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Abstract

Introduction. A modified degenerate kernel method for solving Fredholm integral equations of the second kind is proposed
for the first time. The main idea is to expand the integral kernel into a Taylor series with respect to a single variable x,
rather than with respect to two variables x and s, as in the classical method.

Materials and Methods. The kernel expansion is performed at the midpoint of the integration interval, which reduces the
absolute values of the elements of matrix C, as well as enlarges the nonsingularity region of the matrix /-AC. A system of
power basis functions is employed on the integration interval. Three theorems establishing sufficient conditions for the
correctness of the proposed algorithm based on the degenerate kernel method are obtained. A definition of the factorial
Chebyshev norm of a vector-valued function is introduced. The factorial norm for the system of partial derivatives of
the integral kernel with respect to the variable x, together with the parameter A, is included in the inequality of the third
theorem, which provides a sufficient condition for the correctness of the algorithm. The inverse matrix arising in the
numerical solution was computed using the IMSL library within a finite number of elementary operations.

Results. The proposed numerical algorithm was tested on three Fredholm integral equations with kernels exhibiting
exponential growth or periodic sign changes. The numerical solutions coincide with the exact solutions to 15 significant
digits in the uniform metric.

Discussion. A modified algorithm for the numerical solution of Fredholm equations of the second kind with double
precision is proposed. The solution is represented as the sum of n+1 power-type terms vanishing at the midpoint of the
interval [a, b] and the right-hand side function of the Fredholm equation.

Conclusion. The degenerate kernel method is of interest for both functional analysis and numerical methods. The integral
kernel must possess sufficient smoothness with respect to the variable x.
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AHHOTaN NS

Beeoenue. BriepBrie npeioxkeH MOAH(DUIIMPOBAaHHBIH METOZ BBIPOXKACHHS MHTETPAILHOTO SiApa Ul PEIlCHHs MHTe-
rpasibHbIX ypaBHeHuit dpearonsma Broporo pona. Mies 3axiouaercss B TOM, YTOObI HHTEIPAIBHOE SAPO Pa3lIoKUTh B
psn Teiinopa mo oqHOM NEepeMEHHOI X, a He 10 JBYM IEPEMEHHBIM X, S KaK B KITACCHYECKOM METOIE.

Mamepuanvt u memoowst. Paznoxenue sapa B psif MPOBOAUTCS B CPEAHEH TOUKE OTpe3Ka HHTEIPUPOBAHUS, YTO YMEHbB-
I1aeT MO 3JIEMEHTOB Marpuilsl C, a Takxke 001acTh HEBBIPOXKACHHOCTH Ut Matpuubl /-AC. Mcmonb3yercs cucre-
Ma CTelNeHHbIX 0a3uCHBIX (PYyHKIUI Ha OTpe3Ke MHTEerpupoBaHus. [1oydeHbl TpH TEOpPEMBI Ul JOCTAaTOYHBIX YCIIOBUH
KOPPEKTHOCTH TIPEUIOKEHHOTO AITOPUTMa METOIOM BBIPOXKACHUS MHTETPAILHOTO siapa. BBeneno ompenenenne ¢ax-
TOpHanbHOH HOpMBI YeOnlimieBa BekTop-pyHkuun. dakropraiabHas HOpMa Uil CUCTEMbI YaCTHBIX ITPOM3BOIHBIX HHTE-
TPaJIHOTO fA7pa IO MEPEMEHHOM X W IMapaMeTp A BXOISAT B HEPABEHCTBO TPETHEH TEOPEMBI — JOCTaTOYHOE YCIOBHE
KOppeKTHOCTH anroputma. O0paTHas Marpuua Ajsl pelleHns: ypaBHeHus [lyaccoHa 3a KOHEUHOE YHCIIO0 AJIEMEHTAPHBIX
oTiepanyii BEIYHCIsUIach OnbmmoTekoit Msimsl.

Pezynomamut uccneooganus. IlpenyioxeHHslil B paboTe YUCICHHBIM alrOpUTM MPOTECTUPOBAH Ha TPeX MHTETPAJIbHBIX
ypaBHeHHIX Dpearonbma c iApaMu ¢ SIKCIIOHCHIMATBHBIM POCTOM HITH C IEPHOJMYECKIM H3MEHEHHEM 3HaKa siipa. Yuc-
JICHHBIE PEIICHUS COBNAIAIOT C TOYHBIMHU PELICHUSIMHU B 15 3Ha4aIInX 3HaKax B paBHOMEPHOH METpPHKE.

Oécyacoenue. Tpennoxer MOTU(GUIIMPOBAHHBIN aITOPUTM YHCIEHHOTO PEeLIeHus ypaBHeHUs Dpearonsma BTOpoOro posa
C ZBOMHOMW TOYHOCTHIO. PerieHne npeacrtaBuMo B BUE CyMMBI 7+1 ciaraeMoro CTEIEHHOTo BHJa C HyJEeM B CepelrHe
otpeska [a, b] u pyHKIIME — TIpaBoit yacTu ypaBHeHHs Dpenromsma.

3aknrwouenue. Metos BRIpOXKACHUSI MHTEIPATILHOTO SIpa MPENCTABIAET HHTEpeC s QYHKIMOHAIBHOTO aHAIN3a U YHC-
JICHHBIX METOAOB. SIpO MHTETPAIBHOTO YPAaBHEHHSI JOJDKHO OBITh TOCTATOYHO INIAIKHM 10 TIEPEMEHHOH X.

KroueBble cioBa: ypaBHeHNsT PpeAronbMa, YMCICHHBIE METOIBI, HHTETPAIbHbIC YPAaBHEHUS, MATPUYHBIN METO.

Jast uutupoBanus. Bonocosa H.K., Bonocos K.A., Bonocosa A K., Kapios M., ITactyxos J[.®., [TactyxoB FO.®. Meton
BBIPOX/ICHHSI MHTETPAILHOTO sipa TS peLIeHus HHTerpansHoro ypasuenus Openronsma. Computational Mathematics and
Information Technologies. 2026;10(2):7—16. https://doi.org/10.23947/2587-8999-2026-10-2-7-16

Introduction. Methods for solving Fredholm and Volterra integral equations are described in detail in [1]. These
include direct [1, p. 135] and projection [1, p. 139] methods. In [2], generalized splines are used to solve Fredholm
integral equations. In [3, 4], a subdomain selection method based on Kantorovich polynomials is proposed for solving
Fredholm integral equations of the second kind, and a special version of the collocation method based on Bernstein
polynomials is considered for solving Fredholm equations of the second kind. A collocation method for solving a Volterra
integral equation of the second kind using Chebyshev and Legendre polynomials was applied in [5]. In [6], a system of
integral equations is solved by a collocation method with nodes given by Chebyshev polynomials of the first and second
kinds. In [7], a method is proposed for solving a system of nonlinear convolution-type integral equations with a monotone
convex nonlinearity. In [8], a generalized Petrov-Galerkin method is proposed for solving a system of linear Fredholm
integral equations of the second kind. In [9], a tabular double-precision solution of an integral equation is obtained by
replacing the integral with a quadrature formula having twelfth-order accuracy.

In this paper, a modified degenerate-kernel method is proposed for solving a Fredholm integral equation of the second
kind using a basis system of power functions, and a functional form of the solution is obtained. In the three examples
considered, twenty basis functions and thirty integration subintervals in the quadrature formulas are sufficient to achieve
double precision. The algorithm was tested on examples with exponential variation of the integral kernel or with periodic
sign changes of the kernel. Three theorems are proved, giving sufficient conditions for the existence and uniqueness of
the numerical solution of problem (1) by algorithm (2)—(7).
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Materials and Methods
Problem Statement. Consider the Fredholm integral equation of the second kind [1, p. 135]:

y(x) —ij(x,s)y(s)ds = f(x), (x,5) € [a,b] x[a,b]. (D)

In equation (1), the parameter A, the integral kernel K(x,s) € L,[a,b]x[a,b], and the right-hand side (the function
f(x)) are given. The unknown function must be square-integrable on the interval [a, b], y(x) € L,[a,b] . Let the partial
derivatives of the kernel with respect to x be continuous on the square K\ (x,s) € Cl[a,b]x[a,b],i =0,n.

A direct method for solving integral equation (1) by the degenerate-kernel method [1, p. 135] is known; it consists in
expanding the integral kernel in a series with respect to the variables x, s (for example, as in Problem 29.11 [1, p. 138]).
Equation (1) is then solved by replacing the kernel. In the classical method, two systems of linearly independent basis
functions are required { 4 (x)}_, ,{ B;(x)}._, . The solution is expanded with respect to one of the systems, and the kernel
is represented as a sum of pairwise products of functions, one from each system [1, p. 138]. To obtain a polynomial in two
variables from an integral kernel K(x, s) of arbitrary form, the kernel must be expanded in a Taylor series with respect to the
variables x, s. This is the idea underlying the traditional approach to solving equation (1) by replacing the integral kernel.

We modify the known method. In this case, one system of linearly independent functions { 4;(x)}._ ,x € [a,b]is sufficient.
b-a
» a+b  a+b b—a

We consider the symmetric variable Y|Za =x|, 7 €= h = 3 with respect to the midpoint of the interval
+b 2 - —a b-
c=2 5 Ve [~h, /] and the system of linearly independent power functions {4,(y)=y'} .,y e [—b 5 4 b 5 a }

The idea of the modified degenerate-kernel method is to expand the kernel K(x, s) with respect to the first variable x

. a+b
at the center of the interval ¢ = , Xx=c+ y,dx =dy:

K(x,) = K(e+ 2.9 = Y K (e.9)30+ 0(y"). K, (x,) = YK (e.5) 2 @
i=0 . .

Jj=0

In formula (2), denote K (c,s) = q,(s), i = 0,n,s € [a,b]. Expand the solution y(x) on the interval [, b] as the sum
y(x) = () + 1), 4D, (3)
i=0

In formula (3), D;,i = O,_n is called the vector of coefficients in the expansion of the solution in the basis functions
4=y},
Substituting expansions (2) and (3) into Fredholm integral equation of the second kind (1), we obtain:

L i

Y =2 KCosys)ds = (0, 400 =) & [0 +33 0D, =3[ Ya, (s)%(f(s) 2 A (=D, jds =) e

% i=0

a 1=

s o[ T - A0 @
2 ) {D,. —k;[!qti! (s—c) dstj } = ;y’ {!%Tf(s)ds} &
5 as) - (4.(9) —
D, —szouq'T(s—c)-' dsJDj = !q'Tf(s)ds, i=0,n.
If the following notation is introduced in the system of n equations (4):
C,.’j:j‘@(s—c)jds, i,j:O,_n, ﬁ:j‘@f(s)ds, i=0,n, (5)
then we obtain a system of linear algebraic equations with respect to the unknowns D,,i = 0,n

D —an:C,.,/.D_/. =fis iz()’_”' 6)

Jj=0

The system of equations (6) can be written in matrix form:

Di—kzn:C,‘,ij =f,i=0n,(I-AC)D=f<D=(I-)C)"f. %
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The inverse matrix (/ — AC)™! in the program was computed using the Msimsl library in the Fortran language. The
matrix entries Ci,j and the right-hand-side coefficients of (6) can be written in the form:

b

I ) (o oy as Iql(c D pidy,ivj=0mh="2%y cl-hn

a ®)
jqf Y f(c+ )y, i=0.n.

a ° —h

>

In formulas (8), the variable y € [—hA, /] changes sign and has an absolute value smaller than that of the variable x on
the interval [a b], therefore the entries of matrix C. g have smaller absolute values than when the system of basis functions
{4() =y } _,»V €[~h,h] is used instead of the system of functions { 4,(x) = x’ } ,x €[a,b] [1,p. 137]. This reduces
the norm of matrix ICl and expands the nonsingularity domain of matrix 7 — AC, that is, it expands the domain in which
the inverse matrix exists (/ — AC) ™.

The power-type basis functions {A )=y } not only enter as factors in the Taylor expansion (2) of the integral
kernel K(x, s) with respect to the variable x, but also ensure the correctness of the SLAE (4).

Solution (3) is a polynomial function of degree n that can be compared with the exact solution at every point of the
interval x € [a, b], unlike in [9], where the solution is sought in tabular form at grid nodes.

In [9, p. 11], integral quadrature formula (9) for computing a definite integral with a twelfth-order error term is presented.
This formula is used to compute the matrix entries and the right-hand-side coefficients of system (6) according to formulas (8):

<Y1sY2 ) = JY1(X)Y2(x)dx = 5hzy1 (%) (x )+O(h12 )’

©)
n :10p,h:bn;a,peN,
1
where
—16067 Jifi=0o0ri=n,
299376
11469066878 ,if (i=0mod10) and (0 <i<n,),
%,if( —lmodIO)or( 9m0d10)
-16175
C = =2mod10 =8mod10
TR Jor (i )
5675
,if (i=3mod10) or (i = 7mod10
6237 f( ) ( )
4823 (i=4mod10) or (i = 6mod10),
5544 °
17807,1’/’i55mod10.
12474

Thus, algorithm (2)—(9) numerically solves Fredholm integral equation of the second kind (1). The inverse matrix
(I — XO)!in formula (7) was computed by the Msimsl library in the Fortran. Algorithm (2)—(7) will be referred to as a
solution of Fredholm integral equation (1) by the degenerate-kernel method.

Theorem 1 (criterion for existence and uniqueness of the solution in algorithm (2)—(7)). For algorithm (2)—(7) to have
a unique solution, it is necessary and sufficient that the matrix / — AC be nonsingular.

The proof of Theorem 1 follows from formula (7), which requires the existence of the inverse matrix; this is equivalent
to the determinant of the matrix being nonzero. Theorem 1 is proved.

Here [ is the identity matrix of order x.

Theorem 2 (sufficient conditions for the correctness of algorithm (2)—(7)). Let the norm of the vector fin equation
(7) be finite. If ¢ =|1||C|| <1, then algorithm (2)—(7) is correct, and the following estimate for the norm of the inverse
matrix holds
1 1

e

W"”CYW<
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Proof. By the assumption of Theorem 2, ¢ =|A||C| < 1. Therefore, the inverse matrix can be represented by the
infinite series

(I-2CY' = ixkck, l(1-2c)"|= Hiwfck
k=0 k=0

HMIT =1 e
||D||=||(I—kC)’1f||s||(1-xcy‘||||f||gﬂ<w

e
Theorem 2 is proved.
Definition 1. The factorial Chebyshev norm of the vector function f(x):[a,b] > C([a,b],R""),
S () ={fo(x), fi(x),..., f,(x) }is defined as the number [ f|| |f (x)|
xe[a,b]

1
Theorem 3. The fulfillment of the condition |g ||£ W is sufficient for the correctness of the algorithm (2)—(7).

Proof. Suppose that the conditions of Theorem 2 g =|A||C| < 1. Estimate the infinite norm of the matrix C using
formula (8):

ICl. —maxZ|C |—maxz

i=0,n =0

I%(Hy) Ydy| <

=2k n=2k n=2k h3 hS h2k+1
—_ J J _ [ —
S — i n?a;Xh] |qz(C+y)| jy dy zuq"w Jy dy zllqllw Z(h_'_ + 5'++(2k+1)'j
hz 3 h4 hS hz h3 h4 hS
Slncee —l+h+§+?+$ —+ —1—h+5—; Z—E-F...,that
3 5 3 5 h_ h
e'—e™ =2(h+%+%+...]©h+%+%+...= ¢ Ze = sh(h).
Denote the finite sum
3 5 h2k+1
In:2k = h+?+_+ (2k 1)" n 2k +Rn:2n - Sh(h)3 n=2k < Sh(h)3Rn:2n > 0
2k+3 2k+5 2k+7 2k+9
Ryosy = 5h(W)~ 1,5, = ! ! !

(2k+3)! (2k+5) (2k+ 7)1 (2k+9)! "

e (2k+3)!, (2k+3)! , (2k+3)! R
= 1+ h* + ht+ =
(2k+3)! (2k+5)! (2k+7)! (2k+9)! (2k+3)!

P2 h*
.(1+(2k+4)(2k+5)+(2k+4)(2k+5)(2k+6)(2k+7)+

+ i e
(2k+4)(2k+5)(2k+6)(2k+7)(2k+8)(2k+9)

h2k+3 . h 2 h 4 h 6 h2k+3 1
< =
= (2k+3)! +(2k+4) +(2k+4) +(2k+4j A

(2k+3)!1_( h jz'

2k +4
hh ] 2k+3 1 I hh h2k+3 1
— < > _
SO =Lz < 31 e & L 2 5h() (2k+3)1) PG
_(2k+4j _(2k+4j

1
Since ¢ =|A[[|C]| <1< | C] < ok and also | C||, <2 ¢l I,..x < ﬁ, the following estimates hold

F 1 1 1
< =
"q”oo <2|7\4|sh(h)<2|)\,|[n:2k - n 2k

h2k+3

2| shimy— 1

(2k+3)!(1_(2kh+4)2j

Theorem 3 is proved.

11
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Remark. Note that on the right-hand side of inequality (10), the two estimates virtually coincide, because if n = 2k = 10,
h = m/2 are taken, the additional term is very small:

1 B2k 1 1.57"
(2k+3)! : V) 13! | 1.57
_(2k+4) _(14]
Theorem 4.

1) Let C be a positive matrix, C, ; > 0,i, j = (),_n and A > 0 (or let C be a negative matrix, C; ; > 0,7, j = O,_n and A <0)
Cii|> 2] Z C

= 0,7 ; then algorithm (2)—(7) is correct.
=0, j#i

2) The following estimate for the norm of the inverse matrix is valid

is||(1—xcy‘|| <—n mln(l xZ jr —rnax[l—kz )

~5.73-10°%

with main diagonal entries 1—|A |

i=0,n i=0,n

Proof.
1) By the assumption of Theorem 4

RLHENDS ICuIl—O"@IKIZ

Jj=0,j#i

<= max a3, = []lc], <.
? J=

By Theorem 2, algorithm (2)—(7) is correct, and the inverse matrix (I — AC)! exists with a bounded norm.

> 1A Z |C..;| = 0, while the off-diagonal entries are
_ J=0,j#i

negative, since —AC, ; <O0Vi, j = 0,n,i # j.Also, by the assumption of Theorem 4, the matrix / — AC'is strictly diagonally
dominant. Therefore, all conditions of the theorem by Yu.S. Volkov and V.L. Miroshnichenko [10] for a monotone-type
matrix / — AC are satisfied, and the estimate holds

%g"([—w)1||msé,nzgg(1—x§ci,jj>0r _max[l—xz ) > 0.

The diagonal entries of matrix / — AC are positive 1—|A||C;,

i=0,n

Theorem 4 is proved.

Example 1. The problem considered is
1

OR|

0

e y(s)ds = e*. (11)

with the exact solution y(x) = 2e*.
S 1
We verify this: 2e* —EIeH 2¢'ds = e < 2e" —e* =¢".
0

Apply algorithm (2)—(9) and the sufficient conditions for algorithm correctness (Theorem 3) to example (10).
For n =20, we obtain:

A=1/2, K(x,s)=e"", f(x)=e*,a=0,b=1Lc=h=1/2,KP(c,s)=q,(s) = KV(1/2,5s) = €"*,
T |

= ~1.649< ———M—

¢ 2-(1/2)sh(1/2)

i=0,n,5e[0,1],|q|" < = max ~1.919.

st < lalt
IR R (X T

i=0,n
Table 1

Numerical and exact solution of example (10).
Number of basis functions 7 = 20, number of subintervals in the quadrature formula (9) n, = 10

X unum uexact unum _ uexact
0.000000000000000E+000 2.00000000000000 2.00000000000000 8.88178419E-016
0.100000000000000 2.21034183615130 2.21034183615130 4.44089209E-016
0.200000000000000 2.44280551632034 2.44280551632034 —4.4408920E-016
0.300000000000000 2.69971761515201 2.69971761515201 4.44089209E-016
0.400000000000000 2.98364939528254 2.98364939528254 0.0000000000E+000
0.500000000000000 3.29744254140026 3.29744254140026 8.881784197E-016
0.600000000000000 3.64423760078102 3.64423760078102 8.881784197E-016
0.700000000000000 4.02750541494095 4.02750541494095 8.8817841970E-016
0.800000000000000 4.45108185698493 4.45108185698494 —8.881784197E-016
0.900000000000000 4.91920622231390 4.91920622231390 8.8817841970E-016
1.00000000000000 5.43656365691809 5.43656365691809 8.8817841970E-016
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The Chebyshev norm [11] of the residual of the problem (the difference between the numerical and exact solutions) at
the grid nodes of the quadrature formula is

Using the found solution (3), the residual norm at intermediate grid nodes can be determined; it is equal to:

The residual norm values show that the functional solution (3) has double precision and provides 15 correct significant
digits in the solution (Table 1).
Example 2. The problem considered is

num exact

u —Uu

= max | uinum _ ui£>xact

i=0,m

=8.881784197001252E — 016,x, = a+ h-i,i = 0,n,.

C

u num _ u exact num exact

= m@;|ui —u

i=l,m

=1.776356839400250E —015,x, =a+h-(i—1/2),i =1,n,.

C

1

1
y) =3[ yds = (12)
e.

4 e“—lle”s( 4 )e%is—e*@ 4 2 e -1 _5—82_1_1
5-¢° 24 5-¢° 5-¢* 5-¢e* 2 5-¢° '

Applying algorithm (2)—(9) to example (12), we obtain
A=1/2, K(x,s)=¢e"", f(x)=e*,a=0,b=1Lc=1/2,K9(c,s) = q,(s) = KV (1/2,5) = e"**".

with the exact solution y(x) = 3

We verify this:

The infinite norm of matrix C, computed by the program with » = 20 basis functions, is:

IC|l, =3.39714811032309, | A|[|C]|, = (1/2)3.39714811032309 = 1.69857405516155 > 1.

Therefore, the sufficient conditions in Theorems 2, 3, and 4 are not satisfied, and Theorems 2, 3, and 4 are not
applicable to Example 2.

Table 2
Numerical and exact solution of example (11).
Number of basis functions 7 = 20, number of subintervals in the quadrature formula (9) n, = 30
X unum uexa('t unum _ uexa('t
0.000000000000000E+000 —1.67430141208924 1.67430141208924 2.2204460492E-016
0.100000000000000 —1.85038922873402 —1.85038922873402 0.0000000000E+000

0.200000000000000 —2.04499636271726 —2.04499636271727 1.3322676295E-015
0.300000000000000 —2.26007050764560 —2.26007050764560 8.8817841970E-016
0.400000000000000 —2.49776419785038 —2.49776419785038 4.4408920985E-016
0.500000000000000 —2.76045635167479 —2.76045635167479 4.4408920985E-016
0.600000000000000 -3.05077608048818 -3.05077608048818 4.4408920985E-016
0.700000000000000 —-3.37162900171635 —-3.37162900171635 8.8817841970E-016
0.800000000000000 —3.72622631923734 —3.72622631923734 4.4408920985E-016
0.900000000000000 —4.11811696218917 —4.11811696218917 0.0000000000E+000

1.00000000000000

—4.55122310384550

—4.55122310384550

8.881784197E-016

The Chebyshev norm [11] of the residual of the problem (the difference between the numerical and exact solutions) at
the grid nodes of the quadrature formula is:

Example 3. The problem considered is

num exact

u —Uu

= max | uinum _ uiexacl

i=0,m

=1.332267629550188E —015,x, =a + h-i,i = 0,n,.

C

y(x)— %]E sin(x + s)y(s)ds = sin x + cos x. (13)

0

(sinx+cosx).

. . 4
with the exact solution y(x) = 1 x

13
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We verify this:

e . , 4. 4
a([(smxcoss+cosxsms)(4—j(sms+coss)ds:4 (smx+cosx)—4

(sinx+cosx)£z
-T -7 -n 2

(sinx+cosx)—%jsin(x+s)
0

(sins+coss)ds = 44 (sinx+cosx)—

- 4—n -n

4-m), . .
=\ 1, (sinx+cosx ) =sinx+cosx.
-

Apply algorithm (2)—(9) to Example 3; we obtain
A=1/2, K(x,s) =sin(x+s), f(x) =sinx+cosx,a =0,b=m,

c=mn/2,K9(c,s)=q,(s)=KP(n/2,s)= sin(s+(i+1)§), i=0,n,s e[0,n].

The infinite norm of matrix C, computed by the program with » = 20 basis functions in Example 3, is

[C|l, =1528.89560494716, |1||C||, = (1/2)1528.89560494716 = 764.447802473580 > 1.

Therefore, the sufficient conditions in Theorems 2, 3, and 4 are not satisfied, and Theorems 2, 3, and 4 are not
applicable to Example 3.

Table 3
Numerical and exact solution of example (12).
Number of basis functions # = 20, number of subintervals in the quadrature formula (9) n, = 30

X unum uexact u"”m* uexact
0.000000000000000E+000 4.65979236632548 4.65979236632549 —2.66453525E-015
0.314159265358979 5.87168092602949 5.87168092602949 —2.66453525E-015
0.628318530717959 6.50880844628713 6.50880844628714 —3.55271367E-015
0.942477796076938 6.50880844628713 6.50880844628714 —1.77635683E-015
1.25663706143592 5.87168092602949 5.87168092602949 —1.77635683E-015
1.57079632679490 4.65979236632549 4.65979236632549 0.0000000000E+000
1.88495559215388 2.99177086312304 2.99177086312304 —8.881784197E-016
2.19911485751286 1.03089398294480 1.03089398294480 8.8817841970E-016
2.51327412287183 —1.03089398294480 —1.03089398294480 1.11022302E-015
2.82743338823081 —2.99177086312304 —2.99177086312304 0.000000000000E+000
3.14159265358979 —4.65979236632548 —4.65979236632549 1.776356839400E-015

The Chebyshev norm [11] of the residual of the problem (the difference between the numerical and exact solutions) at
the grid nodes of the quadrature formula is:

Discussion. A modified degenerate-kernel method for solving a Fredholm integral equation of the second kind is
proposed for the first time. The idea of the method is to expand the integral kernel with respect to the variable x in a
Taylor series at the midpoint of the integration interval. Three theorems are proved that give sufficient conditions for the
correctness of algorithm (2)—(7), including an estimate for the norm of the inverse matrix in formula (7). The factorial
Chebyshev norm of a vector function is defined. For the first time, sufficient condition (10) is obtained, relating the factorial
norm of the system of functions composed of the partial derivatives of the integral kernel to the parameter A. Algorithm
(2)—(7) was tested on three examples in which the integral kernel has an exponential feature or a periodic sign change.

Conclusion. The degenerate-kernel method is of interest in functional analysis and numerical methods. The kernel of
the integral equation must be sufficiently smooth with respect to the variable x.

num _ uexa('t num exact

c :mg(|ui —u,

i=0,n

=1.776356839400250E — 015,x, = a+ h-i,i = 0,n,.

u
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MATHEMATICAL MODELLING
MATEMATUYECKOE MOJAEJIUPOBAHHUE

UDC 519.6:504.05 Original Empirical Research
https://doi.org/10.23947/2587-8999-2026-10-2-17-30

Mathematical Model of Plankton Dynamics Accounting
for the Transformation of Nutrient Compounds, Suspended
and Dissolved Substances

Inna Yu. Kuznetsova , Yulia V. Belova
Don State Technical University, Rostov-on-Don, Russian Federation
P ikuznecova@donstu.ru

Abstract

Introduction. In the context of increasing anthropogenic pressure and imbalance of nutrients, the development of
phytoplankton dynamics models becomes particularly relevant. The proposed approach integrates the description of
oxygen and carbon dioxide cycles, which is critically important for assessing the risks of cyanobacterial water “blooms”
and reservoir deoxygenation.

Materials and Methods. An approach to constructing a comprehensive mathematical model is considered. Unlike existing
analogues, this model simultaneously accounts for the dynamics of three functionally distinct phytoplankton groups with
their specific preferences for nitrogen and phosphorus sources, as well as the complete silicon cycle, which is critically
important for diatoms. The model integrates gas exchange processes, enabling the assessment of plankton dynamics’
impact on the oxygen regime of the aquatic environment and acidity, which are key indicators of ecosystem health.
Results. Stationary solutions were obtained for the problem of plankton dynamics, considering the transformation of nutrient
compounds, suspended and dissolved substances, including oxygen and carbon dioxide. Depending on external conditions
(light, temperature, input nutrient concentrations), several qualitatively different stable stationary states are possible.
Discussion. The obtained results can be used for forecasting the consequences of reservoir eutrophication and water
“blooms”; assessing the seasonal succession of plankton communities; developing strategies to reduce anthropogenic load
on water bodies; and evaluating the role of marine and freshwater ecosystems in CO: absorption and oxygen production.
Conclusions. Understanding the conditions under which the system reaches a particular stationary state (equilibrium)
allows us to predict the long-term consequences of anthropogenic impact and develop effective management solutions.

Keywords: plankton dynamics, nutrients, dissolved oxygen, carbon dioxide, stationary solution
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OpueunaﬂbHoe amnupudeckoe ucciedosamue

MaremaTunyeckasi MOJeJIb JTMHAMUKH QUTONIAHKTOHA
¢ y4eToM TpaHchopManum OMOreHHbIX COeIMHEHUI, B3BellIeHHbIX
U PacTBOPEHHBIX BElleCTB

N.10. Ky3uenoa [<, 10.B. BesoBa

JloHcKoM rocyiapcTBEHHBIN TEXHUUECKUN yHUBEpCUTET, I. PocToB-Ha-Jlony, Poccuiickas deneparnus

P4 ikuznecova@donstu.ru

AHHOTaLUA

Bgeoenue. B ycnoBusx Bo3pacTarollieii aHTpOIIOTeHHOW Harpy3Ky M HapylleHus: OajlaHca OMOTE€HHBIX 3JIEMEHTOB 0CO-
OyI0 aKTyaJIbHOCTh IPUOOpETacT pa3padboTKka MojecH AMHAMUKH (puToruTankToHa. [IpemmaraeMelii B HaCTOsIIIICH paboTe
MTOJXOA WHTETPUPYET OMHCAHUE MUKIOB KHUCIOPOAa M YIIEKUCIIOTO Ta3a, YTO KPUTHUECKH BaKHO IS OLICHKH PUCKOB
«UBETEHHS» BOJbI IMAHOOAKTEPHUAMH U JIEOKCUT'€HAIIH BOJJOEMOB.

Mamepuanwt u memoodsl. PaccMOTpeH NOIXO]] K TOCTPOSHUIO KOMIUIEKCHON MareMaTHyecKoi MOJIeH, KOTopast B OTIIHYHE
OT CYIIECTBYIOIINX aHAJIOTOB OJHOBPEMEHHO YUUTHIBACT NWHAMHUKY TPeX (YHKIIMOHAIBHO Pa3IMYHBIX TPYIIT (PUTOILIAH-
KTOHA C UX cHeUU(pUIECKUMH TPEANIOYTEHUSIMI K HCTOYHHKAM a30Ta U ¢ocdopa, a TakKe MOJIHBIA UK KPEMHHUS, KpH-
THYECKH BaKHBIN JJIA HHaTOMeﬁ. MO}ICJ’[B HUHTCTPUPYET KIFOYEBBIC TTOKA3aTC/IN 310POBbA OKOCUCTEMbBI — KUCJIIOTHOCTb U
MIPOIIeCCHI Ta3000MEeHa, YTO MO3BOJISCT OIICHUBATH BIUSHNC JHHAMUKY IDTAHKTOHA Ha KHCIOPOIHBIA PEKUM BOITHON CPEIbI.
Pezynomamut uccnedosanus. IlonyueHpl cTalioHapHbIe PEILICHUS 33a4i JUHAMHKH IUIAHKTOHA C Y4eTOM TpaHchop-
Maluu OHMOTE€HHBIX COGHHHGHHﬁ, B3BCUICHHBIX U paCTBOpéHHBIX BEHICCTB, B TOM YHUCJIC KHUCJIOPOJa U YITICKUCJIOrO rasa.
B 3aBuCcHMOCTH OT BHEIIHWX YCIIOBHHU (CBET, TEMIepaTrypa, BXOIHBIC KOHIICHTPALUN OHOTCHHBIX BEIICCTB) BO3SMOXKHBI
HECKOJILKO KaueCTBEHHO Pa3JIMUHbIX YCTOMYHMBBIX CTAIIMOHAPHBIX COCTOSHUH.

Oécyscoenue. TlonydeHHbIe pe3yabTaThl MOTYT OBITh HCIIONB30BaHbI JUIS MPOTHO3a MOCJEJACTBUI IBTpOodUKAIUU BO-
JIOEMOB, «IIBETEHHS» BOJ, OLICHKH CE30HHOW CYKIECCHH TUTAHKTOHHBIX COOOIIECTB; pa3paOOTKU CTpPAaTerWil CHIKCHUS
AQHTPOIOTE€HHOW HAarpy3KH Ha BOJOEMBI; OLIEHKH POJIM MOPCKHMX M IPECHOBOIHBIX IKOCHCTEM B roriowennu CO: u npo-
IYLUPOBAHUU KUCIIOPOAA.

3akniouenue. IIpoaHATN3NPOBAHBI YCIOBHSA, IIPH KOTOPBIX CHCTEMa MPHXOAUT K TOMY WJIH HHOMY CTaIlHOHApHOMY CO-
CTOSIHUIO (PaBHOBECHIO), YTO ITO3BOJIUT CHPOTHO3UPOBATH JIOJITOCPOYHBIE MOCIIEACTBHUS aHTPOIIOT€HHOTO BO3IEHCTBHS U
pa3pabarsiBaTh 3G GEKTUBHBIC YIIPABIIAIOIINE PEIICHHUS.

KaroueBble c10Ba: qUMHAMHUKA [UIAHKTOHA, OMOTECHHBIE BELIECTBA, PACTBOPEHHBIH KHCIOPO/, YINICKUCIbIH ra3, cTanuo-
HapHOE pelLIcHHe

BaaromapHocTH. ABTOPHI BRIPAXAIOT HCKPEHHIOO OaronapHocTh Asekcanapy VBanoBuuy CyXHHOBY, JOKTOPY (H3H-
KO-MaTeMaTHYeCKUX HayK, podeccopy, wieH-koppecnonaeHTy PAH 3a BHUMaTeIbHOE OTHOIIICHHE M TIOMOIIb B paboTe,
KOHCTPYKTHBHEIC 3aMeUaHsI ¥ ICHHBIE PEKOMEHAAINH, KOTOPBIE CIIOCOOCTBOBAIH YITYUIICHHIO KA9€CTBA HCCIICIOBAHMS.

®uHaHcupoBaHue. VccienoBannue BBITOJHEHO 3a cueT rpaHta Poccuiickoro Haywnoro ¢onma Ne 22—71-10102-11,
https://rscf.ru/project/22-71-10102/

Jna nurnpoanus. Kysuerosa M.1O., bemosa 10.B. Maremarnueckass Mopenb JUHAMUKH IUIAHKTOHA C Y4YETOM
TpaHc(opManuy OMOTEHHBIX COSIMHEHHH, B3BEIICHHBIX W pacTBOPEHHBIX BemecTB. Computational Mathematics and
Information Technologies. 2026;10(2):17-30. https://doi.org/10.23947/2587-8999-2026-10-2-17-30

Introduction. The ecosystem of a water body is a complex organized structure in which different groups of aquatic
organisms interact both with organic substances and with environmental factors such as salinity, temperature, and others.
The level of dissolved oxygen has a substantial effect on the ecosystem, since oxygen deficiency may lead to mass
mortality of living organisms. Growth in industrial production and the discharge of industrial waste and pollutants into
water bodies sharply increase the load on aquatic ecosystems. For example, in recent decades the carbon cycle has had
a significant impact on aquatic ecosystems, because the level of carbon dioxide uptake by the world ocean has been
increasing. This, in turn, affects both the pH of water and the chemical reactions occurring in the water column, which
substantially influence the vital activity of living organisms.

Phytoplankton, as the main producer in most aquatic ecosystems, plays a key role in global biogeochemical cycles
by producing oxygen and absorbing carbon dioxide. However, under anthropogenic impact, primarily eutrophication, i. e.
enrichment of waters with biogenic elements (nitrogen and phosphorus), the natural balance of plankton communities is
disturbed. This disturbance is often manifested as massive water blooms, which may be caused by different phytoplankton
groups. Blooms of cyanobacteria (blue-green algae) are especially hazardous, since many of them produce toxins dangerous
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to aquatic organisms, animals, and humans. In addition, the decomposition of dead plankton biomass leads to deoxygenation
of water, resulting in “dead zones”, hypoxic and anoxic areas unsuitable for aerobic organisms [1]. A shift in dominant
phytoplankton species, for example from diatoms to cyanobacteria, is an indicator of serious changes in ecosystem status.

A key aspect of aquatic ecosystem functioning is the transformation of substances. The input of mineral forms of
phosphorus and nitrogen stimulates phytoplankton growth. The death and excretion of organic matter initiate degradation
processes that are closely related to the dynamics of dissolved oxygen (O-) and carbon dioxide (CO-). The oxygen regime
in surface waters is formed mainly by production processes, whereas in near-bottom waters it is determined primarily
by the biochemical decomposition of bottom sediments [2]. Dissolved oxygen is not only a source for the respiration of
aquatic organisms but also a factor determining the completeness and rate of organic matter mineralization in a water
body. A characteristic feature of the oxygen regime of the Sea of Azov is its instability, which is determined by a number
of permanent and seasonal factors: absorption of atmospheric oxygen by the surface water layer, uneven inflow of river
and Black Sea waters, development and decline of organism activity, circulation processes that control the penetration of
oxygen into near-bottom layers, and other processes [3].

In this regard, the relevant task is not merely to forecast the growth of phytoplankton biomass, but to provide integrated
modeling of the plankton community structure and the associated biogeochemical cycles. Mathematical modeling
becomes an indispensable tool for solving this problem, since it makes it possible to integrate heterogeneous data on
physical, chemical, and biological processes and to predict the response of the system to changing external conditions.

Classical models, such as the Monod equation or the Michaelis-Menten model, describe the dependence of
phytoplankton growth rate on the concentration of a single limiting substance (nitrogen or phosphorus) [4]. More complex
models take into account simultaneous limitation by several resources. To describe phytoplankton adaptation to changing
conditions, models of phytoplankton growth have been developed in which the growth rate depends on the internal content
of nutrients in the cell, rather than only on their concentration in the surrounding environment (the Droop model) [5].

The competitive exclusion model (Gause’s law or principle) predicts that, in a stationary state, only as many species
can survive as there are limiting resources [6]. This stimulated the development of models that include additional factors
allowing a larger number of species to coexist: spatial heterogeneity, temporal variability of parameters, allelopathy, and
the presence of predators (zooplankton). In the context of the present study, models that consider competition among
phytoplankton with different strategies for consuming nutrients, for example the ability of cyanobacteria to fix atmospheric
nitrogen, are of particular importance.

The works of such researchers as Riley, Steele, and Lorenz laid the foundations for including biogeochemical processes
in ecosystem models [7, 8]. Models of the nitrogen cycle incorporating nitrification and denitrification were developed,
including WASP (Water Quality Analysis Simulation Program) [9] and ERSEM (European Regional Seas Ecosystem
Model) [10]. In the 1990s and 2000s, models of plankton dynamics were integrated with biogeochemical models, which
made it possible to describe seasonal variability in species composition and the related changes in elemental cycles.

The dynamics of O. and CO: are traditionally modeled through the balance of photosynthesis, respiration, and air-
water gas exchange [11]. The complexity lies in the need to account for diurnal dynamics, which are often averaged in
models intended for long-term forecasts. Recently, increasing attention has been paid to modeling the carbonate system
(pH, alkalinity) and its effect on the growth of different phytoplankton species.

Classical models, such as the NPZ (Nutrient-Phytoplankton-Zooplankton) model [12], focus on the interaction among
nutrients, phytoplankton, and zooplankton. However, they often treat biogenic elements in a simplified way, for example
by representing “nitrogen” or “phosphorus” as a single pool.

More complex models take into account the transformation of different forms of elements. For example, the nitrogen
cycle is detailed by considering nitrification (oxidation of ammonium to nitrites and then to nitrates) and denitrification
[13]. This is critically important because different phytoplankton species have different preferences for nitrogen sources:
diatoms prefer nitrates, many green algae prefer ammonium, and some cyanobacteria are able to fix atmospheric nitrogen
(N2), which gives them a competitive advantage in nitrogen-poor waters.

Similarly, to describe the dynamics of diatoms adequately, the silicon cycle must be taken into account, since their frustule
consists of silica (Si0:). Models that ignore silicon limitation may substantially overestimate forecasts of diatom biomass.

Models that include oxygen and CO- dynamics represent the next level of complexity. They make it possible to assess
the consequences of eutrophication not only in terms of algal biomass, but also in terms of ecosystem health (oxygen
regime) and its role in the carbon cycle. Such models are often based on stoichiometric ratios (Redfield ratios [11]) among
carbon, nitrogen, and phosphorus in plankton biomass.

Despite the existence of integrated models, such as the ERSEM family of models, the literature still lacks models that
simultaneously account for competition among several specific phytoplankton species with different nutritional strategies,
the complete silicon cycle, and gas dynamics within a closed system of equations. The present study aims to fill this gap
by constructing an integrated model and conducting a systematic analysis of its stationary states, which is a fundamental
task for understanding the resilience of aquatic ecosystems to anthropogenic impact.
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Materials and Methods
1. Mathematical model of plankton dynamics. The proposed model of plankton dynamics is based on a system of
transport equations for nutrients [11, 13, 14]:

oq; 0(ug, (g, o((w+w,;)q: 0 oq; 0 0q, 0 oq;
ag, , d(ug,) 0(va,) o ) ):_( %j*@(“%j*é(”a_qz)”%w‘“ )

ot ox oy oz ox
where ¢, is the concentration of the i-th component, mg/L (the components are listed in Table 1); V = {u,v,w} are the
components of the water-flow velocity vector, m/s; w_ is the gravitational settling velocity of the i-th component if it is
suspended; i, v are the horizontal and vertical compohents of the turbulent exchange coefficient, m*s; R, is the source
function for nutrients, mg/(L-s); C, is the flux of oxygen and carbon dioxide from the atmosphere, mg/(L-s).
The model under consideration accounts for the following factors (components), presented in Table 1 and forming the
system of equations (1).

Table 1
Components of the mathematical model (1)

i Sym. Name

l. F, concentration of green algae (Chlorella vulgaris)

2. F, concentration of blue-green algae (Aphanizomenon flos-aquae)

3. F, concentration of diatoms (Sceletonema costatum)

4, PO, concentration of phosphates, mineral phosphorus

5. POP concentration of suspended organic phosphorus

6. DOP concentration of dissolved organic phosphorus

7. NO, concentration of nitrates

8. NO, concentration of nitrites

9. NH, concentration of ammonium
10. Si concentration of dissolved inorganic silicon (silicic acid, Si(OH)a)
11. 0, concentration of dissolved oxygen
12. Co, concentration of carbon dioxide (gaseous carbon dioxide, dissolved organic carbon, and total

inorganic carbon)

In the further consideration of the model, the following assumptions are adopted:

1. Temperature and light regime are specified as external control parameters.

2. Hydrodynamic processes are taken into account. The velocity vector of the aquatic environment is calculated on the
basis of a mathematical model of shallow-water hydrodynamics [15].

3. Zooplankton and higher aquatic vegetation are excluded from consideration in order to focus on primary production
and decomposition processes.

4. The input of nutrients (POs, NOs, NH., Si) from external sources is constant.

5. Nitrification proceeds in two stages: oxidation of NHa" to NO-~ and oxidation of NO:™ to NOs".

6. Mineralization, nitrification, and respiration processes depend on temperature according to the Van’t Hoff law.

7. The stoichiometric ratios of elements in phytoplankton biomass (C:/N:P:Si) are assumed to be constant for each species.

2. Equations for phytoplankton. The chemical-biological reactions for phytoplankton describing the nutrient source
function can be written as follows [11, 14]:

R =Cr (1-K2 )qr —Kppqr —Kepqr, i =1,3, 2

where C;, is the growth rate of the i-th phytoplankton species; K, is the specific respiration rate of the i-th phytoplankton
species; K., is the specific mortality (natural death) rate of the i-th phytoplankton species; K 1. is the specific phytoplankton
excretion rate.

The growth rate of the i-th phytoplankton species is modeled with multiple-resource limitation: for 1 and F>, silicon
limitation is absent; for F», fixation of molecular nitrogen (N2) may be taken into account, which removes nitrogen
limitation at low NHs and NOs concentrations (this can be represented by introducing an additional term K , that
depends on O: concentration, since fixation is inhibited by oxygen), but N: is not considered in the present study; for F3,
silicon limitation is mandatory; for F3, NHa uptake is preferred over NOs uptake (suppression effect).
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Taking these constraints into account, the following function is obtained to describe the phytoplankton growth rate:
CFLZ = KNF,vng (T)fl (I)fs (S)min{fp (QPO4 )afN (QNO3 sqno, »4nm, )}a
Cp = KNF3fT (T)fi (1) fs (S)min{fp (qPO4 )7fN (qN03 >qno, »9NH, ):fSi (qs )},

where K, is the maximum specific phytoplankton growth rate; f.(7), f(0), /{(S) are functions describing the dependence
of the growth rate of a particular phytoplankton species on temperature, illumination, and salinity, respectively; f» ( q P()4)7
fv (qNO3 »qNo, ,qN,,A), fs: (g5 ) are functions describing the dependence of the phytoplankton growth rate on the water
content of phosphorus, nitrogen compounds, and silicon, respectively.

Liebig’s law of the minimum, in the form min{ f,(qp0, ). /v (vo»9no,-9um, )} and  min{ 7. (g, ),
Iy (@no,»Gno, +dnm, )s s (s )} is used to account for the combined limiting effect of several nutrient compounds.

The dependence of phytoplankton growth on temperature and salinity is described by:

fo(T)=exp(=a{(T=T,)/T,, } ), £5(S) = exp(-BL(S = S, ) /S } ) @

where T, - is the temperature, Sapt is the salinity optimal for a particular phytoplankton species, and o> 0 and > 0 are
the coefficients determining the width of the phytoplankton tolerance intervals for temperature and salinity, respectively.
The dependence of phytoplankton growth on illumination is described by Steele’s model:

fT(T):(1/10pr)exp(1_1/[0pt)’ (5)

where 1, is the optimal light intensity for photosynthesis.
The phosphorus limitation function is:

(€)

_ 4o,
Se(dro, ) = ot K (6)

where K, is the phosphate half-saturation constant.
The nitrogen-compound limitation function is:

Sy ( 4dno, »9no, »4nn, ) = 1\(/1) ( 4no, »49no, »9nn, )+ .fl\(IZ) (th'4 )a

_ (QNO;, + 4no, )exp(_Kpsinm )
szo3 '*‘(qzvo3 + 4 yo, )

J(VI) ( 9 no, »4no, »InH, )

; (7

qnu,

(2) TV
b
Ky, + 9w,

N (qNH4 ) =
where K, is the nitrate half-saturation constant; K, is the ammonium half-saturation constant; Kp”. is the ammonium
inhibition coefficient.

The silicon limitation function is:

fSi(qSi):L 8)

b
gs + Ky

where K, is the silicon half-saturation constant.

3. Equations for the transformation of nutrients

3.1. Phosphorus cycle. Equation for phosphates (PO4): the chemical-biological reaction describing the source function
for phosphates (POs) can be written as follows [11, 14]:

3
Rpo, = _Z spCr, (1 —Kpp )CIF,. + Kpvqpror + Kpvdpors 9
=1

where s, is the normalization coefficient corresponding to the stoichiometric ratio, K, is the POP phosphatization

coefficient; K is the DOP phosphatization coefficient. The first term in (9) reflects phosphate uptake by phytoplankton.

It should also be noted that mineralization (hydrolysis) of DOP to phosphates occurs faster than mineralization of POP.
Equation for suspended organic phosphorus (POP):

3
Rpop = ZSPKF,D‘IF, = Krpqror = KpnGrors (10)
i

where K, is the specific POP autolysis rate. The first term in (10) reflects the input of POP from dead phytoplankton
biomass, while the second and third terms represent loss due to the transition of a part of POP to DOP during decom-
position and mineralization (phosphatization) of POP.
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Equation for dissolved organic phosphorus (DOP):
3
Rpop = ZSPKF,.EQF,. + Kppqror = Kpngpor- (1)
i=l1

The first term in (11) reflects the input of DOP due to lysis and exosmosis of dead phytoplankton biomass; the second
term represents the transition of a part of POP to DOP during decomposition; and the third term represents mineralization
of DOP to phosphates.

3.2. Nitrogen cycle. Equation for ammonium (NH.): the chemical-biological reaction describing the source function
for ammonium (NH4) can be written as follows [11, 14]:

(2)

3 Do, 3
RNH4 = _ZSNCF, (1 - KF,R ) = ( = ) qr t ZSN (KF,D + KF,E )qF, - K42qNH4 > (12)
i=1 fN(CINOpQNoz’qu ) im1

where s, is the normalization coefficient corresponding to the stoichiometric ratio, K,, is the specific rate of ammonium
oxidation to nitrites during nitrification (in the general case, it depends on the concentrations of ammonium and oxygen).
The first term in (12) reflects ammonium uptake by phytoplankton.

Equation for nitrites (NO:):

f/\(/l) (QNO3 sqno, Y9N, ) . o,
I (‘]No3 »dno, s NH, ) 9no, T qno,

3
szo2 = _ZISNCF, (I_KF,R ) qr, +K42qNH4 _K23Q1w)za (13)
where K, is the specific rate of nitrite oxidation to nitrates during nitrification. The first term in (13) reflects nitrite
uptake by phytoplankton (usually insignificant), the second term represents the inflow due to the first stage of nitrification
(oxidation of ammonium to nitrites), and the third term represents the outflow due to the second stage of nitrification
(oxidation of nitrites to nitrates).
Equation for nitrates (NOs):

]\(ll)(qNO3’qN02anH4 ) 4 no,

Sy (qlvo3 >4 no, >4 Nh, ) o, T dno,

3
RNO3 = _ZSNCE (1 - KF,R ) qr, t K23‘IN02~ (14)
i=1
The first term in (14) reflects nitrate uptake by phytoplankton, while the second term represents the inflow due to the
second stage of nitrification (oxidation of nitrites to nitrates).
3.3. Silicon cycle. The chemical-biological reaction describing the source function for dissolved silicon (Si) can be
written as follows [11, 14]:

Ry = _SS[CF3 (1 - KI-}R )qF_z + S.V[KF_quE; > (15)

where s is the normalization coefficient corresponding to the stoichiometric ratio. The first term in (15) represents silicon
uptake by diatoms, and the second term represents the inflow due to dissolution of biogenic silicon from the frustules of
dead diatoms.

4. Equations for dissolved gases

4.1. Dissolved oxygen

3
RoZ = SOZSPCF} (KF,.R -1 )‘]F,. +50 (KPNqPOP + K pn49por )+ ’YE)IZ)K42qNH4 - Y(ozz)KzsqNoz + CoZ B (16)
P

where s, is the normalization coefficient corresponding to the stoichiometric ratio, v(()lz) is the oxygen consumption
coefficient for the first stage of nitrification (oxidation of ammonium to nitrites), y(ozz) is the oxygen consumption coefficient
for the second stage of nitrification (oxidation of nitrites to nitrates), and C, is gas exchange with the atmosphere. The first
term in (16) reflects O production during photosynthesis and O. consumption for phytoplankton respiration; the second
and third terms reflect the participation of O in phosphatization; and the fourth and fifth terms reflect the participation of
O: in nitrification. To describe oxygen gas exchange between the atmosphere and the ocean, we use [16]:

Se
COz =koz (@j (COZE‘I _qOZ )’ (17)

where k,, is the relative gas-exchange rate, which can be calculated as a function of wind speed, k,, (u )= 0.365*+ 0.4u [16],
where u is wind speed; Sc is the Schmidt number, which reflects the ratio between kinematic viscosity and the turbulent
exchange coefficient; for oxygen at 20 °C, Sc = 660; and C, ,, is the equilibrium oxygen concentration, calculated as a

function of temperature and salinity according to UNESCO standards (1986) [17]; at 20 °C it is 31 mL/L.
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4.2. Carbon dioxide
3
Reo, =3¢ ). Cr (Kpx =1)45 + Ceo,» (18)
i=1

where s . is the normalization coefficient corresponding to the stoichiometric ratio, Cc,, is gas exchange with the atmosphere.
The first term in (18) reflects CO- consumption during photosynthesis and CO: release during phytoplankton respiration.
To describe carbon dioxide gas exchange between the atmosphere and the ocean, we use the following formula [18]:

CcoZ = kco2 (CCOZeq —Yco, )= (19)

where k,, is the exchange coefficient calculated from near-surface wind speed using empirical formulas according to
[19], and C¢y,,, is the equilibrium carbon dioxide concentration calculated by Henry’s law: C = kP, where P is the partial
pressure of carbon dioxide and k is Henry’s constant, which depends on the gas and the liquid.

5. Specification of initial and boundary conditions. For system (1), we prescribe the vector field of water-flow
velocities calculated on the basis of a mathematical model of shallow-water hydrodynamics [15, 20], the salinity field S
and temperature field T, as well as the initial values of the concentration functions ¢, where the index i corresponds to the
components presented in Table 1:

4. (%,9,2,0)=¢"(x,3,2), (x,5,2)€G, t =0, (20)
V(x,,2,0) =V (x,y,2), T(x,y,2,0) = T (x,9,2), S(x,y,2,0) = S (x,9,2).

We consider the mathematical model (1)—(19) in the computational domain G, which is a closed basin bounded by
the undisturbed water surface o, the bottom %, =%, (x,y) and the cylindrical (lateral) surface ¢ over the time interval
0<t<T X=%2,UZX, Uoc is the piecewise smooth boundary of the domain G. Let n be the outward normal vector to
the surface X, and u_ be the component of the water-flow velocity vector normal to X.

For the concentrations of all substances except O: and CO:, we assume that there is no substance input through the
upper boundary of the computational domain:

% _ o, i =110. Q1)

For dissolved oxygen and carbon dioxide, gas exchange with the atmosphere is calculated according to formulas (17)
and (19):

9 9>

% =C02(Q11)a oz =CC02(C]12)- 22)

On the lateral boundary o, the following conditions are specified for the concentrations of all substances presented in Table 1:
0q,

q; =0, ecmn u,, < O0; F 0, ecmm u, > 0. (23)

At the bottom X the following conditions are specified for the concentrations of all substances presented in Table 1:

% =¢84, 24)
where ¢, is the absorption coefficient of the i-th component by bottom sediments.

The proposed model (1)—(24) can be used to simulate the movement and accumulation of dissolved oxygen and
carbon dioxide in the water column and to study their effect on the ecosystem of a water body.

Model parameter selection. To refine the parameters of the phytoplankton-dynamics model accounting for the
transformation of nutrient compounds, suspended and dissolved substances, including oxygen and carbon dioxide,
we find stationary solutions of the model (1)—(24). For the computational experiment, a program was written in the R
programming language. It implements the solution of the system of ordinary differential equations (ODEs) (2), (9)—(16),
(18) by the fourth-order Runge-Kutta method, constructs plots of the resulting stationary solutions for the concentrations
of phytoplankton, nutrient compounds, suspended and dissolved substances, and checks the stability of the obtained
stationary solutions. Numerical experiments were performed under the assumption that phytoplankton development
depends on a single limiting substance.

The input values of the parameters of the phytoplankton-dynamics model accounting for the transformation of
nutrient compounds, suspended and dissolved substances, including oxygen and carbon dioxide, as well as the initial
concentrations of phytoplankton, nutrient compounds, suspended and dissolved substances, are presented in Table 2.

Limitation by temperature, salinity (4), and illumination (5) was not taken into account: 7=7 I=1 S§=§ .
opt opt opt
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Table 2

Values of phytoplankton-dynamics model parameters and initial concentrations of the studied substances

Sym. Name ‘ Value Unit
Model parameters
Green alga (Chlorella vulgaris)
Kyr maximum specific growth rate 2.8000 1/day
Kpr specific respiration rate 0.1500 1/day
Kpp specific mortality rate 0.0500 1/day
Krg specific excretion rate 0.1500 1/day
Ko, phosphate half-saturation constant 0.2400
Ko, nitrate half-saturation constant 0.3000
Ky, ammonium half-saturation constant 0.2000
Blue-green alga (Aphanizomenon flos-aquae)
Ky, maximum specific growth rate 2.8000 1/day
Kpr specific respiration rate 0.1500 1/day
Krp specific mortality rate 0.0500 1/day
K specific excretion rate 0.1500 1/day
Ko, phosphate half-saturation constant 0.2400
Ko, nitrate half-saturation constant 0.3000
Ky, ammonium half-saturation constant 0.2000
Diatom (Sceletonema costatum)
Ky, maximum specific growth rate 2.8000 1/day
Kk specific respiration rate 0.1500 1/day
Kip specific mortality rate 0.0500 1/day
K specific excretion rate 0.15 1/day
Ko, phosphate half-saturation constant 0.2400
Ko, nitrate half-saturation constant 0.3000
Ky, ammonium half-saturation constant 0.2000
K silicon half-saturation constant 3.0000
Phosphorus cycle
K, specific POP autolysis rate 0.0150 1/day
K, POP phosphatization coefficient 0.0200 1/day
K., DOP phosphatization coefficient 0.1000 1/day
s, normalization coefficient 0.0100
Nitrogen cycle
K, specific rate of ammonium oxidation to nitrites 0.9000 1/day
K., specific rate of nitrite oxidation to nitrates 2.5000 1/day
K . ammonium inhibition coefficient 1.4600 1/day
Sy normalization coefficient 0.0160
Silicon cycle
S, normalization coefficient 0.0230
Dissolved oxygen
s, normalization coefficient 0.0500
Ygz) oxygen consumption coefficient for the first stage of nitrification 0.0500 1/day
V(ozz oxygen consumption coefficient for the second stage of nitrification | 0.0015 1/day
Co, equilibrium oxygen concentration' 9,1000 mg/L

! For simplicity, the equilibrium oxygen concentration was calculated based on an empirical temperature dependence formula: Ce,,, () = 14.6 —

nq 042 T+0ME: I, T=T,=25°C.
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End of Table 2
Sym. Name ‘ Value Unit
Model parameters
Carbon dioxide
s, normalization coefficient 0.0020 1/day
Ceo,eq equilibrium carbon dioxide concentration 1.5000 mg/L
Initial concentrations
q, initial concentration of green algae 2.5000 mg/L
q, initial concentration of blue-green algae 2.6000 mg/L
q, initial concentration of diatoms 0.9100 mg/L
dro, initial concentration of phosphates 0.0050 mg/L
9pop initial concentration of suspended organic phosphorus 0.0700 mg/L
9por initial concentration of dissolved organic phosphorus 0.0700 mg/L
4o, initial concentration of nitrates 0.3040 mg/L
4o, initial concentration of nitrites 0.0178 mg/L

Fig. 1 presents the simulation results for the stationary regime of the ODE system under the assumption that
phytoplankton development is limited by phosphorus, nitrogen, and silicon. The limitation functions are calculated on the
basis of (6)—(8).

The computational experiments show that, for the initial concentrations and equation parameters specified in Table 2,
stationary regimes arise for the ODE system (2), (10)—(17), (19), which describes the case of a spatially uniform
distribution of substances.
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Fig. 1. Stationary regimes of the phytoplankton-dynamics model

Over time, the dynamics become smooth and oscillations decrease until a stationary state is reached. For nitrates
in Fig. 1, an increase in concentration is observed, but it does not exceed 10° mg/L. The decrease in carbon dioxide
concentration in Fig. 1 also does not exceed 10~° mg/L. These results illustrate the stable distribution of algae and oxygen
in the water body achieved by the model.

Silicon deficiency scenario. On the basis of the refined model parameters, several scenarios of phytoplankton
dynamics accounting for the transformation of nutrient compounds, suspended and dissolved substances, including
oxygen and carbon dioxide, are considered. As the first scenario, we consider the case of a low silicon concentration.
The model parameters and initial concentrations were specified according to Table 2, except for the silicon concentration,
which was set to g, = 0.01 mg/L. The simulation results are presented in Fig. 2. As shown by the obtained results, silicon
deficiency substantially affected the concentration of diatoms, which by the end of the simulation period did not exceed
2-107° mg/L. At the same time, the concentrations of green and blue-green algae were higher than in Fig. 1 (with the initial
silicon concentration g, = 0.4 mg/L).
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Fig. 2. Stationary regimes of the phytoplankton-dynamics model under silicon deficiency

Nitrogen deficiency scenario. As the second scenario, we consider the case of nitrogen deficiency. The model
parameters and initial concentrations were specified according to Table 2, except for the concentrations of nitrates, nitrites,
and ammonium, which were set to qxo, = 0,001 mg/L, g0, =0,001 mg/L, ¢yy, = 0,01 mg/L.

The simulation results are presented in Fig. 3. The deficiency of nitrogen compounds substantially reduced the biomass
of all three phytoplankton species (to 7.7-10~° mg/L, 8-10~° mg/L, and 2.8-10 mg/L for green, blue-green, and diatom
algae, respectively) and also affected the concentrations of other nutrient and dissolved substances.
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Fig. 3. Stationary regimes of the phytoplankton-dynamics model
under nitrogen deficiency

Phosphorus deficiency scenario. As the third scenario, we consider the case of phosphorus deficiency. The model
parameters and initial concentrations were specified according to Table 2, except for the concentrations of phosphates and
suspended and dissolved organic phosphorus: ¢, = 0.0005 mg/L, ¢,,,,= 0.007 mg/L, g,,,,= 0.007 mg/L.

The simulation results are presented in Fig. 4. The deficiency of phosphorus compounds reduced the biomass of all
three phytoplankton species, although not as strongly as nitrogen deficiency.

[}
2.5 52.5
o g Eos
5 20 = 2.0 g
e g 3
- = s 0.6
=15 QE) 15 g
T) [0}
= Qo (=}
2 N 8 04
[
S 1.0 E 1.0 8 ’
a,
< w2
0.0 2.5 5.0 7.5 10.0 0.0 25 50 7.510.0 0.0 2.5 5.0 7.5 10.0
t, mln s t, mln s t, mln s
0.025
0.030 ~+0.0015
0.020 0.025 g/ ’
&~ =Y 2]
o 2
2 0.015 2 0.020 5 0.0010
0.015 z
=
0.010 0.010 ~ 0.0005
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
t,mlns t,mlns t,mlns

Fig. 4. Stationary regimes of the phytoplankton-dynamics model under phosphorus deficiency

Nutrient abundance scenario. As the fourth scenario, we consider the case of abundant compounds of all nutrients. The
model parameters were specified according to Table 2. The initial concentrations of substances were as follows: g, = 2.5 mg/L;
q,=2.6 mg/L; g, =0.91 mg/L; gro, =0.05mg/L;q,,,=0.7mg/L;q,,.=0.7mg/L; 9vo, =0.09 mg/L; gro, =0.17 mg/L;
qwu, = 0.8 mg/L; g, =2 mg/L; g, = 9.1 mg/L; gco, = 2.5 mg/L.
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The simulation results are presented in Fig. 5. As expected, an abundance of nutrients leads to accelerated growth of
all three phytoplankton species. The final concentrations of substances are as follows: g, = 15.14 mg/L; ¢, = 15.75 mg/L;
g, =5.51 mg/L; 9ro, = 0.0018 mg/L; g, = 0.52 mg/L; q,,, = 0.624 mg/L; 4o, = 4.786 mg/L; dno, = 0.052 mg/L;
g, =0.145mg/L; g, = 1.89 mg/L; g0, = 9.44 mg/L; qgco, = 0.819 mg/L.
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Fig. 5. Stationary regimes of the plankton-dynamics model under nutrient abundance

Discussion. In the course of the study, an integrated mathematical model of plankton dynamics was considered with
allowance for the transformation of nutrient compounds, suspended and dissolved substances, including oxygen and
carbon dioxide. The model is characterized by a high level of detail in the description of biogeochemical cycles, which
makes it possible to describe processes in real aquatic ecosystems more adequately.

The main result of the study is a qualitative investigation of stationary solutions of this model. Various scenarios of
nutrient concentrations were considered. The obtained solutions are consistent with data from field experiments.
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It was established that the key factors determining the structure of the plankton community at equilibrium are the
ratios of biogenic elements. The rate of gas exchange with the atmosphere and O.-dependent nitrification processes are
critical feedbacks that can stabilize or destabilize the system.

Conclusion. The results of the study make it possible to forecast the consequences of anthropogenic impact on water
bodies. For example, the model predicts that a set of measures may be required to shift the system to a more favorable
state, such as diatom dominance. Such measures may include reducing the input of phosphorus compounds, managing
silicon runoff, and intensifying water mixing to improve the oxygen regime.

Further research should focus on increasing the model complexity by including zooplankton, detailing light-
transmission processes, accounting for spatial heterogeneity, and validating the model against field data.
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Abstract

Introduction. The hydrodynamic impact of waves on a ship hull in shallow water represents one of the key challenges
in modern marine hydrodynamics. Limited water depth leads to amplification of wave action, a shift of resonance
frequencies, and an increase in motion amplitudes, which significantly intensifies the loads acting on the hull.

Materials and Methods. Numerical simulations were performed using the ANSYS Aqwa software package within the
framework of linear potential flow theory. A hybrid approach was implemented, combining frequency-domain analysis
for determining Response Amplitude Operators (RAO) and subsequent time-domain simulations of irregular waves based
on the JONSWAP spectrum. Various water depths, wave parameters (significant wave height and peak period), and wave
incidence angles were considered.

Results. 1t was found that a decrease in water depth results in an increase in vertical motion amplitudes of up to 40%
and a shift of resonance frequencies toward longer waves. Maximum hydrodynamic loads occur under beam wave
conditions, whereas for following wave directions, pitch motion plays a significant role in redistributing loads along
the hull. Quantitative estimates of pressure distribution and integral forces acting on the hull were obtained, and critical
combinations of wave parameters and water depth were identified.

Discussion. 1t is shown that the formation of extreme loads is governed not only by wave height but also by spectral
characteristics, primarily the coincidence of the peak wave period with the natural frequencies of ship motions. The
significant role of shallow-water effects in amplifying the hydrodynamic response and altering the structure of the wave
field near the hull is demonstrated.

Conclusion. The results expand current understanding of ship hydrodynamics in shallow water and can be applied in ship
design, selection of operational regimes, and development of decision-support systems to ensure navigation safety under
complex environmental conditions.

Keywords: hydrodynamic loads, shallow water, wave-structure interaction, RAO, JONSWAP spectrum, numerical
simulation, ANSYS Aqwa
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OpueunaﬂbHoe amnupudeckoe ucciedosamue

YucjieHHOe HccleJ0BaHue THAPOAMHAMHYECKHX HATPY30K
HA KOPIIYC CyIHA NPH BOJHEHUH B MEJIKOBOIHBIX YCJIOBHAX
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AHHOTALUA

Beeoenue. I'npponnHaMuuecKoe BO3AEHCTBHE BOIH HA KOPITYC Cy/IHA B YCIOBHSIX MEITKOBO/IBS ITPEACTABIISIET COOOH OIHY
U3 KJIIOYEBBIX MPOOJIEM COBPEMEHHOW MOPCKOM TMAPOIMHAMUKH, IIOCKOJIbKY OrpaHHYEeHHasi NIyOMHA MPUBOAUT K YCH-
JICHUIO BOJHOBOTO BO3/CHCTBHS, CMEIIEHUIO PE30HAHCHBIX YacTOT U POCTY aMIUIMTYA KOJeOaHUH, YTO CYLIECTBEHHO
YBEJIMYMBACT CHIIOBBIC HArPy3KU Ha KOPILYC.

Mamepuanvt u memoopl. YucieHHOE MOAEIMPOBAHNE BBIOIHEHO C HCIOJIb30BAHWEM IIPOTPAMMHOIO KOMILIEKCA
ANSYS Aqwa B pamkax TUHEHHOU MOTEHIIMAIHHON TEOPHUH TeUeHUH. Peanmn3oBaH KOMOMHUPOBAHHEIHA ITOIXO, BKIIFOYA-
IOIIMH pacuy€Thl B YaCTOTHOM 0OOJIACTH ¢ ONpeNesICHHEM OIepaTopoB aMIUINTYAHO-9aCTOTHBIX XapakTepucTuk (RAO) n
MOCIICAYIONIEe MOJICIIMPOBAHUE BO BPEMEHHOM OOACTH Il HEPETYISIPHOTO BOJHEHHS Ha OCHOBe criekTpa JONSWAP.
PaccMoTpeHs! pa3nyHble ITyOUHBI BOABI, TapaMeTphl BOJIH (3HAYNTEIbHAS BBICOTA, TMKOBBII IIEPHO/) U YIVIbI BOJTHEHHUS.
Pesynomamsl uccineooeanus. YCTaHOBICHO, YTO YMEHBIICHHE TIIYOWHBI MIPUBOJUT K YBEIUUCHUIO aMIUIUTYAbI BEPTH-
KaJbHBIX NepeMerieHni kopiyca 10 40 % 1 CMEeIIeHHI0 PE30HaHCHBIX YacTOT B 00IacTh [UIMHHBIX BONH. Iloka3aHo, 4To
MaKCHMaJIbHbIE THIPOJMHAMHYECCKHE HAarpy3KH PEANN3yIOTCsI IPH BOJHEHNH C TPaBep3a, TOINa Kak MPH KOPMOBBIX yIlIax
CYLIECTBEHHYIO pOJIb UTPAET KUJIEBas Kauka, ONpeelstonias IepepacipeieIeHue Harpy30K o AnuHe kopmyca. [lomy-
YEeHbI KOJIMUECTBEHHBIE OLIEHKU JaBJICHHS U MHTETPAJIbHBIX CHJI, JEMCTBYIOLINX Ha KOPITYC, a TAKXKE BBISBICHBI KPUTHYE-
CKHE COYCTaHUs TapaMeTPOB BOJH U INIyOUHBI.

Obcyscoenue. 11okazano, 4To GOPMHUPOBAHUE IKCTPEMATBHBIX HATPY30K OINPEEeNsIeTCs] He TONBKO BBICOTOM BOJH, HO U
UX CIIEKTPAJIbHBIMH XapaKTEPUCTUKAMH, B TIEPBYIO OYEPEIb COBMAACHHEM ITHKOBOTO IIEPHOJA C COOCTBEHHBIMH YacTO-
TaMH KoJeOaHuil cyqHa. YCTaHOBIEHA CYIIECTBEHHAs POJIb MEIKOBOJHOTO 3((eKTa B YCHICHUH THAPOINHAMUYECKOTO
OTKJIMKA ¥ I3MEHEHUH CTPYKTYPbI BOTHOBOTO TOJISl BOJIIM3H KOpITyca.

3akniouenue. IlomyueHHbIE pe3yabTaThl PACIIUPSIOT IPEACTABICHUS O THAPOIUMHAMUKE CY/IOB B MEIKOBOAHBIX YCIOBHUAX
Y MOTYT OBITh HCIIOJIb30BaHBI MPHU POESKTHPOBAHUH CY/IOB, BBIOOPE SKCILTYaTAl[HOHHBIX PEXHMOB U pa3paboTKe CUCTEM
MOJICPKKY PUHATHA PELIeHNH 1711 obecrieueHst 6€30MaCHOCTH CYIOXO/ICTBA.

KuroueBsble ci10Ba: THIpOJMHAMUYECKHE HATPY3KHU, MEJIKOBOJIbE, BOTHOBOE Bo3aeiicTBue, RAO, cnexrp JONSWAP, unc-
JIeHHOe MonienupoBanue, ANSYS Aqwa
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Introduction. The hydrodynamic action of waves on a ship hull is one of the key factors determining operational
reliability, structural durability, and navigation safety [1, 2]. In shallow-water areas, the nature of wave-ship interaction
differs substantially from deep-water conditions: limited depth transforms the wave spectrum, changes the kinematic
structure of the flow, and enhances nonlinear effects associated with wave deformation and energy redistribution [3-5].
As a result, the resonance frequencies of hull motions shift toward longer waves, and motion amplitudes increase, which
is accompanied by higher hydrodynamic loads.

These processes are particularly relevant for water bodies such as the Sea of Azov and its coastal zones, including Taganrog
Bay, where shallow depths, intense wind forcing, and limited fetch produce specific wave-generation conditions [6, 7]. Such
areas are characterized by short-period but steep waves, as well as significant water-level fluctuations that increase
the variability of hydrodynamic loads. Under these conditions, traditional engineering estimates based on simplified
relationships are insufficient for an adequate description of actual ship behavior.

Modern studies of ship hydrodynamics increasingly rely on numerical methods that make it possible to account for
complex hull geometry and a wide range of wave actions. Potential flow theory, implemented in specialized software
packages such as ANSYS Aqwa, is widely used for diffraction and radiation analyses and for calculating Response
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Amplitude Operators (RAO) [8-10]. Recent studies show that such approaches provide satisfactory accuracy when
compared with experimental data, especially in the field of linear hydrodynamics and moderate wave action [11-13].

At the same time, a considerable part of the existing research focuses either on individual characteristics of ship motion
or on the assessment of navigation-accident risks, whereas a comprehensive investigation of wave-induced force action
on the hull, taking into account the shallow-water effect, wave parameters, and wave direction, remains insufficiently
developed [14—16]. In particular, the combined influence of water depth, wave height and period, and wave propagation
angle on the distribution of hydrodynamic pressure and resultant forces along the hull has not been studied sufficiently.
In addition, few works directly link frequency-domain analysis (RAO) with time-domain simulation of irregular waves
to obtain realistic load estimates.

This paper proposes a numerical approach to studying wave-induced hydrodynamic loads on a ship hull in shallow
water, based on a combination of frequency-domain and time-domain analyses. At the first stage, RAOs are calculated
for six degrees of freedom, which makes it possible to determine the dynamic sensitivity of the ship to wave action over a
wide frequency range [12, 13]. At the second stage, time-domain simulation is performed using a spectral description of
waves, providing statistically significant characteristics of motions and loads [4, 17].

The scientific novelty of the study lies in the integrated consideration of water depth, wave parameters, and wave
incidence angle in assessing hydrodynamic loads, as well as in the integration of frequency-domain and time-domain
approaches for estimating wave-induced force action under shallow-water conditions. Unlike most existing studies, the
main emphasis is placed not only on the kinematics of ship motions but also on quantitative assessment of the loads acting
on the hull and their temporal variability.

The practical significance of the results is associated with their possible use in ship design, selection of operating
modes, and development of recommendations for ensuring navigation safety under complex hydrometeorological
conditions. The proposed approach may also serve as a basis for further studies aimed at accounting for nonlinear effects
and interaction with seabed morphodynamics in shallow-water areas.

Materials and Methods

Problem statement. The problem considered is the numerical simulation of wave-induced hydrodynamic action on
a ship hull under limited-depth conditions. The main objective is to quantitatively assess hull-motion amplitudes and the
distribution of hydrodynamic loads for different parameters of external wave forcing [18, 19].

Ship motion is described within six degrees of freedom:

X(t) = {éls(‘;z’ab‘:mas’aﬁ}’

where § , £, &, are translational or linear displacements of the ship center of mass (surge, sway, and heave), and §, £, &,
are angular displacements or rotations of the ship about the axes (roll, pitch, and yaw) [11-13].

Wave action is specified either as a superposition of harmonic components or as a spectral description of irregular
waves. It is necessary to determine Response Amplitude Operators (RAO), time histories of hull motions, hydrodynamic
forces and moments, and integral loads acting on the hull [20, 21].

Hydrodynamic model. The simulation is based on linear potential flow theory, which assumes that the fluid is
incompressible and inviscid and that the flow is irrotational [1, 2, 22].

The velocity field is described by the velocity potential ¢(x,¢) satisfying Laplace’s equation:

V2 =0.

The potential is represented as a superposition:
6
O =0/ +dD+ &by,
j=1

where ¢/ is the incident-wave potential; ¢.D is the diffracted potential; ¢  Are the radiation potentials corresponding to ship

. d&.
motions; §; = i is the velocity of the corresponding translational or angular motion [2, 22].

dt
The boundary conditions on the free surface (linearized condition) are defined as follows:
¢ 0o
¥+g520 HpI/IZ :0,
on the ship hull (impermeability):

%
L =V-.n,
on "
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on the bottom (limited depth):
9%
—=0npuz=-h.
0z P
The boundary conditions reflect the physical nature of the problem: the free-surface condition describes wave motion
under gravity, the hull condition represents impermeability, and the bottom condition specifies the absence of vertical
flow, corresponding to the limited depth of the water area.
Equations of ship motion. Ship dynamics is described by a system of equations in the frequency domain:

[0 (M + A(w)) + ioB(o) + C [&(w) = F(o),

where M is the mass matrix; A(®) is the added-mass matrix; B(w) is the damping matrix; C is the hydrostatic stiffness
matrix; and F(®) is the vector of wave forces [11-13, 23].
The Response Amplitude Operator is defined as

£ (w)
(o)’

RAO,(0) =

where 1 is the wave amplitude.

The frequency-domain equation of ship motion reflects the balance between inertial, damping, and restoring forces
that determine the ship response to wave action.

Methodology for numerical simulation of the dynamic ship response to wave action. A spectral representation is
used to simulate irregular waves:

n) = i«/ 28(w,)Awcos(o,t + ¢, ),

where S(®,) is the wave energy spectral density; ¢, are random phases [4, 17].
Ship motion is determined through convolution with the RAO:

g, (1) = |, RAO,(om(e)e" do,

Irregular waves are simulated as a superposition of harmonic components with different frequencies and random
phases based on a specified energy spectrum. Ship motion in the time domain is determined by transforming the RAO,
which makes it possible to account for the frequency-dependent response of the system to wave action [20, 21]. The
scheme for generating the dynamic response is shown in Fig. 1.

FROM WAVES TO SHIP MOTION: THE ROLE OF RAO

Sea surface in time domain Frequency-dependent transfer function of the ship Ship motions in time domain

n@ g
RAO &)
© Heave (&) Heave ¢
(vertical motion)
t Roll (£, (0
. 3
, , Pitch &) Roll (heel) !
Frequency domain representation £ )
S
S(w) Wave spectrum ® Pitch (trim) t
(e. g., JONSWAP)
RAO shows how strongly the ship responds roll )
to each wave frequency. Some uencies heave pitch

® excite the ship more, others less
‘Waves are a combination of many harmonics with different
frequencies and random phases

‘Waves contain energy at different frequencies.

etermines which frequencies a:nglli the ship’s motion and which have little effect.
By combining the wave spectrum with the RAO, we obtain the real ship motion in time

Fig. 1. Scheme for generating the dynamic ship response to wave action (waves — RAO — ship motion)

As shown in Fig. 1, the dynamic response of the ship is formed through a sequential transformation of wave action into
the frequency response of the system (RAO), followed by transition to time histories of motions. This formulation directly
links the spectral characteristics of waves with hull-motion kinematics and subsequent loads.

Spectral wave model. The JONSWAP spectrum is used to describe irregular waves:

5(® 4 exp{*(mimpa)zjl
S(w) = agzmsexp[—z(—pj JY AN

where S(w) is the wave spectrum, showing how wave energy is distributed over frequencies; ®, = %, vy is the peak
enhancement factor; 6 = 0.07 or 0.09 [4, 17]. 4
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The JONSWAP spectrum is used to describe irregular waves as an energy distribution over frequencies with a
pronounced peak corresponding to the dominant wave period. This model adequately describes developing wind waves
in fetch-limited water areas.

Calculation of hydrodynamic loads. The pressure on the hull is determined from the unsteady Bernoulli equation:

_ 0
p=—p7 ~Pg

Integral force:
F(t) = L pnds,

moment:

M(f) = Lr x (pn)ds.

Hydrodynamic loads on the ship hull are determined from the pressure distribution calculated using the unsteady
Bernoulli equation [1, 2, 24]. Integration of pressure over the hull surface makes it possible to determine the resultant
forces and moments caused by the nonuniform pressure distribution.

Numerical implementation. The numerical implementation was performed using the ANSYS Aqwa software
package, designed for solving wave diffraction and radiation problems within linear potential flow theory [10, 15].
Calculation of the ship hydrodynamic characteristics is based on the panel method, in which the underwater hull surface is
approximated by a finite number of elements, and the solution is reduced to determining the velocity-potential distribution
on the fluid-solid boundary [22, 25].

The use of this approach is justified by its widespread application in marine hydrodynamics and its proven effectiveness
in calculating Response Amplitude Operators (RAO), added masses, damping coefficients, and wave loads [11-13, 25]. In
contrast to full CFD models, the panel method substantially reduces computational cost while maintaining adequate accuracy
in the range of small and moderate wave amplitudes, which corresponds to the adopted problem formulation [8, 9].

The underwater hull was discretized using approximately 1500-2000 panels, in accordance with recommendations
for ships of the class considered [25]. The selected mesh density provides sufficient accuracy in approximating the hull
geometry, including the bow and stern regions, where the largest pressure gradients are observed.

The quality of the panel model was controlled using hydrostatic characteristics: displacement, center of buoyancy,
and metacentric height. Deviations of the calculated values from the design values did not exceed 1%, confirming the
correctness of the geometric approximation and the suitability of the model for subsequent hydrodynamic calculations.

Frequency-domain calculations were performed in the range of 0.1 < ® < 2.0 rad/s, which corresponds to wave
periods of approximately 3—60 s and fully covers the wave spectral range characteristic of shallow-water areas [17, 20].
The frequency range was discretized with a step of Ao = 0.05 — 0.10 rad/s with additional refinement near resonance
frequencies. This approach ensures correct reproduction of RAO peaks and avoids distortions in the transition to the time
domain [11-13]. Calculations were performed for wave incidence angles = 0°, 30°, 45°, 60°, 90°, 120°, 135°, 150°,
180°, which covers all characteristic directions of wave action, from head to following waves. This is fundamentally
important because the ship response depends substantially on the wave incidence angle [12, 14].

Based on the obtained frequency characteristics, time-domain simulation was performed for irregular waves. The
wave field was generated using the JONSWAPspectrum, which describes the distribution of wave energy over frequencies
under fetch-limited conditions [4, 17]. The calculation duration was 7,, = 1800 s, which ensured statistically stable time
series of motions and loads. The initial transient interval of 200-300s was excluded from the analysis. The integration
time step was At = 0,1 — 0,2 s, which ensured adequate resolution of high-frequency wave components and stability of
the numerical scheme [20, 21]. The time-step choice was dictated by the need for accurate reproduction of peak values of
motions and loads, prevention of numerical oscillations, and convergence of statistical characteristics. Test calculations
showed that the selected At range provides a balance between accuracy and computational efficiency.

Based on the results of time-domain simulation, statistical analysis of the time series was performed, including
determination of:

— maximum and minimum displacement values;

— extreme values of forces and moments;

— root-mean-square deviations;

— the probability of reaching critical regimes [20, 21].

Special attention was paid to estimating extreme hydrodynamic loads, since they determine the potential hazard of
ship operation under shallow-water and storm-wave conditions.
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It should be noted that the model used is based on linear potential flow theory and does not account for several effects
that may be significant under extreme conditions, in particular:

—nonlinear wave transformation in shallow water;

— viscous effects and turbulence;

— interaction with variable bottom geometry [8, 9, 26].

Nevertheless, for comparative analysis and assessment of the influence of the main factors (depth, wave parameters,
and wave incidence angle), the selected approach is well justified and widely used in engineering practice [10, 25].

Geometry and main characteristics of the ship. A river-sea transport ship intended for operation in shallow-water
areas and coastal zones, including the Sea of Azov and Taganrog Bay, was considered as the computational object.
The choice of this ship type is determined by its characteristic geometric and hydrodynamic features, as well as by its
correspondence to the limited-depth conditions considered in this study.

The ship belongs to the class of displacement monohull vessels with a developed underwater hull and pronounced
bow and stern extremities. The hull lines are characterized by moderate fullness and a smooth variation of shape along the
length, which provides a typical distribution of hydrodynamic loads under wave action.

The main geometric characteristics of the ship were adopted as follows:

— length between perpendiculars L = 105 m;

—beam B= 16 m;

—draft T=4.2 m;

— displacement A =~ 4200 t;

— block coefficient CB = 0.75.

Side View
L=105m
Main particulars Value
Length between 105 m
perpendiculars, L
WL Beam, B 16 m
T=42m Draft, T 42 m
Top View Displacement, A ~4200t
Block coefficient, C, ~0.75
B=16m

Fig. 2. Geometry and main characteristics of the computational ship

The considered ship is a generalized geometric model of a river-sea transport vessel (Fig. 2).

The ratio of water depth to ship draft in the computational scenarios is #/T= 1.3-2.1, which corresponds to limited-depth
conditions and ensures the manifestation of a pronounced shallow-water effect. The underwater hull was approximated
using panel discretization with approximately 1500-2000 elements. This level of detail provides an adequate representation
of the hull geometry, including regions with the largest pressure gradients (bow and stern extremities), and is consistent
with recommendations for numerical modeling of ships of this class.

The selected geometry is typical of river-sea transport ships and is widely used in numerical modeling of hydrodynamic
processes in shallow-water areas, which allows the results obtained to be regarded as representative for this type of vessel [4, 5, 27].

Validation of the numerical model. To assess the reliability of the results, the numerical model was validated by
comparing the obtained Response Amplitude Operators (RAO) with published numerical and experimental results.

Reference data were taken from studies devoted to the analysis of the dynamic response of ships in regular and
irregular waves, obtained using both panel methods and experimental investigations of ship models in basins [11-13, 20].

The comparison was performed for the following characteristics:

— Response Amplitude Operators for vertical motions (heave);

— resonance-response frequencies;

— RAO amplitude levels in the peak region.

It was found that the RAO values obtained in this study show qualitative and quantitative agreement with literature
data. In particular, the range of resonance frequencies (0.9—1.2 rad/s) and the pattern of change in response amplitudes
with decreasing depth correspond to previously published results [11-13].

Deviations of RAO amplitudes in the resonance-peak region do not exceed 10—15%, which corresponds to the typical
level of discrepancy between different numerical methods (panel methods, strip theory) and experimental data.
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In addition, integral hydrodynamic loads were compared with numerical studies that used time-domain methods to
model the ship response to irregular waves [20, 21]. The obtained dependences of maximum loads on depth and wave
parameters demonstrate similar trends, including:

— an increase in loads with decreasing depth;

— a shift of the region of maximum values toward longer waves;

— amplification of the response under beam waves.

Thus, the comparison confirms the correctness of the numerical model used and its applicability to the analysis of
hydrodynamic loads on a ship hull in shallow water.

Results. Numerical experiments were performed for a series of computational scenarios covering the range of depths
typical of navigation channels and adjacent waters of Taganrog Bay under normal water levels, wind set-down, and storm-
surge conditions. The calculations considered depths 2= 5.5, 7, 8, and 9 m, significant wave heights Hs = 0.5-3.5 m, peak
periods T = 3.5-6 s, and wave incidence angles B from 0° to 180°.

The calculations were carried out in two stages. At the first stage, frequency-domain analysis was performed with
determination of Response Amplitude Operators (RAO) for six degrees of freedom [11-13]. At the second stage, the
results of the frequency-domain analysis were used to simulate irregular waves in the time domain and to obtain time
histories of vertical motions, angular deviations, and integral hydrodynamic loads [20, 21].

The main attention was paid to vertical hull motions, pitch and roll, and the vertical and transverse components of wave
forces, because these quantities largely determine the intensity of wave action on the hull under limited-depth conditions.

Results of the frequency-domain analysis

Response Amplitude Operators for vertical motions. The obtained RAOs for vertical motions showed a pronounced
dependence on water depth and wave direction. For all calculated depths, one dominant peak is observed in the range of
0.95-1.15 rad/s, corresponding to the main region of the hull resonance response in heave.

The most substantial changes were identified when the depth decreased from 9.0 m to 5.5 m. In this case, the maximum
heave RAO increased from 1.07 to 1.49 m/m, that is, by approximately 39%. At the same time, the peak frequency shifted
from 1.14 to 0.96 rad/s, corresponding to an increase in the characteristic response period from 5.5 to 6.5 s. This tendency
is in good agreement with the physics of the shallow-water effect: decreasing depth changes the added masses and
hydrostatic restoring, which increases the natural periods of the system [3-5, 19].

Table 1

Heave RAO parameters under beam waves (B = 90°)

Water depth 4, m RAOmax (heave), mm Peak frequency o, rad/s Period 7, s
9.0 1.07 1.14 5.51
8.0 1.14 1.09 5.76
7.0 1.23 1.03 6.10
5.5 1.49 0.96 6.54

It should be noted that the increase in response with decreasing depth has a nonlinear accelerating character: the
transition from 9.0 to 8.0 m produces a relatively moderate change, whereas in the range of 7.0-5.5 m the amplitude
increase becomes noticeably sharper. This indicates that the system approaches regimes in which shallow-water influence
becomes dominant.

Fig. 3 presents the Response Amplitude Operators for vertical ship motions at different water depths. It can be seen
that decreasing depth increases the response amplitude and shifts the resonance frequency toward longer waves, reflecting
the influence of the shallow-water effect on system dynamics.

Influence of wave incidence angle. The wave incidence angle affects different degrees of freedom in different ways.
For vertical motions, the maximum RAO values are observed under beam waves and in the range of oblique waves
of 60°—120°. For pitch, by contrast, the strongest response is typical of head and following waves, when wave action
effectively excites the longitudinal mode of motion.
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Table 2

Wave incidence angle f3, °

RAOmax (heave), mm

RAOmax (pitch), deg/m

RAOmax (roll), deg/m

0 0.56 1.14 0.07
30 0.79 1.06 043
45 0.93 0.94 0.98
60 111 0.68 1.46
90 1.23 0.29 1.88
120 1.05 0.76 139
135 0.87 0.98 091
150 0.66 1.07 043
180 0.51 1.16 0.05
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Fig. 4. Influence of wave incidence angle on the Response Amplitude Operators
of ship response in heave, pitch, and roll
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As illustrated in Fig. 4, the wave incidence angle has a decisive influence on the ship dynamic response. Maximum
values of vertical motions (heave) and roll occur under beam-wave conditions (f = 90°), which corresponds to the most
unfavorable excitation regime. At the same time, pitch reaches its maximum at following-wave angles (B = 150-180°).
The results confirm the pronounced anisotropy of the dynamic response and the need to account for wave direction when
assessing hydrodynamic loads [12, 14].

2.6 |Fz| max 22 |Mx| max
2.4 ;
Accelerated growth £20 Nonlinear effect
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2.0 glg
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21.8 216
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1.5 2.0 2.5 3.0 3.5 1.5 2.0 2.5 3.0 3.5
Significant wave height Hs (m) Significant wave height Hs (m)
a) b)

Fig. 5. Dependence of hydrodynamic loads on significant wave height:

a — vertical force; b — bending moment

As shown in Fig. 5, an increase in significant wave height leads to an increase in hydrodynamic loads. The dependence
is nonlinear: in the range of high waves, both the vertical force and the bending moment increase at an accelerated rate,
which is associated with amplification of the ship dynamic response and redistribution of pressure over the hull [8—10].

Thus, the most pronounced vertical hull response is formed at f = 90°, whereas for pitch the hazardous regimes are
those close to f = 0° and B = 180°. This distinction is fundamentally important when interpreting integral loads: the
maximum of one degree of freedom does not necessarily correspond to the maximum resultant force action on a particular
hull extremity.

Hydrodynamic forces and moments in the frequency domain. Calculation of exciting wave forces showed that
in shallow water not only hull motions but also the amplitudes of integral loads increase [19-21]. The most noticeable
growth is observed for the vertical force /_ and the rolling moment M . When the depth decreases to 5.5 m, the maximum
vertical force near the resonance frequency increases by approximately 27% compared with a depth of 9 m, while the
transverse moment increases by 31%.

For beam waves, the increase in Fz is mainly associated with amplification of the heave response and redistribution of
hydrodynamic pressure over the underwater hull. For oblique following waves, longitudinal oscillations and trim begin to
make a substantial contribution, leading to load asymmetry between the bow and stern extremities.

Results of time-domain simulation. In the time domain, irregular wave actions generated according to the JONSWAP
spectrum were analyzed [4, 17]. For each scenario, time series with a duration of 1800 s were calculated, with the first
300 s excluded as a transient interval.

For the severe-storm scenario (Hs=3m, T =55 s) at a depth of 7 m, the maximum absolute vertical hull displacements
were obtained under beam-wave conditions. The extreme negative values, corresponding to the deepest hull immersion,
reached 2.6-2.8 m relative to the mean position.

Asslight negative shift in the mean value C,,,,, in all scenarios reflects weak asymmetry of the time signal, characteristic
of a finite realization length and spectral excitation near the resonance region. Physically, the most important quantities
are not the mean values themselves but the extreme negative values that determine the worst hull-immersion regimes.

Since wave-induced force action on the hull is not limited to vertical motions alone, a combined analysis of heave
and pitch was performed. To estimate the additional draft variation at the extremities, the following relationship was used

L
ATpitch (t) ~ % epitch (t)9

where Gpl, o 18 expressed in radians [2, 11].
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Table 3

Statistical characteristics of vertical motions at 2 =7 m, Hs = 3.0 m, TP =55s

B,° Mean, m RMS, m Max, m Min, m
0 -0.09 0.49 1.14 -1.36
45 —0.06 0.81 1.92 -2.14
90 -0.04 1.08 2.54 =2.77
135 -0.07 0.90 2.08 -2.29
180 —0.10 0.57 1.31 -1.58

The calculations showed that under beam waves the vertical response is maximal, but the contribution of pitch is
comparatively small. Conversely, under oblique following and following waves, vertical motions are smaller; however,
the increase in trim leads to a substantial local increase in load on the bow or stern extremity.

Table 4
Maximum estimates of bow draft variationath=7m, Hs=3m, T =55s

B,° Min heave, m Max pitch, deg | Pitch contribution, m Total draft variation, m

0 -1.36 2.6 245 -3.81

45 -2.14 2.1 1.98 —4.12

90 —2.77 0.8 0.76 -3.53
135 -2.29 23 2.17 —4.46
180 —-1.58 2.9 2.74 —4.32

The table shows that the largest local increase in draft at the extremities occurs not at = 90°, but at § from 135° to
180°, when a moderately high heave response is combined with considerable trim. This circumstance is of fundamental
importance for assessing actual hull loads and analyzing hazardous operating regimes.

Hydrodynamic loads on the ship hull. In all scenarios, the vertical component of the wave force F () showed the
highest sensitivity to depth and peak wave period. In the frequency range close to the main heave resonance frequency,
the amplitude of F, increased sharply. For the scenario 2 =7 m, Hs =2.5 m, T,=55s, and = 90°, the maximum vertical
force over a 1500 s time interval was approximately 1.9-2.1 MN. At a depth of 5.5 m under the same wave parameters,
the maximum increased to 2.5-2.7 MN.

For beam and oblique beam waves, the maximum values of the transverse force Fy and rolling moment Mx were
formed in the same frequency range, close to the roll-response peak. When the depth decreased from 9 m to 5.5 m, the
root-mean-square value of Mx increased by approximately 25%, and the extreme values by 30-35%. This indicates
amplification not only of the general hull motions but also of local loads acting on side structures.

Wave pressure distribution along hull
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Fig. 6. Distribution of wave pressure along the ship hull

Fig. 6 presents the distribution of wave pressure along the ship hull. It was found that the maximum pressure values are
localized in the bow region, where the most intensive interaction between the hull and the incoming wave occurs. Additional
local maxima are observed in the stern region, which is associated with reflection and redistribution of wave energy. The
results indicate a nonuniform load distribution, leading to significant bending moments and increased loading of hull structural
elements. Thus, the most hazardous zones in terms of force action are the bow and, to a lesser extent, the stern parts of the ship.
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Analysis of the hydrodynamic pressure distribution over the hull showed that under head-wave conditions the pressure
is distributed more uniformly along the hull length, whereas under oblique and following waves pronounced local load-
concentration zones arise in the bow and midship regions. In shallow water, these regions shift closer to the waterline,
which is associated with changes in the shape of the wave field around the hull and amplification of reflected components.

Influence of wave parameters. At a fixed depth # =7 m and peak period T =55s,an increase in significant wave
height from 1.5 to 3.5 m led to an almost linear increase in the root-mean-square values of forces; however, the extreme
values grew faster than linearly. This is explained by the fact that, when approaching resonance conditions, higher waves
more strongly excite the region of maximum response.

Table 5
Influence of Hs on extreme loads at 7 =7 m, Tp =5.5s,f=90°
Hs, m Max heave, m F_ max, MN Bending moment, MN-m
1.5 1.42 1.08 9.6
2.0 1.88 1.42 12.7
2.5 2.29 1.93 16.3
3.0 2.77 2.08 18.5
3.5 3.19 2.46 21.7

Table 5 presents the maximum values of vertical hull motions and integral hydrodynamic loads as functions of
significant wave height. The data show that increasing Hs leads to a monotonic increase in both motions and force
characteristics, with the most intensive increase observed for bending moments.

The largest loads were observed at T =55%6s, which corresponds to the resonance-response region [2, 12, 13]
identified in the frequency-domain analysis. When the period decreased to 4.5 s, the extreme loads decreased by 30—40%,
even with the same significant wave height.

Table 6

Influence of Tp on vertical loads at =7 m, Hs =2.5 m, B = 90°

T,s o , rad/s Max heave, m F max, MN
4.5 1.40 1.56 1.22
5.0 1.26 1.94 1.58
5.5 1.14 2.26 1.93
6.0 1.05 2.43 2.01

Table 6 gives the calculated maximum vertical motions and hydrodynamic loads as functions of the peak wave period.
It can be seen that increasing the period leads to an increase in response amplitude, with maximum values reached in the
range of 5.5-6 s, corresponding to resonant interaction between waves and the ship.
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Fig. 7. Dependence of hydrodynamic loads on peak wave period
(resonant amplification of the response)
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Fig. 7 presents the dependence of hydrodynamic loads on the peak wave period. It was found that, as the period
increases, the vertical force rises and reaches a maximum in the range 7' = 5.5-6s. This effect is caused by the coincidence
of the external forcing frequency with the natural frequencies of ship motions, resulting in resonant amplification of the
response. In the resonance region, even moderate waves can generate significant hydrodynamic loads, which substantially
increases operational risk. The results confirm that the most hazardous waves are not simply high waves, but waves with
periods close to the natural periods of vertical and angular hull response.

In addition, the effect of changes in hull draft was investigated. Three characteristic loading states were considered:
T =3.2, 3.6, and 4 m. Increasing the draft increased the added masses, changed the hydrostatic characteristics of the
system, and simultaneously reduced the static under-keel clearance. The calculations showed that, under identical wave
conditions, increasing the draft from 3.2 to 4.0 m leads to an increase in the extreme vertical force by approximately
12—-15% and simultaneously increases the system sensitivity to long-period waves. In practical terms, this means that the
most heavily loaded ships not only have a smaller depth margin but also experience more intensive dynamic wave action.

The obtained patterns are in good agreement with current concepts of ship hydrodynamics in shallow water [3-5, 19-21].
First, the shift of RAO peaks toward lower frequencies with decreasing depth was confirmed. Second, the characteristic
dominance of beam waves for vertical and transverse responses was reproduced, as was the increased contribution of
pitch under head and following waves. Third, the time-domain analysis showed that extreme loads are formed within a
narrow range of combinations of depth and wave period close to resonance.

In terms of absolute RAO values and integral forces, the obtained estimates fall within a realistic range for ships
of this class and do not contradict published calculation results for objects of similar dimensions. At the same time, it
should be noted that direct comparison in absolute values is always limited by differences in hull lines, displacement,
and problem formulation.

Discussion. The results show that, within the considered parameter range, the shallow-water effect acts not as a
secondary correction but as a determining factor in the formation of the ship dynamic and force response. When the depth
decreases from 9 to 5.5 m, the maximum vertical-motion RAO increases from 1.07 to 1.49 m/m, that is, by approximately
39%, and the resonance peak shifts from 1.14 to 0.96 rad/s. This indicates an increase in the characteristic natural periods of
the ship-fluid system and agrees with the physical interpretation of increasing added masses and changing hydrodynamic
restoring under limited-depth conditions. At the same time, the increase in response amplitudes is accompanied by growth
in integral loads: for the vertical force and rolling moment near the resonance region, increases of approximately 27% and
31%, respectively, were obtained when moving to the smallest of the depths considered.

A fundamentally important result is the established ambiguity in the relationship between motion maxima and
operationally hazardous load maxima. Beam waves (B = 90°) do indeed produce the largest heave response and maximum
roll values; however, this does not mean that this regime is always the most unfavorable in terms of local hull loading.
The combined analysis of heave and pitch showed that the largest local increase in draft at the extremities occurs under
oblique following and following waves (B from 135° to 180°), when a moderately high vertical response is combined with
significant trim. Therefore, when assessing hazardous operating regimes, it is not sufficient to analyze individual degrees
of freedom separately; a joint account of the spatial redistribution of loads along the hull is required.

The role of wave spectral characteristics should be emphasized separately. The calculations showed that extreme loads
are determined not only by significant wave height but also by the degree of closeness of the peak period to the resonance
region of the system. The highest vertical-motion and wave-force values were obtained at T,=5506s, i. e., in the range
corresponding to the maximum frequency response. At the same time, an increase in Hs leads to an almost linear increase
in root-mean-square characteristics, whereas extreme force and moment values grow faster than linearly, indicating an
increased contribution of resonant episodes to the time history of the load. An additional increase in ship draft also
increases the hazard: when the draft grows from 3.2 to 4.0 m, the extreme vertical force increases by approximately
12—15%, and the system sensitivity to long-period waves increases.

At the same time, interpretation of the obtained dependences must account for the limits of applicability of the model
used. The calculations were performed within linear potential flow theory and the panel method; therefore, the results
correctly describe the comparative influence of depth, period, height, and wave direction in the range of small and moderate
amplitudes. However, the study did not account for nonlinear wave transformation and breaking, viscous and turbulent
effects, or the influence of complex bathymetry and possible interaction with seabed morphodynamics. Therefore, when
moving to extreme storm conditions or to local structural-analysis problems, the obtained estimates should be regarded as
a reliable engineering basis requiring further refinement using nonlinear and hybrid models.

Conclusion. A numerical study of the hydrodynamic response of a river-sea ship under limited-depth conditions
was performed using a combined approach that integrates RAO frequency-domain analysis and time-domain simulation
of irregular waves. This approach made it possible to link the parameters of external wave action with hull-motion
amplitudes, pressure distribution, and integral hydrodynamic loads.
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It was found that decreasing the depth from 9 to 5.5 m leads to a systematic shift of the resonance region toward longer
waves and to a substantial increase in the ship dynamic response. For vertical motions, the maximum RAO increases by
approximately 39%, while integral loads near resonance frequencies also increase significantly: by approximately 27%
for the vertical force and approximately 31% for the rolling moment. Thus, it is shown that shallow water has a direct
influence not only on motion kinematics but also on the level of wave-induced force action on the hull.

It is shown that wave direction determines not only the magnitude but also the structure of the response. Under beam
waves, the maximum heave and roll values occur, whereas under oblique following and following waves the contribution
of pitch increases, leading to redistribution of loads along the hull length and to the formation of the most unfavorable
local regimes at the bow and stern extremities. Consequently, when assessing the operational safety of a ship in shallow-
water areas, it is necessary to consider not only the absolute level of motions but also their combination, which determines
local draft variations and load concentration.

It was also found that extreme hydrodynamic loads are determined by the combined action of depth, significant
wave height, peak period, and ship draft. The most hazardous regimes correspond to combinations of shallow depths
and wave periods close to the natural resonance region of the system; with increasing draft, the intensity of the force
response additionally increases and the depth margin decreases. This makes it possible to regard the results obtained as
a physically justified basis for assessing hazardous navigation regimes, selecting operational limitations, and developing
recommendations for navigation safety in shallow-water areas, including the Sea of Azov and Taganrog Bay.

The practical value of the study lies in the fact that the obtained dependences can be used in preliminary ship
design, assessment of allowable operating conditions, and development of engineering criteria for navigation safety.
Further development of the study is associated with the inclusion of nonlinear shallow-water effects, viscous-turbulent
mechanisms, refined bathymetry, and hybrid potential-viscous models, which will make it possible to move from an
engineering estimate to a more complete description of extreme regimes of wave action on the hull.
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Abstract

Introduction. This paper examines a methodology for the automated extraction and graphical representation of knowledge
from unstructured texts using modern language models. Such methods are becoming increasingly relevant because of the
growing need to structure information and identify semantic relations that are difficult to capture manually.

Materials and Methods. The proposed approach combines locally deployed language models with specialized relation-
extraction tools. Local deployment enables data to be processed in a secure environment without reliance on external
services. The methodology includes text preprocessing, entity and relation extraction, structuring, and visualization of the
resulting knowledge graphs.

Results. Experimental testing on a corpus of Russian-language scientific articles demonstrated that the approach is
applicable both to technical descriptions and to texts containing more abstract concepts. The developed web interface
supports interactive visualization and comparative analysis of graphs constructed by different models, thereby improving
the interpretability of the results. The approach is robust to textual noise and is applicable to scientific, technical, and
regulatory tasks.

Discussion. The results show that the proposed methodology is not limited to a single algorithm and permits the
combination of direct extraction, specialized models, multi-stage pipelines, and OWL ontologies. The quality of the
resulting graphs depends substantially on the structure of the source text, preprocessing accuracy, and the selected post-
processing procedures; interactive visualization facilitates comparison of outputs generated by different models and
supports the interpretation of semantic relations.

Conclusions. The proposed approach can be applied to the analysis of scientific, technical, and regulatory texts in a secure
local environment. It is a natural continuation of the authors’ previous research on semantic-associative data analysis
and synthesis and the associative-ontological approach. Further development should focus on ensemble schemes, logical
validation, semantic inference, and integration with formal ontologies, thereby extending its applicability to information
retrieval, research support, and complex-system modelling.

Keywords: knowledge graphs, information extraction, large language models, ontologies, natural language processing,
semantic analysis, Python
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AHHOTALUA

Beeoenue. PaccmarpuBaeTcst METO0JIOTHS aBTOMAaTH3MPOBAHHOTO M3BJICYEHHSI U IPpauecKoro MpeCTaBICHNs 3HAHUH
U3 HECTPYKTYPUPOBAHHBIX TEKCTOB C HCIIOJIb30BaHHEM COBPEMEHHBIX SI3BIKOBBIX Mojieliei. [101o0HbIe METOAbI CTaHOBSIT-
cs1 Bc€ Oosiee BOCTpeOOBAHHBIMHU B CBSI3H C HEOOXOAMMOCTBIO CTPYKTYPUPOBaHHS MH(POPMAIIMH U BBISBICHHS] CMBICIIOBBIX
CBsI3€H, KOTOPBIE TPYIHO (PUKCHPOBATh BPYUIHYIO.

Mamepuanst u memoost. MeTOnOIOTHS BKIFOYAST JTAIBI PEIBAPUTENHFHON 00paObOTKH TEKCTa, M3BICUECHHS CYITHOCTEH 1
CBSI3EH, CTPYKTYPHPOBAHMS ¥ BU3YaJIM3allMH ITOTy4eHHBIX rpados. [IpennoykeHHbIi OIX0 OCHOBaH Ha KOMOMHHPOBAaHUI
JIOKAJIHO Pa3BEPHYTHIX SI3BIKOBBIX MOJIENEH U CHEHUATN3UPOBAHHBIX HHCTPYMEHTOB U3BIIEUEHNUS OTHOIIEHUH. Mcnonk3oBa-
HHeE JIOKaJIBHBIX PElIeHNH obecriednBaeT 00paboTKy JaHHBIX B 3AIUIIEHHON cpefie O0e3 00pallieHus K BHEITHUM CEPBHCAM.
Pezynomamot uccnedosanus. Pazpaboranublii BeO-MHTEpdeiic odecreunBaeT MHTEPAKTUBHYIO BU3YAIN3alMIO0 U CPaB-
HUTENbHBIN aHanmu3 rpadoB, MOCTPOCHHBIX PAa3HBIMH MOZAEISIMH, YTO IOBBIMIACT HHTEPHIPETHPYEMOCTh PE3YIbTATOB.
[Toaxon nEMOHCTPUPYET YCTOMYMBOCTE K IIyMy B TE€KCTaX M IMPHUMEHHMM JUIS PEIICHHUS 3a7ad B HAyIHOH, TEXHHIECKOH
1 HOPMaTHBHO-TIPaBOBOH cepax. IKCIepHMeHTaIbHAas alpo0alist Ha KOPITyCe PyCCKOS3BIYHBIX HAyYHBIX CTAaTeH IOKa-
3aja, 4TO NPEIOKEHHBIH ITOX0 NPUMEHUM KaK K TEXHHYECKUM OIMHCAHUSIM, TaK U K TeKCTaM ¢ 0oJiee abCTpakTHBIMA
KOHLIEIIIUAMHU.

Obcyscoenue. I1omydeHHbIC Pe3yNIBTAaThI TOKA3BIBAIOT, YTO MPEITIOKEHHASI METOIOJIOTHS HE CBOJUTCA K OJJHOMY aJITOPHT-
My H JOIycKaeT KOMOMHHPOBAHHUE MPSIMOTO M3BICUCHUS, CTICIIMAIN3UPOBAHHBIX MOJEECH, MHOTOCTYIICHYAThIX CXEM U
OWL-onTtomnormii. KagecTBo HTOTOBBIX Tpa)OB CYIIECTBEHHO 3aBUCUT OT CTPYKTYPHI HICXOTHOTO TEKCTa, TOYHOCTH TIPeI-
BapuTEIbHON 00pabOTKN M BEIOPAHHBIX HPOLETYP MOCTOOPAOOTKH; IIPH 3TOM WHTEPAKTHBHAS BU3yaJIH3aLlus oOnerdaer
COIOCTABIICHUE PE3yAbTAaTOB Pa3HBIX MOJENEH U UHTEPIPETALUIO0 CEMAHTHUECKUX CBA3EH.

3akniouenue. I1peIoKeHHBII MOAX0A MOXKET MPUMEHATHCS AJIS aHAIN3a HayYHBIX, TEXHUYECKUX 1 HOPMaTUBHO-TIPaBO-
BBIX TEKCTOB B 3aIIMIIEHHON JTOKaJIBHOHN cpene. OH ABISETCS €CTECTBEHHBIM MTPOIODKEHUEM MPEIbIYIINX UCCIeI0Ba-
HUH aBTOPOB, CBA3aHHBIX C CEMaHTHUKO-aCCOLIMATUBHBIM aHAIN30M, CHHTE30M JIaHHBIX M aCCOLMATHBHO-OHTOJIOTHYECKIM
mogxoxoM. Ero manmpHelimee pa3BuTHE 1eIeCO00pa3HO CBA3BIBATE C aHCAMOJIEBEIMU CXeMaMH, JIOTHYECKON BaJIMIAINCH,
CEeMaHTHYECKHUM BBIBOZOM M MHTErpanueil ¢ popMaabHBIMU OHTOJIOTHSMH, YTO PACIIUPSET BO3MOXKHOCTH MH(pOPMAIH-
OHHOTO TIOUCKA, MOAAEPKKU HAYUHBIX UCCIEIOBAHUN U MOJETUPOBAHNUS CIOKHBIX CHCTEM.

KuroueBble ciioBa: rpadbl 3HAHUHA, W3BJICUCHUEC WH(POPMAIUK, OOJBIINE SI3BIKOBBIC MOJICITH, OHTOJOTHH, 00padoTKa
€CTCCTBEHHOTO S3bIKa, CEMaHTHUYCCKUI aHanmm3, Python

dunancupoBanme. Pabora BeimonueHa mpu ¢puHancopoi momaepkke PHO (rpant Ne 23—-61-10032).

Jas nuruposanus. 3axaposa O.U., sanos K.H., Jleramikuu C.I1., SIko6oBckuit M.B. DddexrrBHas Bu3yanuzamnus rpa-
(oB 3HaHUI Ha 0a3e A3BIKOBBIX Mojiesei HoBoro nmokonenus. Computational Mathematics and Information Technologies.
2026;10(2):46-56. https://doi.org/10.23947/2587-8999-2026-10-2-46-56

Introduction. The contemporary information environment is characterized by exponential growth in the volume
of unstructured data, a substantial proportion of which is presented in textual form. Scientific publications, reports,
regulatory documents, and news materials contain valuable knowledge; however, its manual extraction and structuring
are becoming increasingly complex and labor-intensive. Traditional natural language processing methods often exhibit
limited adaptability when transferred to new subject domains and insufficient accuracy when handling complex semantic
constructions, which motivates the search for new approaches to automated knowledge extraction.

Advances in and adoption of large language models open up new opportunities for processing textual information by
enabling more effective identification of contextual dependencies and the formation of structured representations. Such
models are increasingly viewed as tools for extracting semantic relations and concepts from unstructured data.

This study evaluates a methodological approach to the automated extraction and representation of knowledge
from Russian-language texts. The key stages of the methodology are analyzed: text preprocessing, entity and relation
extraction, formalized description, and visualization as graph structures. Different methods and tools may be used at each
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stage, making the approach flexible and allowing several implementation variants. To assess its applicability, locally deployed
language models with tens of billions of parameters were used; these models can operate under limited computational resources.

Entity and relation extraction methods were implemented using different software tools, and their outputs were
integrated into a unified processing pipeline. Experimental testing on real-world documents demonstrated the applicability
of the proposed methodology and identified prospects for its further development, including model ensembles and the
integration of outputs generated by different approaches.

The scientific novelty of the study lies in the development of a methodological approach that integrates modern
information-extraction tools and adapts them to the analysis of Russian-language texts. The practical significance lies
in the potential application of the proposed approach to the analysis of scientific publications, information retrieval, and
research support, where unstructured data must be transformed into clear and interpretable representations.

Materials and Methods. Knowledge graphs provide a powerful mechanism for representing information in a structured
form. They consist of nodes representing entities and edges describing relations between these entities [1]. Entities may
be abstract concepts or concrete objects, while relations capture complex interdependencies among them. The advantages
of graph representation include readability, intuitive interpretation, the ability to represent complex knowledge structures,
and the integration of heterogeneous data from multiple sources [2]. Formalized knowledge models, such as ontologies,
play a key role in graph construction by describing a subject domain in terms of classes and properties, thereby ensuring
semantic consistency and data unification.

Modern large language models have demonstrated outstanding capabilities in natural-language understanding and
generation [3]. Training on massive text corpora enables them to capture subtle semantic nuances and complex syntactic
structures. In information extraction, such models are used both to generate structured data directly, for example as
semantic triples, and to perform auxiliary tasks such as text classification and named-entity recognition. Particular
attention is paid to adapting these models to Russian-language texts, which requires consideration of the language’s
morphological, syntactic, and semantic characteristics.

For programmatic graph construction and manipulation, specialized software libraries offering extensive functionality
for graph structures are widely used [4—11]. Interactive graph visualization is essential for analyzing and interpreting
extracted knowledge. Specialized network-diagram libraries combined with web-visualization technologies make it
possible to create dynamic, interactive graphs that can be integrated into web applications [5]. Auxiliary user-interface
components complement this functionality by providing convenient filtering and navigation across graph elements.

The proposed approach comprises several key components shown in Fig. 1. It should be emphasized that graph-based
knowledge representation can be used not only for visualization but also for intelligent data processing. The authors’
previous studies demonstrated that representing texts as directed graphs and subsequently processing them with graph
neural networks can achieve high accuracy in semantic text classification and clustering [6]. This confirms the practical
value of graph models for natural language analysis and further supports their use in the proposed methodology.

Rather than relying on a single fixed algorithm, the proposed methodology permits alternative implementations at
each stage — from entity extraction to graph visualization — which may be combined according to the characteristics of
the text and the objectives of the analysis.

A distinctive feature of the proposed approach is the use of ontologies formalized using the OWL (Web Ontology
Language) standard. OWL is a specialized ontology-description language developed by the W3C and widely used to
model complex subject domains and semantic relationships between entities.

OWL can be used not only to define classes, properties, and relations between objects but also to formulate logical
constraints and inheritance rules and to specify concept hierarchies and their interrelations at a formal level [7].

OWL provides a high degree of knowledge formalization, which is crucial for the automated analysis and processing
of large volumes of unstructured information. By supporting different property types (object properties, data properties,
and annotation properties) and allowing axioms to be specified, OWL enables flexible and extensible ontological models
that can be readily integrated with tools for semantic search, logical inference, and knowledge-graph visualization.
Thus, OWL serves as a formal knowledge-description language, although it is not the only tool available within the
methodology. The approach permits the integration of both formal and associative methods, thereby broadening the
possibilities for knowledge structuring and interpretation.

Within the proposed methodology, OWL ontologies are used to explicitly describe the subject domain and define key
entities, their attributes, and permissible relation types. This makes it possible not only to structure knowledge extracted
from text but also to automatically validate the resulting graphs for logical consistency and completeness. Moreover,
OWL supports advanced semantic-reasoning mechanisms, enabling implicit relations between entities to be identified,
complex queries to be executed against the knowledge graph, and new knowledge to be derived from existing facts [8].
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Fig. 1. Flowchart of the developed methodology for automated knowledge extraction
and graphical representation from unstructured texts using LLMs

In addition to formal methods, the associative-ontological approach [9] has made a significant contribution to the
field by demonstrating the potential of interpretable knowledge representation and automatic ontology generation from
unstructured data. Its use in information monitoring and analysis systems confirms the relevance of integrating different
ontological methods to improve the quality and completeness of extracted knowledge.

During the experimental study, the developed approach was comprehensively evaluated using three scientific texts
differing in subject matter and complexity. The experimental corpus included texts on methodological issues in natural-
systems research, highway surveying and design, and uncertainties in observational data.

The results obtained for the text on methodological issues in natural-systems research are of particular interest.
The graphs generated from this text clearly illustrate the complex relationships among different aspects of research
methodology. Each model interpreted these relationships differently, revealing different levels of abstraction in the
knowledge representation. Analysis of graphs generated from the text on highway surveying and design showed that the
approach was highly effective for technical documentation. The models successfully extracted and structured information
on various aspects of design, including geological conditions, technical requirements, and environmental considerations.

When processing the text on uncertainties in observational data, the approach demonstrated an ability to handle
abstract concepts and their interrelations. The generated graphs reflect a complex structure of interdependencies between
different types of uncertainty and methods for their assessment. An important finding was that the quality of extracted
knowledge depends substantially on the structure of the source text. Texts with a clear logical organization and explicitly
stated relations between concepts produced higher-quality graphs. This finding indicates the need for text preprocessing
to improve knowledge-extraction results.

Practical testing confirmed the effectiveness of the approach for real-world scientific-text analysis tasks. The developed
web interface provides convenient access to the analysis results and supports interactive exploration of the resulting
graphs. The availability of multiple visualization modes was particularly valuable, as it allows graphs to be examined at
different levels of detail.
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Figure 2 presents a scheme of methods for extracting graphs from texts using large language models. The process
begins with unstructured text, which may be processed by different methods depending on requirements for accuracy,
completeness, or interpretability. These methods represent alternative implementations of a unified methodological
framework and may be applied individually or in combination.

[Unstructured text]

<Graph Extraction Methods>

1. Direct Extraction 2. Fine-tuned Models
Prompt + OWN / RDF ) )
Rule-based REBEL (Relation Extraction

By End-to-end Language
generation)

3. Multi-stage 4. Generation with

Pipelines Clustering
EDC (Extract-Define- KGGen
Canonicalize)

EDC + Retrieval

5. LLM as an Encoder 6. Integration with GNN

LLM + KGE Knowledge LLM + Graph Neural

Graph Embedding Networks (GraphLLM)

Fig. 2. Methods for extracting graphs from texts using LLMs

Direct extraction uses prompts specifying OWL/RDF output and rule-based approaches. This method supports
ontology standards but requires carefully formulated prompts and performs poorly without sufficient context. Pretrained
models such as REBEL use a sequence-to-sequence (seq2seq) architecture to extract relational triples from text. These
models achieve high accuracy and do not require manually defined rules, although their outputs may be difficult to
interpret. Multi-stage pipelines such as EDC (Extract-Define-Canonicalize) comprise three stages: extraction of basic
triples, category definition, and canonicalization [10]. This approach is more flexible and scalable but requires multi-stage
processing and may introduce errors during schema generation.

Clustering-based generation methods, such as KGGGen, cluster similar entities and relations to reduce noise in
extracted graphs. This method is particularly useful for large text corpora but requires sophisticated post-processing.
When an LLM is used as an encoder, it is integrated with Knowledge Graph Embeddings (KGE) to generate entity
and relation representations. These representations are used for link prediction, entity alignment, and knowledge-graph
completion. Integration with GNNs combines LLMs with Graph Neural Networks (GNNs) for graph construction, graph-
based learning, and logical inference [11]. This approach provides flexibility and supports the development of reasoning
agents, but it requires substantial infrastructure and computational resources.

Formally, the knowledge-extraction task can be represented as constructing the mapping

f:(T,m) -G,
where T is the source text containing unstructured information; = is a set of instructions (prompt), defining the rules for

text interpretation, the output representation format, and constraints on the output data; f'is the mapping implemented by
the language model that transforms the textual representation into a structured form; G is the resulting knowledge graph

G=(V,E),

where Vis the set of graph vertices corresponding to entities in the subject domain; £ is the set of graph edges representing
relations between entities.
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The edge set is defined as
EcCcVxRxV,

where R is the set of permissible semantic relations between entities; » € R is a specific relation type between two entities;
V'x R x V is the space of possible triples of the form “entity — relation — entity”.
The use of LLMs makes it possible to estimate the probability that a given text fragment corresponds to the triple:

(vl7r7vj)7

where v, € V'is the source entity; v, € ¥ is the target entity; » € R is the relation between the entities.
The probability of generating a triple can be represented as

m

P((vi9r’vj) |T,TC) o HP(xt |x<,,T,T[),
t=1

where P((v;,r,v;) | T, ) is the probability that the language model extracts the triple (v,rv) from text 7 using instructions
m; x, is a token generated by the model at step #; x_, is the sequence of all tokens generated before step ¢ m is the
total number of tokens describing the extracted triple; P((v,,r,v;) |T,n) is the conditional probability of generating

the current token given the previously generated sequence, the source text, and the specified instructions; H is the
t=1

product of the sequential token-generation probabilities, reflecting the autoregressive operation of the language model;
oc is the proportionality sign, indicating that the probability of the triple is related to the probability of generating the
corresponding token sequence.

Thus, the instructions m act as a mechanism for controlling the probability distribution of the generative model by
constraining the output space to an RDF/OWL format, JSON structure, or table. This makes it possible to transform the
probabilistic textual representation produced by the language model into a space of structured semantic relations.

At the implementation level, the methodology involves:

explicit specification of the expected triple format;

use of examples (few-shot prompting) to stabilize model performance;

post-processing of the resulting structures to correct errors and merge semantically similar entities.

Taken together, these measures transform text generation into a knowledge-graph construction task. Combining
different LLM-based graph-extraction methods makes it possible to achieve greater accuracy and flexibility in information
processing. Each method has distinct advantages that complement the others, providing a comprehensive approach to
knowledge extraction.

Results. The experimental part of the study was designed to assess the applicability of the methodology as a whole and
evaluate different implementation variants. In particular, direct extraction methods, specialized models, and multi-stage
pipelines were compared. This comparison revealed the advantages and limitations of each approach within the general
knowledge-graph construction framework.

Fig. 3 shows a fragment of a knowledge graph generated using the proposed approach. The visualization presents
key entities and the relationships between them identified during automated information extraction. Particular attention
is paid to text interpretation based on predefined rules formulated in the ontology. To improve the accuracy of knowledge
extraction and the relevance of relations in large data volumes, the specific information to be identified in the text and
the types of relations to be detected between entities are additionally specified. This approach supports deeper and more
meaningful analysis, enabling not only standard relations to be identified but also domain-specific relations relevant to
the subject area under consideration.

Thus, integrating OWL ontologies into knowledge-extraction and visualization processes provides not only a formal
description of the subject domain but also automation of the analysis, validation, and extension of knowledge graphs.
This improves the accuracy, completeness, and interpretability of the results and facilitates integration with external data
sources and other semantic systems.

Fig. 4 demonstrates the simultaneous display of several knowledge graphs in the developed web interface. On the left
is a fragment of an ontological graph showing the structure of the subject domain and relationships between entities such
as government authorities, regulatory documents, rating systems, and individual participants. On the right is an object-
property graph showing relation types (e. g., respondsTo, preparesRegulation, and hasRatingSystem) used to describe
links between entities in the ontology. This arrangement enables users to analyze both the substantive knowledge structure
and the relation types simultaneously, substantially facilitating interpretation of complex domain relationships.
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Fig. 3. Graph-based representation of text using the rule-based method
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Fig. 4. Graph-based representation of text using the OWL method

Displaying several graphs in parallel improves the clarity of analysis, facilitates the identification of hidden patterns,
and provides a deeper understanding of the structure and logic of the represented data [3].
Fig. 5 shows a fragment of a knowledge graph illustrating the hierarchy and constituent parts of objects in the railway-

construction domain.

The visualization shows “part of”” and “subclass of” relations connecting entities such as “railway,” “roadbed,” “soil,”

LTSS ”
1

“foundation,

ce,” “snow,” and others. The graph clearly demonstrates how complex objects consist of individual

components and how hierarchical relations between classes and subclasses are formed. For example, a “railway” includes
a “roadbed,” which in turn consists of “foundation soil”” and other elements. Subclasses such as “ice” and “snow,” related

to “soil” and “snow cover,” respectively, are also shown.
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The visualization further facilitates understanding of the structure of complex engineering objects, helps identify
key components and their interrelationships, and can be used to construct ontologies and conduct subsequent subject-
domain analysis.

part of
foundation soil
railway roadbed part of part of
part of .
¢ railway
art o
P roadbed
subclass of
part of part of
part of roadbed
part of part of 1ce
foundation . '
railway part of ice
part of subclass of subclass of
earth part of
soil
soil
part of
roadbed subclass of
it of Snow cover
pa subclass of
part of
environment
part of
ice complex
railway track bed carth

Fig. 5. Graph-based representation of text generated by the mREBEL-Large model

The study results indicate potential for further improvement of the approach. In particular, knowledge-extraction
quality can be enhanced by improving text preprocessing, expanding the set of models, introducing post-processing and
validation mechanisms, and developing specialized models for particular text types. Recent research in natural language
processing has shown substantial progress in knowledge extraction using transformer architectures [10].

The results demonstrate the high effectiveness of the proposed approach and its potential for a wide range of
scientific-text analysis tasks. An important finding was the relationship between source-text structure and the quality
of the extracted knowledge. Texts with a clear logical organization and explicit markers of relations between concepts
produced higher-quality graphs. This observation has practical implications for preparing texts intended for analysis
using the proposed approach.

Of particular interest are the results of analyzing the approach’s robustness to different types of textual distortion. The
experiments showed that the approach remains operational in the presence of typographical errors, formatting irregularities,
and even partial loss of context. This makes it applicable to texts of varying quality and format. Recent advances in natural
language processing have demonstrated substantial progress in knowledge extraction using transformer architectures,
confirming the relevance of the selected research direction.

A comparative analysis of results obtained using different models revealed notable patterns in knowledge extraction.
Phi-4 was highly effective for scientific texts, particularly in handling technical terminology and complex cause-and-effect
relationships. Its architecture, optimized for scientific literature, enabled accurate identification of key concepts and their
interrelations. Gemma-3 performed particularly well on long texts and in preserving contextual information. Its ability to
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retain large amounts of text in context enabled the construction of more coherent and complete graphs, especially for texts
containing numerous interrelated concepts.

The mREBEL Large model [12] was the most effective at extracting specific facts and statements. Its specialization
in relation extraction enabled graphs with highly detailed connections between concepts, which is particularly valuable
for texts with a clearly articulated argumentative structure. An ensemble approach combining the strengths of different
models yielded a more complete and accurate representation of the analyzed texts.

Discussion. The study showed that next-generation language models combined with formalized text-processing
procedures can extract and structure knowledge as graphs. The developed methodology proved applicable both to highly
abstract texts and to technical documentation requiring explicit representation of specific conditions and requirements.

An important feature is that the approach relies not on a single algorithm but on a sequence of stages within which
different extraction, formalization, and visualization methods may be combined. This makes the methodology adaptable
to different text types and enables comparison of outputs generated by different models and tools.

The results confirm the potential of integrating language models into the automated analysis of scientific publications
and other types of textual data. At the same time, the quality of the resulting graphs depends substantially on the structure
of the source texts, preprocessing quality, and methods used to combine outputs from different models. Individual stages
of the methodology therefore require careful adjustment when the approach is transferred to new subject domains.

Conclusion. This study proposed and tested a software and methodological framework for automated knowledge
extraction and graphical representation from unstructured Russian-language texts. It integrates modern language models,
specialized relation-extraction tools, OWL ontologies, and interactive web-visualization tools.

The practical significance of the results lies in the ability to transform textual information into a clear graph structure
suitable for expert analysis, comparison of outputs, and further formalization of domain relations. Local model deployment
enables data to be processed in a secure environment without accessing external services.

The use of formal ontologies improves the consistency of knowledge representation and establishes a basis for logical
validation and semantic inference. The proposed solution can therefore be regarded as a step toward more robust tools for
analyzing scientific, technical, and regulatory texts.

Future research will focus on developing ensemble schemes, expanding the set of models, improving logical-validation
procedures, and more rigorously assessing the quality of extracted entities and relations. Together, these directions create
opportunities for applying knowledge graphs to information retrieval, research support, and complex-system modelling.
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