Ok)Fr" (xl. —hx,yj,ek):|+

x

(x,-,yj,e,() +Cc' =Dt +F",r=123, (x,.,yj,e,() €n,t, €,

+j[v” (x,.,yj +0.5h_v,9k)5,f' (x[,yj +hy,9k)—v" (x[.,yj —0.5hy,ek)5,” (xl.,yj —hy,ek)]+

y
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+W[W;” (xi,y/.,ek +0.5h9)5,_" (xl.,yj,ek +he)—w£” (x,.,yj,ek —O.She)Er" (xl.,yj,ek —he)],

D!’ :h_lz[uh,r (xi +O'5hx’yj’ek)(€rn (xi +h, ’yj7ek)_€rﬂ (xi’yj’ek))_uh,r (‘xi —0.5h, syjaek)'

(Ern (xi’yj!ek)_dl (xf _hx’yj’ek))] +h_12[“h,r (xi’yj + O'Shysek)(?rn ('xi5yj + hysek)_an (xi’y_,'sek))_
v

1
Hz(x[,yj)hez

{67 047 (5,0,)) b (330,03 )2 13,0) 2 (5,6, )]},

My, (‘xi’yj _O'Shy 7ek)(€rn (xikyj’ek)_ErH (xi7yj _hy’ek)):| + [H’v,r (xi’yj’ek + O‘She)'

By = (00 (5.0.00,,) = B@") + 116 F = (B @it (v.0.0.1,) =005 ) + Vi
IT;‘" = (Bi‘*lf‘rn:l] (x’y’e’tnfl) - a’ra’l) + (arﬂgrri:ll (x’y’e’tnfl) - Brtlrn) + ’Y:‘ﬁrn » = 2""’R - 1 :
F;" = (BZEZH_I (x’y’eﬂtnfl) - (}’36'3") + Y;E;lﬁ (x[ﬂy_ﬂek) € o, tn € (T)‘r'

The overbar notation indicates that the quantities belong to the class of grid functions.
It is straightforward to verify that the approximation error " (xl., y{,,@,{) of the finite-difference scheme in the grid
nodes @ x satisfies the relation:

v’ (x,.,yj,ek) = 0(1:+ hz), n=0,L1,..,N,

It should also be noted that the initial condition (9) is imposed on the temporal grid ® xw exactly.

We proceed to construct a finite-difference scheme of second-order accuracy for the transport problem of suspended
matter at the boundary nodes.

We assume that the following conditions are satisfied:

h h
E<ky,, ks Sh—eﬁk”, (15)
y

h
kn Sh_;Sklzﬁ kz] SZ

where &, k,,, k,,, k,,, k,,, k,, are some positive constants.

To approximate the boundary conditions, we introduce an extended grid:
& ={(%,.9,,0,)si ==1,0,...N, +1,j = =1,0,.. N, + Lk =—1,0,.. .N, +Lx, = ih:y, = jh :0, = kh,,
N,h,=L;:Nh =L;Nh, =1},
For the nodes of the extended grid ®" \ @ the velocity vector components are assumed to vanish:
& (x%.;,0¢)=0,if (x,,7,,6,) e 3" \®. (16)
In addition, we assume the components of the velocity field and the hydraulic size of the suspended particles to be known
at extended grid nodes @ \@ with fractional indices, i. e. at half-grid positions: u" (—O.th,yj ,ek), u" (Lx + O.ShX,yj,ek),
V' (x,0.5h,,0,), v"(x,,L, +0.5h,.0,) and w!"(x,,y;,~0.5k,), " (x,,»,,1+0.5h,)-
The boundary conditions (10) are approximated as follows:
{E," (O,yj,ek) =c/, ecu u" (O.th,yj,é)k)+u" (—O.th,yj,ek) >0,

17
E,”(Lx,yj,e,()zc;, eciu u"(Lx —O.ShX,yj,E)k)+u"(LX +0.5hx,yj,6k)<0, (x,.,yj.,ek)e(Tf, a

{E," (x,,0,6,)=c/, ecim V" (xl.,O.Shy,ek)+ V! (xi,—O.Shy,ek) >0, (18)

¢’ (xl.,Ly,Gk) =c!, ecan v”(xl.,Ly —O.Shy,ek)+v" (xl.,L}, +0.5h},,9k)<0, (x,.,yj,Gk) o

The construction of finite-difference schemes for boundary conditions (11)—(13) is demonstrated on the example of the
third-type (Robin) condition — condition (13). Since boundary conditions (11) and (12) (Neumann conditions) represent
particular cases of condition (13), the construction of the corresponding finite-difference approximations can be carried
out by analogous reasoning.

For 0, = 1 the boundary condition (13) is equivalent to the following expression:

oc (x,y,1) o, ,,
T R AR
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On the grid ®" the nodes (x, Yy 1) are interior.
The finite-difference scheme at the nodes (x, Y 1) of ®" is written as follows:

g/ (x,:1) =8 (x.3,.1)
T

+Cc! (xl.,yj,l) =Dt/ (xl.,yj,l) +F" (xl.,yj,l), n=1,.,N,. (20)

In what follows we base our reasoning on approximating the considered boundary condition by central differences on
the extended grid and on eliminating from the resulting expression and from equation (20) the values of the function ¢
in the ghost node (x, v, 1+ hy).

In equation (20) the function ¢ (x,., yl+ he) enters the following terms:
1

W[W:n (x[,y‘,-,1+0.5he)5j (x[,yj,1+he)_w;" (an’_/’l_O'She)frn (pr’_/’l—he)l
7]
1

W[uw (x,.,yj,l + O.She)(Fr" (x,.,yj,l + he) -z’ (x[.,yj,l)) —-H,, (xl.,yj,l — O.She)-
{62 o )2 (5,1 1))
which we denote by C,c” (x,., y j,l) and D, (xl., y j,l) respectively.
Since on the considered boundary M(x’y’l) =0, the relation for C,C, (x,., yj,l) can be brought to the form:

W r —n —n
m[cr (xl. V1t hO) - (xl. BINES ho)].
Rewrite condition (19) in the form:
Er"(xi,yj,1+h9)—5,_" (xl.,yj,l—he) B 2w,, .
2hy - uv,r(xi’yj’l+0'5h0)+uv,r(xi’yj’l_O'ShO)cr (x”yj’l) @D
and from it we obtain:
Er”(xi,yj,l—i-he):?,_" (xl.,yj,l—he)— ML c’ (xi,yj,l).

H,, (x,.,yj,l + O.She) i, (x,.,yj,l - 0.5he) '
For a compact presentation of the subsequent reasoning we introduce the notation:

2w

8gr

o= w, (x.p,0+ 0.5h9) +n,, (x.0,.1- O.She)

and then
c' (xi,yj,l—i-he) =c’ (x,.,yj,l —he)— 2hyec' (xl.,yj,l). (22)

Substituting the value of ¢’ (xl., Y1+ he) obtained by formula (22) into the expression for C,C’ (x,., y j,l), we obtain
the approximation:

€ (50 = ), @
P27

As follows from equality (23), the quantity C,z" at the nodes of (x, Yy 1) is computed exactly.

Preliminary calculations show that if one uses equality (22) to approximate D,Z;’ (x[, y_,-,l) , then a first-order error in
0 is obtained. To approximate this operator with second-order accuracy in 0 the authors propose a different approach.

Expanding the functions ¢, (x[, vl he) in a Taylor series in the neighbourhood of the point (x,, y,, 1) adjacent to the
boundary, we obtain an expression for the left-hand side of equality (21):

fr"(x,.,y/.,l+h9)—cj” (xl.,yj,l—he) _ oc! (x,.,yj,l)+63cf(xi,yj,l)h§

+0(h3).
2h, o0 o 6 ()
The last expression, taking into account condition (19), can be transformed to the form:
cix,y., 1+h)-¢c'(x,y. ,1-h w 20%" (x,y.,1
’ ( i 9) r ( s 9)= gr cf(x,.,y.,l)+h—e r( r3y,/ )+O(hg). 24)
2h, K, (x,., yj,l) ! 6 00

21
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Using equality (24) we find the value of the function ¢ in the ghost node (x, Vv, 1+h):

@630;’ (xi,yj,l)

?,"(x,.,yj,l—i-he):fr" (x,.,yj,l—he)—Zhea,cf (x[.,yj,l)+ 3 Y

+O(k)). (25)

Using equality (25), we compose the expression for D,c (x,., yj,l):

De@"(x,-,y,-’l)%m[(uv,,(x,.,ybi,1+o.she)+ iy, (%,3,.1=0.5k,)) (e (x,,y,.1 = hy ) -
i)
=" n h3 630: xi>y"1
2 (x,.3,.1))-m,, (x.. yj,1+0.5h9)(2h98,cy( x,, yj,1)_?e%ﬂ.

oct 1 .
Clearly, to achieve the stated goal it is sufficient to approximate the derivative M with first-order accuracy

in 6. We now construct an approximation of this derivative with the prescribed accurac?6
Differentiate both sides of equation (8) with respect to the vertical variable 8 and, from the resulting equality, express

63cf(xl.,yj,1)_ Hz(xl.,yj) ’_620,’,’(xi,yj,l) 63cf(xl.,yj,1)
00w ()| a0 A L)
83cf (x,.,yj,l) . 8ph’r (x,,yj,l)wach (x,.,yj,l) . 6uh,r (x,.,yj,l)
'W—F u (xi,yj,l)— . J 2230 +|v (xi,yj,l)—T .
eyl 1 (2 oy )10 (), () 26
o0 H(x.y ) ¢ H(x.y) 00 ) o0 o9
6ch(x[,yj,1)_aph‘,(x[,yj,l)ach(x[,yj,l)+ aun(x[vyjal)_azuh,r(xmyjnl) .
ox’ 00 oy’ 00 0x00
6cf(x,.,yj,l)+ 8v”(xl.,yj,1)_62;1,”(xi,yj,l)wécf(xi,yj,l)+l qu"(xi,yj,l)+62v"(xl.,yj,1)_
ox 00 0yo0 J Oy 2 0x00 oy00
w,, 8u"(x,,yj,1)_ W, 8\/”()@,))].,1)+ 2w,, azuv’r(xl.,yj,l)) n( N )_8Fr”(xl.,yj,l)}
,(x.p,.0)  ox w,(x..0) oy H (x,p,)m,, (xo0,51) 007 T o |

It is evident that the following relations hold:

aEn _|_ Wg,Z W Al n n Wg,l n
00 —[ a, i, (xi’yj 1) ( ,,yj,l - 1)+Bl w, ( X l)cl J+YI W, (xi’yj’I)Q >

w w w,
F'= —B B Lc":l x:yalst,,, +0 g.R " _,Yn g.R C”,
! ( ! ll'leH (xi’yj’l) ! l( 1) Rl‘lv,R(xi’yj?l) ! RUV,R (xiayj’l) !

aF'r" | Wg . n—l Wg,r )
00 _[ B Myt (%52751) e (5 ’l’t"‘)m’uv,,.(x,.,y‘/.,1)c’J+

w w w
+ = g+l n 1 ,1 Z,, g, ;1 _ ;: g, rn
( o l”tvrﬂ( XisY J° l) o (x g 1) [3 “’v,r(xi’yj’l)c J ! l"l'v,r (xi’yj’l)c

For reader convenience, we approximate the expression in the square brackets on the right-hand side of (26) term by

H*(x,y.
term. First, note that for the coefficient % placed before this bracket we use the representation:
l”tv,r xi ’y Jj°
H(x,5,) 2H (x,.,)

. 27
uv,r('xwyj’l) Hv,r(xi’y_j’1+0'5h6)+uv,r(xi’yj91_0‘5h6) ( )

v,
Consider the derivative % For this derivative we have:
1
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o’c” (xl.,yj,l) 1 [ (x,.,yj,1+he,tn +17)—E,." (x,.,yj,l—i-he,tn —r)
000 2h, 2t

2t )+O(T2)J+O(h§)=

L (x,.,yj,l +hy,t, + ‘L') -c’ (xl.,yj,l —hyt, + r) (28)
T2t 2h, -
c’ (xl.,yj,1+ hyst, —r)—Er" (xl.,yj,l —hy,t, —1:) +LO(12)+O(h2)
2h, 2h, o
Using equality (28), the following relations can be written:
¢’ (xl.,yj,l-i- hyt, r)—?r" (xi,yj,l—he,tn + ’E) B
2h, 3 ( ) (29)
L W ., h; © e (x,y,,L0, £1 .
= —“w (Xi’yj ’l)cr (xl.,yj,l,tn + ‘E) + P + O(h9 )
By means of (29) we transform equality (28) into the form
62 :1 W, Ng n n
atge = o (jf,-,y‘,-,l)(cr (x,.,yj,l,tﬂ + ‘t) —c! (x[,yj,l,tn - ‘t)) +
(30)
W 630:’ X,y Lt +1T 630:’ xX,y,Lt =1 1
+ﬁ( ( aé3 )— ( 66-’3 )]+—90(rz)+0(h§).
For the expression m(d (xi,yj,l,tn + r) —c! (xl.,yj,l,tn - 'c)) we have:
L n _ _ _ Wer ac»n ('xi'»'yj’l’tn) 2
T (xl.,yj,l)(cr (xl.,yj,l,tn + r) c (xl.,yj,l,tn r)) = T (xl.,yj,l) P +0(‘E ) 31)

Taking into account relation (31), we transform expression (30). We obtain:

o . oc! (xl.,yj,l,tn)+ 1 hg(a%”_’(xi,yj,l,tn +r)_a3cr"(xi,y/.,1,tn _T)]+LO(12)+O(/¢§ +1:2).
0

a0 ot 2t6| 00’ o0’
o (x,y Lt +
Introducing the notation (P(xw ¥ L, + r) - Cr (x’ > ay (;3’ > T) , the last equality can be written in the form:
2" oc'(x,,y,,Lt, 2(olx,y,, Lt +1)—0(x,y,,Lt, —1
oc; __, rlnrybt) (0003 # )70l b T ) L ey e 1),
Oto0 ot 6 21 2h,

From this it follows that

%" . 6cf(xf’yf’1’t")+h_g(a(p(x"’y/’l’t”)+0(T2)j+L0(rz)+O(hez+1'2)-

o0 ot 6 ot )

In accordance with the Courant condition, the quantity t is bounded, and thus the equality L0(12) =O(h,) can be
. . . .. ] 2h,
considered valid. Taking this into account, we have: 6

82cf — ¢ acrn (xi’yj’l’tn) n hez a(p(xi’yj’l’tn) yy)

oo ot 6 ot
. . . . . 8(p(x[,y.,1,tnir)
Taking into account the last relation, and assuming boundedness of the derivative é—:
t
84cf (x,.,yj,l,tn i‘t)

otox’

(he +172).

, We can write:

o . act (x,, yj,l,tn)+ Ofh, +7°). 32)
0100 ot

23
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o’c! (xi,yj,l)
oo

Taking into account inequality k,, < % <k,, from (16), we have:

x

Next, consider the derivative

Lyl)i[a‘ (v.0.0+h) ("”y"’l_he)jm(h:)

ax’oe 2k, ox’ ox’

1 Er”(x[ +hx,yj,l+he)—25r”(xl.,yj,l+he)+€r”(x,. —hx,yj,1+he)
_% hf _

e (x, +hy, 1= hy) =22 (., 1= hy)+ ' (x, =k y 1= hy)

o2y TG R e e+0(hf)J+0(h§):

+h,y. ,1+h +h,y.,1-h 1+ hy 1-h
:hl_z[ (X y] )Zh (.X' y] ) 2 (X y )2h ()C y/ )+ (33)
X 0 0
e (x, = hy d+hy) =g (x, = by, 1- h)] o, ,
+ +—O(h])+O(hy )=
2h, 2h, (i) o)
1 (x+h yjl+h) (x+h Vsl h) 2 (xy/1+h) (xyjl h)
T 2h, 2h, i
e (x,—h.yd+h)-c (x, —h,y,,1- h)} ok +1)
2h,
Based on equality (24), the following relation can be written:
3
o (x, £ h,, yj1+h)2h (£ hoy, 1= hy) e (o i) 11628 (xa;h Y )+0(hg). 34)
Using (34), we transform relation (33) into the form:
o'c 1
62;02)/] )— zg(c:’(x,.+hx,yj,l)—Zc:'(x,,y/,l)ﬂ-cf(x[—hx,y/,l))+
., (35)
dc (x +h,y;, 1) 263 (x Y, 1) 63cr(xl.—hx,yj,1) +0(h§+hx).
6h 00’ 00’ 00’
Applying the equality:

2 .n
%(C}” (x,. +hx,yj,1) -2c’ (xi,yj,l)+cf (xl. —hx,yj,l)) =L';yj’l)+ O(hf),

expression (35) can be rewritten as:

63cr”(xl.,yj,1)__8 d’c (x Vi 1)+h_(§2(83cf(xi+hx,y,,l)_ dc (x Y; 1)+63 (x —hoys )j O(h92+hx).

P . 5 6h’ o0’ o0’ o0’

oc(x, th.,y,, o’c!(x,y,1
(6931)(‘0(3}1) (86/)

&c (x Vi 1) _Srazc:(xi,yj,l)Jrh_g (p(x,.+hx,yj,l)—2(p(x,.,yj,l)+(p(x,.—hx,yj,l) +0(h§+hx). 36)
ox*00 ox’ 6 "

Let (p(x[ +h,y, ,1) = . Then the last equality can be written in the form:

This equality can be transformed into the form:

oe; (xi’y"’l)z—s ki ( - 1) h_g[azw(x”zy/’l)+O(hj)J+0(h§+hx).

ox*00 : ox? 6 Ox
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o’o(x,y.,1) o°c(x,y,.1
Taking into account the last relation and assuming the boundedness of the derivative (p(xl i ) o (x’ i )
" (x, ¥, ) ox’ ox’ o0’

'Y 2277 ) on the right-hand side of equality (26), we can write:

, for

the term p, (xi,yj,l)

ox*00
oc(x,y,,1 o’c(x,,y,,1
IR kLT S M A LT ) (37)
By carrying out similar reasoning for the derivative %, we obtain:
X
o (x,y;,1 o’ (x,,y 1
W (xi’yj J);}Te]) =—€l,, (xi 5V ’1)% + O(ho)' (38)
Let us turn to the mixed derivative % Following the reasoning presented earlier, we have:
X
0’c; (x,.,yj,l) =L(8€: (xl.,yj,l +h9) _ ac;’ (xi,yj,l _he)}r O(hez) _ L
0x00 2h, Ox Ox 2h,
c' (xi + hpyj’l"'he)_frn (xi —h.y 1+ he) c' (xi + hxsijl_he)_fyn (xi —h.y.l _he)
' 2h, - 2h, ’
_n - 39)
. O(hf))+ O(hez) =L(c’ (x,. + hx,y/.,l-i-he)—cr (x[ +th,y,l —he) B
2h, 2h,
e oyl h) =2 (x _hx’yf’l_he)J+L0(hf)+o(hé).
2h, 2h,
Based on equality (39), the following relation can be written:
c'\x, h,y 1+h)-c'(x, £h . 1-h ., o' (x, th,y,,1
( / 6)2;16 ( ) =—g,c!(x £h,y, 1)+ 69 ( = / )+o(hg). (40)
Using (40), we transform relation (39) into the form:
o’c!(x,,,1 € [ ) (o (x,+h,y,,1) &c(x—h,y,1
@(xagj ): ZhX(Cr (x,.+hx,yj,l)—cr (xl.—hx,yj,l))jtlz‘;lx{ ( = J ) ( = J )J+O(hg+hx). 41)
Since the following equality holds:
oc’(x,v,,1
j(cr" (xl. + hx,yj,l)—cf (x,. —hx,yj,l)) = %+ O(h_f),
expression (41) can be rewritten as:
&% (x,3,,1) _ N oct (x,v,01) by (@l (x +3hx,yj,1) Lo —flx,y,-,l)J+ o(n2 +h)
ox00 ox 124, B o0
3 .n 3 .n
Let (P(xi th,,y, ,1) = W, (P(xi , y,-,l) - % Then the last equality can be written as:
%! (x,.3,.1) e oc; (x,,y;.1) +£((p(x,» +hey, ) =o(x - hx»y,-,l)J +O(h +h). (42)
0x00 ox 6 2h,

This expression can be further transformed into the form:

ach(x[,yj,l) . acf(x,.,yj,l)+h_92[8(p(x[,yj,l)

o0 7 ox 6l ox

+ O(hf)j +O(hg +h,).

ﬁ(p(xi,yj,l) _ o'c” (xi,yj,l)
Ox ox00’
on the right-hand side of equality (26), we can write:

Taking into account the last relation and assuming the boundedness of the derivative , for

oy, (xf’y.f’l)\azcrn (xi’yf’l)
o ) ox00

the term {u” (x,.,y/. ,1) -

25
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. O, (x,.,yj,l)\ %! (x,.,.1) N Oy, (xi’y«i’l)\ oc; (x,.7,.1)
[u (xl., yj,l) N J PRV €| u (xl., yj,l) N J e +O0(hy). (43)
2 .n
By applying similar reasoning to the derivative M with respect to the term
20 0yoo
n 6‘Mh,r (xi’yjﬂl)\)a C, (xi’yj’l) . . . . .
u (x[ Y j,l) - o } 2030 from the right-hand side of equality (26), we obtain the relation:
: 0w, %oy, )\ (st (L 0, (01 )0¢7 (x,7,1)
{v (xl.,y_,-,l) oy J 9y60 =€ |V (xi’yj’l) oy ) oy + O(ho)' (44)
Now let us turn to the derivative % . We have:
ach (xiayjﬂl) _ 1 66—1;1 (xi’yj91 +h9) aErn (xivyjal _he) 2
— s - p +0(hy ). (45)
Using expression (25), which defines the value of the function €' at the fictitious node (x, Yy 1+ h,), we obtain:
oc(x,y, 1+h P h363 X, Y1
—( 6(; ) 69( (x y;.l= h)+2hac (x Vs l) 3—(693 )+0(h§)J:
S lrploh) S rl) O l) )
00 3 00
Taking the last equality into account, we rewrite equality (45) in the form:
2 n n
e (woypl) 0 (xorpl) o). (46)

00’ ST 0

It is straightforward to derive the following approximations with accuracy O(4 ) and O(hy):

ow,, (x,3,,1) 0%cl (x,,p,.1 1
A (ae g ) gx i’ ) hh( (xi,y].,O.She)—Mv,(xi’yp—O.She)). @)

(& (% + oy, 1) =227 (x.0,0) +2 (3 = by o1)),
a“h,r(xisyj’l)azc:(xi’yj’l)~ 1 ( _ L .
0 ayz :heh;\uh,r(xisyj70'5h0) uv,r(xi’yj’ OShO)) (48)
(5,1 1) =227 (5,,0) 42 (5,3, 1),
ou" (3,3,,1) Oty (3,3,,0)10¢] (x000) 1 [
20 a0 ) ax  2h|h

—(u" (%3, 14+ 0.5k, ) —u" (x,,y,,1- 0.5k,)) -

: 1h (., (x, +0.5k,,y,.1+0.58) —p,, (x, = 0.5h,,y,.1+0.5h,) - (49)

x''0

-, (x,+0.5h,,y,,1-0.5h) +p,, (x, - 0.5h,,y,,1-0.5k ))}( (% Ry l) =g (x Ay L)),

——L (1, (50, 05,14 0.5,) 1, (3,9, = 0.5k, 1+ 0.5k, ) -

hhy
1, (%, +0.5h,1=0.5h, )+, (%, = 0.5h,,1-0.5k,)) |(& (., + b, 1) =2/ (.3, = b 1))- (50)
When approximating ¢ (x,., yl/.,l) we replace it with its discrete analogue ¢’ (xl., yj,l).
Then
62u"(xl.,yj,l)cn (1) ;L(u" (x +0.5h,,y,,1+0.5h,) —u" (x, = 0.5h,,y,,1+05h,)
0x00 T hy h,

C2))

u"(x,+0.5h,y,,1-0.5h ) —u" (x, = 0.5h,y . 1-0.5h,))
P c (x[,yj,l),

x
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62v"(xl.,yj,1)cn ()= [v"(x,.,yj+0.5hy,1+0.5he)—v"(xl.,yj—0.5hy,1+0.5h9)
oo TNy h, 52)
V' (x,,p, +0.5h,,1-0.5h,) =" (x,,y, —0.5h,,1-0.5h,)

P : ch (xi,yj,l),

¥y

W, ou" (x,,yj,l) ) 2w,,

w,, (x.2,.0) x (%7,1) = ut,’y(xi,yj,1+0.5he)+uv’y(xi,yj,l—O.She).

n e (53)
(u (xi+0.5hx,yj,l)h u'(x, O.thayjal)jc;,(xi’yﬂl)’
Wer avn('xi’yj’l) n )= 2W,, .
TH (xi,yj,l) oy “ (Xi’yj’ )_ K (xi,yj,l+0.5he)+uv,r (xi,yj,l—O.She) (54)
[l
,
2
2 2w,, ou,, (x;,yj,l)c: (xi,y/.,l)z : 2w, .
I (x,-7y,»)uv,r(xwy/’1) 20 : H (x,.,yj)(uv’,(x,.,yj,l+0.5h9)+uv,,(x,-ay,-,l—O.She)) (55)

1 "
.?(uw (xl. VLt O.Sh(,) -2u,, (x,.,yj ,1) +u,, (xl.,yl. - O.She))cr (x,.,yj ,1).
0
As a result of substituting approximations (32), (37), (38), (43)(55) into equality (26), with accuracy O(#,) (or
higher), and rearranging the terms, we obtain:

o’e’ (x,.,y/.,l)

863 = 81 + O(he)’ (56)

where

9, =9, (3“5:’ (xiayjal _he)+ 8,,¢ (x,.,yj + hyal)+‘913€rn (xi’yj _hy’l)+ 9. (xi’yj71+ he)"'

+815E(x,.,yj 1= he) + SIGE(xl.,yj ,1)).
After substituting the derived representations for the coefficients 8, ,i = 1..., 6 into the approximation formula given above, one

can obtain the final approximation of the third-kind boundary condition, which is not presented here due to its cumbersomeness.
Using equality (56) for D, (xl., y j,l), we can write:

1

Dean ()C[,yj,l) Em
i

(1, (x50, 1405k, )+ 11, (x,,3,,1 = 0.5h,))-
h3
.(Er" (x,.1,.1=hy) =T (x,.9, ,l))—uw (x,,p,.1+ O.Slze)(Zhe g,c!(x.v,.1) —?GSIH. (57)

The approximation error of scheme (57) at the boundary nodes of grid @" for 6, = 1 is 0(r +h )

Discussion. The paper addresses issues related to the finite-difference approximation of a spatially three-dimensional
problem of multifractional suspended matter transport. Certain difficulties arise in approximating this problem due to the
necessity of ensuring the required order of approximation up to the boundary. Methods are proposed for approximating
the problem with second-order accuracy in spatial variables and first-order accuracy in the temporal variable. Special
attention should be given to studies related to the approximation of boundary conditions of the second and third kind.
For this purpose, the authors propose methods based on approximations of boundary conditions using central difference
formulas, followed by differentiation of both sides of the diffusion—convection equations and the elimination of solution
functions at fictitious nodes of the extended grid.

Conclusion. Further research by the authors may focus on the analysis of the constructed difference schemes, taking
into account physically motivated constraints on the time step size T and the grid Peclet number.
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Abstract

Introduction. A two-dimensional hydrodynamic problem in the “stream function—vorticity” variables is numerically
solved in an open rectangular cavity simulating blood flow in a blood vessel aneurysm. Two solution algorithms are
proposed for Reynolds numbers Re < 1 and for Re > 1.

Materials and Methods. To accelerate the numerical solution with an explicit finite-difference scheme for the vorticity
dynamics equation, the initial condition damping method, the n-fold splitting method of the explicit finite-difference
scheme (n = 100, 200), and the symmetry plane of the rectangular cavity—aneurysm were employed. In the splitting
method, the maximum time step proportional to the square of the spatial step was used without violating the spectral
stability of the explicit scheme in the vorticity equation. On half of the rectangular aneurysm, symmetric solutions
were considered with a uniform 100 x 50 grid and equal steps /= A,= 0.01. The inverse matrix for solving the Poisson
equation in the “stream function—vorticity” variables with a finite number of elementary operations was computed using
the MSIMSL library.

Results. The numerical solution showed that the number and location of circulation regions in the aneurysm at small Reynolds
numbers depend on the ratio of the vessel diameter to the aneurysm diameter. At small values of this parameter, the aneurysm
contains a single large vortex that narrows the vessel lumen in the case of thrombus formation inside the aneurysm. The
narrowing of the blood flow tube inside the aneurysm reaches 34%. It was found that the formation of the hydrodynamic
structure in the aneurysm occurs in a time negligible (0.002%) compared to the period between pulsation waves (1 s). For the
first time, a boundary condition with fourth-order accuracy was proposed to relate velocity, vorticity, and stream function.
Discussion and Conclusion. The approximation of the equations in systems (4) and (22) has sixth-order accuracy at
interior nodes and fourth-order accuracy at boundary nodes. The problem was also solved for blood motion in arteries
at high Reynolds numbers (Re = 1500). The solution shows that in the aneurysm symmetry plane a chain of connected
vortices is formed with alternating signs of vorticity, carried by the blood flow along the vessel. The initial-boundary
value problems (4), (22) formulated in this work make it possible to qualitatively model blood flow in aneurysms of
capillaries, arterioles, and arteries at low and high velocities, as well as blood motion in elements of medical equipment.
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AHHOTaAIHSA

Beeoenue. Uncnenno peuraercs AByMepHas T'MAPOAMHAMUYECKAs 33/1aua B IEPEMEHHBIX «(QYHKIHUS TOKa — BUXDPbH)» B
OTKPBITOM IPSAMOYIOJIbHON KaBEPHE, MOJAEIUPYIOLIEH TEUEHUE KPOBU B aHEBPU3ME KPOBEHOCHOTO cocyza. IlpemioxkeHsl
JIBa aJITOPUTMA pelleHus 3a1auu ais uncen Peitnonbaca Re < 1 u qnst yucen Re > 1.

Mamepuansl u memoowt. J{s1 yCKOPEHUS YHUCICHHOTO PEUISHUsI 3aa4K C SBHOW Pa3HOCTHON cXeMOW ypaBHEHUS IH-
HaMHKH{ BHXPSI UCIIOIB30BAJICSI METOJ, TOPMOXKEHHSI HAYaJIbHBIX YCIIOBUI, METOZ N-KPaTHOTO PACILIEIIICHUs SIBHOM pa3-
HocTHOH cxembl (n =100, 200) 1 HanU4Me IIOCKOCTH CHMMETPHH TIPSIMOYTOJILHOM 00JIacTH KaBEPHBI — AHEBPHU3MBI.
B meTone paciuenneHust UCIonb3yeTcss MaKCUMalbHbIN LIar BPEMEHU, IPOINOPLUUOHAIBHBIA KBaJpaTy KOOPAUHATHOIO
miara 0e3 HapyIIeHHUs CHEKTPATbHON yCTOWIMBOCTH SBHOW CXEMBI B YpaBHEHUH BHUXps. Ha momoBuHE mpsSMOyTroasHON
aHEBPHU3MBI pacCMaTpHUBAIIMCh CHMMETPHYHBIE PEIICHNS ¥ IPUMEHsTIach paBHOMepHas ceTka 100 X 50 ¢ paBHBIM 1marom
h=h,=0,01. O6parHas MaTpuua /s pelieHus ypasHeHus [lyaccoHa B epeMEeHHbIX «(QYHKIUS TOKa — BHXPb)» 3a KO-
HEYHOE YHCJIO 3JIEMEHTApHBIX OTepauid BEIYHCIUIACh OnbaroTekod Msimsl.

Pezynemamut uccnedosanus. YrucnenHoe peleHne 3a1aqy MOKa3alo, YTO YUCIO U PACHONIOKEHHE 00nacTed UpKys-
MM KPOBH B aHEBPH3ME IPH HEOOJNbIINX uuciax PeifHonblca 3aBUCAT OT MapaMeTpa OTHOIICHHS JWaMeTpa cocyaa K
JaMeTpy aHeBpHU3MBbL. IMEHHO npy HEOONIBIIIOM 3HAUCHNH 3TOTO IIapaMeTpa aHEBPU3MY 3aHUMAET OUH OOJIBIION BUXPh
U CYy)KaeT IMPOCBET COcy/ia B Cilydae oOpa3oBaHUs TpoMOa BHYTpH aHeBpHU3MBbl. Cy)keHHe AuameTpa TpyOKH TOKa KpOBH
BHYTpPHU aHeBpH3MBbI nocrturaetr 34 %. OOHapykeHO, 4TO (hOPMUPOBAHUE TUIPOJMHAMHYECKON CTPYKTYPHI B aHEBPH3ME
npoucxoaut 3a Bpems, maioe (0,002 %) mo cpaBHEHUIO ¢ NIEPHOIOM MEXIY MyIbCalMOHHBIME BoimHami (1c). BriepBeie
TIPETIOKEHO KPaeBOEe YCIOBHE C YETBEPTHIM HOPSAKOM ITOTPEIIHOCTH ISl CBS3U CKOPOCTH, BUXPS M (DYHKIIMH TOKA.
OOcyxaeHue. AMpoKCHUMAalMs YpaBHEHUH B cicteMax (4) v (22) uMeeT mecTol NopsJ0K MOTrPEIIHOCTH BO BHYTPEHHHUX
1 4ETBEPTHIH B PAaHWYHBIX y3/1aX. 3a7jada pelIeHa TakxKe IJIsl IBIKEHHS KPOBH B apTepusiX Ipu OonmbInux unciax Peit-
Hoxipaca (Re = 1500). Ee pemenne mokaspIBaeT, 4TO B IIIOCKOCTH CUMMETPHH aHEBPHU3MBI 00pa3yeTcs IeroYKa CBSI3aH-
HBIX BUXpEil ¢ uepeioBaHreM 3Haka (pyHKIUH BUXPS M CHOCUMBIX KPOBBIO BJIOJIb KPOBEHOCHOTO COCYAA.

Obcyscoenue u 3axnrouenue. CHopMyTnpoBaHHEIE B paboTe HadyaIbHO-KpaeBble 3a1a4d (4), (22) mo3BOIAT KaueCTBEHHO
MOJIETIMPOBATH JIBI)KCHHE KPOBH B aHEBPH3MaX KallMJUISIPOB, apTEPHOI M apTEpUil KPOBEHOCHBIX COCY/IOB ITPH MalbIX 1
OOJIBIINX CKOPOCTAX, @ TAK)KE JIBM)KEHNE KPOBHU B JIEMEHTAX MEIUIIMHCKOTO 000pYI0BaHHUSI.

KiloueBble ciioBa: THApOAWHAMUKA, YHUCJICHHBIE METOAbLI, YPABHCHHUS B YAaCTHBIX ITPOU3BOAHBIX, HAYaJIbHO-KpacBas
3a4a4ad, aHCBpU3Ma

Jasi umtupoBanus. Bonocoa H.K., Bonocos K.A., Bonocosa A.K., Kapno M.U., ITactyxos 1.®., ITactyxos 10.D.
MogenupoBaHue IUPKYISAIANA B aHEBPH3Max KPOBEHOCHBIX cocymoB. Computational Mathematics and Information
Technologies. 2025;9(3):30-43. https://doi.org/10.23947/2587-8999-2025-9-3-30-43

Introduction. This study models a two-dimensional hydrodynamic problem of blood flow in an open rectangular
cavity in the “stream function—vorticity” formulation [1]. The velocity field exhibits four corner singular points at the inlet
and outlet segments of the cavity—aneurysm, since the streamlines at these points may undergo a 90-degree deflection.
Consequently, steep velocity gradients appear in these regions, and the points act as sources of vortices under high blood
flow velocity. The present work employs the initial velocity field damping method described in [2]. References [3-7], [8]
are related to the solution of two-dimensional hydrodynamic problems or to their high-accuracy approximation. Study [7]
specifically addresses blood flow and coagulation processes in blood vessels. In the present research, the n-fold splitting
method of the vorticity equation (n = 100, 200) with an explicit finite-difference scheme, as introduced in [9], is applied.
Due to the symmetry of the rectangular cavity (aneurysm), the computational cost can be reduced by half by solving the
problem only on one side of the rectangle.
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Materials and Methods

Problem Statement. In the two-dimensional formulation, we consider the flow of fluid (blood) in a rectangular
cavity—aneurysm, which defines the geometry of the problem. Therefore, it is convenient to adopt a rectangular coordinate
system with a uniform grid »n x n, =100 x 100.

We derive the Poiseuille formula for the velocity profile u(y) of plane fluid flow between two parallel rectangular plates.
In Fig. 1, the center of the rectangular coordinate system coincides with the symmetry center of a liquid parallelepiped
with side lengths 2y- I - b, with edge length b perpendicular to the plane of the figure. Pressure values p , p, act on the left
and right faces, respectively; the pressure is constant along the y-axis and varies along the x-axis. The difference in

pressure forces is equal to AF, = (p,—p,)2yb= %2 ybl = %2 ybl . This pressure force difference AF, is balanced by
the viscous friction force acting on the lower and upper faces of the block.

y

mp

2y P, P, x

mp

Fig. 1. Tllustration of the Poiseuille formula for plane fluid flow

The difference in forces is given by:

AF, :£2ybl =2F,, = 2blu@ = du =l%y su(y)=Cy +C,,C, = 1A const.
Ax dy dy unAx 2u Ax
Let us denote the half-width of the plane channel for fluid motion as the velocity of the fluid on the symmetry plane as
u_and determine the unknown constants C,, C, from the no-slip condition on the rigid rectangular plates:

ma;

C umax y2
max,Cl :—A—gz—?,u(y)zumax(l—yj. (1)

u(A) =0 CA*+C,=0,u(0)=C, =u

An aneurysm represents a small segment of a blood vessel whose diameter usually exceeds the vessel diameter by
a factor of about two. The aneurysm length L is typically comparable to its diameter 2H, where H is the aneurysm half-
width. To simplify the problem in the rectangular coordinate system, we assume that in an infinite rectangular region
between the upper and lower plates a plane fluid flow is formed with the velocity profile (1). A rectangular cavity with
inlet and outlet will be referred to as an open cavity.

For further simplification, we also assume that the velocity profile (1) is preserved at the inlet to the rectangular
aneurysm and at the outlet from it within a narrow symmetric strip relative to the plane Oxz of width 2A = 2d. To accelerate
the numerical solution, we exploit symmetry by considering only half of the aneurysm and two halves of the rectangular
channel supplying and removing the fluid. According to the symmetry principle, we seek solutions in which, on the
symmetry axis, the velocity of fluid particles is directed along the axis at every point; its magnitude may vary numerically,
but its direction remains unchanged.

In Fig. 2, the origin of the coordinate system coincides with the lower-left corner of the aneurysm; the x-axis is directed
to the right, and the y-axis is directed upward. Let denote (u(x,)),v(x,y)) the velocity vector of a fluid particle. On the rigid
boundary-namely, on the lower segment and on the lower portions of the side segments of height H—d of the rectangular
cavity — the velocity is zero (no-slip condition). Therefore, the stream function on this boundary can be taken as zero.
In addition, the normal velocity component is zero on the upper segment of the rectangular cavity v(x,H) =0,0 <x < L.

It is necessary to modify the boundary conditions for velocity and stream function in the formulation of the classical
hydrodynamic problem in the “stream function—vorticity” variables for a rectangular cavity, as considered in [1, 2].
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Fig. 2. Geometry of the computational domain

We rewrite the velocity profile (1), taking into account the shift of the coordinate origin shown in Fig. 2:
2
— — y—H
y=y+H,u(y)=u(y—H)=umax(1—%}yE[H—A,H]- 2

Integrating equation (2) with respect to y, and taking into account the relation u = Y, we obtain the dependence of the
stream function in the gaps along the side walls of the cavity:

_H 3
V() = Uy (y—%}“ CoW(H-AN) =0 C)=~u,, (H ——A),

0,y €[0,H — Al, G)

0,) = y(L,y) = - H)
w(0.») =w(L.y) pa2ag U A,
max 3 3A2

As in [2], we denote the characteristic length by L, time by 7 velocity by u__, stream function by Lu__, vorticity

max
u

by “L“"‘ , and Reynolds number by Re. We introduce the following dimensionless variables: the horizontal coordinate is

denoted by x , the vertical coordinate by y, the stream function and vorticity by y,w, respectively, the velocity vector
by (ﬁ,;) , and time by ¢ . These quantities are nondimensionalized as follows:

OS;:%SI’ OS;:%Sk:%’QZL’WmaX :Lumax’
- u - v — w U nax
u:_sv:_W:_’Wmax 4

U nax U o Winax L
- u_ L
tzi,Tzinez o

T u v

-3 2
The kinematic viscosity of blood is v = =33 107a-c _ 3 333y e
C

p  1050k2/m’

The hydrodynamic system in nondimensional variables and functions, following [1, 2], for an open cavity at high
Reynolds numbers can be written as:

max °

Vi + Y5 = —W(x,D), 0<}=%<1, 0<y<k

- == - = 1l —_ = -t
Wt+u-W}+v~w;=R—(W;;+w;;),0<t=—

e T
ﬂf} EO"_)IF Eo’ﬂq = O’qrz =0,
0,y €[0,H —A],
3
y 2A H (y/L-H/L)
0, = L’ = umaxL —t = -5  |pJE H_A’H H
V(0.2) = w(L.y) (L 30 L 3y ) [ :
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0,y €[0,H —A],
u(0,y)=u(L,y)= u(y) (l_(y—H)zJ ,yE[H-AH],
A

max 2

0,)’ € [05H - A]9

v(0,y)=y(L,y) = v _ [y+3A/L H/L- %};e[(H—A)/L,H/L],

2AS_miL

3L

Here I', denotes the union of the lower side segments and the bottom boundary, I, corresponds to the upper segment
of the rectangle I'. The first equation in system (1) is the Poisson equation for the stream function and vorticity. The two-
dimensional Poisson equation on the rectangle is solved in matrix form with a finite number of arithmetic operations and
sixth-order accuracy [2]. Below, for brevity, we omit the overbars on nondimensional functions, time, and coordinates,
except in formulas (24).

The second line of system (4) defines vorticity in terms of the velocity field derivatives. The third line gives the
velocity components as derivatives of the stream function. The fourth equation is the vorticity dynamics equation, which
is the only time-dependent equation in system (1). On the left-hand side, it contains the full (convective) time derivative.

On the boundary of the rectangle, the vertical velocity component is zero; the horizontal component is unspecified on
the upper boundary, set to zero on the lower boundary, and described by formula (1) on the side boundaries.

Using the method of undetermined coefficients [10], the velocity on the upper boundary is specified by the quadrature
formula (5.1) with tenth-order accuracy in problems (4) (Re = 1500) and (22) (Re = 0.75). Formula (5.1) is applied only
to problem (4).

. . 1 83711 55 165 462
u(n25]) = Wy (n25]) = (—hz)( 27720 n2 J + \Vnzfl,j _7W11272,j + 55‘1”11273,j _TW"z*“’j + 5 \Vn275,j -
330 165 55 11 1 R T
_77W/1276,j + 7 \Ilnzflj _?anf&j +E\V’"z*9’j 10\Vnz 10,/ H\Vrlzfll,j)+ O(hlo)ﬂj = 17nl _1’ (51)
. 1 137 10 5 1 LT
u(ny, j) = (—h )( 60 0 Vn.i Swnz—l,j _S‘Vnrz,j +?\Vn3—3,j _Z\Vnrw +§\Vnz—5,j)+ O(h4)’J =Ln -L (5.2)
2

Following [2], we choose a nonzero and continuous initial velocity field in the central part of the cavity:
0,y, €[0,H-A],

— _ _ 2 - -
u(xmyn) B (1__(ymA2H) J;ym E[H_A,H]’ym = th’m :0’n2’xn :nhl’n = O’nl

_ _ _ (6)
v(x,»,)=0,y, =mh,,m=0,n,, x, =nh,n=0,n,.

In the new hydrodynamic problem for an open rectangular cavity in the “stream function—vorticity” variables, where
the velocity on the upper segment of the cavity is evaluated by formulas (5), we specify the computational sequence, since
it differs substantially from the algorithm described in [1]:

1 step: impose the (time-invariant) boundary conditions on the rectangle boundary for the stream function and for the
vertical component of velocity;

2 step: modify the right-hand side of the Poisson equation for the stream function (i.e., the vorticity term) according
to formulas (12), (13);

3 step. solve the Poisson equation ((7)—(11)), i.e. find the stream-function values at the interior grid points of the
rectangular mesh;

4 step: compute the velocity on the upper segment of the cavity using formulas (5);

5 step: compute the new velocity field at interior grid nodes (formula (18));

6 step: obtain new boundary values of vorticity using formulas (24);

7 step: compute new vorticity values at interior nodes via equation (19).

After step 7 the cycle returns to step 1.

We now describe each step in greater detail. According to [1], the first equation of system (1) — the Poisson equation — is
solved by a matrix method in a finite number of elementary operations [2] with sixth-order accuracy at interior points:
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1( 10 2 1
Ay =y tvy,, = f(xy)=-ws hz( 3 = Voo +§(\V71,0 TWo itV +\V0,1)+g(\|’71,71 TVttt \Vl,l)) =
7
_ +h2( + ) (4) (4) firj;. Lo(h’ %

To solve Poisson equation (7) for the stream function in system (4) with accuracy O(h°) we set f=—w, represent the
derivatives f,, f, with accuracy O(h"), and approximate 7, /¥, /') with accuracy O(h).

In [2, 10], by the method of undetermined coefficients, formulas for the interior-node values of a function f with indices
n=2,n —2,m=2,n,—2 were obtained:

Sot .fy1 = ( 5f00 (f—l,O + fo,—l + fl,o + fm) _é(f-z,o + fo,—z + fz,o + fo,z)) + O<h4),
SO 10 =12 =4 a0t So 4 S+ Sod) Lo+ oo Foa t £3) + (), ®

Fir = il8hon =2 s+ Soa# Foot ) Lo o+ f 1) +O(R)

Thus, formulas (7) and (8) together approximate the Poisson equation in problems (4) and (22) with accuracy O(k°)
at interior nodes.

Reference [2] describes a matrix method for solving the finite-difference Poisson equation (7) in a finite number of
arithmetic operations using a vectorized sweep (block tridiagonal/vector Thomas) method. The finite-difference equation
can be written as:

1 (=10 2 1 h’
h_z(T\Vm,n +§(\mel,n + \Vm+l,n + \Vm,nfl + \Vm,nJrl) + g(\vmfl,n 1 \V»Hl n—1 + \Vm Ln+l + \Verl n+l)) f;n n B(f‘o{ + /:vy) +
9)
1w, pwy, 1 (
+h4(— AL S )+Oh ,n=Ln-Lm=0Ln,—1
360(fx fy ) 9Ofxxy1 ( ) mn 1 2
Define the square matrices 4, B of size (n, — 1) x (n, - 1):
—I?Om nym=1,n—-Ln=1n -1, %,m mm=1n —1n=1n—1,
)z - L _
a,,= g,m—n-i-luﬂum—n—l, by,=1=m=n+lumum=n-1, (10)
Oom>2n+2umum<n-2, Oom>2n+2umum<n-2.
In the present work, the matrix algorithm for solving (9) is identical to that in [2]:
1. Using the formula
T_ 2, @\, 1 @ 8
Fla =l U5 1) g ) g o]
compute the right-hand side of the Poisson equation at all interior nodes of the uniform rectangular grid (m=1, ..., n—1;

n=1,...,n-1).

b 2 1

2. Modify the right-hand sides of the linear system (11) according to formulas (12), (13) at the nodes of the rectangular
contour adjacent to the boundary contour, i. e. determine F_ from the values F ., computed in step 1:

m,n

Ay + By} =F],
B\Vm 1 +A\Vm +B\1Um+1 7,m=2,n2—2, (11)
B\;/nr2 + A\;/nr1 =F' .

ny—1
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F

F

m,n m,n?

-10 2 1
TWI,n,—I +§(\|12,n17] +\V1,n,72 "'\V],n1 +\Vo,nr])+g(\|/z,n,72 +\'I0,n]72 +\V2n Vo nl) = Ligy-10

T,—l = E,n,—l _g(\l’l,n, + Wo,n,—l) _%(\Vo,n,-z TV, TV, )s

_Tlownzfl,l + %(anfll + \Vnrl,z + anfl,O + W"pl) + é<w"2*2~2 + \V"z’z * W”272’0 + \V"z’o) = F"’Z’l’1 ’
F_ = F -1l i(\vnz—l,O + \Vnz,l) _é(\ljnzl TV, 00t \Vnz,O)’

-10 2 1

3 Wﬂz—],nl—l + E(an—Z,nl—] + \Vnz—l,nl—z + \Vr/z—],nl + \Vnz,nl—l) + g(\'jnz—Z,nl—Z + \Vnz,nl—z + Wﬂz—Z,n, + ‘“Vnz,n, ) = F:«z—l,nl—l 4
I 2 1
P:zzfl,n1 -1 = F;tzfl,nlfl _5(“];1271,;11 + an ,nlfl) - g(an =2 + anfZ,n, + \unz,n, )’

-10 2 1
T‘Vu + E(WZJ TWY, Tyt ‘Vo,l) + g(‘%,z TWo, TY,ot \Vo,o) = Fi,l >

ﬁ,l =k, _g(\l’l,o + \Vo,l) _é(\l’o,z Ty, t+ ‘Vo,o)-

10 2 1 ——
_?Wl,lz + E(WLH TV, TVt \Vo,n) + g(‘l’z,m TV T Woua T ‘Vo,m) F,.n=2n-2,
_ 2 1 _
E,)z = E,n _E\Vo,n _g(\l’o,m + WO,nH)’n = 2?”1 -2,
10 2 1 e —
_?an—l,n +§(\Un2—l,n—l + Vo2 + Yot + an,n) +g(\|jnz—2,n—l + Vo241 + Yoyt + \ljnz,n-H) = F;'lz—l,n’n = 2snl -2,

2

E = F;qz—l,n —gwnz,n _%(an,n—l + an,nﬂ)an =2,n -2,

2 1 o —
Wm 1 3 \mel,l + \Vm,Z + \‘rlmH,l + Wm,O) + g(\umfl,Z + Wm+1,2 + \mel,O + \Vm+l,0) Fm 17m = 2’”2 - 2’
2 1 o —
F = le 3 g(\'jmfl,o + \IImH,O)’m = 2’”2 - 2’
10 2 1 >
_?\Vm,npl + g(\ljmfl,nlfl + \Vm,nlfz + \Verl,nlfl + ‘Vm,n, ) + E(Wmfl,nlf2 + Werl,nle + \mel,nl + Wm+l,n1) = Fm,npl ’m = 2’”2 -
Fm,nlfl = Fm,npl _5\'}m,nl _g(\um—l,nl +\'Im+l,nl)’m = 2’n2 _2’

=F ,Vme2n,-2,ne2n -2

3. Compute the forward sweep (matrix recurrence) coefficients by formulas (14), (15) m=1,n, -2

A =-A"Byv,=dA"F,

M, =—(Bh,  +A) By, =B\, +A) (F ~Bv,,)m=2n-2.

4. Compute the solution row vector \llfz_l by formula (16):

\V:fl = (Bknzfz + ) (Ezr 1 anzfz)'

5. Compute the remaining rows of the solution matrix y’ using formulas (17):

T T T
\Vm = }\’mwmﬂ +Vm’m nZ 2 1 V = \Vnzfl'

(12)

(13)

29

(14
(15)

(16)

(17)

The matrix sweep algorithm (9)—(17) preserves sixth-order accuracy in accordance with formulas (7) and (8) for the
Poisson equation.
The second and third equations of system (4) w = vz —u3, u = \V, ,v=—y- arelinear with respect to the first derivatives.
We present quadrature formulas for the first derivative with various stencils. For the equation u =y we have:
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1(3 3 . .
U j) :Z(Z("’Hu —\I’H,,) 20(‘%21 i- 2,1) 60(\“”3’ ‘Vi—3,j))+0(h6)” =3n,=3,j=Lm -1,

1{ Wo, 13 Vs, Vs, . —
”(1,1'):;[_?]_12“’1, ZWZ,j_W3,j+ 31 20/j+0(h) =Ln -1,

(8w, ~ i)~ (wa, w0, )+ O(H*).j =T 1, (18)

1 an,' 13 \'jnz—4," \unzfi' 4 .
Z/l(nzfl,j) = _Z[_T] 12 nz 1,7 +2W;1272,j _\Vnzflj +T/_TJ+O(]/I )9] - lsnl _la

fen T 1op

U, 2.5y = 1;]1(8(“/"2 -3,/ an—l,j)_(w;12—4,j _\Vnz,j))+ O(h4)’j = l’nl -1

Analogous formulas can be written for the equation v=—-. To accelerate the numerical solution, the vorticity
equation in (4) was treated using the splitting method [9].
Analytically, the n-fold splitting method for the vorticity equation over the time interval 7,/ n can be written as:

WEHEED) i) 1

+uk . W)l;+(i/n) + ko, k+(iln) =_(Wk+(1/n) + k+(l/n)) i= 0 n— l (19)

T,/ n g Re

The recurrence system (19) for the vorticity with a frozen velocity field (uk (x, ),V (x, y)),i =0,n—1Lk =const,k=1,2,...
consists of n intermediate steps i =0,n—1, the superscript i/ denotes the intermediate time-layer index in equation (19),
and subscript k£ denotes the multiplicity index of the time layer in system (19). Velocity and stream-function fields remain
fixed in equations (19) at values k = const while the index i changes i =0,n—1. In this system only the vorticity field
w0 i =0,n—1 is updated. The velocity field changes by a jump in systems (4) or in (22), (19) when the time index of
the vorticity increases by one (from & to £+1) in the recurrence system (19).

The idea of splitting system (19) lies in reducing the accumulation of rounding errors and the computational time
required for its solution. The differential operators with respect to coordinates in (19) are approximated at interior nodes
with accuracy O(/4°), as are all equations of system (4); the boundary conditions are approximated with accuracy O(4*),
and the time derivative with accuracy O(t).

Thus, over the time interval T,/ n (associated with the reduction of stability due to the presence of four singular points
of the velocity field), solving equation (19) n times yields a temporal jump of magnitude 7, (which is # times larger than
sequentially solving the full system of equations (4)).

Equation (19) is linear with respect to the coordinate derivatives w' W, W w . In[9] it was shown that for spectral

xx 2

stability of the vorticity dynamics equation (19), it is sufficient to choose the ratlo of the time step and spatial step in the

form of the inequality: 7, < %hz Re— (4),(10 < %hz - (22)).

For the derivative w in (19), we write quadrature formulas (the formulas for w_are analogous):

1(3 3 1
W}’(is;f) = Z(Z(M)Hl/ _Wi*h/) 20( i+2,j W"*Z»I) 60( i3,

.73’/.))+0(h6),i =3.n,-3,j=1n—1,

1 W, 13 Way Wiy o
Wy(l,j) :Z( %—EW +2W21 3’1_ + ;1 _ 2507]-}—0(}[4)’] :17n1 _1,
W00 = (80, =)~ (w, =, )+ O(*).j =T =1, (20)

1 W"zf 13 an_4"- w"z_Sa.' 4 .
Wy(nzfl,j) = _Z(_T/_Ewnzl,j + 2W/1272,j - anf},j +T/_T/j + O(h )’J - 1’”1 - 19

W =80, ), )£ O0H) =TT

The second derivatives w, in (19) take the form:

1( 49 3 3 o - .
Wiy :ﬁ(_ﬁwf,f+5(Wf+1,j+wf—1,j) 20( Wiz T Wig, ) 90( t+31+Wf—3,j))+O(h )":3’"2_3’121’"1_1’
137, 49 17 47 19 31 13 R—
Yo = (180 Yo g0 T M T M T M Teo ™ 180W"’~f)+0(h )i =L =1,
1(5 4 1 J—
W0 :?(_EWZ’I +§(Wl,j + w3,j)—E(w0,j + w4’j))+ 0(h4),j =Ln -1, 21

(37 49 17 47 19 31 13
Mot = 3a\g0 " T M T e g M T Mt T s Tigg

W, 41))+ o(h*),j=1n -1

W, _ 61)+0(h4),j=1,n1 -1,

1( 5 4 1
Wism-2.) = h_Z(_EW"z*ZJ + E(an—l,/ + an—a’j) - 12( oy
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Analogous formulas are written for the derivative w_. Problem (4) and its algorithm (steps (5)—(21), (23), (24)) apply
to blood motion in the aorta and arteries at high velocities and large Reynolds numbers. However, at small Reynolds
numbers, using the diffusion time scale [9], we arrive at problem (22):

-t I? u
t:_,T‘ :T:_,Re max ,
Y v v
0<x=2<1,0<y=2<i=Ly="Yw —ru .,
L y L L \V i \Vmax max
- u - v = w U,
U=——V=""—"W=" Wy = >
umax umax Wmax L
2 2 _ 2T AT
6_w+u6_w+v6_wzv 61;‘)+61;1} C}16"\/_{_” aW+ aW R 0W+a_2 o
ot ox oy ox”~ oy ror L\ ox Oy L ox 0y

5

_ 2— 27— 2 2
\ aw+um u@v_v+v6w 12 6_v2v+8_v2v 6—W+Re 6_w+ 6_w _O0u 6_
ox 0y) L'\ox ady ot ox dy) ox Oy

Ve + s = —w(x ), 0<}:%<1, 0<y<k

Wi +Re(ﬁ~v_v; +1_1~W/;) = Wiz +wy3,0 <Z=L,
aIrl EO’;'F Eo’qr, =0,\_)|Fz =0,

(22)
0,y €[0,H —A],

v(0.9) = y(L.y) = 1(y+§A H- (y3AH) ],ye[H—A,H],

2A
===const,y=H,Vx e[0,L].
Y y [0,L]

0,y €[0,H —A],
u(0,y)=u(L,y) = ‘;(y) (l_(y—H)zj v e[H-AH].
A

max 2

The remaining equations of problem (22) are the same as in problem (4). According to the general algorithm (step 6),
it is necessary to compute the vorticity w at the boundary of the rectangle and then solve the vorticity equation (19) at the
interior nodes of the cavity.

In the linear approximation, we assume that velocity, vorticity, and stream function at the boundary and the nearest
interior nodes are linked by a single linear quadrature formula. The boundary values of the vorticity are approximated
with fourth-order accuracy [10], since in [1] only first- and second-order formulas were given:

1 Cow (0) 1 e LG, (0
v, (0)= h_z(co\lfo +Cy, + Gy, + Gy + C4\|/4)++() = [ oWo t+ ZZC 5\';[ i )
1 1 i=1 k=0 A

=%(CO+C1+CZ+C3+C4) Wh( )(C +2C, +3C, +4C, +C)+vy_ (0 )[§1+2C2+%C3+8C4j+

1 1

C 8 27 64 C 16 81 256
+hyt 0[ +-C,+=—C,+—C j+ Sy (o (—'+ —C,+—C, + (Ij
]W()6 6> 6 ° 6 ° h'w"()24 242243

C, 32 . 243, 1024
(0 (_1+_C +222¢C +—Cj+0 k).
VOl 501206 T 120 % T 120 & (%)
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C,+C+C,+C,+C, =0

C +2C,+3C, +4C,+C, =0

C +4C, +9C, +16C, =2 Al5

C +8C, +27C, +64C, =0 7 72
C, +16C, +81C, +256C, =0

C +32C, +243C, +1024C, =0

Taking (22) into account, we obtain the general boundary condition for vorticity in the open cavity with fourth-order
accuracy by differentiating (22) twice with respect to y:

1 (415 8 1 25v(0,y
w(x,y) =-Vy,, V= h ( 72 Vo —8y, + 3y, _§W3 +§W4)_? (h )_\VyyaV:_Wx' @)
1
hl (47125 SWml +3Wm2 gwm3 +;$m4) 265‘}2’0 + (ym H/L))amzn_DnZ’
%m,o - (A / L) (24 1)
415— — .— 88— 11— \ 25v, —
h_f(ﬁ\umo _SWM,I +3\Vm,2 _§\|jm3 Wm 4)_z70 :0’n3’le-ﬁ'
i 8 1 N (24.2)
. — — — — un R
_3 +3 _9 —=="82 n=0,n, top.
h2 ( 72 \Vnzfl,n \1Un272,n 9an*3 n 8“’" -4 ") 6 h 1 P
%(%WO n 8$l,n + 3@2," _ggln + é\l_jéta”) + 25”]:” 1= Tnl’ u= W}’ ’bOttom’
= A B (24.3)
1 (415 — — 8_ 1_ ) 251/lm,n n ..
-8 +3 —— +— ———=—,n=0,n, top.
h 72 \Vnzfl,n Wn272,n 9Wn273,n 8\Vn274,n 6 h2 1 4

Unlike the closed-cavity case treated in [2], where derivatives of the vorticity function up to fifth order are computed
explicitly, in problems (4) and (22) the application of formula (23) is appropriate. In fields with discontinuities of velocity
the vorticity and its partial derivatives may attain large values. In deriving formula (23) derivatives of the stream function
above second order were discarded. Table 1 gives a classification of blood vessels.

Table 1

Classification of blood vessels

Type Diameter Blood velocity Reynolds number Re Governing system
Capillaries (5-10) pm (0.5-1.0) mm/s 0.00075-0.00300 21)
Arterioles (10-100) pmm (0.5-10.0) cm/s 0.015-3.000 (21),4)

Arteries (2-10) mm (10—40) cm/s 60-1200 4)

Aorta (2-3) cm 0.5 m/s 3000 4)

For definiteness, we solve problem (22) numerically when Re <1 and problem (4) when Re>1 (4, = &,

=0,01).

Experience shows that for a rapid solution in arterioles one should choose an inertial time interval L , Whereas to

u

max

solve the hydrodynamic problem for an arteriole aneurysm it is appropriate to use system (4) analogously to the
aneurysm-in-artery case.
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Fig. 3. Limiting streamline pattern in arterioles using formula (5.1):
a—Re=0.75,nxn,=100x 50, A/ H=0.5;L=1,H=50 wm,u_ = 5cm/s, 1 :%hf , n=400000 steps,
splitting multiplicity m = 100, ¢ = 0,512 s5; b —Re =0.75,n, x n, =100 x 50, A/ H=0.2; L=1, H= 50 pm,

u = Scm/s, 1= Ehf , 1 =200000 steps, splitting multiplicity m = 100, £ = 0.256 s
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Fig. 4. Results of solving problem (4) with application of (5.1):
a—Re=1500,n xn,=100x50,A/H=0.6;L=1,H=1cm,u__= 50 cm/s, streamline field in arteries after
n = 10000 steps, splitting multiplicity m = 200; b — plot of the vorticity function in the symmetry plane
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Fig. 5. Results of solving problem (4) with application of (5.1):
a—Re=1500,n xn,=100x50,A/H=0.6;L=1,H=1cm,u__= 50 cm/s, streamline field in arteries after
n = 20000 steps, splitting multiplicity m = 200; b — plot of the vorticity function in the symmetry plane
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Fig. 6. Results of solving problem (4) with application of (5.1):
a—Re=1500,n xn,=100x50,A/H=0.6,L=1,H=1cm, u_ = 50 cm/s streamline field in arteries after
n = 34000 steps, splitting multiplicity m = 200; b — plot of the vorticity function in the symmetry plane
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Fig. 7. Results of solving problem (4) with application of (5.2):
Re =1500,n, xn,=100x 50,A/H=0.6; L=1,H=1cm,u_, = 50 cm/s,
streamline field in the artery for n = 2310000 steps, splitting multiplicity m =200

Discussion. Two numerical algorithms have been proposed for solving the two-dimensional problem in an open cavity
((5)—21), (23), (24)) in the stream function—vorticity variables, modelling blood flow in an aneurysm under laminar
(Re <1 (22)) and turbulent (Re > 1, (4)) regimes.

In capillaries and arterioles (Fig. 3), the flow structure establishes within 0.002% of the period between pulsation
waves (1 s). Therefore, the clot formation region is determined by the blood circulation region within the aneurysm.

The structure of circulation zones at low Reynolds numbers strongly depends on the ratio of the vessel diameter to the
aneurysm diameter (Fig. 3). If the parameter , the circulation zone is located in the corners of the aneurysm (Fig. 3a). If
the parameter , the circulation occupies the entire aneurysm (Fig. 3b), resulting in a narrowing of the channel diameter
by 34%. This explains the phenomenon of “lumen constriction” during thrombus formation.

For high-speed flows (Re = 1500) in arteries and the aorta, the circulation region encompasses the entire aneurysm for
any value of the parameter A/ H (A/H=0.6) (Figs. 6a and 7).

Along the symmetry plane of the aneurysm, in the direction of blood flow, a sequence of alternating-sign vortices
forms. In Fig. 4b, two vortices with signs w +, — appear. In Fig. 5, three vortices with signs +, —, + are present. In Fig. 65,
five vortices form a sequence +, —, +, —, +. This chain of alternating-sign vortices resembles a Karman vortex street in the
wake of an obstacle.

The presence of vortices in the symmetry plane violates the assumption of solution symmetry. Therefore, it is necessary
to allow for a nonzero normal velocity component in the symmetry plane and to include the entire aneurysm when solving
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problem (4) for blood flow in the aorta. The formulations of problems (4) and (22) and their solution algorithms have been
generalized for an open cavity, i. e., when cavity boundaries are intersected by fluid flows.

Conclusion. The initial-boundary value problems formulated in this study ((4), (22)) allow for a high-quality modelling
of blood flow in aneurysms of capillaries, arterioles, and arteries at both low and high velocities, as well as blood flow in
elements of medical devices.
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Adaptive Grid Techniques for the Efficient Simulation of Shallow Coastal Systems
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Abstract

Introduction. Shallow coastal systems are highly dynamic and require accurate numerical models for predicting tides,
storm surges, and coastal hazards. Traditional uniform-grid approaches often incur high computational costs, limiting
their applicability for operational forecasting. Adaptive grid techniques provide a promising alternative by concentrating
resolution in dynamically important regions while reducing the total computational burden.

Materials and Methods. We developed an adaptive-grid framework based on the depth-averaged shallow-water equations.
The model employs a second-order finite-volume scheme with TVD limiting on a quadtree mesh. Mesh adaptation is
driven by gradient indicators of free-surface elevation and velocity, ensuring high resolution in areas with steep gradients,
tidal fronts, and complex bathymetry. Three numerical experiments were performed: a harmonic tide, a wind-driven storm
surge, and combined tidal-wind forcing.

Results. The proposed method demonstrated robust wetting-drying capabilities, a mass conservation error below 0.06%,
and skill metrics of RMSE < 0.07 m and NSE > 0.90. Compared to a uniform grid of the same finest resolution, Adaptive
Mesh Refinement (AMR) reduced the mean cell count by ~32% and wall time by ~1.5%, with less than 3.5% change in
the L» error norm.

Results. Numerical experiments have shown stable operation of the drainage and flooding algorithms, the mass conservation
error did not exceed 0.06%. The qualitative characteristics of the model are confirmed by the values of the RMSE < 0.07 m
and NSE > 0.90 metrics. A comparison with calculations on a uniform grid with a similar minimum step showed that the use
of adaptive refinement (AMR) reduces the average number of calculation cells by about 32% and reduces machine time by
1.5 times with an increase in the error rate L» by less than 3.5%.

Discussion. The results confirm that adaptive meshing preserves physical accuracy while substantially reducing computatio-
nal cost. This makes the method a suitable tool for high-resolution coastal hazard assessment and operational forecasting.
Conclusion. Further work will focus on extending the approach to three-dimensional flows and incorporating data
assimilation for real-time applications.

Keywords: adaptive mesh refinement, shallow-water equations, finite-volume method, wetting-drying, tidal dynamics,
storm surge modelling
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OpueunaﬂbHoe amnupudeckoe ucciedosamue

AJlanTHBHbIE CETOYHBbIE METOABI AJIf 3q)(1)eKTI/IBHOF0 MOJI€CJIUPOBAHUA
AHHAMHKHU MEJIKOBOJIHbIX npuﬁpemm,lx CHUCTEM

A.M. Cyxunos' , C.B. IIpouenko® [<, E.A. IIpouenko?
! IToHCKO#t TOCYyAapCTBEHHBIN TEXHUYECKUiT yHUBepcuTeT, I. Pocto-Ha-J{ony, Poccuiickas @enepatuis
2 Taranporckuit uactutyT uMenu A.I1. Yexosa (dunman) POV (PUHX), r. Taranpor, Poccuiickas ®enepauust

D4 rab55555@rambler.ru

AHHOTALUSA

Beeoenue. MenxoBonHbie TpUOPEKHBIE 30HBI PEACTABIAIOT COO0H BRICOKOTMHAMUYHBIE IPHPOIHBIE CUCTEMBI, B KOTO-
PBIX MPOTEKAIOT CIOKHBIE THAPOANHAMHYECKUE TPOLECCHl, 00YCIOBICHHBIE B3aUMOACHCTBHEM NPIIUBHBIX SBICHUM,
BETPOBOTO BO3/IcHCTBUS U 0coOeHHOCTel penbeda aHa. st MX Ha/Ie)KHOTO MPOTHO3UPOBAHHS M OLEHKH CBS3aHHBIX C
HUMH SKOJIOTHYECKHUX U TEXHOTCHHBIX PUCKOB HEOOXOIMMBI YHCIIEHHBIE MOJIEININ MOBBIIIEHHON ToYHOCTH. OJJHAKO Tpaau-
LIMOHHBIE METOBI, OCHOBAHHBIC Ha MCIIOIB30BAHUN PABHOMEPHBIX PACUETHBIX CETOK, XapaKTEPHU3YIOTCS Ype3MEPHBIMU
BBIUNCIIUTENIFHBIMU 3aTpaTaMHy, YTO CYIIECTBEHHO OTPaHUYHMBACT MX MPUMEHEHHE B 3aJladyax ONEPaTHMBHOTO MPOTHO3M-
poBaHUs. B 3TO# CBSI3M MepCIIEeKTUBHBIM HAIIPABICHUEM SIBIIIETCS HCIIOIB30BaHUE aJalITUBHBIX CETOYHBIX METOOB, MO-
3BOJISIIOIUX COCPEAOTAuMBATh PAaCYETHOE pa3pelIeHie B TUHAMHYECKH 3HAYUMBbIX 00JIaCTSIX U OJHOBPEMEHHO CHUKATh
OOIIYI0 BBIYHUCIUTEIBHYIO HAPY3KY.

Mamepuanst u memoowt. Pazpaborana 4rciIeHHas MOJIENIb, OCHOBaHHAS HA IBYMEPHBIX YPaBHECHHUAX MEJIKOH BOJHI B I10-
CTaHOBKE C yCpPeTHEHHEM 10 IITyOunHe. B kauecTBe pacyeTHOro anroputMa NpuMeHeHa KOHEUHO-00beMHasI CXeMa BTOPOTO
nopsigka TouHocty ¢ TBD-nuMutrpoBanuem, peann3oBaHHas Ha JUHAMUYECKH aIalTUPYyEeMOM CeTKe TUIa KBaJpoaepe-
Ba. Kputepuem ISt TOKaJIbHOTO YTOUHEHHS CETKH CIYXAaT TPaJUeHThI YPOBHS CBOOOTHON MOBEPXHOCTH M CKOPOCTH Te-
YEHU1, 4TO 00eCIIeUMBACT ACTAIBHYIO alllIPOKCUMAIINIO B 30HAX MHTEHCUBHOM JMHAMUKH, BKJIIOUAs TPUIMBHBIE (DPOHTHI
1 00JTaCTH CO CIOKHOI OatuMeTpueid. [Jist orieHkH 3 PEKTUBHOCTH METO/Ia MPOBECHBI TPU YHCICHHBIX KCIIEPUMEHTA!
MOJETNPOBaHNE TAPMOHUYECKOTO MPUIIMBA, BETPOBOTO IITOPMOBOTO HArOHA M UX KOMOMHHUPOBAaHHOTO BO3/ICHCTBHUS.
Peszynomamsl uccnedosanusn. YucieHHble SKCIIEPUMEHTHI TOKa3aJld YCTOWYHMBYIO PabOTy ajJrOpUTMOB OCYHICHHS U
3aTOIUICHUS, TIOTPEUTHOCTh COXpaHeHus: Macchl He mpesbimana 0,06 %. KadecTBeHHBIE XapaKTEpPUCTUKH MOJEIN TOJ-
TBepknatorcs 3HadeHus M MeTpuk RMSE < 0,07 m u NSE > 0,90. CpaBHeHHE ¢ pacueTaMu Ha paBHOMEPHOH CETKe
AaHAJIOTUYHOTO MUHUMAJIBHOTO IIIara TI0Ka3ajo, YTo MPUMEHEHHE aIalTHBHOTO yTouHeHus (AMR) 1mo3BoJsieT COKpaTuTh
CpeAHee YHCIIO0 PacYeTHHIX SYeeK MPUMEpHO Ha 32 % M yMEHBIINTH MAIIMHHOE BpeMs B 1,5 pa3a pH yBEINYCHUH HOPMBI
MOTPEUTHOCTH L2 MeHee yeM Ha 3,5 %.

Obcyscoenue. TlomyueHHbIE pe3yNbTaThl CBUACTENBCTBYIOT O TOM, YTO MCIIOIB30BAHNE aJalITUBHBIX CETOYHBIX METOIOB
obecrieurBaeT coXxpaHeHne (pU3N4YecKoil JOCTOBEPHOCTH NP 3HAYUTENHHOM CHIDKCHUH BBIYMCIHUTENBHBIX 3aTpar. ITo
JIeTIaeT MPe/IOKEHHBIH NoAX0 3(PPEKTHBHBIM HHCTPYMEHTOM ISl BBICOKOTOYHOTO MOZICIIMPOBAHUS U TIPOTHO3a THPO-
JUHAMUYECKHX MPOIIECCOB B MPUOPEKHBIX 30HAX, B TOM YHCIIE IS OICHKH U NMPEIOTBPALICHUS TOCIEICTBUI OMacHbBIX
THIIPOMETEOPOTIOTHUECKUX SBICHUH.

3aknouenue. B nanpHeinem npennoaaraeTcs pa3sBUTHE MOJICTH B HAIIPABJICHUH TPEXMEPHBIX PACUETOB M HHTETPALUU
C METOAAMHU aCCUMIIAIINY JAHHBIX, YTO TTO3BOJIUT UCIIOJIB30BATh €€ JJISl ONEPATHBHBIX MPOTHO30B B PEaIbHOM BPEMEHH.

KiroueBble cj10Ba: amanTuBHOE YTOYHCHUC CCTKU, YPABHCHUA MEJIKOM BOJbI, KOHEYHO-00BbEMHBIH MCETOA, OCYLICHUC U
3aTOIJICHUE, IIPUIIMBHAA AUHAMUKA, MOACIIMPOBAHUC IITOPMOBBIX HAI'OHOB

®dunancupoBanue. lccienoBanue BBINOIHEHO 3a cueT rpaHta Poccuiickoro HaywyHoro ¢onzma Ne 25-21-00021,
https://rscf.ru/en/project/ 25-21-00021/

Jos murupoBanus. CyxunoB A.W., [Ipouenko C.B., [Ipouenko E.A. AnanTuBHbIE cETOYHBIE METONBI ISl dPPEKTUB-
HOTO MOJEIMPOBAHUS TUHAMUKHA MEJIKOBOIHBIX MPUOpexHbIX cucteM. Computational Mathematics and Information
Technologies. 2025;9(3):44-55. https://doi.org/10.23947/2587-8999-2025-9-3-44-55

Introduction. Shallow water environments such as coastal lagoons, estuaries, and shelf seas play a critical role in
global biogeochemical cycles, marine ecosystems, and human activities. Accurate numerical simulation of these regions
is essential for predicting storm surges, seiche waves, sediment transport, and pollutant dispersion, particularly under
increasing anthropogenic and climatic pressures. However, the inherent complexity of shallow water domains — including
variable bathymetry, rapidly changing flow regimes, and strong nonlinear interactions — poses significant challenges for
traditional numerical models based on static mesh structures.
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Recent advances in computational fluid dynamics (CFD) and environmental modelling have demonstrated the
advantages of adaptive grid techniques for resolving multiscale flow structures with increased accuracy and efficiency.
Adaptive grids enable localized mesh refinement in dynamically evolving regions of interest, thereby reducing
computational cost without sacrificing solution fidelity. These techniques are particularly valuable in shallow water
applications, where fine resolution is often required near coastlines, river mouths, and topographic gradients.

A variety of adaptive strategies have been proposed and implemented in both structured and unstructured frameworks.
Structured block-based methods with static or dynamic refinement (e. g., nested grids or quadtree/octree hierarchies) are
employed in models such as Delft3D Flexible Mesh and ADCIRC [3]. Unstructured adaptive meshes using Delaunay
triangulation or Voronoi tessellation have gained traction in systems like TELEMAC, SLIM, and OpenFOAM [2].
Moreover, dynamic mesh adaptation guided by error estimators or flow gradients (e. g., vorticity, free surface slope) has
been successfully applied to simulate storm surges and flooding scenarios with high spatial fidelity [1].

In addition to deterministic refinement criteria, recent developments incorporate machine learning to predict optimal
refinement zones, as shown by Guo et al. (2023) in their hybrid neural network — CFD coupling for coastal flood
prediction. Such approaches point to a future of intelligent, data-informed adaptive modelling systems [5].

Despite these advancements, a systematic review of adaptive grid methods tailored to shallow water applications
remains limited. Moreover, practical guidance on the selection and implementation of adaptive schemes — based on
computational resources, simulation objectives, and target phenomena — is often scattered across case-specific literature.

The objective of this study is to provide a structured overview and comparative analysis of adaptive grid techniques
applied to shallow coastal systems. By synthesizing recent applications from the literature, we aim to identify the strengths
and limitations of different adaptive approaches and to outline key considerations for their deployment in environmental
modelling scenarios.

Materials and Methods

Adaptive grid methods. Efficient numerical modelling of shallow water systems requires the ability to resolve
localized hydrodynamic features — such as steep surface gradients, vorticity zones, and wetting-drying fronts — while
maintaining manageable computational costs. Adaptive mesh techniques address this challenge by enabling spatial
resolution to vary according to the complexity of the flow field. Broadly, these techniques can be classified into two main
categories: static refinement and dynamic mesh refinement (DMR).

Static or a priori mesh refinement involves predefining regions of fine resolution based on geometric or physical
considerations, such as proximity to the coastline, bathymetric gradients, or historical areas of interest. While simple to
implement, static refinement lacks responsiveness to evolving flow conditions and may lead to over-refinement in inactive
regions or under-resolution of emergent features.

This technique is widely used in nested-grid approaches, as implemented in models such as Delft3D, ADCIRC, and
ANUGA. For example, Delft3D Flexible Mesh allows the embedding of high-resolution triangular subdomains within
coarser grids [3], facilitating localized refinement near flood-prone zones.

Fig. 1 illustrates typical mesh refinement techniques used in shallow water modelling. Subfigure a shows a static
nested-grid configuration; b presents a dynamically refined quadtree mesh; ¢ depicts an adaptively refined unstructured
triangular mesh. These schematics demonstrate the operational differences in mesh topology and refinement logic.

a) b) ¢
Fig. 1. Schematic examples of adaptive mesh refinement strategies:

a — Static nested grid; b — Dynamic quadtree refinement; ¢ — Unstructured Delaunay mesh refinement!

! Sources: adapted from Popinet (2021) [6], Mendoza et al. (2022) [2], Kim et al. (2023) [3].
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Dynamic mesh refinement adjusts the resolution during runtime based on real-time flow characteristics. Refinement
criteria typically include gradients of velocity, free surface elevation, or a posteriori error estimators. DMR is particularly
valuable for simulating storm surges, seiches, and sediment transport where the zones of interest shift in space and time.

A variety of DMR strategies exist:

— gradient-based refinement (e. g., Ou/0x, on/ox);

— residual-based error estimators;

— feature-based tracking (e. g., vorticity cores, inundation fronts);

— rata-driven refinement using machine learning [5].

Adaptive grids can be implemented using structured (e. g., quadtree/octree) or unstructured (e. g., Delaunay,
Voronoi) topologies.

Block-based refinement allows hierarchical grid construction where grid cells are recursively subdivided into child
elements (Fig. 1). This method enables fast neighbour lookup and efficient parallelization, and is widely used in models
such as Basilisk and FLOW-3D.

In unstructured frameworks, refinement is achieved by inserting new nodes and re-triangulating the local domain.
This provides greater geometric flexibility and is preferred in domains with irregular coastlines or islands. Models like
TELEMAC-2D, SLIM, and ADCIRC-FEM benefit from unstructured mesh adaptation [2].

Table 1 summarizes the primary types of adaptive grid methods used in the simulation of shallow water systems,
highlighting the key characteristics, advantages, and limitations of each approach. The classification includes distinctions
between static and dynamic refinement strategies, as well as structured versus unstructured mesh implementations.

Table 1
Classification of adaptive grid methods for shallow water modelling

Framework Grid Type Adaptivity Typical Application
Delft3D-FM Hybrid (tri/quads) Static Coastal flooding

Basilisk Quadtree (2D) Dynamic Seiche, tsunami

TELEMAC-2D Unstructured Static/Dynamic Estuary flows, sediment transport

OpenFOAM Structured/Unstr. Dynamic General CFD
FLOW-3D Block-structured Manual refine Local turbulence in inlets

Table 2 presents a comparative overview of popular modelling frameworks that support adaptive meshing. The
comparison includes grid topology, type of adaptivity, and typical application areas, providing guidance on selecting
appropriate tools for various hydrodynamic scenarios.

Table 2

Comparison of adaptive mesh frameworks in hydrodynamic modelling software

Method Strengths Limitations

Static refinement Easy to implement, stable Not adaptive to flow changes

Dynamic refinement Adaptive, accurate, efficient use of resources | Complex implementation, overhead at runtime

Structured grids Efficient memory, easy parallelization Limited geometric flexibility

Unstructured meshes Flexible for complex domains Expensive for neighbour search and update

The hydrodynamic processes in shallow coastal systems were modeled using the two-dimensional nonlinear shallow
water equations (Saint-Venant equations), obtained by depth-averaging the three-dimensional Navier—Stokes equations
under the hydrostatic pressure assumption and neglecting vertical accelerations:

8_n+ O(Hu) N o(Hv) _ 0.
ot ox Oy

(Hu2 +%gH2)

L O(Huy) _
oy

O(Hu) , @

eH e F 4D
ot Ox Ox
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where n(x, y, ?) is the free surface elevation relative to the mean sea level, H =/ + 1 is the total water depth, A(x, y) is the
undisturbed bathymetric depth, u, v is the depth-averaged velocity components, g — gravitational acceleration, z, is the
bed elevation, F, F}  are the external forcing (e. g., wind stress), D, Dy are the turbulent diffusion terms.

The governing equations were discretized using the finite volume method on an adaptive quadtree mesh, which allows
local refinement in dynamically active areas such as tidal fronts or steep bathymetric gradients.

Numerical fluxes at cell interfaces were computed using the Roe approximate Riemann solver, modified to ensure the
Total Variation Diminishing (TVD) property via the minmod slope limiter:

d(r) = max (0,min(l,r)),

where r is the ratio of consecutive gradients.
To suppress spurious oscillations, a second-order artificial viscosity term was included.
Time advancement was performed using the second-order TVD Runge—Kutta scheme:

U =U"+ALU"),

U™ = %U” +% U®+ At LU®)],

where L(U) is the spatial discretization operator.
The time step was dynamically adapted to satisfy the Courant—Friedrichs—Lewy (CFL) stability condition:

Jul v+ gH.
CFL:maxI.,j w2l ;; & At<C
J

max 2

L,

where As,; is the local cell size and C = 0.5 for stability.
The mesh was refined or coarsened based on the gradient indicator:

G:max(wm |VV|j
T]rcf ercf

where V' =+u’ +v* is the flow speed; Vn is the gradient of the free surface; N> Vs are reference scaling parameters.

Cells were refined if G> G, and coarsened if G <G, , optimizing computational resources by focusing resolution
on regions with steep gradients.

Adaptive mesh refinement (AMR) techniques have increasingly been employed in numerical simulations of shallow
water systems to capture multiscale phenomena with greater efficiency and accuracy. This is particularly important in
scenarios where the flow domain exhibits strong spatial and temporal gradients, such as during storm surges, pollutant
dispersion events, or the development of localized vortices. By allowing mesh resolution to dynamically respond to
evolving hydrodynamic features, adaptive methods can drastically improve predictive capabilities while optimizing
computational resource usage.

In this section, we present selected case studies from recent literature that demonstrate the utility of adaptive grid
techniques in modelling various shallow water processes.

Storm surges present a significant hazard to coastal populations and infrastructure. Accurate modelling of surge
dynamics requires fine spatial resolution near shorelines, inlets, and floodplains. Mendoza et al. (2022) used a dynamically
adaptive mesh within the SLIM model to simulate hurricane-induced flooding in estuarine environments [2].

The refinement was based on free surface gradient thresholds, enabling detailed resolution of inundation pathways and
wetting-drying transitions without global over-refinement.

Similarly, Dawson et al. (2021) implemented dynamic nested-grid refinement in ADCIRC to track surge
propagation along the US Gulf Coast, achieving better correspondence with observed water levels compared to fixed-
grid simulations [4].

High-resolution modelling is essential for simulating the dispersion of pollutants or nutrients in shallow basins.
Kim et al. (2023) applied a block-adaptive mesh strategy using Delft3D Flexible Mesh to study nutrient transport in a
tidal lagoon. Static refinement zones were placed near discharge outlets and along bathymetric gradients, resulting in
improved accuracy in predicting plume trajectories and concentration peaks [3].
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Guo et al. (2023) proposed an innovative hybrid model coupling CFD with neural-network-guided mesh refinement
to simulate urban runoff discharge into a coastal bay. Their dynamic refinement reduced maximum prediction error in
pollutant concentration by over 40% compared to uniform mesh runs [5].

Understanding seiche behavior and eddy formation in semi-enclosed water bodies is important for port safety and
ecological modelling. Zhang et al. (2022) employed OpenFOAM with dynamic mesh refinement based on vorticity
magnitude to model seiche waves in a fjord-like basin. The refinement allowed for detailed resolution of nodal lines
and resonance effects, yielding a 30% improvement in phase accuracy over static meshes [1].

Popinet (2021) used quadtree-based refinement in Basilisk to simulate wake-induced eddies in a river-mouth
scenario. The mesh dynamically adapted to capture small-scale vortices downstream of obstacles, with excellent
agreement to laboratory experiments [6].

The Table 3 below summarizes representative case studies that applied adaptive meshing techniques to shallow
water problems. The studies span different numerical frameworks and target phenomena, demonstrating the broad
applicability of adaptive methods.

Table 3
Selected applications of adaptive mesh refinement in shallow water modelling
Author(s) Model Application Adaptation Type Reported Effect
Zhang et al. (2022) [1] OpenFOAM Seiche waves Dynamic +30% accuracy in
wave phase
Mendoza et al. (2022) [2] SLIM Hurricane flooding Dynamic Improved wetting/
drying resolution
Kim et al. (2023) [3] Delft3D-FM Nutrient dispersion Static Better plume
localization
Dawson et al. (2021) [4] ADCIRC Coastal storm surge Dynamic nested Closer fit to observed
surges
Guo et al. (2023) [5] CFD + ML Urban runoff ML-driven dynamic —40% pollutant
pollutants concentration error
Popinet (2021) [6] Basilisk Seiche waves Dynamic +30% accuracy in
wave phase

The selected studies clearly illustrate that adaptive mesh refinement enhances model fidelity across diverse shallow
water processes. The dynamic adaptation approach proves especially advantageous in transient and nonlinear scenarios,
while static refinement remains valuable in persistent hotspots such as estuarine mouths or outfall zones [7-8].

Recent trends also show a growing integration of Al and data-driven methods to guide mesh refinement decisions,
opening new frontiers in efficient environmental modelling [9].

These examples demonstrate that adaptive meshes are not only a computational optimization tool but also a critical
component of predictive environmental simulation strategies in a changing climate.

Results. The computational domain represents a shallow coastal area of size 20x15 km? with depths ranging from
1 to 15 m. The bathymetry was obtained from a digital elevation model with a base spatial resolution of 50 m and
smoothed using a Gaussian filter to eliminate high-frequency noise.

Maximum grid spacing is Ax_ = 200 m, minimum grid spacing in refined zones is Ax_, = 25 m, time step is Az =2 s,
bottom friction coefficient is C = 0.003, wind forcing (storm scenario) is U, =20 m/s, mesh adaptation frequency every
50 time steps.

Three main simulation scenarios were considered linear tidal wave, storm surge, combined forcing. Linear tidal wave is
the harmonic oscillation of water level imposed at the open boundary with amplitude 4 = 0.5 m and period 7= 12 h. Storm
surge is the constant wind speed of 20 m/s applied for 6 h, directed from the open sea towards the coast. Combined
forcing is the simultaneous action of tidal oscillations and wind forcing.

Scenario 1: RMSE = 0.03 m, correlation R > 0.98. The maximum oscillation amplitude in the central part of the
domain was 0.48 m, in agreement with linear wave theory.

Scenario 2: Formation of a surge up to 1.2 m near the windward shore. Resonance effects amplified local oscillations.

Scenario 3: Interference between tidal and wind-induced waves increased maximum amplitudes by 15-20 %
compared to the linear sum of separate forcings.
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Fig. 2. Bathymetry of the computational domain

The quality of the numerical solutions was assessed using the following metrics:
— Root Mean Square Error (RMSE) with respect to analytical or reference numerical solutions:

RMSE = Li(nmodel _ nref)l
N k k s

k=1

— Pearson correlation coefficient between simulated and observed water levels:
< del del b: b:
DM =) (g -n)

k=1

N N
\/Z(n;nodel _ ﬁmodel )2 Z(nzbs _ ﬁobs )2
k=1 k=1

— energy spectrum analysis of free surface oscillations.
The domain-integrated mass conservation error:

R =

E

‘ZHC (04, -3 H0)4
€y =Max, o = z H‘(OC) A

x100%,

remained below 0.06% in all cases (0.04% for the tidal case, 0.06% for the storm case, and 0.05% for the combined
case). The maximum instantaneous CFL value stayed below 0.45, and no numerical instabilities or negative depths were
observed during wetting-drying transitions.

Model accuracy was evaluated against analytical or benchmark numerical solutions using the root mean square error
(RMSE), mean absolute error (MAE), bias, the Nash—Sutcliffe efficiency (NSE), and Willmott’s index of agreement.
Phase lag and amplitude ratios at dominant frequencies were calculated from spectral analysis.

Let n,™¢ and n,*" denote model and reference (analytical or benchmarked numerical) free-surface elevation at sample
k=1,..., N similarly for the observational series 1 °* we use

RMSE = \/%i(n?"d ),
k=1

_l o mod __ref
MAE —N;h}k n:
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N
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and the Nash-Sutcliffe efficiency (NSE) against observations
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together with Willmott’s index d
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Phase lag at the principal frequency o, is estimated from the cross-spectrum

2n
A(I) =arg Snmodnref ((DO)’ W, = 7’

0

and amplitude ratio 4, =4__,/ A . is obtained from the corresponding spectral peaks.

Scenario 1. A single harmonic oscillation with amplitude 0.5 m and period 12 hours was imposed at the open boundary.

At the central gauge, RMSE was 0.028 m, MAE 0.021 m, and bias +0.006 m. NSE reached 0.96 and Willmott’s index
0.99. The amplitude ratio was 0.98, with a phase lag of 4.3 minutes compared to the reference solution. The relative L»
error over the full time series was 3.1%.

Spectral analysis showed a dominant peak at the imposed tidal frequency, with side lobes at least 25 dB lower.
Depth-averaged peak currents reached 0.45 m/s in constricted channels, with median Froude numbers around 0.09 (98th
percentile 0.35), indicating fully subcritical flow.

A grid-convergence test showed that halving the minimum cell size from 25 m to 12.5 m reduced RMSE by a factor
of 1.9, consistent with near-second-order accuracy.

Fig. 3 shows the map of water level oscillation amplitude (m) for the tidal scenario, overlaid with depth-averaged

velocity vectors at peak flood. The dominant tidal constituent has a period of 12 h, producing maximum currents of

~0.45 m-s™! in constricted channels and subcritical flow throughout the domain.
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Fig. 3. Scenario 1: Tidal Forcing
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Scenario 2. A spatially uniform 20 m/s wind was applied for 6 hours from offshore towards the coast.

The peak surge along the windward coast reached 1.21 m after 5.7 hours from the onset of wind forcing, accompanied
by a setdown of 0.38 m on the leeward coast. Alongshore pressure gradients produced peak currents of up to 1.35 m/s over
the shelf break, and onshore transport increased the inundation area by 12% compared to the unforced baseline.

Across three shoreline gauges, average RMSE was 0.061 + 0.007 m, MAE 0.044 + 0.006 m, bias +0.012 + 0.004 m,
NSE 0.92 + 0.02, and Willmott’s index 0.97 + 0.01. Sensitivity tests showed that a £10% change in the bottom-friction
coefficient resulted in a =0.06 m change in peak surge and a £0.09 m/s change in peak currents.

Fig. 4 shows the map of peak water level elevation (m) induced by a uniform 20 m-s™" offshore wind over 6 h, overlaid
with depth-averaged velocity vectors. The highest surge (~1.21 m) occurs along the windward coastline, accompanied by
a setdown of ~0.38 m on the leeward side and nearshore currents exceeding 1.3 m-s™.
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Fig. 4. Scenario 2: Storm Surge

Scenario 3. Simultaneous tidal and wind forcing led to nonlinear interactions.

The nonlinearity index, measuring the deviation from simple superposition, was 0.17, indicating a 17% departure from
linear behavior. In some locations, instantaneous water levels exceeded the linear superposition envelope by up to 0.21 m
due to phase-locking effects. The dominant tidal component exhibited a phase shift of 13 minutes relative to the pure-tide
case. Peak depth-averaged currents increased by 12% compared to the storm-only scenario.

Fig. 5 shows the map of water level amplitude (m) for combined tidal and wind forcing, overlaid with depth-averaged
velocity vectors at the phase of maximum interaction. Nonlinear tide-wind coupling produces local amplification up to
0.21 m above the linear superposition envelope and increases peak currents by ~12% compared to the storm-only case.

Domain-wide RMSE was 0.073 m, MAE 0.053 m, bias +0.015 m, NSE 0.90, and Willmott’s index 0.96. The maximum
pointwise error (Loo) for water level was 4.6 cm, occurring in a windward pocket bay with complex bathymetry and active

wetting-drying.

Table 4
Summary of accuracy metrics at representative gauges (mean over gauges)
Scenario RMSE (m) MAE (m) Bias (m) Amplitude Phase lag NSE
ratio ArA_rAr (min)
Tide 0.028 0.021 +0.006 0.98 4.3 0.96
Storm 0.061 0.044 +0.012 - - 0.92
Combined 0.073 0.053 +0.015 1.04 13.0 0.90
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Fig. 5. Scenario 3: Combined Tide and Wind Forcing

Compared to a uniform grid with the same maximum refinement level, AMR reduced the average number of
computational cells by 32%, shortened total wall-clock time by a factor of 1.48, and reduced memory usage by 28%,
while maintaining L. relative errors below 3.5% in all scenarios. The proportion of finest-level cells varied from 18%
(tide) to 35% (combined), showing that AMR effectively concentrated resolution where steep gradients were present.

Table 5
AMR vs. uniform-grid performance (36 h integration)
Metric Uniform grid AMR (avg) Change / Gain
Mean number of cells 1.92x10° 1.31x10° —32%
Wall-clock time 9.6h 6.5h x1.48 speedup
Peak memory usage 5.4 GB 39GB —28%
Regrid overhead - 6.2% of runtime -
Relative L- error vs. - 3.2% -
uniform

Shoreline migration results were compared to reference inundation maps. The shoreline-position RMSE was 12 m,
and the Fi-score for wet/dry classification at 25 m resolution was 0.92. No spurious oscillations were observed at the
moving wet/dry front, with maximum overshoots limited to 2 cm.

Higher errors occurred in narrow embayments with steep bathymetry, strong pressure gradients, and rapidly changing
wetting-drying zones, especially under turning winds. However, in all cases, accuracy targets were met: RMSE below
8 cm and relative L2 error below 5%. Sensitivity tests indicated that uncertainty in bottom friction had the largest effect
on surge peaks, while uncertainty in tidal amplitude and phase dominated phase errors in the combined forcing scenario.

Discussion. In this work, we developed and applied an adaptive mesh refinement (AMR) approach for efficient and
accurate simulation of shallow coastal systems. The model solves the depth-averaged shallow-water equations using
a second-order finite-volume scheme with a TVD Runge—Kutta time integration and an adaptive quadtree grid. Grid
refinement is dynamically controlled by gradient indicators of free-surface elevation and velocity, allowing for high
resolution in zones of strong hydrodynamic gradients while maintaining coarser resolution in less active regions.

Three numerical scenarios were investigated: a purely tidal case, a wind-driven surge, and a combined tide—wind
forcing. In all cases, the adaptive grid preserved solution accuracy while significantly reducing computational cost.
Compared to a uniform fine mesh, AMR reduced the mean number of active cells by approximately 30-35% and the total
wall-clock time by a factor of 1.4-1.6, with the relative Lz-error remaining below 3.5%. The maximum RMSE of free-
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surface elevation did not exceed 0.07 m, and the Nash—Sutcliffe efficiency (NSE) was consistently above 0.90.

Conclusion. The model demonstrated robust wetting-drying performance and strict mass conservation, with global
volume balance error below 0.06 % in all experiments. The simulated amplitude and phase distributions of the free-
surface oscillations were in close agreement with analytical or reference model results, capturing key features such as tidal
fronts, coastal jets, and wind-driven set-up/set-down.

These findings confirm that the proposed AMR-based shallow-water solver can achieve high-fidelity simulations
at a substantially reduced computational cost, making it a promising tool for operational coastal forecasting, hazard
assessment, and large-scale environmental studies. Future work will focus on extending the method to fully 3D baroclinic
flows, coupling with wave and sediment transport models, and integrating with data assimilation systems for improved
predictive skill.
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Application of Neural Networks to Steady-State Oscillations
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Abstract

Introduction. In recent years, the field of mathematics specializing in the application of artificial neural networks has been
rapidly developing. In this work, a new method for constructing a neural network for solving wave differential equations is
proposed. This method is particularly effective in solving boundary value problems for domains of complex geometric shapes.
Materials and Methods. A method is proposed for constructing a neural network designed to solve the wave equation in
a planar domain G bounded by an arbitrary closed curve. It is assumed that the boundary conditions are periodic functions
of time ¢, and the steady-state regime is considered. When constructing the neural network, the activation functions are
taken as derivatives of singular solutions of the Helmholtz equation. The singular points of these solutions are uniformly
distributed along closed curves surrounding the domain boundary. The training set consists of a set of particular solutions
of the Helmholtz equation.

Results. Results were obtained for the solution of the first boundary value problem in various domains of complex
geometric shape and under different boundary conditions. The results are presented in tables containing both the exact
solutions of the problem and the solutions obtained using the neural network. A graphical comparison is also provided
between the exact solution and the solution obtained with the constructed neural network.

Discussion. The presented computational results demonstrate the efficiency of the proposed method for constructing
neural networks that solve boundary value problems of partial differential equations in domains of complex geometry.
Conclusion. The further development of the proposed method may be applied to solving boundary value problems for the
wave equation in exterior domains. Of particular interest is the application of this method to diffraction problems.

Keywords: wave equation, domain of complex geometric shape, neural networks
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AHHOTALMSA

Beeoenue. B nocnennee Bpems ObICTpO pa3BHBaeTCsi 00JacCTh MaTeMaTHKH, CIEHHAIU3UPYIOLIascs Ha MPUMEHEHUU
HCKYCCTBEHHBIX HEMPOHHBIX ceTeil. B HacTosei paboTe NpeiokeH HOBBI METO/] TIOCTPOSHUSI HEHPOHHOW CeTH st
PpeIIeHUs BOJHOBBIX MU GEpeHINATbHBIX YPABHEHUH. DTOT METO 0cOO0EHHO 3(h(HhEeKTUBEH MPU PEIICHUH KPAeBhIX 3a1au
JULst 00J1acTel CIIOKHOW TeOMETPHYECKOH (DOPMBL.

Mamepuanst u memoowt. llpennaraeTcsi MeTo[ MOCTPOSHHs] HEUPOHHOHN CeTH, MpeAHA3HAUYECHHOH ISl pelIieHUs
BOJIHOBOT'O YPaBHEHU JJIs TUIOCKOH 00sacTu G, OrpaHMYCHHOM MPOU3BOJILHON 3aMKHYTO# KpuBoii. [Ipesmonaraercs, 4To
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TPaHWYHBIC YCIIOBUS SABJIAIOTCS MEPUOJMUECKUMH (QYHKIMSIMHU BpeMeHH ¢. PaccMaTpuBaeTCs yCTaHOBUBILIHUICS PEKHM.
ITpu mocTpoeHN: HEHPOHHOH CETH B KAYECTBE aKTUBALMOHHBIX (yHKIMIT IPHHUMAIOTCS IPOU3BOIHBIE OT CUHTYJISIPHBIX
pemenuil ypaBHeHust ['expmMronbia. CHHIYIApHBIE TOUKK 3THUX PEIICHUH PaBHOMEPHO PAcIpPEAETICHBI 0 3aMKHYTHIM
KPHBBIM, OXBATBIBAIOIINM I'PaHUIly 00n1acTH. B kauecTBe 00yJaroero MHOKECTBA HCIOIb3YETCSI MHOKECTBO YaCTHBIX
pewiennii ypasHeHus I'enpMrombna.

Pesynomamut uccnedoganusn. IlomydeHbl pe3ynbTaThl pelIeHUs MEPBON KpaeBOM 3amayll Ul pa3iIM4yHBIX obiacrteit
CJIOKHOM IeoMeTpU4ecKoi (OPMBI M TPAaHUUYHBIX YCIOBHH. Pe3ynbTaTsl mpeACTaBICHB! B BUAE TAONUII, COAEPIKAIINX
TOYHBIE PEIICHUS 331241 U PEIICHUs, MOTyYeHHbIE C TOMOIIBI0 HEHPOHHOI ceT. [laHo rpaduyueckoe mpeacTaBiIeHue
TOYHOI'O PELIEHUS U PELICHHUS, IOJyUYEHHOr0 IOCTPOEHHON HEMPOHHOM CETBIO.

Oécyscoenue. IlpencTaBaeHHBIC PE3YJIBTATHI PACUETOB MOKA3aIH 3P (HEKTHBHOCTS MPEITIOKEHHOTO METO/1a TIOCTPOCHUS
HEHPOHHBIX CETEH, PEIIAIOIINX KpaeBble 3a1a4u A depeHIINaTbHBIX YPaBHEHUH B YaCTHBIX IIPON3BOIHBIX AT 00TacTeH
CIIO’)KHOW T€OMETPHUYECKON (POPMEI.

3aknwuenue. JlanvHeliee pa3BuTre pa3pabOTaHHOTO aBTOPOM METOAA MOXKET ObITh IPUMEHEHO K PEIICHNIO KPAeBBIX
3ajia4 AJIsl BOTHOBOTO YPABHEHMS, AJIsI PEIIEHNs BHEIIHUX 3a1a4. OcoOCHHBII HHTEpeC MPeCTaBIseT IPUMEHEHUE 3TOTO
METOo/a K 3aadaM AU paKIiH.

KioueBbie c10Ba: BOJIHOBOE YpaBHEHHE, 00JIACTh CIIOXKHOW T€OMETPHUYECKOH (POPMBI, HEHPOHHBIE CETH

J1s uutuposanus. [anaGypaun A.B. IIpumeHeHne  HEMpPOHHBIX  ceTed Uil pPEleHHs  3ajadu 00
ycraHoBuBIIMXCst koneOanusx. Computational Mathematics and Information Technologies. 2025;9(3):56—63.
https://doi.org/10.23947/2587-8999-2025-9-3-56-63

Introduction. In modelling various natural objects and phenomena, the apparatus of partial differential equations
(PDEs) is often employed. The complexity of the developed models does not always allow for the efficient use of
traditional methods. Therefore, neural network methods are increasingly being applied in recent years.

The theoretical foundations of the neural network method were laid in the mid-20th century in the works of
A.N. Kolmogorov [1]. At present, neural networks are widely used in solving various boundary value problems. Works [2, 3]
are devoted to solving boundary value problems for the Laplace equation. In [4], deep learning methods are applied to
the Poisson equation in a two-dimensional domain. In [5], approaches to solving heat and mass transfer problems using
perceptron-type neural networks are investigated.

Currently, physics-informed neural networks (PINNs) are frequently employed to solve partial differential
equations [6, 7]. In [8, 9], radial basis functions are used as activation functions, with their parameters proposed to
vary during the training process. Successful applications of neural networks to solving the Navier—Stokes equations
are presented in [10, 11].

In [12], radial basis function neural networks are applied to solving direct and inverse scattering problems. The present
work represents a further development of the method for constructing neural networks used to solve PDEs, as presented
in [13—15]. The essence of this method lies in using functions that satisfy the considered differential equation as activation
functions. In this paper, this approach is applied to the construction of a neural network designed to solve boundary value
problems for the wave equation.

Materials and Methods. Let us consider the first boundary value problem for the wave equation in a planar domain G,
bounded by an arbitrary smooth closed curve y. Assume that the boundary conditions are periodic functions of time ¢ with
period ®, acting from the initial moment of time ¢ = —co.

Then, the solution of the wave equation

2
AU =c" g (2]
ot
can be sought in the form:

U =U,(x,y)cosot+U,(x,y)sinot,

where the functions U, (x, y) and U,(x, y) satisfy the equation
2
AU =2U.
c

To solve the boundary value problem for equation (1), the neural network constructed below was employed. In this
case, the sought function U was represented as:

Ux,p) = D wa(s)F(6,3,%,(6,).,(0,)) + D v,u(s,)G(x,3,%,(t,).0, (1),

k=1 k=1
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where u(s,) are the prescribed values of the unknown function U on the boundary of the domain; F(x, y, x(c,), y,(c,)) and
G(x, y, x,(t)), y,(t,)) are activation functions; o, and 7, are arc coordinates on the contours y, and y,, obtained from the
boundary contour y by shifting each point in the direction of the outward normal to the boundary by the distances p, and
p, respectively; x, y are the coordinates of the points in the domain G.

The activation functions were chosen as

F(x,y,x,(5,),y,(c,)) = ox*oy 2YO(®(:R)

e

and

G(x,y,x,(0,),,(0,)) =

where R = \/ (x=x)+-»)"; n(c,), n(c,) are the coordinates of the singular points uniformly distributed along the
auxiliary contours y,; Y (z) is the Bessel function of the second kind.
Since the activation functions satisfy equation (1), it remains only to fulfill the boundary conditions on the contour y

U| =u.

v

During the training of the network, the weights and the parameters p, and p,, were determined by minimizing the
error functional

(W, Vp,P15P,) = ZZ{Zka F(xi’yi’xo(clr)’yo(ck)+}

Jj=1i=l

. N2
ka;{jG(x[ay,':xg(Tk)7yo(Tk) _f;j} >

where f/ is the value of the j-th function from the training set at the point of the boundary contour with coordinate o,
To determine w, and v, from the obtained relations
00 _ ) 0
ow, ov,

a system of linear algebraic equations was solved. The values of p, and p, are determined by a simple search procedure.
The accuracy of the obtained solution can be evaluated by comparing the values of U on the boundary of the
domain, computed using the neural network, with the prescribed boundary values:

U(x( )y ) zwku(sk)F(S;’Gk)+kau(sk)G(SnTk)

F(Sfack) = F(x(si)ay(si)’xo(ck ):yo(ck)),

G(s,,1) = F(X(Si)’y(si)’xo(Tk)’yo(Tk))'

As the training set, a collection of functions was used that are solutions of equation (1) and have the form:
v, = cos(gnfx + ak)cos(gné‘y - ock),
c c

_ (O3 W i
v, =Cos Zn2x+0ck cos{~my — ot ).

where each function corresponds to a boundary point with index k. With a change in the index & the values of o, as well
as the components of the normal vector were also varied.

The parameters determined by the method described above do not always provide the desired accuracy of the neural network
solution. In such cases, the required accuracy can be achieved by iterative refinement of the result using the following algorithm:

Au’(s,) =u(s,).u; (s;) =u(s;), i=1,2,...N,
n+l1 _ o n n
AV™(s,) = Z{kau (s, )F(s,,6,)+v,Au (sk)G(si,rk)},
k=l
AunJrl (Sl-) — Aunﬂ (S,-) _ AVVH] (Sl» )’
w(s,)=u (s,) — Au" ().

n+l

where 1" (s;) is the refined solution at the boundary of the domain.
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o] .
m < & is reached (where 6 defines the desired
ut i
A n+l )
precision of the function U on the boundary of the domain G), or until the value of M begins to increase.

o )

After that, the solution at any point in the domain G is calculated by the formula:

The iterative refinement continues until the specified accuracy

Ux,y) =Y wat, (s )F(x,9,%,(5,).,(0,)) + D v, (s,)G(x,3,%,(1,).9,(1,))-

Results. The method described above was applied to solving boundary value problems for the wave equation in planar
domains whose boundaries were defined as

x = acos(t)+ gsin(dt),
y =bsin(t)+ feos(dr).

where ¢ € [0, 2n], a, b, g, f, d are adjustable parameters.

In all the problems considered below, the following parameter values were used: number of functions in the training
set M = 72, number of neurons in the network N =72, ¢ = 250, 6 = 0.0025.

Problem 1. A planar domain was considered whose shape was determined by the parameters: a = 0.27, b = 0.27,
g=-0.055, =0.055, d=3 (Fig. 1).

04
0.3 *
0.2 *7
0.1
*3 *g *12 %6 *1
~ 0.0 13 11
*14 15
0.1 v .
*
02 4 .
-0.3
-04
-04 03 -02 -0.1 0.0 0.1 0.2 03 04
X

Fig. 1. Shape of the domain in Problem 1

In Fig. 1, the stars indicate the points of the domain where the exact solution values and the values obtained by the
neural network were computed. Table 1 presents the computational results (amplitudes) corresponding to the solution,
which in polar coordinates has the form:

U=J, (ﬂ)cosq)cos(cot), o =550.
c
Table 1
Computational results for Problem 1
Point No. 1 2 3 4 5
Exact solution 0.25615 0.12741 -0.01673 —0.18688 -0.28990
Neural network 0.25598 0.12730 -0.01643 -0.18703 -0.28962
Point No. 6 7 8 9 10
Exact solution 0.16308 0.08066 -0.01072 -0.12037 0.18643
Neural network 0.16297 0.08061 -0.01065 -0.12032 0.18635
Point No. 11 12 13 14 15
Exact solution 0.06463 0.03187 —-0.00426 —-0.04800 -0.07427
Neural network 0.06457 0.03184 -0.00426 —-0.04800 -0.07425
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Problem 2. A planar domain was studied whose shape was determined by the pa-rameters: a =0.27, b=0.27,
g=-0.035, f=0.035, d =4 (Fig. 2).

0.4
0.3 %9
0.2 *7
0.1 . *12
>~ 3 *8 . *6 *1
0.0 13 *11
*14 *15
-0.1
*9 *10
-0.2 x4 *5
-0.3
-03 -02 -0.1 0.0 0.1 0.2 03
X

Fig. 2. Shape of the domain in Problem 2

The solution of the wave equation was considered in the form:

U:cos((9)~(ct—cos(f)x—sin(f)y) ,f =15 0=125,
c

where the given expression satisfies both the wave equation and equation (1). Therefore, time ttt was treated as a parameter:
a fixed value was assigned to ttt, and then the algorithm for obtaining the solution described above was imple-mented.
Table 2 presents the computational results obtained using the neural network, along with the exact solution of the problem
corresponding to the time moment t=3T/5 (where T=2n/® is the period of the solution).

Table 2
Computational results for Problem 2

Point No. 1 2 3 4 5
Exact solution —-0.82913 —0.86526 —0.88547 -0.87167 -0.83232
Neural network -0.82908 -0.86525 —0.88553 -0.87169 —0.83227

Point No. 6 7 8 9 10
Exact solution —0.82047 —0.84421 -0.86163 —0.84979 -0.82211
Neural network —-0.82046 —0.84420 -0.86164 —0.84979 -0.82210

Point No. 11 12 13 14 15
Exact solution -0.81162 -0.82176 —0.83572 —0.82633 —0.81163
Neural network -0.81161 -0.82176 —-0.83572 —-0.82633 -0.81163

Problem 3. A planar domain was studied whose shape was determined by the parameters: a =0.27,5=10.27, g = 0.035,
f=10.035,d =2 (Fig. 3).
The solution of the wave equation was considered in polar coordinates in the form:
or

U=J, (—)cos((p —or), ®=25.
¢
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Fig. 3. Shape of the domain in Problem 3
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Table 3 presents the computational results obtained using the neural network, together with the exact solution values
of the problem corresponding to the time moment # = 57710.

Table 3
Computational results for Problem 3

Point No. 1 2 3 4 5
Exact solution —-0.01309 -0.01010 —-0.002314 0.005639 0.01259
Neural network —-0.01309 —-0.01010 -0.002317 0.005640 0.01259

Point No. 6 7 8 9 10
Exact solution —-0.00840 0.00672 -0.00145 0.00365 0.00840
Neural network —0.00840 0.00672 —0.00146 0.00365 0.00840

Point No. 11 12 13 14 15
Exact solution —0.00372 —0.00333 0.000595 0.00166 0.00421
Neural network —0.00372 —0.00333 0.000594 0.00166 0.00421

Figures 4 and 5 show the time evolution of the solution at Points 3 and 5 obtained using the neural network. The stars
indicate the exact solution values of the problem.
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Fig. 4. Time evolution of the solution at Point 3
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Fig. 5. Time evolution of the solution at Point 5

Discussion. The proposed method for constructing neural networks that solve boundary value problems of partial
differential equations in domains of complex geometric shapes has demonstrated its effectiveness in the presented
test problems.

Conclusion. Future research by the author will focus on applying the developed method to solving boundary value
problems for the wave equation in exterior domains, as well as to diffraction problems. The development of this approach
in the indicated directions may yield interesting and important results both in theory and in solving practical problems.
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