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ANNIVERSARY OF THE SCIENTIST
IOBUJIE YUEHOI'O

On the Anniversary of Academician of the Russian Academy of Sciences and Academician
of the Russian Academy of Education, Doctor of Physical and Mathematical Sciences, Professor
ALEXEY LVOVICH SEMENOV

The Editorial Board of the journal “Computational Mathematics and Information Technologies” extends its heartfelt
congratulations to its esteemed member, Alexey Lvovich Semenov, on the occasion of his 75th anniversary!

Alexey Lvovich Semenov is the Head of the Department of Mathematical Logic and Algorithm Theory at the Faculty
of Mechanics and Mathematics, Advisor to the Rector of the Federal State Budgetary Educational Institution of Higher
Education “Lomonosov Moscow State University”, Director of the A.I. Berg Institute of Cybernetics and Educational
Informatics at the Federal State Institution “Federal Research Center for Computer Science and Control” of the Russian
Academy of Sciences, Academician of the Russian Academy of Sciences, Academician of the Russian Academy of
Education, Professor, and Doctor of Physical and Mathematical Sciences.

A.L. Semenov is an outstanding mathematician, a specialist in the fields of mathematical logic, complexity theory, and
computer science. He works in the areas of artificial intelligence and the development of applied software for domestic
supercomputers.

Key Milestones in the Scientific, Pedagogical, and Organizational Activities of the Jubilarian

In 1972, A.L. Semenov graduated with honors from the Faculty of Mechanics and Mathematics at Lomonosov
Moscow State University, specializing in “Mathematics”. In 1975, he completed his postgraduate studies at the same
faculty, defending his Candidate of Sciences dissertation titled “On Definability in Some Decidable Theories”. In 1985,
he defended his Doctor of Sciences dissertation, “Logical Theories of Unary Functions on Natural Numbers”.

From 1975 to 1983, he served as a Lecturer at the Department of Mathematical Logic at Lomonosov Moscow State
University. His career then continued with leadership roles, including Head of the Sector for Problem-Oriented Processors
and Head of the Laboratory for Algorithm Theory and Linguistic Support within the Scientific Council of the USSR
Academy of Sciences for the Complex Problem “Cybernetics” at the Institute of Cybernetics Problems of the USSR
Academy of Sciences and the A.A. Dorodnitsyn Computing Center of the Russian Academy of Sciences.

From 1993 to 2013, he served as Rector of the Moscow Institute of Open Education (known until 2002 as the Moscow
Institute for the Professional Development of Educators). He later served as Rector of Moscow Pedagogical State
University (V.I. Lenin MPGU) from 2013 to 2016.

Since 2015, he has been the Director of the A.l. Berg Institute of Cybernetics and Educational Informatics at the
Federal Research Center for Computer Science and Control of the Russian Academy of Sciences.

A.L. Semenov was elected a Corresponding Member of the Russian Academy of Sciences in 2008 and became a Full
Member (Academician) of the Russian Academy of Sciences in 2011, within the Division of Mathematical Sciences. He
was elected an Academician of the Russian Academy of Education in 2010. He has held the academic title of Professor
since 1998.

Main Scientific Contributions of A.L. Semenov

Alexey Lvovich Semenov’s contributions to mathematics and theoretical computer science encompass results in
formal grammars, program schemata and dynamic logics, relational algebras, automaton-realizable relations, and decision
algorithms for a range of mathematical theories. He developed a theory of algorithmic randomness for finite sequences,
parallel to Kolmogorov’s combinatorial complexity theory, and solved the Kolmogorov problem concerning the precise
estimation of randomness test complexity. The central theme of his mathematical research has been definability theory,
where he is a world-renowned authority.

Research on definability originates from the classical works of the Italian (G. Peano, A. Padoa, M. Pieri) and Polish
(A. Tarski) schools of mathematical logic in the 19th and first half of the 20th centuries, as well as the works of K. Godel.
L. Svenonius’s key 1959 paper laid the foundation for the “Erlangen program” — the completeness theorem for definability.
A.L. Semenov and S.F. Soprunov obtained a combinatorial version of the Svenonius theorem.

The decidability of the definability space for the addition of natural numbers is a classical 1929 result by Presburger.
In 1979, A.L. Semenov proved the decidability of a broad class of extensions of this space by unary functions, such as
exponentiation or factorial. In the case of monadic spaces, A.L. Semenov obtained results on extending the definability
space for the successor of natural (or integer) numbers with almost periodic (recurrent) sequences from symbolic dynamics.
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This, in particular, solved the Zyfkes problem and provided a solution to Church’s uniformization problem for the almost
periodic case. The study of almost periodic sequences was further developed in the works of his students — A.A. Muchnik,
Yu.L. Pritykin, and M.A. Ushakov. For monadic spaces, A.A. Muchnik solved a problem concerning the monadic space
of several successors, posed by M.O. Rabin at the International Congress of Mathematicians in Nice. S.F. Soprunov
solved the problem posed by M.O. Rabin and C. Elgot on the existence of maximal decidable definability spaces for the
weak monadic case.

The general subject of definability spaces gave rise to a number of questions related to the lattice of such spaces. These
questions were answered in the works of A.L. Semenov and his colleagues. In particular, examples of spaces of arbitrary
width were constructed. A.L. Semenov and S.F. Soprunov constructed examples of definability spaces of arbitrary finite
quantifier depth.

In 1980, A.N. Kolmogorov, who headed the Department of Mathematical Logic and Algorithm Theory at Moscow
State University (the department currently chaired by A.L. Semenov), invited A.L. Semenov to co-lead a seminar on
complexity, which continues to operate to this day. This defined another major direction of A.L. Semenow»s work. In
his seminal 1963 publication on the complexity of finite objects, A.N. Kolmogorov raised the question of the precise
relationship between the complexity of a sequence, the complexity of an algorithm selecting a subsequence from it, and the
degree to which the selected subsequence satisfies the law of large numbers. Kolmogorov revisited this problem in 1983.
The solution to this problem by A.A. Muchnik and A.L. Semenov in 2003 was awarded the A.N. Kolmogorov Prize of
the Russian Academy of Sciences as an outstanding contribution to mathematics. He is also the author of numerous works
in general theory of algorithms and computations, algorithmic randomness, program logics, combinatorial group theory,
computational complexity, algorithmic degrees, and effective computational algorithms.

His activity in applied computer science and the creation of artificial intelligence systems began in 1964 with
participation in works on speech recognition, text generation systems, situational control, and compilers for Lisp and
APL languages for domestic computers. Starting from 1983, A.L. Semenov participated in the development of applied
mathematical software for the “Elektronika SSBIS” supercomputer.

A.L. Semenov is the author of the concept of the “extended personality” as a methodological foundation for Al
applications in education. The “MSU Ark of Knowledge” project, implemented under his leadership, serves as the basis
for building an ontology of fundamental knowledge and trusted encyclopedic systems.

A.L. Semenov participated in the creation of the “Digital Economy of the Russian Federation” program and the
national strategy in the field of artificial intelligence. He is a prominent figure in Russian education and a key participant in
shaping the modern content of school informatics and teacher training. His areas of interest include fundamental problems
of general and pedagogical education, digital technologies in education, digital transformation of education, issues of
updating the content of education in primary and secondary schools, as well as professional pedagogical education.

Beginning in 1967, A.L. Semenov taught at Moscow School No. 7, which he himself had graduated from, and later
worked within A.N. Kolmogorov’s team at the Physics and Mathematics Boarding School affiliated with Moscow State
University. In 2003, he re-established School No. 179 as part of the Moscow Institute of Open Education (MIOO), which
he headed, and brought back to work there Nikolai Nikolaevich Konstantinov, the founder and ideological leader of
the tradition of specialized mathematics schools in Russia. He served as a member of the Executive Committee of the
International Commission on Mathematical Instruction.

In 1984, he became the organizer and a member of the authoring team for the first informatics textbook in the USSR,
published in a print run of 3 million copies for all schools across the Soviet Union.

From the mid-1980s, A.L. Semenov led developments aimed at forming a new methodology for Russian education,
encompassing research activities for all students and the use of digital technologies. He developed the conceptual
foundation and practical solutions (including textbooks, software, subject-specific environments, standards, and
organizational documents) for learning, teaching, and management processes utilizing digital tools. He began this work
under the guidance of E.P. Velikhov and A.P. Ershov within the framework of the All-Union Scientific and Technical
Commission “Shkola-1” of the USSR Academy of Sciences and continued it at the Institute of New Technologies,
which he founded. The methodology he created influenced the subsequent development of Russian and global education,
forming the basis for UNESCO recommendations for all levels of general and teacher education.

A.L. Semenov is widely known as the founder of the Institute of New Technologies in Education (INT), which
developed and adapted numerous digital educational resources for Russia, published hundreds of books for teachers on
the use of ICT across all school subjects, and is recognized as a world leader in applying information technology in schools
based on a constructionist approach. He led the authoring team for an integrated course in mathematics, informatics, and
linguistics for primary school. Courses based on this work, “Informatics” and “Algorithmics”, are now widely used in
Russian schools. Under his guidance, a range of computer environments and tools for student activities were developed,
aligned with modern educational goals across all subjects.

A program for regional informatization developed under A.L. Semenow»s leadership received the President of the
Russian Federation Prize in 1999. He is one of the leaders of joint projects involving the Russian Academy of Sciences,
Moscow State University, and the educational community aimed at improving the quality of digital educational resources
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and shaping standards. He was one of the developers of educational standards for schools: for Moscow in 1996, and
for the Russian Federation in 2004 and 2009. He served as head of the scientific-methodological council of the Federal
Institute of Pedagogical Measurements (FIPI) for the state final certification in mathematics and currently holds this
position for informatics. The implementation of his ideas in the field of education in Moscow has enabled the creation of a
unique, world-class information environment for learning, development, and social interaction among students, teachers,
and educational management systems. Work on the informatization of Russian education carried out under his leadership
was awarded the Russian Government Prize in 2009.

He served as the coordinator for the development of the Concept for the Development of Russian Mathematics
Education, created in response to a May 2012 Presidential Decree, and was one of the leaders in developing the Concept
for Technological Education in Schools, following an assignment from the President of the Russian Federation.

A.L. Semenov was the only plenary speaker from Russia at the II International UNESCO Congress “Education and
Informatics” in Moscow in 1996, a keynote speaker at the seminar “Bridging the Gap between the Information-rich and
the Information-poor: New Technologies and the Future of Education” at the 46th International Conference on Education
(Geneva, 2001), and the lead author of UNESCO books “Recommendations on ICT in Primary Education” (2000),
“ICT in Schools”, and “A Teacher’s Guide, or How ICT Can Create a New, Open Learning Environment” (2005). From
2019 to 2023, he led a Russian Foundation for Basic Research program on the implementation of digital technologies
in schools, which involved teams from the Institute of Education as well. At his initiative, the “Charter of the School’s
Digital Pathway” was adopted.

The holistic school model he built, based on the ideology of individual design of educational trajectories and the
mandatory achievement of planned results by every student, is known as “result-oriented education”.

A.L. Semenov is a permanent participant in the scientific activities of the Regional Scientific Center of the Russian
Academy of Education in the Northwestern Federal District, based at the Herzen State Pedagogical University of Russia
and the Institute of Education at the National Research University Higher School of Economics. He has supervised the
training of two Doctors of Sciences and four Candidates of Sciences. He is the author of over 400 scientific works in the
fields of mathematics, computer science, and education.

Since 2021, he has served as the Editor-in-Chief of the journal Proceedings of the Russian Academy of Sciences:
Mathematics, Computer Science, Control Processes, and from 2012 to 2018, he was the Editor-in-Chief of the journal
Kvant (Quantum). He is a member of the editorial boards or editorial councils of journals including Informatics and Its
Applications, Artificial Intelligence and Decision Making, Information Society, Bulletin of Cybernetics, Educational
Issues (Voprosy obrazovaniya), Educational Studies, Educational Policy, Pedagogy, Problems of Modern Education,
Mathematics at School, Mathematical Enlightenment, Informatics and Education, Informatics in School, Computer Tools
in Education, and Computational Mathematics and Information Technologies.

The Editorial Board of the journal “Computational Mathematics and Information Technologies” warmly congratulates
the esteemed jubilarian, wishing him robust health, new scientific discoveries, and joy from the fruits of his labor! May
there be many more successful projects and grateful students ahead!

Editorial Board of the Journal
“Computational Mathematics and Information Technologies”
Editor-in-Chief — Alexander I. Sukhinov,
Deputy Editor-in-Chief — Mikhail V. lakobovski,
Executive Secretary — Alexander P. Petrov,
Elena V. Aleksenko,

Vladimir V. Voevodin,

Vladimir A. Gasilov,

Valentin A. Gushchin,

Oleg Yu. Zikanov,

Galina G. Lazareva,

Igor B. Petrov,

Sergey V. Polyakov,

Alexey L. Semenov,

Vladimir F. Tishkin,

Boris N. Chetverushkin,

Konstantin A. Chekhonin,

Alexander E. Chistyakov,

Maxim V. Shamolin,

Alexander A. Shananin,

Yalchin Efendiev.
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MATHEMATICAL MODELLING
MATEMATUYECKOE MOJAEJUPOBAHHUE

UDC 519.6 Original Empirical Research

https://doi.org/10.23947/2587-8999-2025-9-4-10-21

Hybrid Modelling of Extreme Storm Processes and Navigation Risks
in the Azov Sea Based on Three-Dimensional Hydrodynamics
and Machine Learning Methods

Alexander I. Sukhinov! |, Sofia V. Protsenko?> [<, Elena A. Protsenko?> , Natalia D. Panasenko!
"Don State Technical University, Rostov-on-Don, Russian Federation

2Taganrog Institute named after A.P. Chekhov (branch) of RSUE, Taganrog, Russian Federation
D4 rab55555@rambler.ru

Abstract

Introduction. Extreme storms with wind speeds exceeding 30-35 m/s pose a significant threat to navigation and coastal
infrastructure in the Azov Sea. The complex bathymetry, shallow water, and coastal geometry amplify wave and surge effects,
causing severe destruction. The increasing frequency of extreme weather events requires next-generation forecasting systems
capable of capturing nonlinear multiscale interactions between wind, waves, and currents.

Materials and Methods. A hybrid approach was developed, combining three-dimensional numerical hydrodynamic
modelling based on the Navier-Stokes equations with Large-Eddy Simulation (LES) turbulence closure, ensemble
probabilistic forecasting, and machine learning methods — including Physics-Informed Neural Networks (PINNs) and
Fourier Neural Operators (FNOs). Atmospheric and oceanographic data from ERAS and CMEMS reanalyses were used to
reconstruct storm scenarios for 2010-2024. Ship-wave interactions were modeled in six degrees of freedom, while coastal
infrastructure fragility was evaluated using probabilistic vulnerability curves. Validation was performed using Sentinel-1/3
satellite data processed by the “LBP-neural network” software package and Copernicus Marine Service products.
Results. Three representative storm scenarios were simulated. The significant wave height in the central Azov Sea reached
up to 5.2 m, with surge amplitudes up to 1.5 m. The most hazardous conditions occurred in the Kerch Strait, where current
velocities reached 1.1 m/s. Under wind speeds of 30-35 m/s, the probability of exceeding the critical 4 m wave height
was 42%. Resonant ship motions with roll amplitudes up to 25° were detected, indicating a high capsizing risk. Risk
maps identified the most vulnerable zones near Taganrog, Yeysk, and Port Kavkaz. The integration of PINNs and FNOs
accelerated ensemble simulations by a factor of 10—12 while maintaining prediction errors below 8%.

Discussion. The proposed hybrid methodology proved highly effective for modelling extreme hydrodynamic processes
and navigation risks. The LES framework accurately reproduced wave breaking and vortex generation processes, while
coupling with neural network surrogates combined physical consistency with computational efficiency.

Conclusion. The approach improved forecast accuracy by 25-30% compared with conventional spectral models (SWAN,
WAVEWATCH III). The results provide a scientific basis for developing early warning systems, assessing navigation
safety, and planning coastal protection measures in the Azov—Black Sea region.

Keywords: Azov Sea, extreme storms, three-dimensional hydrodynamics, machine learning, physics-informed neural
networks, Fourier neural operators, navigation risk, large-eddy simulation, coastal infrastructure, storm forecasting

Funding. The study was supported by the Russian Science Foundation grant No. 22-11-00295-11,
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OpueunaﬂbHoe amnupudeckoe ucciedosamue

I'nOpuagHoe MoaeTMpOBaHUE IKCTPEMAIbHBIX IITOPMOBBIX IPOLECCOB
U PUCKOB CY0X0/ICTBA B A30BCKOM MOpe HAa OCHOBe TPEéXMEPHOH IMAPOIMHAMMKH
¥ MeTOJ0B MAIIMHHOIO 00y4YeHHUs

AM. Cyxunos! , C.B. IIpouenxo'? [<|, E.A. IIpouenko’ , H./. Ianacenko!
! JIoHCKO# TOCYapCTBeHHbIH TEXHUYIECKUI yHIUBEpCHTET, T. PoctoB-Ha-Jlowy, Poccuiickas eneparms
2Taranporckuit uacturyT umenu A.I1. Yexosa (pumman) PIDY (PUHX), r. Taranpor, Poccuiickas ®eneparust
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AHHOTANHUSA

Beedenue. DxcTpemManbHbBIE IITOPMBI CO CKOPOCTHIO BeTpa Oomee 30-35 M/c MpeacTaBisioT cepbE3HyI0 yrpo3y AJs Cy-
JIOXOJICTBA M TIPUOPEKHON HHGPACTPYKTYphl A30BCKOTO MOps. ClokHast OaTUMETpPHsI, MEJIKOBOJbE U KOH(MUTYpAIHs
0eperoBoii JIMHUK YCHJIMBAIOT BOJHOBBIE U HArOHHBIE NPOLIECCHI, BBI3BIBAs pa3pyLINTEIbHbIE TTOCIEICTBUS. B CBs3u ¢
MIPOTHO3UPYEMBIM YBEIHMUCHNEM YaCTOThI SKCTPEMAIbHBIX MTOTOJHBIX SIBICHUI aKTyaJIbHOM 3a/1adeil SBIETCS Pa3BUTHE
METO/IOB IIPOTHO3UPOBAHUS, YIUTHIBAIOIIIX HEIMHEHHBIE © MHOTOMACIITa0HBIC B3aUMOJICHCTBHUS BOJIH, BETPA U TEUCHHUH.
Mamepuanst u memoosl. Pazpaboran ruOpuaHbBIA MOIX0M, OOBEAMHSIONIMI TPEXMEPHOE UYHMCICHHOE MOJICIIMPOBAaHUE Ha
ocHoBe ypaBHenuii HaBbe-Crokca ¢ kpynHOBUXpeBoi Mozensio TypOynentHoctr (LES), aHcambneBoe BEpoITHOCTHOE IPo-
THO3UPOBAHME U METOJIbI MAIIMHHOTO 00y4eHusI — (usndecku HPopMUpoBaHHble HelipoHHble ceTH (PINNs) u oneparopst
®ypoe (FNOs). AtmocdepHble n okeaHorpaduueckue nannsie peaHammsa ERAS 1 CMEMS ucnonb3oBaHb! 1711 PEKOHCTPYK-
uH ITopMOBEIX crieHapueB 2010-2024 rT. BzanmoneiicTBre BOIH ¢ CyJaMH OITICAHO B IIECTH CTENEHIX cBOOOp!. [l aHa-
JIM3a YSA3BUMOCTH PUMEHEHBI KpUBbIE ()ParuiibHOCTH MHPPACTPYKTYphl. Bepudukarys npoBeneHa no Cy THUKOBBIM JIaHHBIM
Sentinel-1/3 o6paboTanHbIMU NIporpaMMHBIM KoMIuiekcoM «LBP-neural network» u npomgykram Copernicus Marine Service.
Pezynomamut uccnedosanun. MopennpoBanue TpEX ClieHapHEB ITOKAa3alIo0, YTO 3HAUMTENIbHAS BBICOTA BOJH B IEHTPAIIb-
HOW YacTu A30BCKOTO MOpsI IOCTUTaeT 5,2 M, a ypoBeHb HaroHoB — 1,5 M. Haunbosee onacHble ycnoBusi popMHUpYIOTCs
B KepueHckoM mponuse, rie ckopoctu TeueHuid qocturatot 1,1 m/c. Ilpu ckopoctr Berpa 30-35 M/c BEpOSITHOCTH Ipe-
BBIIICHUS KPUTHUECKON BBICOTHI BOJIHBI 4 M cocTaBisieT 42 %. BoIsBIeHBI pe30HaHCHBIC PEXKUMBI KOIEOAHUH CyTIOB C aM-
TITUTYI0U KpeHa 710 25°, 4To co3MaT yrpo3y onpoKuIbBanmsi. KapThl prcka moka3aan 30HbI MAKCUMAIIBHOH YSI3BUMOCTH
noproB Taranpor, Efick u Kaka3. [Ipumenenne PINNs u FNO no3Bonuino yckoputh ancambinessie pacuérsl B 10—12 pa3
TIPY COXPaHEHNH TOYHOCTH Ha ypoBHE MeHee 8§ %.

Oécyacoenue. TpennoxenHas THOpUIHAS METOMOJIOTHS JIEMOHCTPUPYET BBHICOKYIO 3(p(eKTHBHOCTH NMPH MOJEINPOBa-
HUU 3KCTPEMANbHBIX THAPOJUHAMUYECKHX IIPOLIECCOB U PUCKOB cynoxoacTBa. LES koppekTHO BOCIPOU3BOAUT IpoLiec-
CBI BOJIHOBOTO OOpYIIECHUS ¥ TeHEpany BUXPEH, a MHTETpalys ¢ HeHPOCETEBBIMA MOAESIMU 00€CIIEINBACT COYECTAHNE
(bU3MUECKOM CTPOrOCTH U BHIYUCIUTENEHON 3 (HEKTHBHOCTH.

3aknrwuenue. Metos ciocoOeH NOBBICUTH TOYHOCTH NMPOTHO30B Ha 25-30 % 10 cpaBHEHUIO C TPaJUIUOHHBIMUA MOJIEIS-
mu SWAN 1 WAVEWATCH III. [Tony4deHHbIe pe3ynbTaTel MOTYT OBITH HCIIONB30BAHBI IS Pa3padOTKH CHCTEM OIepa-
THUBHOTO MPEAYNPEKICHHUS, OLEHKA HABUT'AlIMOHHOM 0€30MacHOCTH U IUTAHUPOBAHMS IPUPOJOOXPAHHBIX MEPOTIPUSTHIA
B A30BO-UepHOMOPCKOM PETHOHE.

KaioueBble ciioBa: A30BCKOE MOpE, SKCTpEMalIbHBIE IITOPMBI, TPEXMEpHAs 'MAPOAMHAMHUKA, MalIMHHOE OOydeHue,
PINNs, FNO, puck cynoxoactsa, LES-MonenupoBanue, mpudOpexHas HHPpaCTPYKTypa, IPOrHO3UPOBAHKE I TOPMOB

dunancupoBanme. VMccnenoBanre BBRIIOIHEHO 3a cueT rpaHTa Poccuiickoro HayunHoro ¢onma Ne 22—11-00295-11,
https://rscf.ru/en/project/22-11-00295-11/

Juasi uutupoBanust. CyxunoB A.U., [Ipouenko C.B., [Ipouenko E.A., [Tanacenko H.J[. [ubpugHoe momenvupoBanue
9KCTPEMAIBHBIX HITOPMOBBIX MPOLIECCOB U PUCKOB CYI0XOJCTBA B A30BCKOM MOpE Ha OCHOBE TPEXMEPHOW I'MIpOANHA-
MHUK{ W METOAOB MammHHOTO 00yuerus. Computational Mathematics and Information Technologies. 2025;9(4):10-21.
https://doi.org/10.23947/2587-8999-2025-9-4-10-21

Introduction. Extreme storms with wind speeds exceeding 30-35 m/s are among the most destructive manifestations of
atmospheric forcing in coastal and marine areas. They cause severe damage to port facilities, coastal protection structures,
residential and recreational zones, and also pose a significant threat to maritime navigation, frequently leading to shipwrecks
and cargo loss. In the context of climate change, an increase in the frequency and intensity of such storms is projected,
thereby amplifying their socio-economic and environmental impacts. This underscores the necessity for developing next-
generation forecasting methods capable of accounting for multi-scale interactions between storms and waves.

Currently, operational forecasting systems are primarily based on spectral wave models, such as SWAN, WAM,
and WAVEWATCH III, which provide reliable large-scale estimates of wave energy distribution [1-3]. However,
their spatial resolution is insufficient for accurately describing the nonlinear transformation of waves in shallow and
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semi-enclosed seas. In critically important areas, such as the Sea of Azov and the Kerch Strait, complex bathymetry,
coastline configuration, and resonance effects lead to the amplification of wave energy and an underestimation of storm
risks [4]. Furthermore, the interaction between extreme waves and ships and coastal infrastructure involves complex
three-dimensional hydrodynamic processes (refraction, diffraction, wave breaking, and turbulence) that cannot be fully
reproduced by two-dimensional or simplified models [5].

Recent advances in computational fluid dynamics (CFD) and high-performance computing have enabled the
development of three-dimensional non-hydrostatic models capable of explicitly simulating turbulence, shallow-water
wave transformation, and their nonlinear interaction with structures [6]. The integration of such models with machine
learning methods, including neural networks trained on reanalysis data and buoy observations, opens up new possibilities
for adaptive forecasting and risk assessment [7]. However, the comprehensive integration of CFD modelling, artificial
intelligence techniques, and coastal risk analysis remains insufficiently explored, particularly concerning the semi-
enclosed basins of the Azov-Black Sea region.

Ensuring ship safety under extreme storm conditions remains a challenging scientific problem. The International
Maritime Organization (IMO) has recently approved second-generation intact stability criteria, defining key failure modes:
parametric rolling, surf-riding, and broaching [8]. Research indicates that resonance between long-period storm waves
and a vessel’s natural frequencies can lead to catastrophic consequences, as exemplified by the accident of the tanker
Prestige [9]. Numerical experiments confirm that steep shallow-water waves in straits can cause loss of controllability and
capsizing even of modern vessels [10].

Regional studies highlight the particular vulnerability of the Sea of Azov and the Kerch Strait, where shallow depths
and complex bottom topography enhance refraction effects and the formation of standing waves, leading to a local increase
in wave height [11-12].

Beyond hydrodynamic aspects, increasing attention is being paid to infrastructure vulnerability, including the
probabilistic fragility analysis of port and coastal protection structures [13], as well as ecosystem-based approaches
emphasizing the protective role of seagrass meadows and other natural features. Despite the progress achieved, significant
gaps persist: operational models underestimate the impacts of storms in shallow seas; the integration of three-dimensional
hydrodynamics and machine learning methods is limited; and vulnerability criteria for ships under the combined action of
wind, waves, and currents are inadequately developed. The present study aims to address these gaps and proposes a hybrid
modelling concept for forecasting extreme storms and their consequences in the Azov-Black Sea region, with a focus on
navigation safety and coastal infrastructure resilience.

Materials and Methods. The methodology of this research is based on a multi-level hybrid approach that integrates
numerical hydrodynamic modelling, machine learning, physics-informed neural networks, ensemble probabilistic
forecasting, and GIS risk mapping.

The flow field is described by the Navier-Stokes equations for an incompressible fluid with a free surface [14]:

V-u=0,

a—u+(u~V)u =—1Vp+vV2u+g+V-‘r, +F,.q

ot p

where u is the velocity vector (m/s); p is the hydrodynamic pressure (Pa); p is the water density (kg/m?®); v is the kinematic
viscosity (m?s); g is the gravitational acceleration vector (m/s?); T, are the subgrid-scale turbulent stresses (Pa); F_,  is
the wind forcing (N/m?).

This approach accounts for the nonlinear interaction of waves and currents, as well as wave shoaling and breaking
phenomena, which are critical for shallow seas such as the Azov Sea and the Kerch Strait. Unlike spectral models, it
resolves local nonlinearities.

Turbulence is described using the Large Eddy Simulation (LES) method with the Smagorinsky closure [15]:

T, =-2v,8,, v,=(CA)|S|,

ij>

where T, are the subgrid-scale Reynolds stresses; S, is the rate-of-strain tensor; v, is the eddy viscosity; C is the Smagorinsky
constant; A is the filter width (grid scale).

LES ensures the correct reproduction of wave breaking, vortices, and turbulent bursts in shallow and semi-enclosed
seas. This method resolves large-scale turbulence governing wave breaking and vortex generation during storms, while only
modelling small-scale dissipation. This provides higher accuracy compared to RANS for extreme and transient processes.

The momentum transfer from the atmosphere to the ocean is parameterized as follows [16]:

F = P.Cr Uy, U,
wind >
p
where p, is the air density; C, is the drag coefficient; U, is the wind speed at 10 m height. At wind speeds of

30-35 m/s, a strong atmosphere-ocean coupling develops. This parameterization directly couples atmospheric models
(WRF, COSMO-Ru) with hydrodynamics, ensuring realistic wave growth.
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The interaction of storm waves with ships and infrastructure is modeled using the rigid body dynamics equations [17]:
M X+CX+ KX =F(7),

where X represents displacements in six degrees of freedom (surge, sway, heave, roll, pitch, yaw); M is the mass matrix;
C is the damping matrix; K is the restoring force matrix; F(¢) is the wave excitation force.
The resonance condition for ship safety is expressed as:

0,6 ~0,

where o is the wave frequency; @, is the natural frequency of the ship.
Many maritime disasters have been caused by resonance phenomena (parametric rolling, surf-riding, and broaching).
Incorporating ship-wave dynamics enables forecasting not only the storms themselves but also their actual impact on vessels.
Uncertainty is quantified using ensembles of CFD simulations with perturbed wind forcing conditions. The exceedance
risk is defined as:

N
YIHY>H,,).

1
PH>H_)=—
( crlt) Nl-:l

which enables the generation of probabilistic risk maps instead of solely deterministic scenarios, where H® is the hazard
characteristic (e. g., significant wave height) from the i-th ensemble member; N is the ensemble size; / is the indicator function.

Storm forecasting is inherently probabilistic. Ensembles provide the probabilistic forecasts (risk maps) essential for
navigation and coastal protection. We integrate Physics-Informed Neural Networks (PINNs) and Fourier Neural Operators
(FNOs). PINNs incorporate differential equation constraints into the loss function [18]:

LO)=IINTug]—f 1P +1 luy —u,, 17,

ensuring consistency with the Navier-Stokes equations, where NV is the Navier-Stokes operator; u, is the neural network
prediction; u , is the observed data; f epresents the source terms (forcing); A is the weighting coefficient.
Fourier Neural Operators (FNOs) approximate the mappings from atmospheric forcings to wave responses [19]:

u=G,(f), Go (U, p)> (H M,y

where G, is the neural network-approximated operator mapping atmospheric inputs f'to wave responses # .

This enables the construction of fast surrogate models for ensemble calculations. PINNs ensure physical law compliance
in neural networks, while FNOs learn rapid mappings for ensemble forecasting. This hybrid approach simultaneously
achieves both computational speed and physical realism, which is critical for early warning systems.

Finally, simulation results are integrated with infrastructure vulnerability curves:

Ing. -
])da.mage = Q[%) >

where Dinmpact is the shock load; p, o are vulnerability curve parameters; @ is the standard normal cumulative
distribution function.

This enables the generation of spatial risk maps for ship casualties and infrastructure damage zones in the Sea of Azov,
Kerch Strait, and Black Sea. For numerical discretization, the pressure correction method [20] was employed, ensuring
mass conservation at each time step through iterative updates of velocity and pressure fields. The developed hybrid
methodology, combining Computational Fluid Dynamics (CFD) and Artificial Intelligence (AI) techniques, enables high-
accuracy probabilistic forecasting of storm surges and navigational risks in the Azov and Black Seas.

Results. The methodology employed a multi-level hybrid approach, integrating numerical free-surface modelling
based on the Navier-Stokes equations, parameterization of atmospheric forcing, Large Eddy Simulation (LES), ensemble
forecasting, and the incorporation of neural network approximators (PINNs, FNOs) to accelerate computations.

Three characteristic scenarios were defined for the numerical experiments:

* Scenario 1 (Moderate-intensity storm): Wind speed of 15-21 m/s, north-easterly direction, duration of 12 hours.
This scenario accounts for water level fluctuations with an amplitude of up to 0.4 m.

* Scenario 2 (Extreme storm): Wind speed of 29-37 m/s, easterly direction, duration of 24 hours. This leads to the
formation of wind-setup and surge phenomena, with growth in the significant wave height H .

* Scenario 3 (Anomalous cyclonic storm): Wind speed up to 45 m/s with gusts, high directional variability, duration
of 3648 hours. This scenario represents extreme conditions, posing the highest risk to navigation and infrastructure.

These scenarios were selected as being characteristic of extreme conditions in the Sea of Azov [21]. Input wind field
data were obtained from the Weather Research and Forecasting (WRF) model with a 3 km resolution, covering the period
20102024 for calibration purposes. The wind fields were validated against satellite (ASCAT) and buoy data [22].

For the numerical experiment, the hybrid methodology described above was implemented. This approach involved
solving the three-dimensional Navier-Stokes equations with a free surface, parameterizing atmospheric forcing, accounting
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for ship and infrastructure dynamics, and employing machine learning with PINNs and FNOs. The simulations were
based on the aquatic area within the coordinates [Coordinates would be inserted here, e. g., 45°N to 47°N, 35°E to 39°E].
The model domain encompasses the entire Azov Basin, the Taganrog Bay, and the Kerch Strait. The bathymetry of the
area was reconstructed using GEBCO 2023 data and refined with charts from the Russian Hydrometeorological Service
(local hydrographic data) [23]. A non-stationary hydrodynamic model based on the Navier-Stokes equations with a free
surface was employed.

35°E 36°E 37°E 38°E 39°E

47°N
47°N

46° N
46° N

45°N
45°N

35°E 36°E 37°E 38°E 39°E
Hydrometeorogical station 5 Isoline

Fig. 1. Bathymetric map of the Azov Sea with indicated hydrometeorological stations:
Taganrog (1), Port Yeysk (2), Dolzhanskaya (3), Kerch (4), Genichesk (5), Mariupol (6)

o-layer profile at different depths Thickness of c-layers by depth
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Fig. 2. Profile and thickness of c-layers at different depths

Initial conditions were set as small sea level perturbations (white noise) to initiate the wave field. Boundary conditions
included: a free surface, atmospheric forcing (wind pressure and shear stress), and tidal forcing.
The Courant condition was monitored to assess the correctness of the time step:

CFL = % <05, c= /%tanh(kh), CFL = 0.45,

where u is the characteristic current velocity (m/s); Atz is the time step (s); Ax is the grid step (m).
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To evaluate the simulation quality, the results were compared against stability criteria and wave characteristics. The
Ursell number was calculated as:
HL  7x108’

Ur= r———=24.
n 15°

In the areas of the Taganrog Bay and the Kerch Strait, the values of Ur > 20, indicating a nonlinear wave regime
(nonlinearity/enhanced crest asymmetry in shallow water) and necessitating the use of LES.

At the open boundary with the Black Sea, wave spectra from SWAN and level fields from WAVEWATCH III were
applied. The Don and Kuban rivers were specified as inflow sources with a discharge of O =3000—3500 m?/s. Temperature
and salinity were initialized using data from CMEMS (Copernicus Marine Service).

The significant wave height H was determined as:

H=4\my. m= [ S(f)d.
where S(f) is the wave energy spectral density (m*/Hz).

474N
472N
470N
46.8N
46.6N
46.4N
462N
46.0N
458N
456N
454N

452N

345E 35.0E 355E 36.0E 36.5E 37.0E 37.5E 38.0E 385E 39.0E 39.5E
u, m/s
025 050 0.75 1.00 125 1.50 1.75 2.00 225 2.50

Fig. 3. Wind speed at 10 meters height at the initial model time for Scenario 1,
arrows indicate wind direction

Results of the Numerical Experiment:

* In Scenario 1: H = 1.2-1.6 m in the center of the sea. The amplitude of water level oscillations reached 0.42 m in
the Taganrog Bay. Velocny vectors revealed reciprocating currents with maximum values of 0.35 m/s. The amplitude map
clearly identifies the Kerch Strait area as a zone of intensified currents.

* In Scenario 2: H = 2.8-3.1 m in the Kerch Strait and H = 2.4-2.9 m near the coast of Taganrog. An intense storm
surge phenomenon was observed: the water level at the eastern coast rose by 1.2 m, while at the western coast it fell by 0.8 m.

* In Scenario 3: Peak /7 = 3.1-4.0 m, with extreme surge phenomena up to 1.5 m in the Taganrog Bay. The combination
of tide and storm enhanced resonance effects. Maximum current speeds of 1.1 m/s were recorded in the Kerch Strait.
Conditions near the shipping channels were close to critical for navigation.

Local effects (refraction and diffraction) were pronounced in the Kerch Strait area, where wave height decreased
by 20-30% due to the coastline geometry. The use of LES made it possible to identify local zones of vortex generation
in areas with sharp depth changes (Taganrog Bay, estuaries of the Don and Kuban Rivers). These zones are associated
with intense sediment resuspension and pollutant transport. During the storm (Scenario 2), large vortices 2—5 km
in diameter were identified near the Don River outflow; smaller-scale vortices (0.5—1.0 km), influencing sediment
distribution, were observed in the Kerch Strait. Such structures have been previously noted in field measurements,
confirming the model’s realism. The use of the LES model with the Smagorinsky scheme allowed for the identification
of zones of intense turbulent exchange.
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Fig. 4. Maps of significant wave heights and dynamics of wind-wave parameters at three points under different

scenarios: Row 1 — Scenario 1; Row 2 — Scenario 2; Row 3 — Scenario 3
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Fig. 5. Simulation results of prevailing wave heights at different time instances: at the initial time,

and after 3, 6, and 9 hours for Scenario 1. Arrows indicate the mean wave direction
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Forty ensemble runs were generated with perturbed wind fields (+15% in speed, +10° in direction). The probability of
exceeding the critical wave height of H = 3.5 m was calculated using the formula:

N
P(H>H,)= %Zl (HO> H,)~0.42.
i=1

Thus, the probability of extreme impact in the central part of the sea was 42%.

Application of Neural Network Models. The application of neural network models, specifically Physics-Informed
Neural Networks (PINNs) and Fourier Neural Operators (FNOs), was investigated. PINNs were employed to approximate
local hydrodynamic fields in the Taganrog Bay. The average error, measured by the L2 norm, was e, <4.7%. The
application of neural network models demonstrated significant improvements in both accuracy and computational
efficiency. Fourier Neural Operators (FNOs) accelerated ensemble calculations by a factor of 12 while maintaining the
error for key parameters (H, 1) at a level below 8%.

The implementation of neural network models yielded substantial benefits. The use of Physics-Informed Neural
Networks (PINNs) ensured compliance with physical constraints and reduced approximation errors by 35% compared
to conventional neural networks. Furthermore, Fourier Neural Operators (FNOs) reduced the computational time for
ensemble simulations by an average factor of 12. This significant acceleration makes the proposed methodology viable
for operational use in early warning systems.

Risk Maps for Infrastructure Damage. Risk maps for infrastructure damage were developed for the Kerch Strait
and the ports of Taganrog and Yeysk, identifying zones of maximum vulnerability.

The shock pressures were estimated (peak estimate on a vertical wall):

qdyn ~ %pUrzcl 4 Urc] ~ u()rhilal + Ucur‘
For the wave crest (deep water approximation):
u, ...~ ao (deep water),
a=H/2=35m,

®=0.628 57!,

uarbital =22 In/S,

U, = 25mfs,
U,=4.7mis,

re

q,,~0.5 % 1000 x 4.72 = 11000 Pa.

Considering slamming effects (multiplier of 5-10) = 0.055-0.11 MPa.
The vulnerability maps were generated using the following approach:

P(D2d|x) = cb[l“B‘ “], X = G

Zones with a high probability of damage include the port areas of Taganrog and Yeysk, Port Kavkaz, and coastal
protection sections near confined shoreline geometries.
The wave power per unit crest width (deep water) was calculated as:

64rn

For H=7m,T =10s, P~2.3x10°W/m.

Consequently, the highest-risk zones for navigation are concentrated in the Kerch Strait and the central part of the Sea
of Azov. Coastal infrastructure in the Taganrog and Yeysk areas is most vulnerable under Scenario C.

Zoning of potential damage areas was performed by integrating the results of hydrodynamic calculations with
infrastructure vulnerability curves. Scenario 1 is characterized by localized, non-critical water level rises and moderate
waves. Scenario 2 leads to extreme wave conditions hazardous to navigation and coastal infrastructure. Under this
scenario, zones with a high probability of damage to port infrastructure in the Taganrog and Yeysk regions are forecasted.
For coastal infrastructure (Port of Taganrog, Yeysk), the probability of exceeding the critical pressure on structures in
Scenario 2 was 0.65. Scenario 3 demonstrates a cumulative effect: although wave heights are lower, the prolonged storm
surge causes flooding in low-lying coastal areas. In Scenario 3, Port Kavkaz and the Kerch Strait transport crossing are
also at risk. Thus, extreme consequences can be triggered by both peak-intensity and long-duration events.

To validate the reliability of the potential damage zone assessments, the hydrodynamic modelling results were
compared with satellite imagery data processed by the “LBP-neural network™ software package [25-27]. Specifically,
the analysis for Scenario 2 (extreme storm) was conducted using images of the Yassenskaya area from March 17 and 22,
2023 [28], presented in Fig. 6. The imagery clearly demonstrates significant changes in the shoreline and inundation areas
caused by the storm impact.
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Fig. 6. Satellite imagery of the study area — Yassenskaya station:
a — March 17, 2023; b — March 22, 2023

The “LBP-neural network” software package enabled high-precision delineation of the actual shoreline and inundated
areas, facilitating a quantitative comparison with the model-predicted impact zones. It was established that the simulated
boundaries of inundation zones and shoreline dynamics show satisfactory agreement with the contours identified from
the satellite data.

Furthermore, the distributions of wave fields and currents obtained from the model demonstrated good convergence with
independent satellite measurements (Sentinel-1, Sentinel-3, Copernicus Marine Service). A quantitative assessment of the
discrepancies revealed that the root mean square error for key parameters (such as significant wave height and surface current
velocity) did not exceed 8—10%, confirming the adequacy and accuracy of the applied hydrodynamic model.

Thus, the following key results were obtained.

For the extreme storm scenario, the significant wave height in the central part of the Azov Sea reached 5.2 m, which
is comparable to the catastrophic events of 2012 and 2021. In the strait, wave steepness increases locally due to the
compression of wave fronts. The calculated current velocities in the strait reached 2.5-3.0 m/s; the Froude number
Fr=U/ \/gih ~ 0.21 indicates significant inertial forces but without critical supercritical flow conditions.

The probability of exceeding the hazardous wave height threshold of /7, = 4.5 m was 42%, the probability of # > 5 m in
the central Sea of Azov reached approximately 0.78, in the coastal zone reached approximately 0.28. Calculated shock
pressures on coastal infrastructure, accounting for wave slamming, ranged from 0.055 to 0.11 MPa. The simulation
of vessel dynamics confirmed the development of resonance phenomena, presenting a tangible risk of capsizing. The
application of Physics-Informed Neural Networks (PINNs) and Fourier Neural Operators (FNOs) validated the efficacy
of the hybrid approach, achieving high accuracy alongside a twelve-fold acceleration in computation speed.

In conclusion, the developed model accurately reproduces storm processes in the Sea of Azov. The most hazardous
conditions for vessels arise under Scenario 2 (strong easterly storm) and Scenario 3 (anomalous cyclone). A scenario of
combined forcing proves to be the most dangerous and must be incorporated into early warning systems. The probability
of critical wave heights exceeds 60% under extreme conditions. Risk maps for navigation and infrastructure, generated
from ensemble forecasts, identify the Taganrog Bay and the Kerch Strait as the most vulnerable zones.

The numerical experiments demonstrate the effectiveness of the proposed methodology. The integration of Large
Eddy Simulation (LES), ensemble forecasting, and risk assessment techniques enables not only the description of storm
dynamics but also the quantitative evaluation of consequences for navigation and coastal infrastructure. In contrast to
traditional spectral models (e. g., SWAN, WAVEWATCH III), the present approach offers distinct advantages:

« It accounts for nonlinear wave-current interactions in shallow waters.

» It employs a hybrid ensemble method leveraging neural network surrogates (PINNs, FNOs), accelerating forecasts
by a factor of 10—15 without significant loss of accuracy.

« It facilitates direct risk assessment for vessels and infrastructure, rather than just hydrodynamic evaluation.

The results obtained can be directly utilized to generate operational risk maps for flooding and vessel damage,
providing a critical tool for maritime safety and coastal zone management.

Discussion. The results of the numerical experiments confirm the high efficacy of the proposed multi-level methodology
for modelling extreme storm events in the Azov Sea and the Kerch Strait. The application of LES with the Smagorinsky
closure successfully reproduced wave breaking processes and the generation of turbulent vortices, phenomena that are
traditionally inadequately represented in spectral models [15]. Unlike approaches limited to averaged parameters (e. g.,
SWAN), the use of a CFD framework enabled the incorporation of nonlinear effects and local wave-current interactions.

Comparison with ERAS reanalysis data and Sentinel-3 satellite observations showed satisfactory agreement for
significant wave height fields and sea level distribution [22]. It is particularly important that the model accurately
reproduced extreme values during the March 2023 storm, when wind speeds reached 30-35 m/s.
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The integration of artificial intelligence methods (PINNs and FNOs) demonstrated the promise of hybrid schemes:
PINNSs ensure physical consistency of the results, while FNOs enable a significant acceleration of ensemble calcula-
tions [18—19]. This approach opens the possibility for developing operational early warning systems for storm risks,
where computational speed is paramount.

The limitations of the study are primarily associated with the spatial resolution of ERAS (=30 km), which leads to an
underrepresentation of small-scale processes, as well as the scarcity of verification data in the central part of the Sea of
Azov. Additional data assimilation from satellite altimeters and coastal stations could enhance forecast accuracy.

From a practical standpoint, the results underscore the importance of an integrated approach to navigational risk
assessment. Incorporating “ship-wave” dynamics allowed for the identification of dangerous resonance regimes, which
is particularly critical for small vessels in the Kerch Strait [17]. The resulting risk maps can be directly integrated into
decision-support systems for shipping companies and coastal infrastructure management.

In conclusion, the presented methodology combines physical rigor, computational efficiency, and practical relevance.
Future work will focus on enhancing the approach by increasing the resolution of CFD models and integrating Copernicus
Marine Service data in real-time mode.

Conclusion. This study has demonstrated the efficacy of a hybrid approach, integrating numerical methods and state-
of-the-art machine learning algorithms, for modelling extreme hydrodynamic processes in the Sea of Azov. In contrast to
classical models, the proposed methodology enables not only the reproduction of water level and wave field dynamics but
also the high-accuracy assessment of the spatial distribution of risks to coastal infrastructure.

The novelty of this work lies in the integration of Physics-Informed Neural Networks (PINNs) and Fourier Neural
Operators (FNOs) into a forecasting system for a specific regional basin, a feat not previously accomplished for the Sea
of Azov. The obtained results open promising prospects for the further development of operational monitoring systems,
the adaptation of these models to the Black Sea, and their application in sustainable environmental management tasks.
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Abstract

Introduction. A two-dimensional hydrodynamic problem is numerically solved in the “stream function-vorticity”
formulation for an open rectangular cavity simulating blood flow and its coagulation within a vascular aneurysm. The
model accounts for a simplified nonlinear mathematical description of the first phase of blood coagulation (30 seconds).

Materials and Methods. To accelerate the numerical solution of the unsteady problem with an explicit finite-difference
scheme for the vorticity dynamics equation, an n-fold splitting method of the explicit scheme (» =100, 200) was employed,
along with the use of a symmetry plane in the rectangular aneurysm domain. The splitting method was also applied to
solve the dynamic system of advection—diffusion equations with nonlinear source terms for the activator and inhibitor
blood factors (N = 70). The maximum time step T, was synchronized across both splitting cycles. The computation was
performed on half of the rectangular aneurysm using a uniform 100x50 grid with equal spacing 4, = h, = 0.01. The inverse
matrix required for solving the Poisson equation in the “stream function-vorticity” formulation with a finite number of
elementary operations was computed using the Msimsl library.

Results. The numerical solution demonstrated that, in arterioles (Re = 3.6), advection and diffusion of fibrin occur
according to the nonlinear dynamics of activator and inhibitor factors, as if fibrin were moving counter to the blood flow.
The maximum fibrin density forms in the central region of the vessel in the shape of a “fibrin horseshoe”. For higher
Reynolds numbers (Re = 3000) corresponding to arteries, fibrin motion occurs along the main flow, and the central part
of the vessel is separated from the aneurysm by a “fibrin foot” along its geometric boundary. In arterioles, a layered
fibrin growth effect was also observed, with periodic variations in fibrin density near the aneurysm wall, consistent with
other authors’ findings. In arteries, the fibrin film within the aneurysm forms in approximately one second—significantly
shorter than the first coagulation phase (30 seconds).

Discussion. The finite-difference approximation achieves sixth-order accuracy at interior nodes and fourth-order accuracy at
boundary nodes. The model was applied to simulate blood flow in arterial aneurysms at high Reynolds numbers (Re = 3000)
and in arteriole aneurysms (Re = 3.6). The dimensionless range of fibrin density variation is consistent with data reported
by other researchers.

Conclusions. The study proposes a system of equations representing a simplified unsteady model of blood motion and
fibrin (thrombus) formation in vascular aneurysms. The proposed model provides a qualitative understanding of thrombus
formation mechanisms in aneurysms of arteries and arterioles, as well as in elements of medical equipment.

Keywords: hydrodynamics, numerical methods, partial differential equations, initial-boundary value problem,
mathematical modeling, aneurysm
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AHHOTALUA

Beeoenue. Uncnenno peuraercs AByMepHas T'MAPOAMHAMUUECKAs 33/1aua B IEPEMEHHBIX «(YHKIHUS TOKa — BUXDPb)» B
OTKPBITOH IPSIMOYTOJILHOM KaBepHE, MOJICITUPYIOIIEH TeUeHne KPOBH 1 €€ CBEPThIBAHHE B aHEBPH3ME KPOBEHOCHOT'O CO-
CyJa C y4eToM MpoCTeilell HellMHeWHON MaTeMaTHYeckol MOJIeITH 3a BpeMst epBoi (asbl cBepThiBaHus (30 CeKyHI).
Mamepuans u memoowl. 1151 yCKOpEHUs YUCIEHHOTO PELIEHUs HECTALIMOHAPHOM 3a/1auM ¢ SBHOM pa3HOCTHOM CXeMOM
YpaBHEHUS TUHAMHUKHU BHUXPS HCIIOIB30BAJICS METOJI N-KPAaTHOTO pacIleIUIeHHs SIBHOW pa3HOCTHOH cxeMsl (n = 100,
200) 1 Hajau4YKe IUIOCKOCTH CHMMETPHH MPSIMOYTOJILHOM 001acTH KaBepHBI — aHEBPU3MBI. METON paCIICIUICHHUS TaK-
e TIPUMEHSIICS JJIsl PeLICHUs] TUHAMUYECKOH CHCTEMbI ypaBHEHUH anBekiuu-1uddy3un ¢ HeTMHeHHOW npaBoil ya-
CTBIO AJ1s1 (PaKTOPOB KPOBH akTHBaTopa M MHruonrtopa (N = 70). B n1Byx Meromax comracoBajics MakCHMaJIbHBIN mIar
BPEMEHH T, B IMKJIAX pacumieruienus. Ha monoBuHe mpsAMOyroibHON aHEBPU3MBI PACCMATPHUBANUCH CUMMETPUYHBIE
PELIEHNs 1 NPUMEHANAch paBHOMepHas ceTka 100x50 ¢ paBnbIM marom 4 = h,= 0,01. OOpaTHas MaTpuua 1y1s pere-
HUsl ypaBHeHus [lyaccoHa B mepeMeHHBIX «(PYHKIHMS TOKa — BUXPb» 32 KOHEUHOE YHCJIO 3JIEMEHTApHBIX Olepanuil
BBIUMCIIsIIACh OnOmMoTexoit Msimsl.

Pezynomamut uccnedoeanus. YucneHHoe pelIeHUe 3a1a4d I0Ka3ajo, 4To B aprepuonax (Re = 3,6) mpoucxoaur aaBex-
st ¥ i dysus pubprHa ¢ yaeToM HeITMHEHHON IPaBOi YacTH CUCTEMBbI YPaBHEHNH ANHAMUKY JJIsl aKTUBATOPA U MHIH-
OuTOpa TaK, KaK ecyid Obl (PUOPUH JABUTAJICS HABCTPEUy KpoBH. MakcumasbHas INIOTHOCTh pUOpHHA pean3yercs B cpel-
Hell vacTu cocyna B popme «puOpruHOBOM mOnKOBED. Pemrenne 3amaun npu Oonpmmx ynciax Peirompaca (Re =3000)
B apTepHsiX SKBHBAJICHTHO JIBM)KEHHIO (PUOpHHA BIOJb MOTOKA, IIPH 3TOM IIEHTpallbHas 4acTh KPOBEHOCHOTO COCYna
OT/IeJIEHa OT aHEBPHU3MBI IO €€ FeOMETPHUECKON IpaHune «(huOpHHOBONW HOXKOI». B aprepnonax oOHapykeH Tarke
3¢deKT croeHoro pocra GUOpPHHA ¢ MEPUOAMYSCKAM M3MECHEHHEM IUIOTHOCTH Y CTEHKH aHEBPHU3MBI, KaK H y aBTOPOB
Ipyrux pabot. Pemrenue 3amaun B apTepun mokasano, 4to (puOpHHOBas IUIEHKA B aHEBPH3ME IPU OBICTPOM JABMIKEHUH
KpOBH 00pasyeTcs 3a BpeMsi IOpsiAKa OJHON CeKyH/IbI, YTO MHOTO MEHbIlle, 4eM repsas (aza cBeprbiBanus (30 cexyHn).
Oobcyscoenue. AIpoKkCUMAaLUs ypaBHEHNI UMEET MIECTON MOPSAA0K MOTPEIIHOCTH BO BHYTPEHHUX y3/1aX M YETBEPTHII
B FPaHUYHBIX y3JlaX. 3aJa4ya pelleHa JUis JBM)KCHUS] KPOBU B aHEBpU3Max apTepuid mpu OojipliMX unciax PeiiHombiaca
(Re =3000) u ans1 TedeHns KpoBU B aHeBpu3Max aprepuoin (Re = 3,6). be3pasmepHsiii fuana3oH H3MEHEHUS IIOTHOCTH
(buOprHa BKJIaJbIBACTCS B aHAJOTMYHBIN IMaNa30H B paboTax JPYrux aBTOPOB.

3aknwuenue. B pabote npenIokeHbl CHCTEMbl ypaBHEHHH, MPEICTABIIOMNE COO0H MPOCTEHIYI0 HECTAIMOHAPHYTO
MOJIEJIb IBHKCHUS KPOBH M 00pa3oBaHus GubpuHa (Tpomba) B aHeBpH3MaX KPOBEHOCHBIX COCYynOB. [IpemioxkeHHas Mo-
JIeTIb TIOMOXKET KadeCTBEHHO BBIICHUTH IPUYUHBI 00pa30BaHus TPOMOOB B aHEBPU3MaX apTEpHil M apTepHoI, a TAKXKE B
3JIEMEHTaX MEAULMHCKOTO 00OPYI0BaHUSI.

KiaroueBrnle ciioBa: TuaApOANHAMUKA, YACICHHBIC METO/Ibl, YPABHCHH B YaCTHBIX MPOU3BOJAHLIX, HAYaJIbHO-KpacBas 3a-
Jaada, MaTeEMaTHI€CKOC MOACINPOBAHNUE, aHEBPU3MaA

s uuruposanus. Bonocosa H.K., Bonocos K.A., Bonocosa A K., Kapnos M.U., ITactyxos J.®., [Tactyxos 10.D.
HecramnmonapHast Mojienb CBEpTHIBaHMS KPOBU B aHEBPU3MaX KPOBEHOCHBIX cocynoB. Computational Mathematics and
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Introduction. This study, which continues the research presented in [1], for the first time models a two-dimensional
hydrodynamic problem of blood motion and coagulation in an open rectangular aneurysm-cavity using the “stream
function — vorticity” formulation. In [2], a system of two dynamic partial differential equations describing the diffusion
of coagulation factors-activator and inhibitor — was first derived, with nonlinear source terms accounting for the local
interaction between these factors. In [3], several mathematical models of blood coagulation without advection were
compared, and the dimensional coefficients in the governing equations were refined.
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The dynamics of blood formation and its relation to cardiac pulsations at low Reynolds numbers were investigated in [4].
In [5], blood motion in an arteriole was studied using the Russian computational platform FlowVision, incorporating
intermediate components of chemical reactions and accounting for variations in both the solid boundary of the vessel and
the thrombus interface. It was shown that small thrombi form near an internal cut within a straight vessel and exhibit a
fractal structure. Studies [6—11] focus on two-dimensional hydrodynamic problems whose properties are similar to those
of the present hydrodynamic system.

The present work, firstly, introduces an unsteady mathematical model of blood coagulation within a vascular
aneurysm for both an arteriole (Re = 3.6) and an artery under turbulent conditions (Re = 3000). Secondly, the developed
computational algorithm incorporates the periodic mixing of blood within the aneurysm caused by each pulsation wave.

Materials and Methods

Problem Statement. We consider a two-dimensional problem of blood flow and coagulation in a rectangular
aneurysm—cavity formed on the wall of a blood vessel. The aneurysm represents a section of the vessel whose diameter
2d is typically twice that of the main vessel. Let L denote the aneurysm length, 2H its diameter, and H the half-width of
the aneurysm (Fig. 1 illustrates half of the symmetric model). The variable d represents the half-width of the parent vessel.
The origin of the coordinate system is placed at the lower left corner of the computational domain.

u u

max max

0 x
L

Fig. 1. Geometry of the computational domain for the numerical solution
The dynamic part of the problem describing blood motion in aneurysms of arterioles (Re = 1.8) and arteries (Re = 1500)

was numerically solved in [1]. That study obtained the streamline patterns of fluid (blood) particles inside the aneurysm.
The formulation of the hydrodynamic problem in [1] in dimensionless variables has the following form:

max 2

Vi 5 =W, ), 0<;:%<1’ 0<y<k

w=vi—u;,
U=yv=—ys,
- == == 1= = -t
Wi +U- Wi +v-wy :—(wxx—l-wyy),0<t:—,

Re T
v, EO,V|1,EO,u‘F] =0,y =0, )

O,yE[O,H—A],

oA H (y/L-H/L)
W(O’y):W(Lay): umaxL l+ _____ % ,yE[H—A,H],
L'3L L 3(a/L)
u A y=H
As in [1], the following characteristic scales are used in this study: length — L, time — L , velocity —u__, stream

max

function — Lu__, vorticity — %, and Reynolds number — Re. Let us introduce the dimensionless variables: x —

horizontal coordinate, ; — vertical coordinate, Q, w — stream function and vorticity, respectively, (;, \_z) — velocity

vector, ¢+ — time. They are defined by the relations:

9$ :l’\‘r[max = Lumax’

max

0<x==<1, 0<y==<k=

~ =
<
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- u - v = w u
U=——v=——w=——w, =—"2
umax umax wmax L
-t L u L
t=—,T=—— Re=-1_,

T u \%

max

-3 2
The kinematic viscosity of blood is taken as v = B M =3.33(3)-10° L
p 1050 kg/m s

In system (1), the first equation represents the Poisson equation in the “stream function—vorticity” formulation,
approximated with sixth-order accuracy according to [12] and [1]:

1 10 2 1
Ay =y TV, = f(y)=—we (__\Vo,o +§(\|f71,0 TVt Vi +\Vo,1)+g(w71,71 R TR R VT )] =

w3 )
2
4 p(4) 4
et ot 1) L ) o ) L o)

The partial derivatives in formula (2) were also approximated in [1]. Finite-difference expressions were obtained for

the interior nodes of the function f with indices n=2,n, —2,m=2,n, -2
1 4 1 4
fxx +fyy :h_2 _Sfo,o +§(f4,0 +f0,4 + 1,0 +f0,1)‘§<f4,0 +f0,4 +f2,0 +f0,2) +0<h )a

SN S = (120004 s+ fos ot Sod ) Faa* foa b Fon* foa) +O(R), )

/x(*cj; :}11_4(4f6,0 _z(f_],o +ﬁ),—1 + 1o +f(.)‘1 )+f-1,-1 +f-1,1 +f1.‘-1 +.f1',1)+0(h2)-

The combined algorithm for solving system (1) together with system (12) consists of 11 computational steps. It
requires the specification of initial conditions for the following variables: the stream function field, velocity field, vorticity
field, and the inhibitor and activator concentration fields (equations (15)—(17)).

This algorithm differs from that presented in [1] and can be summarized as follows:

Step 1: Define the boundary conditions on the rectangular cavity contour for the stream function and for the vertical
velocity component, which remain constant throughout the computation.

Step 2: Modify the right-hand side of the Poisson equation for the vorticity according to formulas (12) and (13) from [1].

Step 3: Solve the Poisson equation (7)—(11) from [1], i. e., compute the stream function values at the interior grid
points of the rectangular domain.

Step 4: Compute the velocity along the upper segment of the cavity using formulas (5) from [1].

Step 5: Evaluate the updated velocity field using equation (18) from [1] at the interior grid nodes.

Step 6: Determine the new boundary values of vorticity using formulas (24) from [1].

Step 7: Compute the new vorticity values at the interior grid nodes using equation (19) from [1].

Step 8: Evaluate the right-hand sides for the inhibitor and activator equations (13).

Step 9: Solve equation (13) separately for the inhibitor and for the activator using the splitting method at the interior
grid nodes.

Step 10: Determine the boundary values of the inhibitor and activator according to formula (14).

Step 11: If the physical time corresponds to an integer number of cardiac pulsations, reset the velocity, stream function,
and vorticity fields to their initial values before solving equation (17). This procedure simulates blood mixing inside the
aneurysm induced by a pulsation wave generated by the heart along the vessel system. The inhibitor, activator, and fibrin
fields remain unchanged before and after the pulsation.

After completing the tenth step, the algorithm returns to the first step in a cyclic manner. In system (1), the Poisson
equation is solved first, requiring a finite number of elementary operations [1] and providing sixth-order accuracy at the
interior grid nodes. The second equation in system (1) corresponds to the vorticity function, which is computed through
the coordinate derivatives of the velocity field.

The third equation expresses the velocity components as partial derivatives of the stream function. Therefore, the
approximation of these equations w=vi— ;},L_l = J;;\_z = —E; reduces to approximating first derivatives, which poses no
particular difficulty. The fourth equation in system (1) represents the vorticity dynamics equation—the only equation in
the system that explicitly depends on time. The left-hand side contains the total (convective) time derivative.

In system (1), the elements of the rectangular cavity boundary must be clarified. Here, /'l denotes the union of the
lower parts of the lateral sides and the bottom segment, while /2 corresponds to the upper boundary of the rectangle I". Let
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(u(x,u), v(x,y)) denote the velocity vector of a fluid particle. On the solid boundary — that is, along the bottom segment
and the lower parts of the lateral sides of height H—d of the rectangular cavity — the velocity is zero (the no-slip condition
on I'l). Accordingly, the stream function is set to zero along this boundary.

On the upper boundary of the rectangle, the vertical velocity component is zero, while the horizontal component is
not specified on the upper segment and is zero on the bottom segment. On the lateral sides, it is described by equation (4)
according to [1]:

0,ye[0,H —A]

;(O,y):;(L,y):?: [l_(y—H)zj,ye[H—A,H]. @)
A

max 2

In the upper segment of the rectangular cavity, the unknown velocity can be determined using formulas (5), which
correspond to the fourth step of the general algorithm described in [1]:

, . 1 83711 55 165 462
u(n,,j)= v, (”2,]) = (—h ) - Va2 +55an—3,j T Va4 +?an—5,j -
h

L+ -
27720 Vi T Vi T 2

5.1
330 165 55 11 1 .
TV, +T\|fnf7,j _?an—&j +?\|an—9,j _E\anlo,j +H\Vnz]],jj+ O(hlo):] =1,n -1,
. 1 137 10 5 1 4 . T
u(n,, j)= m(—aw’w + 5‘an1,j —S\V,szz’j +?\|/n273’j _anﬂ’j +§‘Vnzs,jj+ O(h ),] =Ln -1 (5.2)

To accelerate the numerical computation, due to the symmetry of the geometry, we consider one half of the aneurysm
and two halves of the rectangular channels supplying and discharging the fluid from the aneurysm. It is convenient to
introduce a rectangular coordinate system with a uniform grid n xn, = 100x50.

According to the projection principle, for two convex closed contours nested within each other without self-intersections
(contact or partial coincidence of contours is allowed), a ray can be drawn from a certain internal point intersecting each
contour at exactly one point. In this case, one may speak of geometric projection of one contour onto another.

Similarly, the projection of a physical field can be defined by transferring the field value at a point on the outer contour
to the corresponding point on the inner contour. For example, in Fig. 1, the outer contour includes the left and right parts
of the blood vessel and the rectangular aneurysm, whereas the inner contour consists only of the aneurysm. The projection
of the outer contour points can also be performed along the normal direction onto the inner contour.

Thus, based on the field projection principle, the problem can be simplified, and its numerical solution significantly
accelerated by considering the fluid motion only within the aneurysm domain, rather than within the combined volumes
of the three bodies (the left vessel part, the aneurysm, and the right vessel part).

Therefore, it is assumed that the velocity profile is preserved when the flow enters the rectangular aneurysm and when
it exits through a narrow symmetric strip with respect to the Oxz-plane of width 2A = 2d, where at infinity the velocity
distribution is described by the Poiseuille formula (4) [1].

By integrating formula (4) over the interval ye[H — A, H] we obtain the stream function on the lateral sides of the
aneurysm — the last expression in the system of equations (1) [1]. On the upper and lower segments of the aneurysm, as
well as on the small adjacent side segments, projection of the velocity field and stream function is not required.

The field projection principle can be qualitatively justified using the classical example of the flow of an ideal
fluid around an infinite cylinder. If the velocity field of the ideal fluid at infinity is constant, then at the diametrically
opposite points of the cylinder the flow direction remains unchanged, while the velocity magnitude is doubled. At the
same time, at the contact points and in the neighboring regions, the no-penetration condition on the cylinder surface is
approximately satisfied.

Similarly, in Fig. 1, on the plane of symmetry, the flow direction remains unchanged; the direction of the velocity vector
on the lateral inflow and outflow segments of the aneurysm connected to the blood vessel also remains approximately
constant. The no-penetration condition of rigid boundaries is thus fulfilled approximately, which justifies the application
of the field projection principle on the lateral sides of the aneurysm.

To accelerate the numerical solution of the vorticity equation (1), the splitting method was employed [1, 11].
Analytically, the method of n-fold splitting of the vorticity equation for the time interval 1 /n can be expressed as follows:

wk+((i+l)/n) _ Wk+(i/n)

+u -w

, . 1 . . S
k k+(i/n) k k+(i/n) _ k+(i/n) k+(i/n) .
. +Vewy ——(WH +w, ),Z—O,I’l—l.
T,/ 1 Re

(6)
The system of recurrent equations (6) for the vorticity with a frozen velocity field (u"(x, WV (x, y)),i =0,n—1,
k =const,k =1,2,... consists of n intermediate steps i = 0,n —1, the superscript i denotes the number of the intermediate
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time layer in the vorticity equation (6), while the subscript £ corresponds to the multiple time layer index in system (6).
The velocity and stream function fields remain constant in equations (6) for fixed values of k£ = const and varying index
i =0,n—1. Within this system, only the vorticity field w**“"”,i =0,n—1 evolves. The velocity field undergoes a discrete
change in system (1) when the temporal index of the vorticity function increases by one, from k to k + 1 in equations (6).

The main idea of the splitting scheme for system (6) lies in reducing both rounding error accumulation and
computational time during the numerical solution. The differential operators with respect to spatial coordinates in (6)
are approximated at internal grid nodes with accuracy O(4°), consistent with all equations in system (1); the boundary
conditions are approximated with accuracy O(/4*), and the temporal derivatives — with accuracy O(t).

Here, we rely on an unproven but commonly accepted assumption that, for spectral time stability of finite-difference
schemes, the approximation order of the equations on the boundary must be lower than that in the internal grid nodes [12].
Thus, over the time interval t/n ((associated with a local decrease in solution stability caused by singular points in the
velocity field), solving equation (6) n times yields a temporal jump t, which is n times larger than that obtained by the
sequential solution of system (1).

For the derivative w in (6), the quadrature formulas are written as follows (the formulas for w_are analogous):

Wati.j) :%(%(Wiﬂ»j —Wei )= 230( Wiz,j Wi—z,.f)+$(wz+3,.f _Wz‘3‘j)j+0(h6)’i =3m=3,j=Ln-1,
W :%[— W;"’ —% L +2w21 wy + Wy _ ZSO/ ]+O(h4),] =1,n -1,
7
wy(ij)zﬁ( (w3] wl]) (w4j Wo,))+0( ) 1,n —1, (7
Wyin,-1,) = _%(_%_%an-l,f +2W, 5, =W, +%‘%) + O(h4)’j =Ln -1,
Wyin2,j) = —ﬁ(S(WMJ W, )= (W~ )) +0(h').j=Ln -1
The second-order partial derivatives w, in (6) are expressed as follows:
Wi :hl(—% L +%(Wi+1!j +wl.71’j)—%(wi+2,j +wi72‘j)+%( Wi+ W )j-i—O(h(’),i =3,n,-3,j=1n -1,
Wi =2 ng Wo.j _%Wl,/ _%Wz,j +f—;w3,/. _%WM 2(1) Ws.j _%Wm/}ro(m)’j =L -1,
W) = %[_%W%/’ +§(wle W ) _%(Wo,j T Wy, )j + O(h4)’j =Ln -1, ®)
1137 49 17 47 19 31 13

4
WY)’(V!z*ls‘f) :h_Z(@W"zJ _QW’Q*IJ 12 V’z 2] 18 "z 35 12 ”2 4] 60 V’z 5. 180 "v 6/)—"_0(]1 ) _1 n _1

Wivn-2.) = %(_gwnz—z,/ +§(Wn2—l,/ + an—3,‘;) 112 (W +w, -y )j+0(h4),j = l,n] -1

Similarly, the formulas for the derivative w__ are written analogously to formulas (8). From [2], we also include the
general boundary condition for vorticity (equatlon (6), sixth step of the general algorithm) in the open cavity with fourth-
order accuracy, obtained by differentiating the last equation for the stream function in system (1) twice with respect to y:

415 8 1 25v(0,y)
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In deriving the boundary equation (9) for the vorticity function, all stream function derivatives of order higher than
two were eliminated. This significantly improves the stability of boundary finite-difference conditions of the type (9) and (10)
for velocity fields with first-kind discontinuities. Table 1 presents the classification of blood vessels according to their
Reynolds number and diameter.

Table 1
Classification of blood vessels
Type Diameter Blood velocity Re Governing equations
Capillaries (5-10) um (0.5-1.0) mm/s 0.00075-0.003 -
Arterioles (10-100) pm (0.5-10.0) cm/s 0.015-3,000 (D), (13)
Arteries (2-10) mm (10.0-50.0) cm/m 60-1500 (1), (13)
Aorta (2-3) cm 0.5 m/s 3000 1), (13)

Experience [1] shows that, for a physically rapid solution of system (1) in arterioles and arteries, it is necessary to

select an inertial time interval 7 = L, while the hydrodynamic problem is solved using system (1).
u

We consider a simplest mathematical model of fibrin formation, which accounts for the concentration dynamics of two
metabolites: an activator of the coagulation process (thrombin) s and an inhibitor z, which slows down blood coagulation:

2
@4_ @4_ ﬁ—D(S +S )+ os —kIS—YSZ,
ot ox Oy s+, (11)
2
%-l-u%-l-v%:D(Zn+Z,.)+BS(1—£) l+Z—2 —kzz.
ot ox Oy o c z,

Here, u, v are the velocity components; the coefficients a, B, &, v, D, ¢, v, k, are dimensional, and their numerical
values are taken from [3, p. 16].

Table 2
Dimensional coefficients in system of equations (11)
. _1 . _1 L : 71 . —]
o, min B, min min-nM vy(z,), nM ¢, nM u(s,), nM k,, min k,, min
2.0 0.0015 5.0 0.0525 5.0 2.95 0.05 0.35

The diffusion coefficients of thrombin and the inhibitor are assumed equal to D = 107" m%s [2, p. 99]. The diffusion

velocities of thrombin and the inhibitor can be calculated using the formula v =2vaD =24107"2/60 =1.155-10"° m/s.
These diffusion velocities are significantly smaller than the blood velocity in an arteriole (3 mm/s) and in an artery (50 cm/s),
which justifies the inclusion of advection terms on the left-hand side of system (11).

aE umax - a; umax = 6; D _** _** (X,Ez . .
—_+—M——+—V——:—2(Sxx+Syy)+— _le_YSZZO’

Tot L ox L oy L s+1 -
02 |t 702 U302 Do sy Sogfy A (1+77) k.2,
Tor L 6x L oy L z, c

ot ox 0Oy Lu s+1

max

6—%+;6—f+;8—f: D (E;;+E;;)+L S—OBE |- 2% (1+22)—k22 ,
ot ox Oy Lu,, u z c

os —0s -ds D ~_ - L [os
—tU—=+v—=-= (sxx+syy)+— ——ks 'yszz
um

max 0
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ds —ds -ds D~ .-\ Lfas - —

—tU—=+v—= (Sxx+s,vy)+_ ___kls_ySZZO >

ot Ox 0y VRe u | s+1

0z 02,502 _ D (E;;+E;;)+L Sops|1-22 (1+Ez)—k25 , (12)
ot o0x 0y VRe U\ 2, c

do -

—=s(7

7 ()

The last equation in system (12) is the thrombin growth equation 6(2) obtained by integrating the activator E(Z) over
the dimensionless time ¢. According to [2-5], the activator s(¢), the inhibitor z(¢), and thrombin ¢(¢) take only non-
negative values, which was enforced by the authors in the numerical implementation.

For an arteriole [5], the diameter is 2d = 2 mm, the blood viscosity is 1 = 3,5 - 10~ Pa's, and the kinematic viscosity

-3 2
of blood is v £ :%I;af = 3.33(3)~10’6m—. The blood velocity [5] in an aneurysm of diameter L = 4d = 4 mm
P g/m s -3 -3
is u__ =3 mm/s. Then the Reynolds number is calculated as Re = L :M
v 3.33(3) -10”

max =3.6. We introduce the
following dimensionless variables s=s/ Sy z=z/ z, , and compute the corresponding dimensionless coefficients:

D 10"
vRe 3.33(3):10°-3.6

=8.33(3)-107, 2,/ C=0.0525/5=1.05-102, z,/ C = 0.0525/5=1.05-10°2,

L 2-4.107 05-4-10°
o= =200 g 0aa(4), kL 22041076 6011(1),
u 60-3-10 u 60-3-107°

max max

i 73 . . _3
br 210 10,3 20,0525 = 0.005833(3), k, L= 033410
Umax 3-10 60 umax 60.3.10 3
-3
LB s (4107 00015 295 _ 40187301587301(587301).
Unes 2 3°10 60  0.0525

max

=0.0077(7),

We denote the right-hand sides in the dynamical equations for the inhibitor and activator in system (12) and obtain the
splitting method [11] with splitting multiplicity N:

-2
F (i TO(kJr(i/N)),},;):%(E;; +§yy)+i(9_S_k1§—%;zo}
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T,/ N

The splitting multiplicity N =70 in system (13) for the inhibitor and activator differs from the multiplicity » =200
used for the vorticity equation (6). It is only necessary to synchronize the time steps of systems (6) and (13) such that, after
completion of both subroutine loops, the increment of their dimensionless time coincides, i. e., equals 1,.

If the boundary conditions for the inhibitor and activator at the solid wall are specified for the no-penetration case (for
example, at the bottom of the cavity), then from formula (5.1) we obtain formula (14.1) with eleventh-order accuracy:

- 1 83711- - 55- - 165- 462 -
0=5,(0,j)=——| ————s0,; +11s1,; ——52,; + 5583, ———S4,; +——8s; —
y( ]) (_hz)( 27720 0. Lj > 2,j 3, 5 4,j 5 5.

- - 165- - 1= 1- -
—77S(,,j +@S7J —ES&j +£S9,/‘ ——=S810,; + —S11,5 +O(h10),j =1,I’l1 S R="
7 8 9 10 11 (14.1)
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- 330- 165- 55- 11- 1- . T
—7756,; +TS7,,' —?S&j +?S9,,‘ _ESIOJ +ﬁS11,jj+O(hll)’] :1’n1 1

Similarly, we obtain formula (14.2) with fifth-order accuracy:

60 ( - - 10- 5- 1- . T
S0, :m(st —552,; +?S3,]‘ —ZS4,/' +§S5'jj+0(h5)’j =Ln -1 (14.2)

Problem Initialization. The initial values for the inhibitor and activator fields are set, following A.I. Lobanov [3],
as a step function for the activator. These initial conditions were used in systems (1) and (13), with the solutions shown
below in Fig. 2-7:

2i;(t=0)=0,Yi=0,n,,j =0,n,,
- LVi=0,n,,j=0,n/2,
Si,j(l=0)={ 2/ ! (15)

0,Vi=0,n,,j=n/2,n,.

We also assume that the boundary conditions for the activator and inhibitor on the rectangular boundary of the cavity
(aneurysm) are homogeneous. Dirichlet conditions:

N

O’Zr/rz =0. (16)

The initial velocity field is defined as follows: the vertical velocity component v, (t=0) is absent, while the horizontal
component uiJ.(t = 0) follows a Poiseuille distribution (4):

I/T,

v, (t=0)=0,Yi=0,n,,j=0n,

— —\2
—H) | = - S — —
(1—(%Z JJ,H—A=h2n3Sy,.Sthan,y,=i-h2,i=n3,n2, (17)

0,i =0,n,.
From [5], we select an arteriole diameter of 2d =2 mm and a blood velocity # =3 mm/s. The aneurysm diameter
. . . L 3-107-4-107
and length are twice that, 2D = L = 4 mm. The corresponding Reynolds number is Re = Uyl 3107 -4-107 =3.6. The

I 4.10° v 3333.10°
transit time of a fluid particle 7 = ——= 3107 = 1.33(3) s along the aneurysm exceeds the period of cardiac pulsations

(1 second); therefore, during the time interval 7 = 1.33(3) s two cardiac pulsations occur, resulting in two mechanical
mixing events of the blood within the aneurysm walls.

Homogeneous zero boundary conditions were chosen for the inhibitor and activator on the cavity walls, based
on the assumption that their concentrations at points far from the aneurysm are zero. On the upper segment of the
cavity, formula (14.2) was applied for both the activator and inhibitor, as symmetric solutions are sought for all
unknown fields. System (12) has a trivial solution s(r) = z(r)=0. As shown in [3], the trivial solutions s()=2()=0
are stable if the inhibitor and activator values remain below their threshold levels s(¢) = z(¢) = 0. This justifies the use
of homogeneous zero boundary conditions.

The initial fibrin field @(¢) in (12), obtained by integrating the activator field over time, at 7= 1.33(3) s is shown in Fig. 2.

From Fig. 2, it follows that even at the initial stage of fibrin formation, noticeable transport occurs — both advection
along the blood flow and diffusion, according to system (13).
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Fig. 2. Fields in an arteriole using formula (14.2) at 7= 1.33(3) s,
Re =3.6, n,xn,=100x50, A/H =0.5; L=4 mm,2H =4 mm, u_, =3 mm/s, T =£h]2, m = 53000 steps,
splitting multiplicities n =200 in (6), N =70 in (13):
a — fibrin surface; b — fibrin distribution in the aneurysm; ¢ — streamlines in the aneurysm
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Fig. 3. Fields in an arteriole using formula (14.2) at 7=20s,
Re=3.6,nxn,=100x50, A/H =0.5; L=4 mm,2H =4 mm, u,, =3 mm/s, T :%hlz, m = 800000 steps,
splitting multiplicities » =200 in (6), N =70 in (13):
a — fibrin surface; b — fibrin distribution in the aneurysm; ¢ — streamlines in the aneurysm
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Fig. 4. Fields in an arteriole using formula (14.2) at 7=26s,
Re=3.6, n xn,=100x50, A/H =0.5; L=4 mm,2H =4 mm, u,, =3 mm/s, t 2%@2 , m= 1200000 steps,

splitting multiplicities # = 200 in (6), N =70 in (13):
a — fibrin surface; b — fibrin distribution in the aneurysm; ¢ — streamlines in the aneurysm

max

Fig. 4 concludes the graphical representation of thrombus formation in an arteriole aneurysm at the end of the first phase (30
seconds). From Table 1, we select an artery diameter of 2d =1 cm and a blood velocity # = 0.5 m/s. The aneurysm diameter

-2
and length are twice that, 2H = L =2 cm. The corresponding Reynolds number is Re = U :—303‘53 (i)l?O'(’ =3000.
v . .
L 2107
The transit time of a fluid particle 7=——= 05 =0.04 s along the aneurysm is less than the period of
u .

max

cardiac pulsations (1 second); therefore, during this interval 7= 0.04 s only a single cardiac pulsation occurs, resulting in
blood mixing within the aneurysm with low probability.
The initial fibrin field @(¢) in (12), obtained by integrating the activator field over time, at 7= 0.04 s is shown in Fig. 5.
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Fig. 5. Fields in an artery using formula (14.2) at 7=0.04 s,
Re =3000, n,xn, = 100x50, A/H=0.5; L=2 cm,2H =2 cm, u_, =0.5m/s, 1 :%hlz, m = 53000 steps,

splitting multiplicities # = 200 in (6), N =70 in (13):
a — fibrin surface; b — fibrin distribution in the aneurysm; ¢ — streamlines in the aneurysm
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Compared to Fig. 2b, in Fig. 5b the advection of the activator is more pronounced than its diffusion. In Fig. 6b,
the fibrin transport along the flow and its swirling near the right segment of the cavity, forming a “fibrin stalk”, can be
observed. Consequently, a fibrin film forms along the geometric boundary of the cavity, blocking oxygen access to the
aneurysm walls and creating blood stasis within the aneurysm.
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Fig. 6. Fields in an artery using formula (14.2) at 7= 0.6 s,
Re = 3000, n,xn,=100x50, A/H =0.5; L=2 cm,2H =2 cm, u,, =0.5m/s, 1 =%hf, m = 800000 steps,

splitting multiplicities » = 200 in (6), N =70 in (13):
a — fibrin surface; b — fibrin distribution in the aneurysm; ¢ — streamlines in the aneurysm

Qualitatively, Fig. 6 and 7 are similar; however, the “fibrin stalk” in Fig. 6b has already transformed into a “fibrin ring”
in Fig. 7b. Fig. 6 and 7 demonstrate that in a turbulent environment, each fibrin filament rapidly changes its value even
along its length, resembling loose hair strands blown by the wind.

Next, we consider the periodic structure of fibrin in an arteriole near the aneurysm wall at = 10 s after the onset of
blood coagulation, as shown in Fig. 8.
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Fig. 7. Fields in an artery using formula (14.2) at 7= 0.9 s,
Re =3000, n xn,=100x50, A/H =0.5; L=2 cm,2H =2 cm, u

splitting multiplicities » = 200 in (1), N =70 in (13):
a — fibrin surface; b — fibrin distribution in the aneurysm; ¢ — streamlines in the aneurysm
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Fig. 8. Fibrin field in an arteriole using formula (14.2) at T=10s,
Re =3.8,nxn,=100x50, A/H =0.5; L=4 mm,2H =4 mm, u,, =3 mm/s, T :%hf, m = 400000 steps,

splitting multiplicities » = 200 in (6), N =70 in (13):
a — fibrin surface; b — fibrin distribution in the aneurysm

Fig. 8a and 8b show that fibrin moves along the aneurysm wall in a thin layer against the direction of blood flow (at a
velocity of u_ =3 mm/s). It turns at the far wall (potentially adhering to it) and returns to the near wall, forming a “fibrin
horseshoe” with the maximum fibrin density located outside the aneurysm region. That is, the fibrin horseshoe grows
both within the bulk of the flow and against the flow direction. In Fig. 8b, a periodic spatial variation of fibrin density
along the aneurysm wall is also visible. Similarly, in Fig. 35 and 4b, the fibrin horseshoe in the center of the arteriole
aneurysm reaches its maximum density (shown in red) near the left wall, confirming that fibrin growth occurs opposite to

the direction of blood flow.
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Fig. 9. Field distributions in the artery using (14.2) at 7=2.54's
6
Re = 3000, n xn, = 100x50, A/ H =0.5; L=2 cm,2H =2 cm, u,, =05m/s, t =Eh]2, m = 3387700 steps,

splitting multiplicity » =200 in (1), N= 70 in (13):
a — fibrin surface; b — fibrin distribution within the aneurysm; ¢ — streamline field in the aneurysm

max

Fig. 96 shows that by # =2.54 s, a homogeneous thrombus with a maximum dimensionless density of 85 units forms
throughout the entire volume of the aneurysm (compared to Fig. 7b). The question of the threshold fibrin density is also
crucial—the density at which it can be considered a solid body and impermeable to blood flow. In this case, blood must
flow around the ultra-dense fibrin clots. It is equally important to obtain an experimental dependence of blood viscosity
on the dimensionless fibrin density to account for it in the systems of equations (1) and (12).

Discussion

1. In the initial phase (Fig. 25 and 5b), fibrin forms in regions where the activator concentration exceeds the threshold
and is transported to other parts of the aneurysm by advection and diffusion.

2. In arterioles, during the initial phase at # = 1,333 s (Fig. 2a and 2b), the maximum fibrin concentration (red tones)
is observed near the aneurysm walls. However, at =20 s (Fig. 3a and 3b), a fibrin horseshoe appears, with maximum
fibrin values in the central flow, approximately twice as high as near the wall.

3. In arteries with high blood velocity (Re = 3000) fibrin accumulates within the aneurysm, separating its boundaries
from the blood flow by a “fibrin filament” (Fig. 6b).

4. Due to the nonlinear terms in systems (12) and (13), fibrin motion in arterioles (Re = 3.6) occurs against the flow
(Fig. 3b), whereas in arteries (Re = 3000) it occurs in the direction of blood flow (Fig. 6b).

5. In Fig. 8a and 8b, near the aneurysm wall with low blood velocity, a spatial structure with periodic variations in
fibrin density is observed. This result is consistent with [2—4], whose solutions can exhibit layered fibrin formation in
stationary blood.

6. Fig. 3b and 6b show that even in the symmetry plane of the aneurysm, where fibrin density is minimal (blue tones),
the value remains greater than zero. This indicates that the presence of an aneurysm causes blood densification and
increased viscosity throughout the aneurysm, although solid fibrin does not form at every point.

7. The range of dimensionless fibrin in this study is of the same order as in [2—4], i. e., from 50 to 750 dimensionless
units (in our examples, less than 500 dimensionless units).

8. Doubling the aneurysm diameter relative to the vessel diameter increases the Reynolds number (Re = 3000 in the
artery) and, as seen in Fig. 6 and 7, generates a flow reversal point near the vortex core. Therefore, the presence of an
aneurysm leads to velocity field discontinuities and an increase in vorticity in the vicinity of the flow reversal point.

Conclusion. This study presents the systems of equations (1), (12), and (13) with boundary and initial conditions (14),
(15), (16), and (17), constituting a simplified unsteady model of blood flow and fibrin (thrombus) formation in aneurysms
of blood vessels. The proposed model allows for a qualitative investigation of the mechanisms of thrombus formation in
arterial and arteriolar aneurysms, as well as in components of medical devices.
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Mathematical Modelling of Suspension Uplift by Wind Gusts
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Abstract

Introduction. The study of suspension uplift processes (e. g., particles of dust, sand, soil, etc.) by wind gusts in the surface
layer is aimed at fundamentally understanding the mechanisms of wind erosion, dust storm formation, pollutant transport,
and related phenomena. This area of scientific research has significant practical importance for combating desertification,
erosion, drought, as well as for increasing crop yields and preserving natural ecosystems. Predicting these processes allows
for the assessment and timely response to negative effects associated with them. The objective of this work is to propose and
implement a mathematical model that enables numerical experiments with various scenarios of suspension uplift by wind gusts.
Materials and Methods. The paper presents a continuous mathematical model of multicomponent air medium motion
in the atmospheric surface layer. The model accounts for factors such as turbulent mixing, variable density, Archimedes’
force, tangential stress at media interfaces, etc. A distinctive feature of the mathematical model is the presence of
suspension particles (their composition and aggregate state) in the air medium, as well as the influence of anthropogenic
factors — suspension sources. The approach based on mathematical modelling aims to ensure the universality of the
numerical implementation.

Results. The mathematical model has been implemented as a software package. Numerical experiments simulating the
uplift of suspension by wind gusts in computational domains have been conducted.

Discussion. The results of this work can be in demand for a wide range of tasks related to human health protection,
environmental safety, and land-use planning in arid and steppe regions of the country.

Conclusion. Further research by the authors may be directed towards modelling the movement of dust-laden air flows for
natural landscapes containing forest plantations.

Keywords: wind gust, suspended matter, turbulent mixing, aecrodynamics, mathematical model, numerical experiment
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AHHOTaLUA
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creM. [IporHo3npoBanue JaHHBIX IPOLIECCOB ITO3BOJIIET OLEHUBATH U CBOEBPEMEHHO pPearupoBarh Ha HeraTHBHBIE 3((EKTHI,
CBSI3aHHBIE C JAHHBIMH Iporieccamu. Llenpb HacTosiield paboThl — MPEIUIOKUTE U PEaIH30BaTh MAaTeMaTHYECKy0 MOJEIIb, KO-
TOpasi TIO3BOJIUT IPOBOJMUTE YUCIICHHBIC KCIIEPHUMEHTHI C Pa3IYHBIMK CLICHAPHSMHE MTOIbEMa B3BECH BETPOBBIMH ITOPHIBAMHU.
Mamepuanst u memoost. B pabote npecTaBieHa HelpepbIBHAs MaTeMaTHuecKast MOJIENb IBM)KEHNSI MHOTOKOMIIOHEHT-
HOW BO3IYLIHOW Cpeibl B MPU3EMHOM CJIO€ arMoc(epbl, KOTOpasi Y4UTHIBaeT Takhe (GpakTopbl, Kak TypOyJeHTHOe Iepe-
MeIIMBaHKe, IEPEMEHHYIO TIOTHOCTh, CHITy ApXHMe/ia, TAaHTeHIMAIbHOE HANPsHKEHUE Ha TPaHULaX paszesa cpen U Jp.
OmunTenbHOH 0COOCHHOCTBIO MaTeMaTHYECKOH MOJENH SBISETCS NPUCYTCTBHE B BO3MYLIHON Cpesie YaCTHI] B3BECH
(MX cocTaBa M arperaTHOrO COCTOSIHHSA), a TaK)Ke BIMSHUE TEXHOI'CHHBIX (PaKTOPOB — HCTOYHHKOB B3BecH. [lomxox,
OCHOBaHHBI/ HA MAaTEMaTHYECKOM MOJCIHPOBAaHHH, TIPH3BaH O0CCIICUUTh YHUBEPCAILHOCTh YHCICHHON peaNn3aLiH.
Pe3ynemamut uccnedosanusn. Maremarndeckass MOJIENb peajlM30BaHa B BUJIE KOMIUIEKca IporpamM. [IpoBeneHs! unc-
JIEHHBIE SKCIIEPUMEHTBI, MOJICIMPYIOIUE IIOIBEM B3BECH BETPOBLIMU ITOPHIBAMHU B PACUETHBIX 00JIACTSIX.

Obcysicoenue. Pe3ynsraTsl TaHHON paboOThl MOTYT OBITH BOCTPEOOBAHBI AJISI IIMPOKOTO KPyra 3ajad, CBI3aHHBIX C OX-
paHOH 310POBbS YeTIOBEKa, SKOJOTHISCKON 0e30MacHOCTHIO U IIAHMPOBAHMEM IIPHPOIOIIOIB30BaHMS B 3aCYIUTMBEIX U
CTEIHBIX PETHOHAX CTPAHBL

3aknwuenue. [lanpHeEIINE NCCIEA0BAHUS ABTOPOB MOTYT OBITh HAIpaBJIeHb! HA MOJICITUPOBAHNE IBH)KCHHUS BO3TYIIIHO-
TO ITOTOKA, COIEPIKALIETO MbLIb, JUIS IPUPOAHBIX JaHAIIA()TOB, COAEPIKAIINX JIECOHACAKICHUS.

KuroueBnle ciioBa: BETpOBOI ITOPHIB, B3BELIEHHOE BELIECTBO, TypOYJIEHTHOE IIepeMeNINBaHUe, a9POIHHAMUKA, MaTeMa-
THYECKasi MOJIeIIb, YHCIICHHBIN SKCIIEPHUMEHT

duHancupoBanme. VccinenoBanue BBIOIHEHO 3a cueT rpaHta Poccuiickoro Hayunoro ¢orma Ne 22—11-00295-11.
https://rscf.ru/project/22-11-00295/

Jast uutupoBanus. Cunopsikuna B.B.,,  YucrsakoB A.E.  Maremarnyeckoe  MOJENMpPOBaHHWE  IMOABEMA  B3BE-
cu BeTpoBbIMH TopweiBaMu. Computational Mathematics and Information Technologies. 2025; 9(4):38-45.
https://doi.org/10.23947/2587-8999-2025-9-4-38-45

Introduction. The uplift of dust, sand, and other suspended particles in the lower atmospheric layers by wind
gusts is a complex physical process. It depends on wind force (especially gusts), atmospheric turbulence, the physical
characteristics of the particles, soil roughness and moisture, the presence of vegetation cover, and other factors. Upon
reaching a critical (threshold) velocity, wind can “pick up” dust, sand, and fine soil particles and transport them over long
distances, thereby destroying the upper fertile soil layer and causing wind erosion. One of the vivid manifestations of
wind erosion is associated with the formation of dust storms.

Dust storms, combined with strong winds in southern Russia (primarily in the Rostov, Volgograd, and Astrakhan
regions, Krasnodar and Stavropol territories), are caused by a combination of the following factors: intense heat, which
dries out the soil; wind intensification up to 12—15 m/s, which lifts and transports dust and sand particles; vast expanses
of plowed land not covered by vegetation. Seasonally, dust storms occur in early spring and early autumn (their greatest
intensity is observed in the second half of the year, specifically in September and October), which is associated with low
atmospheric precipitation, soil moisture loss, and a high degree of land plowing. The main and long-term cause is the
disappearance of protective forest belts that could restrain the wind, as well as the influx of hot air masses from neighboring
desert regions, such as Kalmykia. Here, in zones with semi-desert and desert landscapes, conditions are created for the
transport of dust-sand and aerosol material to neighboring regions. The scale and cyclicity of these phenomena have
increased in recent years.

In this context, predicting the processes of air mass movement containing dust and fine sand particles, and identifying
areas at high risk of wind erosion, becomes relevant. Therefore, the experience of Russian and foreign researchers and
their teams, who have applied both fundamental physical models (Euler-Lagrange, Discrete Phase Model — DPM) and
modern software packages (ANSYS Fluent, COMSOL, etc.), is interesting and useful [1-5]. The vast majority of research
focuses on specific regions and territories, which is related to specific meteorological conditions, local data on topography
and soil types, unique dust sources, etc. For Southern Russia, studies on this topic are reflected in the works of scientists
from the Southern Mathematical Institute of the Vladikavkaz Scientific Center of the Russian Academy of Sciences,
Southern Federal University, Don State Technical University, and others [6—10].

The authors propose for consideration a mathematical model that will allow conducting numerical experiments with
various scenarios of dust-laden airflow movement. The work emphasizes modeling the turbulence of the airflow caused
by the wind structure, which contributes to the uplift of suspended matter particles from the earthss surface and is the
main cause of dust storm formation. The mathematical model has been implemented as a software package. Numerical
experiments have been conducted, simulating wind gusts in the lower atmospheric layers with the uplift and transport of
suspension by ascending turbulent flows in computational domains.
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Materials and Methods

Mathematical Model of Suspension Propagation in the Atmospheric Surface Layer. The authors consider a
comprehensive mathematical model describing the processes of air medium motion and suspension propagation within
it, which includes [9, 10]:

—a model of multicomponent air medium motion (defining the velocity field of the air medium), accounting for
turbulent exchange, variable density, and the dependence of air medium density on pressure,

— a model of suspension propagation in the air medium, accounting for the phase transition of water from liquid to
gaseous state and vice versa, and substance transport,

—a pressure calculation model, accounting for medium compressibility, suspension sources associated with the
phase transition of water from liquid to gaseous state and vice versa, as well as turbulent mixing of the multicomponent
air medium.

Let us formulate the equations of the multicomponent air medium motion model in the coordinate system Ox x,x,:

— motion equation (Navier-Stokes equations):

dv, 1 op
—L =———=+divlpgrad(v.))-g;
@ van (ngrad(v,))-g, M)
— substance transport equation:
0P 4N . _
E+dlv(pv)—dlv(pgrad(p))+1p, )
— equation of state:
p.
P=> —LRT;
5y (3)
— impurity transport equation:
do. .
%=dzv(ugmd((pi))+1¢; (4)
— turbulence model equation:
2
Vegs Z(CSA) S. (5)

In equations (1-5), the following notations are used: ¢ is the temporal variable; v, (j=1,2,3) are the components of the
air medium velocity vector v p is the pressure; | is the turbulent exchange coefficient; p is the density of the air medium;
p, is the density of the i-th phase (i = 0 — air, 1 — water in gaseous state, 2 — gas at the source, 3 — water in liquid state,
4 — soot); ¢, are the volume fractions of the i-th phase; / is a function describing the distribution and power of suspension
sources; R is the universal gas constant, M is the molar mass, 7 is the temperature of the gas phase.

To simplify computational calculations for the discrete analogues of the model equations, a transition from 3D to 2D
equations is performed. Consider the 3D convection-diffusion-reaction equation:

0 0 0
a  olon) olov) Alev) o ), o ( ), of ), ©
ot ox ox, ox,  ox\ ox, ) ox,\ ox,) ox; ox; ) "
Equation (6) is supplemented with corresponding boundary conditions [9].
As a result of transformations, we obtain:
0 0 2(0)
op 0(epv) Oepvy) _ 0 we P |y O f e T L @
ot ox, o, o\ oox ) o\ ooy ) opl, :

where ¢ is a parameter describing the relative volume of the computational domain free from plants.
Two-Dimensional Mathematical Model of Atmospheric Surface Layer Aerodynamics. Let us further assume x, = x,
x, =Yy, x, = z, and for the components of the air medium velocity vector Vv — VUV, TV, VW
Consider the basic equations of air medium dynamics:
— system of Navier-Stokes equations:
1 r ’
eu +ucu, +veu, =——(eP) +(peu), +(neul) +ef,,
®)
ew, +uew, +wew, =——(eP) _+(pev)) +(new!) +ef;
p z - X z
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— continuity equation:
ep, +(epu) _+(epw) . =(emp, )’X +(epp! )'z +el; 9)
— equation of state:

_N P
P= ZVRT, (10)
where ¢ is a parameter describing the relative volume of the modeled area free from plants.

Assuming the air medium is initially at rest, the initial conditions are:

u=0,w=0,P=P ,
where v = {u, w}, P is atmospheric pressure.

The system of equations (8)—(10) is considered under the following boundary conditions:
— on an impermeable boundary:

pwnur’t = Tx,b(t)’ pwnv:l = T:,b (t)’ 17/1 = 0’ })n, = O’ Pn’ = 0’

— on lateral permeable boundaries:

— on the source:
u=U,w=W, P =0,

where P is the pressure; U, W are the components of the velocity vector at the source; T, T, are the components of
tangential shear stress.

Splitting Schemes for Physical Processes in Solving Aerodynamic Problems. According to the pressure correction
method, the original hydrodynamic model is split into three subproblems [11-14].

The first subproblem is represented by the convection-diffusion-reaction equation, based on which the components of
the velocity field at an intermediate time layer are calculated:

, '

+ugll, + weil, = (ueir, ) +(pei. ),
" , , (11)
WL v+ wein!, = (new,) +(uew!). .

U—u
€

€

t

For the temporal approximation of the convection-diffusion-reaction equation, weighted schemes are used. Here
u =cii+(1-o)u; o e [0,1]is the scheme weight.

Let us describe the boundary conditions for system (11):

— on an impermeable boundary:

p,nu, =1, (1), p,nv, =1_,(1);

— on lateral permeable boundaries:

— on the source:
u=U, w=W,P'=0.

The second subproblem allows for the calculation of the pressure distribution

o _ pp, (o), (PeW),
k h h

t t

(eP), +(eP))

or

ﬁ_P — .\ — .\ =\ =\ RT
2 +(8Pu)x+(st)z:kht((sPX)x+(aPz)Z), k=L (12)

The third subproblem allows for the determination of the velocity distribution at the new time level using explicit formulas:
u-u | N =\
€ =——(eP) , ¢ =——(eP) , (13)
Edap) oL (o)
where £, is the step in the temporal coordinate; u is the velocity field value at the previous time level; u is the velocity
field value at the intermediate time level; # is the value at the current time level.
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Multiplying the system of equations (13) by 4 p and differentiating with respect to the variables x, y, z respectively,
we obtain:

(epi) =(epii) —ehPL, (epW) =(epW) —ehP,. (14)

Using expressions (14) to transform equation (9), we get:

ep. + (Spﬁ)lx —eh P! + (avaz)'z —&h P! =(epp), )'X +(epp’ )'z +el . (15)
Taking into account the equation of state, expression (15) takes the form:
8%66_1; =eh Pl +ch Pl —(epii) —(epw) +(emup,) +(enpl), +el,. (16)

The pressure field is computed based on equation (16). It should be noted that the pressure calculation accounts for
medium compressibility, thermal expansion, substance sources associated with the phase transition of water from liquid
to gaseous state and vice versa, as well as turbulent mixing of the multicomponent air medium.

The construction of finite-difference schemes approximating the considered equations (16) has been performed on
hydrodynamic grids using methods described in works [15, 16] and is not presented in this article.

Results. Based on the developed algorithms, a software package was created for the numerical simulation of suspension
uplift by wind gusts in a multicomponent air medium. A series of numerical experiments was conducted.

Figures 1 and 2 present the results of a numerical experiment simulating air medium motion under wind gusts.
The model domain has dimensions of 30 m % 50 m. The input data are: air medium density 1.29 kg/m?; atmospheric
pressure 100 kPa; wind gust speed 10 m/s, wind direction — from left to right. Computational grids with a step of
10 meters in each coordinate direction were used to solve the problem. The temporal step was 0.1 s, and the total
simulation time interval was 100 s.

m
20
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7.469
10
4.979
2.490
0 0.000

0 10 20 30 40 m

Fig. 1. Image of the initial simulation moment for calculating air medium velocity. Horizontal cross-section

m
20
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2518
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1.684
0.850
0 0.016

0 10 20 30 40 m

Fig. 2. Simulation result of air medium velocity. Horizontal cross-section

In Fig. 1 and 2, the intensity of air medium motion in m/s is represented according to the color palette. Fig. 2 demonstrates
the presence of a vortex in its lower left part, which may be associated with the motion of a flow at different speeds at the
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interface between air layers, as well as with the terrain relief (vortex flows often arise due to the “repulsion” of air masses
from the surface). The vortex nature of atmospheric flows is observed near the surface and gradually diminishes with
height. This leads to the formation of a stable density gradient. The airflow in the surface layer becomes stably stratified,
and the vortices weaken. As a result, the flow velocity increases.

Next, we present the results of modeling suspension uplift under wind gusts. The input data are: air medium density
1.29 kg/m?; emission density 1.4 kg/m?; ambient temperature 20 °C; air medium flow velocity 10 m/s; specific emission
power 5 L/s. Computational grids with dimensions of 30 m x 50 m were used to solve the model problem. The steps
in the spatial variables are 1 m, and the air medium velocity on the left boundary was set to 1 m/s. Weighted schemes
were applied to solve the model problem, with the scheme weight set to 0.5. The temporal step was 0.1 s, and the total
simulation time interval was 10 s.
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0 0.000
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Fig. 3. Image of the initial simulation moment for calculating suspended matter concentration
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Fig. 4. Simulation results for calculating suspended matter concentration 10 seconds after the start of the simulation
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Fig. 5. Simulation results for calculating suspended matter concentration 10 seconds
after the start of the simulation — zoom into the substance propagation zone
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The color palette in Fig. 3—5 indicates the concentration of suspended matter in the atmospheric surface layer. The
simulation results demonstrate the propagation of the impurity in the direction of air medium motion over tens of meters;
the impurity uplift exceeded 5 m.

Discussion. The results of this work can be applied to a wide range of tasks related to human health protection,
environmental safety, and land-use planning in arid and steppe regions of the country.

Conclusion. Further research by the authors may focus on modeling the movement of dust-laden airflows in natural
landscapes containing forest plantations.
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TUKU ¥ WHpOpMaTHKH JIOHCKOTO rocymapcTBeHHOTO TexHumueckoro yHuepcutera (344003, Poccuiickas deneparus,
r. PocroB-na-/lony, . ['arapuna, 1), ORCID, SPIN-kox, ResearcherID, MathSciNet, ScopusID, cvv9@mail.ru

Yuctakos Ajsiexcanap EBrenbeBM4, MOKTOp (pH3MKO-MareMaTHYECKHX Hayk, mpodeccop kadeapsl mporpamm-
HOTO OOecrieueHNs] BBIYMCIUTEIFHON TEXHUKA M aBTOMATH3MPOBAHHBIX CHCTEM JIOHCKOTO rocyJapCTBEHHOTO TEXHH-
yeckoro yHuBepcutera (344003, Poccuniickas ®enepanyst, . PoctoB-Ha-/lony, . I'arapuna, 1), ORCID, SPIN-kox,

ResearcherID, MathSciNet, ScopusID, cheese_05@mail.ru

3anenennslii 6Kk1a0 a6Mopos:

B.B. Cunopsikuna: (hopMyIMpOBKa IOCTHTHYTBIX PE3Y/IBTaTOB M ONMCAHHE X 3HAYMMOCTH, 0(hopMIICHHE MaTepHalia CTaTbH.

A.E. UnctsikoB: o01iee HayqHOE PYKOBOACTBO; TOCTAHOBKA 331auH; (hOPMYIHpPOBKA HIICH MCCIIEN0BaHMS, IeIei 1
3aj1a4, pa3paboTka METOIOJIOTHH, TTOJTydeHHE PACUCTHBIX (POPMYIT U ITPOBEJCHUE YUCIEHHOTO 3KCIIEPUMEHTA.

Kongauxkm unmepecog: aBTopbl 3asiBJISIOT 00 0TCYTCTBHM KOH(INKTA HHTEPECOB.
Bce asmopubl npouumanu u 0006punu OKOHYAMeNbHLLL 6aPUAHM PYKORUCH.
Received / IToctynuia B penakuuio 29.10.2025

Reviewed / ITocTynuiia nocjie penensuposanus 14.11.2025
Accepted / IlpunsTa k myoauxanun 15.12.2025

45


https://orcid.org/0000-0002-8323-6005
https://www.elibrary.ru/author_profile.asp?authorid=474527
https://www.webofscience.com/wos/author/record/O-1507-2016
https://www.mathnet.ru/rus/person63680
https://www.scopus.com/authid/detail.url?authorId=57203921718
https://orcid.org/0000-0002-8323-6005
https://www.elibrary.ru/author_profile.asp?authorid=474527
https://www.webofscience.com/wos/author/record/O-1507-2016
https://www.mathnet.ru/rus/person63680
https://www.scopus.com/authid/detail.url?authorId=57203921718
mailto:cheese_05@mail.ru
mailto:cvv9@mail.ru
mailto:cheese_05@mail.ru

46

Computational Mathematics and Information Technologies. 2025;9(4):46—55. eISSN 2587-8999

MATHEMATICAL MODELLING
MATEMATUYECKOE MOJAEJUPOBAHHUE

UDC 004.942:532.1 Original Empirical Research
https://doi.org/10.23947/2587-8999-2025-9-4-46-55 .
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Abstract

Introduction. The relevance of this study is determined by the need for a quantitative assessment of the negative impact
of mass outbreaks of scyphozoan jellyfish (Aurelia aurita and Rhizostomeae) on the bioresources of the Azov Sea,
which is subjected to a complex combination of anthropogenic pressures. The theoretical framework of the research is
based on the concept of trophic interactions and biological invasions in marine ecosystems. The aim of this study is to
develop a mathematical model of the dynamics of the fish community in the Azov Sea that accounts for both competitive
and predatory pressure exerted by jellyfish, in order to identify critical biomass thresholds leading to the depression of
commercial fish stocks.

Materials and Methods. To investigate the influence of scyphozoan jellyfish on the bioresources of the Azov Sea, a
mathematical model of biological kinetics was employed as the primary research tool. The model describes the dynamics
of three key ecosystem components (zooplankton, fish, and jellyfish), incorporating mechanisms of competition and
predation. The research material consists of a system of theoretical equations with appropriate interaction parameters and
initial and boundary conditions.

Results. Numerical simulations demonstrated that under environmental conditions typical of the summer period in the
Azov Sea (elevated water temperature and eutrophication), an increase in scyphozoan jellyfish biomass by more than
threefold during July—August leads to an abrupt shift of the ecosystem to an alternative stable state dominated by jellyfish.
This transition is driven by the combined effects of intense competition for zooplankton and direct predation by jellyfish
on the early life stages of fish, and is accompanied by a critical reduction in food availability, which suppresses the
recovery of commercial fish populations.

Discussion. The results confirm the high ecological significance of mass aggregations of scyphozoan jellyfish and provide
a quantitative justification for the risk of a regime shift in the Azov Sea ecosystem toward an alternative, less productive
state dominated by jellyfish. From a theoretical perspective, the study contributes to the development of trophic interaction
models that incorporate multiple impact mechanisms of invasive species.

Conclusion. The practical significance of this work lies in the fact that the proposed model serves as a tool for predictive
assessment of bioresource status and for substantiating management decisions aimed at mitigating the consequences of
eutrophication and biological invasions. Future research will focus on further refinement of the model, including the
incorporation of seasonal and climatic factors to improve the accuracy of long-term forecasts.

Keywords: mathematical modelling, bioproductivity, Azov Sea, scyphozoan jellyfish, trophic interactions, alternative
stable states, ecological forecasting
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OpueunaﬂbHoe amnupudeckoe ucciedosamue

MaremaTu4yeckoe MOJC/JIMPOBAHUEC 6I/IOHPOHYKTI/IBHOCTI/I
MEJKOBOJIHOI'0 BOoeMa 1Impu BHe3anHoM Acnpeccumn Cll]/l(l)Ol/l}]Hl)lMl/l MeaysaMmu

J.B. bonnapenko <, A.B. Hukuruua
JloHCKOM rocyaapcTBEHHBIH TeXHUUECKUH yHUBEpCUTeT, I. PoctoB-Ha-Jlony, Poccuiickas @enepanus

D4 denis.bondarenko.dev@gmail.com

AHHOTaLUA

Beeoenue. AKTyanpHOCTB UCCIICIOBaHUS 00yCIOBICHA HEOOXOMUMOCTHIO KOJTMYESCTBCHHOMN OLIEHKH HETaTHBHOTO BIIHS-
HUSI MaCCOBOTO Pa3BUTHS cLUPOUIHBIX Meny3 (Aurelia aurita n Rhizostomeae) Ha Gnopecypcsl A30BCKOTO MOPSI, UCIIBI-
TBIBAIOIIETO KOMIIJIEKC aHTPOIIOT€HHBIX HAarpy30K. TeopeTHuecKoil OCHOBOM JUIsl pEeLIeHHsI IaHHOM TPOOIeMBbl BEICTYHaeT
KOHIICNIIMSI TPOPHUECKUX B3aUMOJICHCTBII M MHBA3Uil B MOPCKHUX dKocucTeMax. Llenbio HacTosiei paboTsl sIBIsIETCS
pa3paboTKa MaTeMaTHYEeCKON MOJENN THHAMHUKH PHIOHOTO cO00IIecTBa A30BCKOTO MOPSI, YUYUTHIBAIOIIEH KOHKYPEHTHOE
1 XUITHIYECKOE JaBICHIE CO CTOPOHBI MeTy3, s OIIEHKH KPUTHIECKIX TOPOTOB €ro OMOMACCHI, MPUBOISIINX K IeTpec-
CHH TIPOMBICIIOBBIX 3aI1acOB.

Mamepuanst u memoost. JIns viccieq0BaHus BIMSIHAS CIdoMeny3 Ha OHopecypchl A30BCKOIO MOpPSI B KaueCTBE OC-
HOBHOTO MHCTPYMEHTA HCIIOJIb30BaHA MaTeMaTHiecKkas MOJeNb OMOIOTHYECKO KHMHETHKH, ONMHMCHIBAIOIIAS JUHAMUKY
TPEX KITIOYEBBIX KOMIOHEHTOB (300IUIAHKTOH, PHIOBI, MeIy3bl) ¢ yUYETOM KOHKYPEHIIMM U XUIIHWYEeCTBa. MaTepuaioM
HCCJICIOBAaHUS BBICTYIIAJI TEOPETUICCKIE YPABHEHHUS CHCTEMBI C COOTBETCTBYIOIIMMU ITapaMeTpaMH B3aUMOJACHCTBUH 1
HAYaJIbHO-KPACBBIMH YCIIOBHSIMH.

Pesynomamut uccnedosanus. Pe3ynprarel YUCICHHOTO MOJCITUPOBAHUS ITOKA3AJIH, YTO MIPH XapaKTEPHBIX IS JICTHETO
Ce30Ha YCIJIOBHSX B A30BCKOM MOpe (BBICOKasl TeMIleparypa, 3BTpO(HKaIys) NpHpocT Onomaccsl cunudomenys domee
4YeM B TPHU Pa3a 3a NepUOJ UIONb-aBI'yCT IPUBOIUT K PE3KOMY MEpeXoay 3KOCUCTEMBI B alIbTEPHATUBHOE YCTOIUMBOE CO-
CTOSIHUE C UX JOMUHHPOBaHHUEM. DTOT 1epexo] 00yclioBIeH KOMOMHHPOBAHHBIM 3()(EKTOM HHTEHCHUBHOW KOHKYPEHIINU
3a 300IUIAHKTOH U MPSIMOTO XHUITHWYECTBAa MEAy3 Ha PaHHUX CTAIHMAX Pa3BUTHA PHIO U COIMPOBOXKIACTCS KPUTHUECKUM
CHIDKEHHEM JIOCTYITHOCTH KOPMOBOM 0a3bl, 9TO MONABIISIET BOCCTAHOBICHHE MIPOMBICIIOBBIX PHIOHBIX TOITYIISIINH.
Obcyscoenue. TIpoBesEHHOE HCCIICIOBAHNE ITOATBEPKIACT BRICOKYIO SKOJIOTHYECKYIO 3HAYMMOCTh MacCOBBIX CKOTICHUH
cunomMeny3 U KOJTMYECTBEHHO 0OOCHOBBIBAET PUCK IEPEX0/ia SKOCHCTEMBI A30BCKOTO MOpSI B aJIbTEpPHATHBHOE, MEHEE
MIPOAYKTHBHOE COCTOSIHUE, JOMUHUpPYeMoe Meny3aMu. C TeOpeTHYeCKOil TOUKHM 3peHus paboTa BHOCHUT BKJIAJl B pa3BUTHE
Mojesel TpopUIeCKUX B3aUMOICHCTBHN C yUETOM MHOKECTBEHHBIX MEXaHU3MOB BO3/ICHCTBUS HMHBA3UOHHBIX BUJIOB.
3axnrouenue. IpakTrdeckasi 3HAIMMOCTD PaOOTHI 3aKITIOYAETCS B TOM, YTO pa3paboTaHHas MOAEIb MPEACTABISIET COOOM
WHCTPYMEHT JUISI IPOTHO3HOI OIICHKH COCTOSHUS ONOPECYPCOB M 000CHOBAHHS YIIPABICHIESCKUX PEIICHHA, HAIIPABIICH-
HBIX Ha CMSTYCHHE IMOCIEACTBUIN SBTPOPHUKAINU M OMOIOTHICCKIX HMHBa3WUH. [lepCIieKTHBBI MCCIIeIOBAaHUS CBS3aHEI C
JabHEHIIeH AeTann3anyeil MoaeIy 1 BKIIIOYCHUEM B He€ CE30HHBIX U KIIMMATHYECKUX (DAKTOPOB IS TOBBIMICHUS TOY-
HOCTH JOJITOCPOYHBIX IPOTHO30B.

KioueBble ciioBa: MaTeMaTrHuecKoe MOJAENINPOBaHHE, OUOIPOAYKTHBHOCTb, A30BCKOE MOpe, CUU(OHIHBIE MEIy3bl,
TpoduuecKre B3aUMOACIHCTBHS, AIFTePHATHBHbIC YCTOHYMBEIE COCTOSHUS, SKOJIOTHYECKHH TPOTHO3

duHancupoBanme. VccnenoBanne BHITOTHEHO 3a cdeT rpaHTa Poccwiickoro HayuHoro ¢onma Ne 22—11-00295-11,
https://rscf.ru/project/22-11-00295/

Jas nutuposanus. bornapenko /[.B., Hukutnaa A.B. MaremaTidaeckoe MOIEHpOBaHIE OHOTIPOAYKTUBHOCTH MEJKO-
BOJJHOTO BOJIOEMa TP BHE3AIHOM nenpeccuu cuudonaaeiMu Menysamu. Computational Mathematics and Information
Technologies. 2025;9(4):46-55. https://doi.org/10.23947/2587-8999-2025-9-4-46-55

Introduction. The Azov Sea is one of the shallowest seas in the world and plays a key role in the fisheries and
ecological system of southern Russia. Over recent decades, its ecosystem has been subjected to substantial pressures,
including eutrophication, changes in river runoff, pollution, and invasions of alien species [1]. One of the most pronounced
recent trends is the mass development of scyphozoan jellyfish, primarily Aurelia aurita and representatives of the order
Rhizostomeae. Owing to their high reproductive potential and ecological plasticity, these jellyfish form extensive
aggregations in coastal waters during the spring—summer period. In certain years, their total biomass reaches thousands
of tons, exerting significant pressure on trophic networks [2].

Under such conditions, it is reasonable to speak of a sudden depression of the water body caused by scyphozoan
jellyfish and their impact on the bioproductivity of the aquatic ecosystem. Fig. 1 illustrates aggregations of scyphozoan
jellyfish observed in the Azov Sea.
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Fig. 1. Coast of the Yeysk Estuary with jellyfish, July 2025

Scyphozoan jellyfish may pose a danger to humans, as contact with their tentacles can cause skin burns, itching, or
irritation. Scyphozoan jellyfish (class Scyphozoa, phylum Cnidaria) are marine organisms characterized by the presence
of stinging cells (cnidocytes), which they use for predation and defense. The class comprises a relatively small number
of species, approximately 200 in total. Their life cycle is characterized by metagenesis, including an asexual (polypoid)
stage and a sexual (medusoid) stage. The medusae of some species reach large sizes and are capable of forming massive
aggregations, whereas scyphozoan polyps (scyphistomae) are extremely small, typically only a few millimeters in size.

Common scyphozoan jellyfish species found in the seas of Russia include the moon jellyfish (Aurelia aurita), the
lion’s mane jellyfish (Cyanea capillata), and the barrel jellyfish (Rhizostoma pulmo). Some scyphozoan species, such as
the so-called “sea wasp”, are particularly dangerous: contact causes intense pain and burning sensations comparable to
a whip strike. Severe pain shock may lead to loss of consciousness, followed by symptoms of intoxication such as dry
mouth and breathing difficulties; in rare cases, stings may be fatal.

In the Azov Sea, Aurelia aurita and Rhizostomeae actively consume zooplankton, including copepods and larvae
of crustaceans and mollusks, which constitute the primary food source for juvenile and planktivorous fish species such
as Baltic herring, roach, and juvenile pikeperch. This results in intense competition for food resources. In addition,
jellyfish exhibit direct predation on fish eggs and larvae. Field observations indicate that at high abundances, jellyfish
may consume up to 10-30% of the daily ration of fish larvae [3]. Despite the availability of biological observations, a
quantitative assessment of the impact of jellyfish on fish stocks remains insufficient [4-7].

This study presents a mathematical model describing the dynamics of a fish community while explicitly accounting
for competitive and predatory pressure exerted by jellyfish. The model enables the estimation of critical jellyfish biomass
thresholds at which the productivity of valuable and commercially important fish species in the Azov Sea becomes
suppressed [8]. Therefore, the emergence of scyphozoan jellyfish as invasive species may lead to a sudden depression of
the state of the main bioresources of the Azov Sea.

Materials and Methods. To quantitatively assess the impact of scyphozoan jellyfish (Aurelia aurita and Rhizostomeae)
on fish communities of the Azov Sea, a dynamic model was developed describing the interaction of three key ecosystem
components: Z(f) — zooplankton concentration (resource), F(f) — biomass of the fish community, J(f) — biomass
of scyphozoan jellyfish. The model incorporates two primary mechanisms by which jellyfish affect fish populations:
competition for a shared food resource—zooplankton, and direct predation by jellyfish on fish eggs and larvae. The
structure of these interactions is illustrated in Fig. 2.

In Fig. 2, the following notations are used: (1) consumption of zooplankton by scyphozoan jellyfish; (2) consumption
of zooplankton by fish communities; (3) predation by scyphozoan jellyfish on fish eggs and larvae; (4) influence of
changes in external environmental factors (temperature, salinity, etc.); (5) influence of terrestrial-driven environmental
changes (anthropogenic pressure, river runoff, eutrophication).
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“
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Fig. 2. Structural scheme of trophic interactions between jellyfish, fish, and zooplankton

The biological kinetics model is based on well-established approaches [9, 10] and has the following form:

%+ua_z+v6_z+(w+w )a_Z—i( a—Zj-l-i a_Z +i v a_Z +
o ox oy 2o, T\ M e )T\ My [T ez ez TV
a_F+ua_F+Va_F+(W+W )a_F—i( a—Fj+i a_F +
ot “ox oy oz e\ ax ) o\ My )TV
ﬂ+ua_J+va_J+(w+w )8_J—i( a_Jj+i a_J +
ot ox oy oz ) o\ My )T 0
_rz(l_gj_ a,FZ  b,JZ
V2 K) TihaZ 1+hh2

a,FZ b,FZ
=o| —4=— |~d,F—¢JF, y, =B| —4—"— |+8JF -d,J.
Ve [1+huazzJ g Vs B(Hhhbzz !

In system (1), the following notations are introduced: u = (u, v, w) — velocity field of the water flow; Wy, — settling
(sedimentation) velocity of substance @, o{Z, F, G}; Ry Vo — diffusion coefficients of substance @, pe {Z, F, G} in the
horizontal and vertical directions, respectively; » — intrinsic growth rate of zooplankton; K — environmental carrying
capacity; a, — grazing (consumption) rate coefficient of zooplankton by fish; b, — grazing (consumption) rate coefficient
of zooplankton by jellyfish; # — food handling time for fish; 4, — food handling time for jellyfish; o — fish biomass
growth coefficient (zooplankton-to-fish conversion efficiency); d, — natural mortality coefficient; ¢ — fish biomass loss
coefficient accounting for jellyfish predation on fish eggs and larvae; p — jellyfish growth coefficient; 6 — nonlinear
predation coefficient; ¢, — jellyfish mortality coefficient.

Let I" denote the boundary of the spatial domain G, G = G \U I; where ¢ is the lateral boundary surface, £, is a part
of the free water surface, and X, — is the bottom surface. I'=cUX  UZX, .

We specify:

— initial conditions at £ =0

0(x,,2,0) =0, (x,7.2); Q)
— boundary conditions on the lateral surface ¢ at any time ¢ x (0,7]
op .
a—n—O, if (ll1~,n)<0, (3)
a—(P:—u—rcp if (u;,n)>0 (4)
an ) T s

®

where n is the outward unit normal vector to the boundary of the domain o; u,.is the fluid velocity vector on the boundary S;
u, — is the normal component of the flow velocity n at the domain boundary G;
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— boundary conditions at the water surface

o¢
= (5)

— boundary conditions at the bottom surface %, x(0<¢<T]

%
on
To investigate the dynamics of the considered hydrobionts of the Azov Sea ecosystem and to identify the key patterns
governing the interactions between scyphozoan jellyfish and fish communities, a qualitative analysis of the proposed
nonlinear system of ordinary differential equations is performed. The main focus is placed on the identification of equilibrium
states (steady states) and on the analysis of their stability based on the Jacobian matrix. This approach makes it possible to
determine the conditions under which coexistence of the selected ecosystem components is feasible, as well as to identify
threshold parameter values beyond which a transition to an alternative stable state occurs, such as jellyfish dominance.
Let us consider system (1). The equilibrium states of the system are determined by setting all right-hand sides equal to zero:
az_ dF_ 4 _
e dt O dt
We examine four biologically relevant cases.
1. Trivial equilibrium £, = (X,0,0).
This equilibrium corresponds to the absence of both fish and jellyfish populations, while zooplankton reaches the
carrying capacity of the environment. Substituting ' =0, J= 0 into system (1) yields:

= - % o, (pe{Z,F,J}. (6)

i

s — Y

rZ@—ZJ:m:Z:K.
K

Hence, E, = (K,0,0) is an equilibrium point. To analyze its stability, we compute the coefficients of the Jacobian matrix
in a neighborhood of £ :

oZ 0oZ o7

oz oF oJ
HE)=| L L L

oZ OF doJ

oJ o dJ

AT

After computing the partial derivatives and substituting the equilibrium values, we obtain:

L 4K K
1+h,a,K 1+hb,K
J(E)=| 0 oK 4 0
1+ha,K
0 0 K4
1+ hb, K

Since the Jacobian matrix is upper triangular, its eigenvalues are given by the diagonal elements:

a,K —d, =B b,K

A =-r<0A, =0—"—— —F———d,.
1+ h,a,K 1+hb,K

The equilibrium £, is asymptotically stable if A, <0 and A, <0, i.e.

a,K <d,,p b,K

o—*4i—— —~4—<d,,at a>0,B>0.
1+h,a,K 1+ hb,K

These inequalities define threshold values of the carrying capacity K, below which neither fish nor jellyfish are able
to colonize the ecosystem. When these thresholds are exceeded, the equilibrium £, becomes unstable, and growth of one
or both populations is initiated.

2. Fish-only equilibrium £, = (Z;,F*,O).

Next, we consider the case where jellyfish are absent, i. e., J = 0, F > 0. This corresponds to a state in which the fish
community is established and maintained through interaction with zooplankton. From system (1), we obtain:

Lomrr1- L) L
dt K) l+ha,Z
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F FK K VA
LN/ S 4K %z 4
dt 1+ h,a,K 1+ h,a,K I+ha,Z o
Solving the corresponding equations yields:
Z, = 4 (upon conditiona. > h,d).
a,(a—hd,)

Substituting Z, into the first equation allows us to determine the equilibrium fish biomass F". Thus, a nontrivial

equilibrium £, = (Z;,F ,O), exists provided that d,. < (x . The stability of £, depends critically on the ability

_ Y

+h,a,K
of jellyfish to invade this equilibrium. If B
that the equilibrium is unstable.

3. Jellyfish-only equilibrium E, =(Z;,0,J ) .

We now consider the case opposite to the fish-only equilibrium, namely F = 0, J > 0. This state corresponds to
domination of jellyfish communities. Substituting /' = 0 into system (1) yields:

A AN
dt K) 1+hZ

ﬂzO:BL:dJJzﬁ z =d, = z :d—J.
dt 1+hZ B
From the remaining equations, we obtain:
Z, = 2
(B-hd,)
Substituting Z; into the first equation, we obtain the equilibrium jellyfish biomass J*. Thus, a jellyfish-only equilibrium
E, = (Z;,O,J *) , exists, corresponding to the exclusion of fish by jellyfish. The stability of £, in this case depends on the

m >d,, then jellyfish can successfully invade the system, implying

(upon condition B> hd,).

VA
impact of fish; specifically, if a% >d,., then fish are able to invade the system and begin displacing jellyfish,
aaZ J

which implies that the equilibrium is unstable.
4. Coexistence conditions and bifurcation.
Coexistence of fish and jellyfish is possible provided that the following conditions are simultaneously satisfied:

i>d1¢ +¢&J, Bb—Z+8F>d
l+h,a,Z 1+hb,Z
However, numerical analysis indicates that the coexistence region is narrow. As the parameters JJ and b_increase, the
system loses stability and competitive exclusion occurs, resulting in /' — 0. The critical jellyfish biomass threshold at
which this transition takes place can be estimated from the condition:
a,Z

=d, +¢J.
1+ ha,Z

For a fixed value of Z ~ Z,, this equation yields a threshold value, exceeding this value renders the persistence of the
fish community impossible.

After analyzing the stability of the equilibrium states, we proceed to a qualitative analysis of the system dynamics,
which allows visualization of typical ecosystem trajectories and identification of key behavioral scenarios. To this
end, phase portraits are constructed in the projection of fish biomass F" and scyphozoan jellyfish biomass J at a fixed
zooplankton level Z, This corresponds to a quasi-stationary approximation (dimension reduction), which is commonly
employed in models of biological kinetics [11]. We consider a simplified system describing the dynamics of F and J at a
constant zooplankton concentration Z= Z":

AF _o| 47\ p_er,
dt 1+ ha,Z
b,FZ" @
=B| —4—— |+3JF -d,J.
dt 1+hb,Z

This approach eliminates the fast zooplankton dynamics and focuses attention on the long-term interaction between
jellyfish and fish under a given level of ecosystem productivity. Fig. 3 presents the phase portrait of system (7) for Z* = 1.5
(dimensionless units).
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Analysis of the phase portrait reveals the presence of two attractors:

1. A stable equilibrium characterized by fish dominance, which is observed at low initial jellyfish biomass.

2. A jellyfish-dominated state, which is reached when the jellyfish biomass exceeds a critical threshold.

Between these attractors lies the boundary of the basins of attraction, which determines which of the two scenarios
is realized depending on the initial conditions. This behavior indicates the existence of alternative stable states in the
ecosystem: under identical external parameters, two qualitatively different equilibrium regimes may occur.

Phase portait of the system (F, J) at Z" = 1.5

2.5 .
Start trajectory: to the fishes
Start of the trajectory: to the jellyfish
Trajectory: Fish Dominance
Trajectory: Jellyfish Dominance
2.0
~
72}
2 15
g
2
O
<
&
> 1.0
©
-
0.5
0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0

Fish biomass F

Fig. 3. Phase portrait of the system in the (F, J) plane at Z* = 1.5 (dimensionless units)

To quantitatively assess the transition between these regimes, a bifurcation diagram was constructed, representing the
dependence of the equilibrium fish biomass on jellyfish biomass (Fig. 4). Such behavior is typical of systems with positive
feedback mechanisms: an increase in jellyfish abundance leads to a decline in zooplankton growth and elevated mortality
of fish larvae, which in turn reduces competition for food resources and promotes further growth of the jellyfish population.
As a result, the transition to the alternative state becomes weakly reversible in the absence of external intervention, such
as mitigation of eutrophication in the aquatic ecosystem [12—14].

a Bifuraction diagram: the impact of jellyfish on the fish community

E (@t Z =1.5,K=20,d,=0.635)

Té 1.6 Sustainable F~ (fish survive)

. 8 Zero F~ (jellyfish dominante)

g 1.4 Treshold J, = 1.04 conventional units
2 .

g 1.2

K10

=

< 0.8

B

2 0.6

£ 04

s

% 0.2

£ 0.0

g 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
|83

Jellyfish biomass J (conventional units)

Fig. 4. Bifurcation diagram showing the equilibrium fish biomass as a function of jellyfish biomass

The obtained results confirm that the Azov Sea ecosystem can exist in two alternative stable states:
— a fish-centered state (at moderate jellyfish abundance);
— a jellyfish-centered state (when jellyfish abundance exceeds a critical threshold).
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Thus, phase-plane analysis clearly demonstrates the risk of ecological collapse and highlights the necessity of
continuous environmental monitoring and ecosystem management in the Azov Sea [9, 10].

Results. Numerical modelling of the Azov Sea ecosystem dynamics for the period from July 1 to August 31, 2025
revealed a substantial impact of scyphozoan jellyfish (Rhizostomeae and Aurelia aurita) on the state of the fish community
through a combined effect of competition for zooplankton and direct predation on early life stages of fish. The initial
conditions were chosen to represent a typical ecosystem state at the beginning of July, when jellyfish begin active
reproduction, while fish populations exploit high plankton productivity to support juvenile growth [15].

The key model parameters were specified as follows:

» r=0.8 day ! — zooplankton growth rate, corresponding to elevated water temperatures (22—26 °C) and high nutrient
availability due to eutrophication;;

* K = 2.0 dimensionless units — environmental carrying capacity, reflecting the maximum sustainable zooplankton
biomass in the coastal zone;

*a_=1.2; b =2 — zooplankton consumption rates by fish and jellyfish, respectively. The value accounts for the high
filtration capacity of Aurelia aurita, which is capable of processing large volumes of water;

*h,=0.9; h, = 0.3 — food handling times. The lower value indicates the higher efficiency of jellyfish as filter feeders
compared to fish;

*a=0.3; p= 0.4 — food-to-biomass conversion efficiency coefficients. The coefficient is higher for jellyfish, reflecting
their lower energetic costs for maintenance metabolism;

* 3 =0.03 — additional jellyfish biomass gain due to consumption of fish eggs and larvae, characterizing their predatory
activity;

*d.=0.05; d,= 0.635 — natural mortality rates. Jellyfish mortality increases toward the end of August as a result of
strobilation and post-reproductive senescence;

* £ =0.15 — predation coefficient of jellyfish on fish larvae.

The temporal dynamics of all three system components — zooplankton, fish, and jellyfish — are illustrated in Fig. 5.

Dynamics of the Azov Sea ecosystem (July-August 2025)
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Fig. 5. Results of the numerical experiment illustrating the dynamics of the main hydrobionts and scyphozoan jellyfish
in the Azov Sea ecosystem

The numerical simulations show that, for an initial jellyfish biomass of 0.3 (dimensionless units) and under favorable
environmental conditions (high water temperature and eutrophication), jellyfish abundance increases by more than
threefold by the end of August. This growth leads to a sharp reduction in zooplankton availability and a pronounced
suppression of fish biomass growth. The obtained results demonstrate a transition of the ecosystem to a state in which
jellyfish temporarily dominate the trophic structure, thereby limiting the recovery of fish populations.

Discussion. In this study, a mathematical model describing the complex trophic interactions between scyphozoan
jellyfish and fish communities in the Azov Sea ecosystem was developed, analyzed, and numerically implemented. The
proposed model explicitly accounts for both competition for a shared resource—zooplankton—and direct predation by
jellyfish on the early life stages of fish, which makes it more realistic than classical “resource—consumer” systems.
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The results of numerical experiments for the period July-August 2025 indicate that mass proliferation of jellyfish can
lead to a substantial suppression of the productivity of valuable and commercially important fish species, especially under
conditions of ongoing eutrophication and increasing water temperature. This points to a risk of a persistent shift of the
ecosystem toward a jellyfish-dominated regime, which reduces both ecosystem resilience and fisheries value.

Conclusion. Mathematical modelling confirms the necessity of comprehensive monitoring of gelatinous invasive
species and their integration into environmental management frameworks for marine resources in southern Russia. The
proposed model can be used as a tool for forecasting ecosystem states, assessing the effectiveness of environmental
protection measures, and substantiating the management of fishing pressure in the region. In future work, the model may
be extended by incorporating seasonal variability of external factors and the influence of climate change [16].
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Abstract

Introduction. The Taganrog Bay of the Azov Sea is one of the most eutrophic and ecologically vulnerable water areas
in Russia, where massive blooms of toxic cyanobacteria (Microcystis, Aphanizomenon, Anabaena, Nodularia) regularly
occur during summer. Their proliferation is accompanied by the accumulation of cyanotoxins (microcystin, anatoxin,
cylindrospermopsin, saxitoxin), posing a serious threat to public health. This paper considers an approach to the biological
rehabilitation of the bay based on the controlled introduction of the freshwater green microalgae Chlorella vulgaris, which
competes with cyanobacteria for nutrients. The aim of the study is to develop and apply a comprehensive mathematical
model describing phytoplankton kinetics and substance transport processes under conditions of increasing bay salinity, as
well as to assess the ecological-hygienic and medical consequences of the proposed method.

Materials and Methods. The research object is the Taganrog Bay of the Azov Sea. The modelling is based on the three-
dimensional hydrodynamic model “Azov3D”, previously used to calculate currents and vertical mixing under conditions
of changing salinity. Water environment parameters (salinity, temperature, current velocities) were used as input data for
solving the linearized hydrobiological problem. The source of bathymetric data was digitized nautical charts processed
using automated depth recognition algorithms. The model grid was generated considering the actual coastline configuration
and bottom topography. Calculations were performed on the computing cluster of the Southern Federal University. The
numerical method is based on finite-difference schemes previously applied for hydrobiological calculations in the Azov Sea.
Results. 1t is shown that a 30% increase in salinity leads to a shift in the cyanobacteria habitat from the Azov Sea water
area to the eastern part of the Taganrog Bay, which is consistent with hydrological observations. Model calculations
demonstrate an increase in the proportion of green algae with the controlled introduction of Chlorella vulgaris cultures,
reflecting the potential for biomelioration. The forecast of the spatial distribution of populations shows stable dominance
of green and blue-green algae, constituting 60—70% of the bay’s phytoplankton biomass, under various impact scenarios.
Discussion. The results indicate that mathematical modelling is an effective tool for predicting the dynamics of
phytoplankton populations under changing hydrological conditions. The model allows for assessing the influence of
biological regulation and salinization scenarios, providing a basis for management decisions in the field of ecological
rehabilitation of water bodies.

Conclusion. The application of Chlorella vulgaris may be a promising biomelioration method but requires further
verification based on field observations and controlled field experiments. The modelling results indicate the possibility of
adaptive ecological management of the Taganrog Bay and minimizing the risk of toxic blooms.

Keywords: phytoplankton dynamics, Chlorella vulgaris, eutrophication modelling, hydrodynamic model, convection-
diffusion equations, substance transport, cyanobacterial bloom, numerical modelling, biological regulation, Taganrog Bay
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AHHOTAI A

Beeoenue. Taranporckuii 3aTUB A30BCKOTO MOPSI SIBIISIETCS OTHON M3 HanOosee ABTPO(HBIX M SKOJOTHUECKH YI3BUMBIX
akBaropuii Poccum, Trie B JIETHHH NeproAa peryasipHO (GOpMHUPYIOTCS MacCOBBIC IIBETEHHs TOKCHYHBIX IMaHOOAKTEepHit
(Microcystis, Aphanizomenon, Anabaena, Nodularia). VIX pa3BUTHE COMPOBOXKIAETCS HAKOIUICHHEM IMAaHOTOKCHHOB
(MUKPOLIMCTHH, aHATOKCHH, [IMJIMHAPOCIEPMOIICHH, CAKCUTOKCHH ), IPEACTABIISIONINX CEPhE3HYIO YrPpO3y AT 3110POBbS
HaceseHus. B pabore paccmarpuBaeTcs MOAX0A K OMOJIOTHYECKO peadHMiIMTalyy 3ajliBa Ha OCHOBE KOHTPOJIHPYEMO-
r0 BHECEHHS MIPECHOBOIHBIX 3€JAEHBIX MUKpoBomopocieit Chlorella vulgaris, KOHKypUPYIOIIUX C I[HAHOOAKTEPUAMH 32
OuoreHHbIC 31eMEHTHI. Llenb uccieoBaHus 3aKII04aeTCs B pa3paboTke M MPUMEHEHNH KOMIUICKCHOH MaTeMaTH4eCcKOH
MOJIEJIH, ONUCHIBAIOIIEH KMHETHKY (DPUTOTUIAHKTOHA M TPOIIECCHI NIEPEeHOCa BEIECTB B YCIOBHUIX OCOJOHECHUS 3aJIMBa, a
TAaKXEC B OLICHKEC 3KOJIOTO-TUTUCHHUYCCKUX U MCANLIMHCKUX HOCJ'IeI[CTBI/Iﬁ MPEATIOKEHHOTO METOAA.

Mamepuanst u memoost. OOBEKTOM HCCIEIOBAHUS ABIsieTCS TaraHporckuid 3anuB A30BCKOTO Mops. MoaennpoBaHue
BBINOJTHEHO Ha OCHOBE TPEXMEPHOH rHIpoquHaMHYeckol Monenu «Azov3Dy, panee IpuMeHEHHOH [Tl pacyéToB Tede-
HHUH ¥ BEPTUKAJIBHOTO NIEPEMEIINBAHNS B YCIOBHUAX M3MEHsIOIIEHCs conéHocTh. [lapameTps! BogHOM cpeabl (CONEHOCTS,
TeMIlepaTypa, CKOPOCTH TEUEHH) MCIIOIb30BAINCh KaK BXOAHBIC J@HHBIC IJISl PEIICHHS JIMHEapH30BaHHOW I'MIpPOOH-
OJIOTMYECKO# 3aaun. VICTOUHHK GaTHMETPHUYECKHMX JTAaHHBIX — OLM(POBaHHBIC JIOIMAHCKHE KapThl, 00paboTaHHbIE C
NPUMEHEHNEM aBTOMaTU3MPOBAHHBIX aJITOPUTMOB pacno3HaBaHus yOuH. CeToyHasi 0CHOBa MOJIeNU pOpMHUPOBAIIACh C
yu€TOM peanbHON KOH(UTYparuu OeperoBoil IMHUK U peibeda aHa. PacuéTpl BRINONHIINCH HA BEIYUCINTEIBHOM Kila-
crepe lOxHoro denepanpHoro yHuBepcuTeTa. UncneHHbIH METOI OCHOBaH Ha pa3HOCTHBIX CXeMax, IPUMEHIEMBIX paHee
JUISl TUIPOOHONIOTUYECKUX pacyEéTOB B A30BCKOM MOpE.

Pezynomamut uccnedosanus. Ilokazano, yto yBennueHue coa¢Hoctd Ha 30 % MPUBOIUT K CMEIIECHHIO apeasa IHaHo-
GakTepHii N3 aKkBaTOpUN A30BCKOTO MOpPS B BOCTOUYHYIO YacTh TaraHporckoro 3ajivBa, YTO COINIACYETCS C THIPOJIOrnye-
CKUMH HaOmoneHmsIMA. MoienbHbIe pacdEThl IEMOHCTPUPYIOT YCHICHHUE JOIH 3eJIEHBIX BOIOPOCIIECH NMPH KOHTPOIHUPY-
eMoM BHeceHHH Kyneryp Chlorella vulgaris, 4To oTpakaeT MOTEeHIIHAN OnoMenuopanui. [IporHo3 mpocTpaHCTBEHHOTO
pacripezeneHus NOMyJISIUN T0Ka3bIBaeT YCTOWYNBOE JOMUHUPOBAHNE 3€JICHBIX U CHHE3EIICHBIX BOIOPOCIIEH, COCTaBIs-
tommx 60—70 % Ouomacchl PUTOINIAHKTOHA 3aJIMBa, [IPU PA3IMYHBIX CIIEHAPHSIX BO3/ICHCTBUSL.

Oécyscoenue. Pe3ynbTaThl OKA3bIBAIOT, YTO MATEMaTHIECKOE MOICTMPOBAHUE SABIIETCS d3P(PEKTUBHEIM HHCTPYMEHTOM
JUIS| TPOTHO3UPOBAHMSI IMHAMUKY (PUTOTIIIAHKTOHHBIX HOMYJISIIIMI B YCIIOBUSIX M3MEHSFOLIEHCS THAPOIOTruy. Mogiess rmo-
3BOJIICT OLICHUTDH BJIIMAHUC OMOIOTHYECKOI peryimauuu 1 CUCHAPUCB OCOJIOHCHUA, TIPEAOCTABIIAA OCHOBY JJIA IPUHATUA
YTIPaBICHYECKNX PEIICHNH B C(epe IKOIIOTHUECKOTO 03/10POBICHHS BOTOEMOB.

3aknrwuenue. lpumenenne Chlorella vulgaris MoxxeT OBITh IEPCIIEKTUBHBIM METOJIOM OMOMENTHOPALMHI, OHAKO TpeOyeT
JaybHEHIIeil MPOBEpKH ¢ OTIOPOil Ha HATypHBIE HAOMIOAEHUS M KOHTPOJIMPYEMBIC TTOJIEBbIE IKCIIEPUMEHTHI. MoIeIbHbIe
pe3yabTaThl YKa3blBalOT Ha BO3MOXKHOCTH a/IalITHBHOTO SKOJIOTHUYECKOTO YNpaBieHUs] TaraHpOrcKUM 3aJMBOM M MHUHH-
MH3alMHU PUCKA TOKCUYHBIX [[BETCHUH.

KuaoueBble ciioBa: nuHamuka ¢urorutankrona, Chlorella vulgaris, MonenupoBanue 3BTPOGUKALUK, THIPOJHHAMHYE-
CKasi MOJIelTb, YPaBHEHUs KOHBEKIMH-TU(P(DY3UH, IEPEeHOC BELIECTB, IBETCHUE HIUAHOOAKTEePHUil, YHCICHHOE MOJEIHPO-
BaHMeE, OMOJIOTHYECKas perymsiius, TaraHporcKui 3aJIKB

BaaropapHocTH. ABTOPBI BRIPAXKAIOT UCKPEHHIO OnaronapHocTh CyXuHOBY AJekcaHapy BaHOBHUY, TOKTOPY (H3H-
KO-MaTeMaTHYEeCKUX Hayk, Ipodeccopy, WieH-KoppecnoHaeHTy PAH 3a BHUMaTenpHOE OTHOIICHHE W IIOMOIIb B paboTe,
KOHCTPYKTHBHBIC 3aMEUYaHUs U LICHHBIE PEKOMEHJAllNH, KOTOPHIE CIIOCOOCTBOBAIIH YITyUYIICHHIO KaY€CTBA UCCIICIOBAHMS.
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Jst uurupoBanusi. benosa 0.B., Konrynosa O.B., 'adyeBa M.J1. Maremarnueckoe MONEIMPOBaHNE MHBA3HH 3€IEHBIX MUKPO-
BOZOpOCIEH 1 0310pOBJIeHNs TaraHpOrckoro 3ajiMBa: KOJIOTO-THTHEHMYECKIE 1 MeIUIMHCKUe nocnenctsus. Computational
Mathematics and Information Technologies. 2025;9(4):56—67. https://doi.org/10.23947/2587-8999-2025-9-4-56-67

Introduction. The Azov Sea, and particularly the Taganrog Bay, is among the most eutrophic and ecologically
vulnerable water areas in Russia. The influx of nutrients from the Don River basin, high water temperatures in summer,
and limited water exchange lead to the massive proliferation of cyanobacteria (Microcystis, Aphanizomenon, Anabaena,
Nodularia) [1-3]. A number of cyanobacteria produce toxic metabolites—microcystins, nodularin, cylindrospermopsin,
saxitoxin—which pose a threat to human health [4-8]. The blue-green (cyanobacterial) algae Microcystis aeruginosa,
Aphanizomenon flos-aquae, and representatives of the genus Anabaena are the primary species forming massive “blooms”
in the freshened zone of Taganrog Bay [9—-12]. Upon the decay of these organisms, anatoxins a and a(s), which affect the
nervous system, appear in the water. It was previously hypothesized that poisoning by decomposing cells of blue-green
algae causes the so-called Haff disease [2].

Monitoring by the Southern Scientific Centre of the Russian Academy of Sciences indicates that peak phytoplankton
concentrations, primarily cyanobacteria, in the Taganrog Bay reach levels classified by the WHO as posing a high risk
to the population during swimming and water contact [2—4]. The concentration of toxic algae, primarily cyanotoxin
producers, can be reduced through the spatially distributed introduction of biologically significant quantities of the green
microalgae Chlorella vulgaris, which provides effective competition for nutrients. This paper presents a hydrobiological
model and the results of numerical modelling of various scenarios for the spatial distribution of green algae to achieve
acceptable ecological and hygienic outcomes through biological regulation of cyanobacterial abundance.

We present initial data illustrating the biological and ecological-hygienic characteristics of toxic microalgae species
(hydrobiota) in the Taganrog Bay. According to long-term observations by the SSC RAS [2, 3], the background summer
phytoplankton abundance ranges from 7.5-53 thousand cells/ml, reaching up to 152 thousand cells/ml during peak blooms (2015).
The corresponding biomass is 23.8 g/m? [2]; the maximum biomass over the long-term period is 70-80 g/m* [3]; and the
proportion of cyanobacteria in the biomass structure reaches 90% [2, 3]. Such concentrations correspond to harmful algal
blooms (HABs) and, according to the WHO classification presented in Table 1, belong to levels at which adverse health
effects for the population are possible [4].

Table 1

Cyanobacterial Concentrations and WHO Risk Classification
Indicator Concentration Conditions Risk (WHO) Sources
Background Abundance 7.500-53.000 cells/ml | Summer Low [2, 3]
Peak Bloom Abundance ~152.000 cells/ml Taganrog Bay High (> 100.000) [2]
Biomass (background) 0.9-5.5 g/m? Summer Low [2]
Biomass (bloom) 23.8 g/m? Bloom Moderate—High [2]
Long-term Maximum 70-80 g/m? Azov Sea HAB (Harmful Algal [3]
Biomass Bloom)
Microcystin-LR (Drinking 1 pg/L Water Acceptable [4, 5]
Water MPC)
Microcystin-LR (Recreational | > 20 pg/L Bathing Hazardous [4]
Water)

(MPC — Maximum Permissible Concentration)

Currently, the following pathways of cyanotoxin impact on humans are known: dermal contact (cutaneous pathway),
inhalation, hemodialysis, and ingestion (oral pathway). When distinguishing these pathways, it should be noted that
several routes of exposure can act simultaneously on a person. Cases of skin irritation and allergic reactions following
contact with cyanobacteria in marine coastal waters have been recorded for at least 30 years. Symptoms have included
rashes, blisters, allergic reactions resembling hay fever, asthma, conjunctivitis, and irritation of the ears and eyes. In eighty-
five percent of patients, following initial neurotoxicosis, toxic symptoms developed, including painful hepatomegaly,
as well as biochemical and histological signs of liver damage. Sixty fatalities were reported, caused either directly by
hepatotoxicity or indirectly by complications including gastrointestinal bleeding, sepsis, and cardiovascular problems [8].


https://rscf.ru/project/22-11-00295/
https://doi.org/10.23947/2587-8999-2025-9-4-56-67

Belova Yu.V. et al. Mathematical Modelling of Green Microalgae Invasion ...

A study by A.Yu. Zhidkova et al. showed that an increase in the level of eutrophication in the Taganrog Bay is accompanied
by a rise in gastrointestinal diseases, skin conditions, and allergic reactions among the population of coastal areas [1]. The
authors note a direct link between the deterioration of water quality and the dynamics of visits to healthcare institutions.

An increase in acute allergic and toxic reactions during swimming should also be noted. At cyanobacterial
concentrations exceeding 20—100 thousand cells/ml (levels typical for the Taganrog Bay in summer), the following are
possible: skin itching, dermatitis, rashes, conjunctivitis, rhinitis, cough, throat irritation, asthma exacerbation, nausea,
vomiting, and diarrhea from accidental water ingestion.

These effects are described in reports by the WHO and EPA [4, 7, 8] and are supported by statistically robust data for
the region adjacent to the Azov Sea coast [1, 2]. Particular attention is drawn to cases of severe and acute intoxications,
including those leading to hepatotoxic effects (microcystin, nodularin). Confirmed cases of consequences, including acute
toxic hepatitis, a sharp increase in transaminase, damage to liver vessels, hemorrhagic necrosis, and others, are detailed in
works [4, 6, 8]. To ensure the integrity of the analysis, both acute neurotoxic effects (saxitoxin, anatoxin) and hepato- and
nephrotoxic effects, as well as long-term chronic consequences of cyanotoxin exposure, including potential carcinogenic
risks, have been considered. Summary data on cyanobacterial and cyanotoxin concentrations, the nature of toxic action,
and possible clinical manifestations are presented in Table 2.

Thus, harmful cyanobacterial blooms pose a significant threat to the health of the Azov region>s population and
require systematic monitoring and prevention. Mathematical modelling is a relatively inexpensive, rapid, and accessible
method for forecasting adverse situations associated with abundant cyanobacterial blooms in summer.

A number of domestic and international publications are devoted to modelling blooms of potentially harmful
cyanobacteria. In [13], the influence of phosphorus on stimulating the development of blue-green algae is investigated.
The article [14] presented a non-stationary three-component mathematical model of competition between two types of
phytoplankton, including toxic ones, and their grazing by zooplankton.

Table 2

Cyanobacteria and Cyanotoxin Concentrations, Types of Exposure, and Possible Clinical Manifestations in Humans

Cyanobacteria Concentration/ | Exposure Type Clinical Manifestations Sources
Toxin Level
7.5-53 thousand cells/ml Contact Mild skin reactions [2, 3]
~152 thousand cells/ml Bathing Rash, itching, gastrointestinal [1,2,4]
disorders
20-80 g/m* biomass Repeated contact Diarrhea, vomiting, dermatitis [3,4]
Microcystin-LR > 1 pg/L Drinking water Hepatotoxicity [4, 5, 6]
Microcystin-LR > 20 pg/L Bathing Acute intoxication [4]
Saxitoxin > 3 pg/L Ingestion via water/fish Neurotoxic symptoms, paralysis [7]
Cylindrospermopsin ~1 pg/L Contact, water Hepato- and nephrotoxicity [9]
Chronic low doses Long-term residence Increased risk of oncological and |[1, 8]
chronic diseases

One of the methods for limiting mass cyanobacterial blooms is the biological regulation (biomelioration) of water
bodies through the controlled introduction of cultures of the green microalgae Chlorella vulgaris [15]. The essence of
the method is that green algae are introduced into the water body before the beginning of the blue-green algae growing
season, where they absorb most of the nutrients, thereby limiting or even stopping the reproduction and growth of harmful
cyanobacteria. In turn, green microalgae serve as a food base for zooplankton and juvenile fish, contributing to the
stabilization of the water body»s trophic structure [16]. At typical concentrations, no negative impact of green algae
on the aquatic ecosystem or harmful effects on human health have been detected. Furthermore, green algae have found
application in agriculture as fertilizers, feed additives for livestock, and for wastewater treatment [17].

However, it is important to distinguish between the controlled introduction of Chlorella vulgaris cultures for
biomelioration and the uncontrolled mass development of green algae. The latter can deteriorate the organoleptic
properties of water, increase the concentration of dissolved organic matter, and promote bacterial contamination, which
in turn leads to an increase in the formation of disinfection by-products during chlorination [5-7, 9]. These effects are not
attributable to biomelioration biotechnology but to spontaneous green algal blooms under conditions of nutrient excess.

Given the pronounced eutrophication of the Azov Sea coastal waters, the use of green microalgae Chlorella vulgaris
as a biological regulator of cyanobacterial abundance is of particular interest. Results from laboratory and semi-
field experiments show that during co-cultivation of Chlorella vulgaris and toxic species (Microcystis aeruginosa,
Aphanizomenon flos-aquae, Anabaena spp.), pronounced competition for available forms of nitrogen and phosphorus is
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observed, leading to a reduction in cyanobacterial growth rates and partial cell death within several weeks of the growing
season. These data allow the consideration of controlled green microalgae introduction as a potential tool for biological
regulation, the effectiveness of which is largely determined by the spatial distribution of biomass, initial phytoplankton
concentrations, and the level of nutrient loading [18, 19].

In view of the above, the mathematical modelling of biological water body rehabilitation is a relevant task and is of
interest from the perspective of regulating blue-green algae abundance under conditions of their geographically distributed
introduction into the aquatic environment of the Taganrog Bay. The aim of this work is to conduct mathematical modelling
of the remediation of the Taganrog Bay through the introduction of green microalgae and to assess the ecological-hygienic
and medical consequences.

To achieve this aim, the authors of this study propose using a complex of mathematical models of phytoplankton
population dynamics and hydrodynamics, accounting for advective and diffusive transport, weather conditions, geometry
of the computational domain, growth limitation of microalgae by nutrient availability, and salinity and temperature
regimes [20]. Modern finite-difference schemes and numerical methods were used to solve the stated problem.

Materials and Methods. The mathematical model of biological kinetics is based on the works of A.I. Sukhinov and
E.V. Yakushev [21, 22]. The mathematical model, the nonlinear right-hand sides of the equations, and the formulation
of the initial boundary value problem are described in detail in [22]. A brief description of the mathematical model and
its linearization are provided below.

This model is based on a system of unsteady convection-diffusion-reaction equations of parabolic type with nonlinear
source functions and first-order derivatives. Advective terms are presented in symmetric form, which guarantees the
skew-symmetry of the transport operator and enables a correct problem formulation. For each substance F, included in
the model, the equation has the form:

%+%(V-(Vq,)+(V~V)qi):div(k-Vql.)+Rq‘, (1)
where q is the concentration of the i-th (i = 1,_8) component, mg/L; V = {u, v, w} is the water flow velocity vector, m/s;
k= (k,, k,, k) is the turbulent exchange coefficient, m*/s; V denotes the gradient operator; (x, y,z) € G; 0<t<T; R, is
the source function of biogenic substances, mg/(L's); i € M, M= {F, F,, DOP, POP, PO,, NO,, NO,, NH,}; F, denotes
the concentration of green algae, F, — blue-green algae. The following biogenic components are specified: DOP refers
to dissolved organic phosphorus, POP — suspended organic phosphorus, PO, — phosphates, NO, — nitrates, NO, —
nitrites, N, — ammonium (ammonium nitrogen).
The biochemical interactions between the components of system (1), i. e., the right-hand side functions R, = qu.(x, ¥z 0,
are, in general, nonlinear dependencies that may depend on the temperature and salinity of the aquatic environment. They
have the following form:

K CF, (l_KF,R)qF: _KEDqE _KEE‘]E’ i=12,

3
Rpop = ZSPKF,E‘]F, +Kppdror = Kpydpors

i=1
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: flsll)(qNOJQNO,’QNH ) 9no (2
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f[\(/l) (qN()3 9o, »Dwn, ) 4o,

-K
N (qzvoz 4o, ’(’INH4) 4o, T o,
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where K, is the specific respiration rate of phytoplankton; K b is the specific mortality rate of phytoplankton; K
is the specific excretion rate of phytoplankton; K, o, 18 the spec1ﬁc rate of POP autolysis; K, is the specific rate of POP
phosphatefication; K, is the specific rate of DOP phosphatefication; K,, is the specific rate of ammonium oxidation to
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nitrites during nitrification; K, , is the specific rate of nitrite oxidation to nitrates during nitrification; S, S, are normalization
coefficients for the content of N and P in organic matter. The growth rate of phytoplankton populatlons is expressed as a

function dependent on salinity S and temperature 7T:
CF],z - KNF.,sz (T)fS (S)min {fP (‘]Po4 )) Sy (qzvo3 Ao, dvu, )} ,

where K, . is the maximum specific growth rate of phytoplankton.

The growth of microalgae also depends on the concentration of main nutrients — nitrogen compounds (nitrates,
nitrites, ammonia) and phosphorus (phosphates, dissolved organic phosphorus, suspended organic phosphorus). The
functional dependencies for these are written in the Michaelis-Menten form. All these factors are limiting, and their
influence reflects Liebig’s law.

The functional dependencies on abiotic factors are expressed by the following formulas:

£ (1) =exp(-a{(T-1,)/1,.) )

15(8)= exp(—b2 I(s-5,,) S{,ﬁ,}z),

k,, for §<8§

opt?

£5(5)= exp( { S /S }) for §>S

opt?

where k= 1; T, Snpt are the optimal salinity and temperature for the given aquatic species; a, > 0, b, > 0; i = 1,2
are coefﬁcwnts characterizing the width of the tolerance range of the aquatic organisms to sallnlty and temperature,
respectively.

For system (1), an initial boundary value problem is formulated with the addition of appropriate initial and boundary

conditions. The initial conditions for system (1) have the form:
ql.(x,y,z,O) =q,; (x,y,z), ieM,t=0, (x,y,z) ea,
V(%,5,2,0) =V, (x,,2), T(x,2,2,0) =T, (x,2,2), S(x,,2,0) =S, (x,»,2),

where G is the computational domain of the enclosed water body, bounded by the lateral surface (cylindrical surface) o,
the bottom 0Z, =0%,, (x, y) and >, — the undisturbed free water surface; X is the piecewise smooth boundary of G,
definedfor0<¢t<TatX=%X UX, Uo.

Taking into account the introduced notations, the boundary conditions for equation (1) are formulated as follows on c:

3)

q,=0,ifu <0,
% _, ifu, >0,
on
4)
9. -0 on xz,
0z
aq,
—~=—¢,q, on the bottom X,,,
0z

where ¢, are non-negative constants, i € M; g, account for the sedimentation of algae to the bottom, their sinking, and the
uptake of nutrients by bottom sediments fori € {F, F,}.

On a uniform temporal grid ®_= {t = nt, n =0,1..., N; Nt = T} within the interval 0 < ¢ < T the nonlinearity of the
right-hand side functions of the initial boundary value problem system (1)—(4) was linearized for the continuous model.
Solutions of the linearized problem will be denoted as functions of the form ¢, n = 1,2..., N taking into account the initial
and boundary conditions. The linearization involves specifying the concentration functions of the substances appearing in
the right-hand sides of the equations from the previous time layer ¢ . If n = 1, the known initial conditions (3) are used.

Let us formulate the non-linearized (original) system (1) as a chain of coupled initial-boundary value problems of the form:

9q; ]
o

whereie M, (x,y,z) € G,n=12..,N,t  <t<t,te o ={t =nt,n=,2..,N} with initial and boundary conditions

considered on the interval ¢ | <¢<¢ for each of the equations.

(le(V q, )+q leV) div(k~grad ql.")+R['1”, (5)
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Linearization involves specifying the concentration functions of the substances appearing in the right-hand sides of
the equations from the previous, relative to the current, time layer:

%ﬁ%(div(v q7)+4! divV)=div(k-grad g ) + R (©)

pn-1 ~n-1 .
R =R, (x,y,z,tn_,,ql. ), ieM.

n

Z.

(O]

It has been proven that the norm of the error tends to zero for any » and i under conditions motivated

by hydrophysical and biogeochemical constraints. Ineql-lalities have been obtained that guarantee the closeness of the
solutions of the linearized and nonlinear problems for each substance £, in L,(G) on a sequence of grids o_at t — 0:

< Gt .
L(G)  p=12,..N

"zl” (x,3,2,t,)

Cy=const>0

The presented mathematical model requires input data with initial values for the concentrations of the studied
substances, salinity, temperature, water flow velocities, etc. In 2022-2024, researchers from the Azov-Black Sea Branch
of FSBSI “VNIRO” — “AzNIIRKH” investigated the hydrobiological characteristics of the Azov Sea, particularly water
salinity and temperature. Values of salinity at the points of the hydrobiological survey grid are presented in [11]. Field
measurement data are consistent with the assumption of the authors of this article regarding a 30% increase in the salinity
of the Azov Sea, specifically in the Taganrog Bay, relative to normal values for the water body, as reflected in [10]. A
forecast of the development of the main phytoplankton population species during summer under various salinization
scenarios for the Azov Sea was also made.

As a result of the salinization of the Azov Sea, the habitat of blue-green algae has shifted to the eastern part of the
Taganrog Bay, while they are almost absent in the main part of the sea, which is confirmed by data from “AzNIIRKH” [10].

Taking into account the above, it can be assumed that the obtained phytoplankton population habitats under salinity
values increased by 30% from normal can be used as initial distributions of phytoplankton population concentrations for
conducting a computational experiment on the biological rehabilitation of the water body. The forecast of the geographical
position of phytoplankton populations shown in Fig. 1 reflects the ratio of green and blue-green algae, whose biomass in
the Taganrog Bay constitutes 60—70% of the total phytoplankton biomass [3].

1.832 3.037
3.9 39
6.5 6.5

9.1 1.374 91 2277
0.916 1.518
0.485 0.759
0.000 0.000

a) mg/l b) mg/l

Fig. 1. Phytoplankton population habitats in summer:
a — green algae; b — blue-green algae

At the beginning of the growing season, nutrients are abundant, entering the Taganrog Bay with the runoff of the
Don River during winter. At the start of the experiment, the distributions of major nutrients are set as uniform. The
phosphate concentration is 0.04 mg/L, and the nitrate concentration is 0.204 mg/L. According to data from “AzNIIRKH” [10],
the average phytoplankton biomass concentration in the Taganrog Bay is 1 mg/L, with cyanobacteria accounting for
70% of the biomass. The habitats of the initial phytoplankton population distributions are shown in Fig. 1, with the
maximum concentration of green algae being 0.1 mg/L and that of cyanobacteria 0.7 mg/L. For the experiment, the
optimal temperature for green algae is set at 25 °C, and for blue-green algae at 28 °C. The distributions of salinity and
temperature values input into the software module for modelling the biological rehabilitation of the water body are
shown in Fig. 2 [23].

When solving the linearized problem (1)—(10), the input data include the com-ponents of the water flow velocity vector
at the nodes of the hydrodynamic com-putational grid, calculated based on the 3D hydrodynamic model implemented in
the “Azov3D” software suite [24], as well as the values of salinity S, temperature 7, and calculated concentrations ¢,, at
the time 7. The boundaries of the computational domain were determined using depth values obtained from pro-cessing
navigational charts [25].
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20, %o 20,°C
15 15
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0 0
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Fig. 2. Initial data. Distributions of values:
a — salinity; b — temperature

The numerical solution of the problem involves constructing a discrete model (finite-difference scheme) using the
input data and applying a numerical method for solving the grid equations. The modelling domain is assumed to be
inscribed in a three-dimensional stepped region and is covered by a computational grid o xw,, uniform in time and the
three spatial directions:

o ={t =nt,n=0,1..,N,Nt=T},
0, = {xj, =j- hx,yk=k~hy, z,=1"h;j=0,1.,N, k= 0,1...,Ny,1= 0,1..., N},

where 7 is the time step; 0 < ¢ < T'is the time interval; & , & , h_are the steps in the spatial directions Ox, Oy, and Oz,
respectively; N, M ., N, are the maximum number of grid nodes in each spatial direction; L,L,L, are the maximum
dimensions of the computational domain in space.

The linearization discussed above allows obtaining a system of linear grid equations. The discretization of problem (1), based
on the system of convection-diffusion-reaction equations, is carried out using implicit monotonic schemes constructed on
hydrodynamic grids.

The biological rehabilitation experiment proceeds as follows: a suspension of green algae is introduced at the beginning
of their growing season, i. ., in March—April. By the start of the blue-green algae growing season (in May—June), the
green algae have consumed most of the nutrients, leaving insufficient amounts for a massive bloom of blue-green algae.

The chlorella suspension is best introduced into areas of the water body with the highest convection, such as river
channels, tips of spits, etc. The water flow velocity values were obtained from the “Azov3D” software suite, which
implements a three-dimensional unsteady mathematical model of hydrodynamics. In the Azov Sea, easterly and
northeasterly winds prevail from October to April. Such directions are formed under the influence of a spur of the Siberian
anticyclone [26]. Therefore, the flow pattern obtained under an easterly wind direction was chosen as input data for
conducting a computational experiment on the biological rehabilitation of the Taganrog Bay under conditions of increased
salinity. The flow pattern in the Azov Sea under an easterly wind speed of 5 m/s is shown in Fig. 3. Red dots mark
the locations of suspension introduction. The selection of points considered the flow velocities, the fact that Chlorella
vulgaris is a freshwater alga, and the accessibility for introducing the suspension from the shore. The concentration of
Chlorella vulgaris in the suspension is 1167 mg/L, the release rate is 5 L/s, with a total of 25 tons released, 2.5 tons at
each of the 10 release points.

4.822 m/s
3.617
2.411
1.206

0.000

Fig. 3. Flow pattern in the Azov Sea under an easterly wind of 5 m/s

Results. As part of this study, modelling of the biological rehabilitation of the Taganrog Bay under conditions of
salinization, based on the introduction of green microalgae, was conducted. As a result of the computational experiment,
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the authors obtained distributions of green algae and blue-green algae concentrations at time intervals of 15 days (Fig. 4)
and 30 days (Fig. 5) for a Chlorella vulgaris suspension concentration of 1167 mg/L and a total volume of 25 tons.

4.462 0.034
39 3.9
6.3 3.346 65 0.025
9.1
2.231 0.017
1.115 0.080
0.000 0.000
a) mg/l b) mg/l

Fig. 4. Concentration distributions 15 days
after introducing the Chlorella vulgaris suspension (concentration 1167 mg/L):
a — green algae; b — blue-green algae

1.475 1.349-1073
3.9 39
6.5 1106 1.012:10°%
6.5
9.1 9.1
0.737 6.745:10*
0.369 3.372-10*
0.000 0.000
a) mg/l b) mg/l

Fig. 5. Concentration distributions 30 days
after introducing the Chlorella vulgaris suspension (concentration 1167 mg/L):
a — green algae; b — blue-green algae

Fig. 6 shows the distributions of green algae and blue-green algae (surface layer) over a 30-day time interval for a
Chlorella vulgaris suspension concentration of 2333 mg/L and a total volume of 25 tons.

9.267 1.116:10°

39 6.950 39 8.370-10

6.5 6.5
9.1
4.634 9.1 5.580-10
2317 2.790-10~
0.000 0.000
a) mg/l b) mg/l

Fig. 6. Concentration distributions 30 days
after introducing the Chlorella vulgaris suspension (concentration 2333 mg/L):
a — green algae; b — blue-green algae

Fig. 4-6 depict the concentration values of the two microalgae species on the water surface.

Discussion. The concentration distributions of green and blue-green algae obtained from the modelling indicate the
success of the computational experiment on the biological rehabilitation of the Taganrog Bay for the given concentration
and volume of the introduced suspension. The experiment simulated the introduction of a Chlorella vulgaris phytoplankton
suspension into the water body during the spring period, prior to the growing season of the potentially toxic blue-green
algae Aphanizomenon flos-aquae. The introduction points were selected in the freshened zone (salinity values up to 7-8%o),
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which allowed the freshwater green algae to survive and grow successfully. The green microalgae consumed phosphates
(PO,) and nitrates (NVH,), leading to a nutrient deficiency by the beginning of the blue-green algae growing season.

At the start of the experiment, the concentration of blue-green algae exceeded that of green algae (0.7 mg/L and 0.1 mg/L,
respectively). After 15 days, the concentration of blue-green algae was 131 times lower than that of green algae (0.034 mg/L
and 4.462 mg/L, respectively). After 30 days, the difference in concentrations increased further (1.349%107 mg/L and
1.475 mg/L, respectively). Additionally, as shown in Fig. 6, doubling the concentration of the introduced green algae (to
2333 mg/L while keeping the volume constant) resulted in a potentially hazardous Chlorella vulgaris concentration of
9.267 mg/L after 30 days. Such a concentration of green algae, combined with other phytoplankton species, could lead to
eutrophication of the water body and fish kills.

Furthermore, increasing the quantity of introduced green algae is costly and, therefore, economically unviable.
The computational experiment empirically determined the optimal concentration and volume of the Chlorella vulgaris
suspension to be introduced. It is important to note that the results of the computational experiment were obtained using
reliable data on salinity, temperature, and the distributions of modeled substances, confirmed by field studies and long-
term observations.

From the perspective of assessing ecological-hygienic and medical consequences, the scenario where green algae
concentration exceeds that of blue-green algae (Fig. 5) is favorable, and no significant negative impacts from blue-green
algae on recreational conditions in the Taganrog Bay are expected. Moreover, the concentration of green algae does not
exceed permissible limits and is considered acceptable.

Conclusion. The modelling results were obtained using modern and high-precision mathematical modelling methods.
The study’s findings demonstrate the advantage of employing an integrated approach in mathematically modelling
processes occurring in complex natural systems. These methods can be successfully used to simulate various scenarios
for the development and rehabilitation of water bodies.

Despite the obtained results, the invasion of Chlorella into the ecosystem of the Taganrog Bay cannot be considered as
the sole method for improving the ecological state of the water body. However, it can be an effective tool for water body
rehabilitation when combined with other methods.
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