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Abstract

Introduction. This study is devoted to mathematical modeling of accidental oil spill scenarios in the Red Sea in the
vicinity of the floating storage and offloading unit FSO Safer off the coast of Yemen. Predictive trajectories of oil-slick
drift were constructed under the combined effects of advection, diffusion, evaporation, dissolution, and biodegradation.
The modelling results made it possible to identify spatiotemporal patterns of slick transformation, determine the areas of
greatest environmental risk along the Yemeni coast, and assess potential damage to marine ecosystems and the region’s
socioeconomic infrastructure.

Materials and Methods. A three-dimensional numerical oil-spill model was developed to predict oil transport and
weathering during the first 72 h, which are most critical for mounting an emergency response. The numerical model uses
surface currents and temperature from the HYCOM GOF'S 3.1 global analysis and winds from the ERAS5 reanalysis. Oil
dynamics were simulated accounting for the multifraction composition of the oil, the mesoscale character of the currents,
physicochemical weathering processes (evaporation and dissolution), and biodegradation kinetics coupled with microbial
population dynamics.

Results. The results show a slow northeastward displacement of the slick at a velocity of approximately 0.03 m/s (6.5 km over
72 h), with landfall near Ras Isa during the first day. Mass loss over 72 h is 23.4%, of which 96.7% is due to evaporation
and 3.3% is due to dissolution, whereas the contribution of biodegradation at realistic microbial biomass levels does not
exceed 0.1% over this time horizon. In addition, a regime of persistent northward transport was considered, selected from
a three-year series of current and wind data for 2023-2025. From January 29 to February 1, 2023, the slick travels approximately
100 km northward along the Yemeni coast to the Kamaran Islands in three days, while mass loss increases to 32%.
Discussion. Accurate drift forecasting requires up-to-date hydrometeorological data for the scenario date because the
trajectory and displacement distance are determined by the current and wind fields. Satellite radar monitoring data are
used as initial conditions.

Conclusion. A reproducible predictive oil-spill model based on open data was developed for operational monitoring and
environmental risk assessment in the southern Red Sea. The results provide a scientific basis for the urgent implementation
of protective measures and for planning regional emergency-response scenarios.

Keywords: oil spill modelling, environmental risk assessment, oil transport and weathering, evaporation, HYCOM,
ERAS, remote sensing
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OpuzuﬂaﬂbHoe amnupudeckoe uccneoosanue

YucjieHHOe MO/Ie/INPOBaHue CleHAPHS
pa3jiMBa I1aBy4ero HegrexpaHwinia Safer B 10:xxuoi yactu Kpacuoro mops

B.B. Cupopsixuna , B.A. Bepas D<, B.A. Baarun
JloHCKoO# rocyiapcTBeHHBIN TEXHUUECKUH yHUBepcUTET, I. PocToB-Ha-Jlony, Poccuiickas deneparus
D4 vberia@yandex.ru

AHHOTaN A

Beeoenue. Pabota nocasIeHa MaTeMaTHYECKOMY MOJICIMPOBAHHIO CIICHAPHEB aBapUITHOTO pa3yinBa He()TH B aKBAaTOPUHU
KpacHoro Mopsi B paiioHe pacronoxeHus miaByuero Hedrexpanummia (FSO Safer) y moGepexns Memena. [Toctpoe-
HBI TIPOTHOCTHYECKHE TPAEKTOPUH Aperda HedTIHOTO MATHA, GOPMUPYIOLIHECS MO BIMSHACM aJIBEeKINH, UM Py3UH,
WCIIapeHsl, PaCTBOPEHHS U OHopa3ioxeHus. Pe3ynbraTbl MOIETMPOBAHHMS ITO3BOJIMIIN BBISIBUTH TPOCTPAHCTBEHHO-BpE-
MEHHBIE 3aKOHOMEPHOCTH TpaHC(OpPMAaLUK MSATHA, ONPEICIUTh 30HBI HANOOJBILIETO 3KOJIOTUUECKOTO PUCKA BIOJb iie-
MEHCKOTO MOOEPEkbsi U OLCHUTh MOTEHIMATIBHBIN YIIepO Ui MOPCKUX SKOCHUCTEM M COIMaIbHO-DKOHOMHUECKOH WH-
(bpacTpyKTyphl pernoHa.

Mamepuanst u memoodst. Pazpaborana TpéxmepHas YMCIEHHAs MOAETH HE(QTIHOTO pa3ivBa I MPOTHO3A MEPeHOCca U
BBIBETpUBaHUS He()TH B NepBbIe 72 4, HanboJiee BaKHBIE JUIs OPraHU3aIliy pearnpoBaHus. YuciaeHHas MOeNb UCTIONb-
3yeT MOBEPXHOCTHBIC TEUCHUS U TeMIiepaTypy niodanpHoro ananuza HYCOM GOFS 3.1, Berep peananusa ERAS. Ilpu
MOJICIMPOBaHUH JUHAMHUKH HE(TH YYUTHIBAICS €€ MHOTO(PPAKIIMOHHBIA COCTaB, ME30MACIITAOHBIH XapaKTep TeUeHHH,
(U3MKO-XUMHYECKHE MTPOIIECCHl BEIBETPUBaHUS (HCIIAPEHUE U PACTBOPEHHE), & TAK)KE KMHETHKA OMOPA3JIOKEHHS C TUHA-
MHKOH HOMYJISIIUK MUKPOOPTaHU3MOB.

Pezynomamut uccnedosanus. Pe3ynsraTsl MOKa3bIBAIOT MEIJICHHOE CMEIIEHUE TISITHA K CEBEPO-BOCTOKY CO CKOPOCTHIO
oxoio 0,03 m/c (6.5 kM 3a 72 9) ¢ BeIXoz10M Ha mobepesxse y Pac-Icw B mepBbie cyTku. [ToTepst Mmaccsl 3a 72 94 cocTaBisieT
23,4 %, n3 KoTopbIx 96,7 % npuxoanuTcs Ha ucnapenue U 3,3 % Ha pacTBOpeHHE, TOTAA KaK BKJIaJ OMOpa3oKeHUs Ipu
peATUCTHYHON OHOMacce MUKPOOPTaHU3MOB Ha 3TOM ropu3oHTe He mpebiinacT 0,1 %. JOMONMHUTENIRHO PacCMOTPEH
PEXKHUM YCTOWYHMBOTO CEBEPHOTO MEPEHOCA, BBIOPAHHBIN MO TPEXJIETHEMY PsIly JAHHBIX O TEUEHHSX M BETpax Mepuona
2023-2025 rr. C 29 staBaps o 1 ¢eBpais 2023 1. maTHO 3a Tpoe cyTOK mpoxoaut okoio 100 kM Ha ceBep BHoIb modepe-
*bs Mlemena 10 octpoBoB KamapaH, Ipi 3TOM moTeps Macchl Bo3pacTaeT 10 32 %.

Oécyscoenue. J1nst TOUHOTO ITPOTHO3A Jipeiida TpeOyIoTCs aKTyaIbHbBIE THAPOMETEOPOJIOrHIeCKIe TaHHBIC Ha JIaTy Clie-
Hapus, Tak KaK TPAeKTOPUS U AaIbHOCTb CMEILEHUS 3a4at0TCs MOJIIMU TeUEeHUH U BeTpa. B kauecTBe UCXOMHBIX yCIOBUIM
UCTIOJIB3YIOTCS JaHHBIE CITyTHUKOBOT'O PaJilOIOKAI[HIOHHOIO MOHUTOPHHTA.

3aknrwouenue. Ha 0cHOBE OTKPBITHIX JAaHHBIX pa3paboTaHa BOCIIPOM3BOIMMAS TPOTHOCTHYECKAsE MOJICIb He(TsIHOTO pa3-
JIMBA JUTA OIIEPaTHBHOTO MOHUTOPHHIA M OLEHKH SKOJIOTHUECKHX PUCKOB B IOXKHOH akBatopuu KpacHoro mops. ITomy-
YECHHBIC PE3YIBTATHl CITy’KaT HayYHBIM OOOCHOBAaHMEM JUIA SKCTPEHHOTO BHEIPEHHS 3aLIMTHBIX MEP M IUIAHUPOBAHMS
pEervoHaNbHBIX CIEHApHUEB IHKBUIAIMH nocaeacTsuit YC.

KioueBble ciioBa: MOJIEIUPOBaHHE HE(PTSHOTO pa3iiMBa, OLEHKA YKOJIOTHYECKHX PUCKOB, MEPEHOC M BBHIBETPHBAHHE
He(TH, ncnapeane Heptu, HYCOM, ERAS, nucTaHIMOHHOE 30HANPOBAHHE

®dunancupoBanme. VccienoBanue BbINoiIHEHO 1py uHaHcoBoi nopaepxke PH® B pamkax npoekra Ne 22—11-00295-11,
https://rscf.ru/project/22-11-00295/

BaaronaprocTu. ABTOPBI BEIPAKAIOT NTYOOKYFO PU3HATEIFHOCT M ICKPEHHIOIO ONTaroqapHocTh wieH-koppecnonneHty PAH,
JIOKTOpY (PH3HKO-MaTeMaTHIecKux Hayk, npodeccopy A.M. CyxuHOBY 3a 00CYXIEHHE aJTOPUTMOB M PE3yJIbTaTOB HC-
ciieoBaHus, a Taioke Koyuteram Orbamukasms Haxom Camyamio u Mebpaxty ['mpmaii 3epee, koTopble ipi 00y4eHUH B
acnupaHType nox pykoogctsoM A.M. CyxuHoBa poBeay NpeIBapUTEIbHOE UCCIIEI0BaHUE TaHHOW MOJIEIH.

Jas murupoBanus. Cunopskuaa B.B., bepas B.A., bmarua B.A. HucneHHOe MomenvupoBaHHE CIICHAPHUSA Pa3IH-
Ba IJIaBy4ero HedrexpaHwmia Safer B 10okHOH yacti KpacHoro mops. Computational Mathematics and Information
Technologies. 2026;10(3):7-21. https://doi.org/10.23947/2587-8999-2026-10-3-7-21

Introduction. The vulnerability of marine ecosystems to anthropogenic impacts requires the implementation of
advanced methods for forecasting environmental disasters. Among the potential threats, oil spills are among the most
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dangerous because they can cause long-term destructive consequences for the environment, the economy, and society
[1]. A striking example of such a threat in the Red Sea was the critical condition of the FSO Safer floating storage and
offloading unit, moored at the Ras Isa terminal (15°07' N, 42°36' E) in the territorial waters of Yemen. Until 2023, the
vessel, which held 1.14 million barrels (1.55-10% kg) of crude oil, posed unprecedented risks to the region’s unique
biodiversity [2]. Although in the summer of 2023 the United Nations successfully transferred this volume to the tanker
Yemen, which replaced the distressed vessel at the same anchorage, modelling a potential spill of this amount in the Ras
Isa area remains scientifically and practically relevant.

The Red Sea is a unique environment for oil-spill modelling due to its narrow topography, seasonally varying
wind regime, and complex mesoscale circulation dynamics [3]. These factors significantly complicate prediction of oil
transport and transformation and require three-dimensional models that comprehensively account for advection, diffusion,
evaporation, dissolution, and biodegradation. Although oil-spill models are widely used worldwide [4, 5], including in the
Red Sea (for example, the Lagrangian models of Periafiez [6] and Mittal [7]), only a few explicitly account for the specific
hydrodynamic regime of this basin or include dynamic kinetics of microbial degradation. The present study is intended
to address this gap.

The authors propose a numerical model of an F'SO Safer spill scenario for a 72-hour response window and assess the
associated environmental risks.

Sentinel-1 SIA GRD IW VYV, 16.07.2025 02:59 UTC, descending
S1A_IW_GRDH_1SDV_20250716T030012_060103_0777BE_E280
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Fig. 1. Sentinel-1A radar image (data obtained from Copernicus Sentinel-1 [8],
ESA4, GRD product; processed by the authors)

Fig. 1 shows the /W mode, V'V polarization, for 16 July 2025, 02:59 UTC, in the area of the FSO Safer anchorage off
Cape Ras Isa. Brightness represents the normalized radar cross section ¢°, dB. Label 1 denotes the vessel at the Safer
anchorage (image-derived length ~ 380 m), and 2 denotes a second vessel 4.5 km to the southwest (= 340 m); the red
circle marks the anchorage coordinates from the incident catalogue (15.117° N, 42.600° E). Identification of the vessels
as FSO Safer (362 m) and the tanker Yemen was based on position and size; AIS data were not used.

The key innovations of the study include:

* The locations of the objects under consideration are illustrated by Sentinel-1 radar images (Fig. 1). In the image
acquired on 16 July 2025 near Ras Isa, two large vessels can be distinguished — one at the Safer anchorage and another
4.5 km southwest of it — which is consistent with reports that F.SO Safer and the tanker Yemen that received its oil were
located in this area. In the image from 5 September 2020, corresponding to the monitoring period before the transfer
operation, only one vessel is present at the anchorage. C-band radar imaging is independent of illumination and cloud
cover and is therefore considered below as the primary source of initial conditions for operational forecasting.

* A conservative finite-volume transport scheme that preserves mass without artificial correction.

* Fraction-specific parameterizations for evaporation (with temperature-dependent vapor pressure), dissolution, and
biodegradation; free parameters are calibrated against the scenario mass balance.

* High-fidelity environmental forcing that accounts for diurnal variations in wind, temperature, and currents.
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The study not only addresses an urgent practical challenge but also advances oil-spill modelling methodology [8, 9].
The results substantiate the need for proactive measures and provide a scientific basis for regional emergency-response
plans, thereby linking oceanographic science with applied environmental management.

Materials and Methods. In this study, a numerical model was developed to simulate an oil-spill scenario from a
floating storage and offloading (FSO) unit in Yemen in the Red Sea, with parameters calibrated against the scenario mass
balance. The methodology integrates advection, diffusion, evaporation, biodegradation, and dissolution. The model is
implemented in Python (NumPy) with a fixed time step and a conservative flux-form transport formulation that ensures
mass conservation and numerical stability; the initial version using ROMS fields [10] was used as a control. The simulation
setup, governing equations, numerical methods, input data, and validation procedures are described in detail below.

1. Numerical-model setup and parameters. The simulation models a release of 1.55-10% kg (1.14 million barrels)
of oil at a specified location (14.6°N, 42.7°E) in the Red Sea, with an initial spreading radius of five grid cells. The
simulation duration is 72 h with a fixed time step of 15 s, providing a balance between computational efficiency and
numerical stability.

Parameters: horizontal diffusion coefficient D, = 10 m*s, horizontal viscosity p, = 2.8-107 m*s, microbial decay rate
A =35.6-10°s", growth rate ¢ = 4,2-10°®* s with a 24 h lag phase, evaporation mass-transfer coefficient K, = 4.35-10*
m/s, dissolution rate k, = 3.4-10°* s7, half-saturation constant K = 1 kg/m?, initial microbial concentration M, = 10~ kg/
m?, and biomass yield Y= 0.4. The oil is divided into three fractions with different molecular masses (0.3, 0.5, 0.8 kg/mol),
molar fractions (0.2, 0.3, 0.5), solubilities (0.05, 0.02, 0.01 kg/m?), and vapor pressures at 25 °C (5, 3, 1 Pa), recalculated
as functions of temperature using the Clausius—Clapeyron equations with heats of vaporization of 40, 50, and 60 kJ/mol.
Dynamic weather conditions, including temperature (a baseline of 25 °C with a 5 °C diurnal variation), are specified from
HYCOM sea-surface temperature with an imposed diurnal cycle of 5 °C amplitude and a maximum 6 h after the start of
the calculation; the simulation period is 1-4 May 2020.

2. Input data. The model uses surface currents, temperature, salinity, and sea level from the HYCOM GOFS 3.1
global analysis [11] (1/12°, 3 h) and 10 m winds from the ERAS5 reanalysis [12] (0.25°, 1 h) for 1-4 May 2020, bilinearly
interpolated onto the regular model grid with spacing of approximately 860 m in longitude and 890 m in latitude (0.008°)
over the domain 41.6-43.4° E, 12.8-15.6° N (225%350 cells). The slick drift velocity is the sum of the current velocity
and 3% of the wind velocity [13]. Missing temperature values are replaced by 25°C. Cell areas are calculated from the
grid metrics (pm, pn). The land mask is constructed from the GSHHG coastline; fluxes through faces adjacent to land and
through the domain boundaries are set to zero.

3. Governing equations. Oil-spill dynamics are governed by a system of partial differential equations describing the
transport and fate of the oil fractions. For each fraction a, the surface oil concentration c (x, y, £) kg/m?, fora =1, 2, 3,
evolves according to [14-32]:

oc

—_«

ot

Mc, [0}
o _ 1__(1
Ky +c, k"c“[ s j m

o

=-V(uc, )+ D,Vc, —E, —q

where u is the slick drift velocity, m/s; D, is the horizontal diffusion coefficient, m?*/s; E_is the evaporation flux, kg/m’-s;
g is the microbial growth rate, s™'; M is the microbial concentration, kg/m?; K is the half-saturation constant, g/m?; k, is
the dissolution rate, s™'; ¢_ is the concentration of dissolved oil in the upper layer, kg/m*; and S_ is the solubility, kg/m’.

Let the area covered by the initial unbroken oil slick be denoted by o (a circle with a radius of five cells centered at the
release point); v is the region describing the surface layers of the water body at the land boundary; and # is the outward
normal vector to the surface forming the boundary of the computational domain. Equation (1) is supplemented by the
following initial and boundary conditions:

| _ O, (XJ/)EG, ai_o (x )E
0 ews (xy)eo, o T EET

where c_ is the concentration of oil fraction number o in the initial slick, ¢,, = (xqqu ¢/ o| ZmeB j; MY is the spill
B

mass, M{ =1.55-10° kg; X, m_ are the molar fractions and molecular masses of the oil fractions; and |o] is the slick area.
On the lateral boundaries of the computational domain that pass through water, the following conditions are imposed:

¢, =cl, ifu; <0,
oc .
aﬁoi :0, lfuﬁZO,

where u;; is the projection of the velocity vector onto the outward normal 7 to the boundary, and ¢, are the prescribed
concentration values [33].
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The change in dissolved-oil concentration ¢, in the water column is described by [14]:

a(')a _ az(l)s kdca ¢a
ot =-V (W¢u)+uv azz + Az 1 S 8/<13 (2)

o

where w is the vertical velocity, m/s; u_ is the vertical diffusion coefficient, u = 10~ m*s; and Az is the layer thickness.
The calculations use: w=0, Az = 1.

Let the z axis be directed downward from the free surface, 0 <z <L, L_= 20 m, and let & denote the part of the free
surface on which the oil forms a slick. Equation (2) is supplemented by the following initial and boundary conditions:

¢Ot |t:0 = 0’
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The microbial concentration M(x, y, z) evolves according to [14]:
oM c,M
— =1, V’M + Y = - M
VM e e M 9

where p_ is the horizontal viscosity, m?/s; X is the microbial decay rate, s™'; and Y is the biomass yield.
Equation (3) is supplemented by initial and boundary conditions on y and on the lateral boundaries of the computational
domain [14]:
oM

M|y =My, ——

= 0’
where M is the initial concentration of oil-degrading microorganisms.
The evaporation flux E_follows the temperature-dependent Mackay—Matsugu formulation [15]:

P (T)X,m AH 1 1
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where K, is the mass-transfer coefficient, m/s; P2 is the vapor pressure at 25 °C, Pa; AH _ is the heat of vaporization, J/mol; X is
the current molar fraction of the fraction in the slick; m_ is the molecular mass, kg/mol; R is the gas constant, R=8.314
J/mol-K; and T is temperature, °C. The molar fractions are recalculated from the slick composition in each cell.

4. Numerical methods. The model uses a finite-difference scheme in which the convective terms are approximated
by a first-order upwind scheme with respect to the spatial-grid steps to ensure numerical stability, while boundary fluxes
are limited to zero to prevent artificial inflow. Diffusion is approximated using symmetric central-difference schemes, and
source/sink terms (evaporation, biodegradation, dissolution) are integrated explicitly with the Euler method. The advective
and diffusive terms are approximated using a balance method with flux conservation across cell faces. Consequently, total
mass in the discrete model is conserved to round-off accuracy without any correction. At each step, sinks are limited by
the amount of oil remaining in the cell after transport, thereby preventing negative concentrations. The mass balance
(floating and dissolved oil, evaporation, biodegradation, and dissolution) is output and analyzed at every time step using
a relative residual norm, which over 72 h does not exceed 1072 relative to the initial mass. The microbial growth rate
increases during the first 24 h, representing the lag phase.

The modelling domain is discretized horizontally on a regular grid of 225x350 cells with spacing of approximately
860 m in longitude and 890 m in latitude (0.008°); 20 cells are used vertically (H =20 m). Oil-concentration distributions
are recorded every 12 h, capturing distributions both at the surface and at depth. Dispersion is quantified by calculating
the standard deviation of the oil-mass distribution in the longitude and latitude directions at each time step. The numerical
simulation yields time series of total oil mass, mass-loss rates (evaporation, biodegradation, dissolution), cumulative mass
losses, and dispersion values. Spatial visualizations are generated using a logarithmic scale for oil mass per cell, together
with the coastline and a 10 km scale bar. Numerical results are saved as PNG files and as a NetCDF file containing the
time series and final oil distribution.

The methodology combines realistic forcing from open data with a conservative numerical scheme and a reproducible
computational pipeline, allowing the results to be verified and refined. It should be noted that the first-order transport
scheme introduces numerical diffusion D,,, = |u|Ax/2, which for |u| = 0.1 + 0.3 m/s and Ax ~ 0.9 km amounts to 50
+ 130 m?/s and is two orders of magnitude larger than the prescribed coefficient D,; the simulated slick spreading is

11
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therefore controlled by this numerical diffusion. Transition to a second-order scheme with a limiter is planned for the next
version of the model.

5. Software implementation and computational resources. The model is implemented in Python 3.10.6 as a pipeline
of eleven scenarios (input-data download, forcing-field construction, simulation, calibration, figure generation, version
comparison, and preparation of the article text) controlled by a single configuration file; all intermediate results are stored
in NetCDF and CSV formats, ensuring reproducibility of every figure and numerical value. The numerical core is written
in NumPy with vectorized spatial operations; SciPy is used to interpolate forcing fields to the computational grid, xarray
and netCDF4 to process NetCDF data, Matplotlib to generate figures, and Shapely and pyproj to construct the land mask
from the GSHHG 2.3.7 coastline [16]. Core correctness is checked by nine unit tests (pyfes?), including mass-conservation
verification with relative accuracy 107'? and transport of the slick over a prescribed distance in a uniform velocity field;
exact versions of all packages are recorded in the env_lock.txt file included in the results of each run. Input data— HYCOM
GOFS 3.1 current, temperature, salinity, and sea-level fields (1/12° resolution, 3 h interval) and ERAS near-surface wind
obtained through the Open-Meteo archive interface [17]—are downloaded automatically for the dates of the simulation
window. Calculations were performed on a workstation with an AMD Ryzen Threadripper 2990WX processor (32 cores,
64 threads) and 80 GB of RAM; no graphics accelerator was used, and each calculation runs as a single process on one
core. The computational grid contains 225x350 cells with a size of 0.008°; 72 h of model time requires 17,280 steps of
15 s each at a Courant number of 0.016. One 72-hour scenario run takes approximately 10 min because computation is
restricted to the active slick area. The approximate net CPU time required to obtain the reported results for each scenario
was about 7.7 CPU-hours: testing 16 variants of dimensional interpretations and formulations (2.7 h, eight parallel runs),
two rounds of calibration of parameters K,, k,, and M against the control characteristics of the original implementation
(89 runs, 4.8 h), and final calculations for the original and refined parameterizations.

Results.

1. Spatial evolution of the oil slick. The spatial distribution of floating oil shown in Fig. 2 at 12, 24, 36, 48, 60, and 72 h
demonstrates dynamic evolution governed by advection, diffusion, evaporation, dissolution, and biodegradation. After 12
h, the oil slick forms an elliptical area centered near the spill location (14.6°N, 42.7°E), with a maximum oil mass per cell
of approximately 1.7-10° kg and a concentrated core. The center of mass, denoted by the symbol (X), shifts northward
or northeastward under the effects of the surface current and wind drift (3% of wind speed). After 24 h of drift, the slick
expands and its northern edge reaches the coast near Ras Isa.

By 36 and 48 h, the slick continues to disperse, with a maximum oil mass per cell of approximately 1.0-10° kg,
indicating substantial mass loss due to evaporation and dissolution. The center of mass moves slowly, within a few
kilometers, in accordance with changes in the wind and the surface-velocity field derived from HYCOM. By 60 and 72 h,
the slick intensity decreases, with the maximum mass per cell falling to approximately 7.8-10° kg, while the center of
mass stabilizes near the coast. Over 72 h, the center of mass travels 13.8 km from the release point (mean velocity 0.03 m/s,
azimuth 60°); some oil accumulates along the shoreline because the flux through faces adjacent to land is set to zero.
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Fig. 2. Snapshots of oil transport at the water surface every 12 hours

2. Time-dependent mass balance and mass-loss processes. The temporal evolution of oil mass is shown in Fig. 3.
Total oil mass decreases from the initial 155,040,000 kg to approximately 118,800,000 kg over 72 h, corresponding to a
reduction of approximately 23.4%. This decrease is caused by three main loss mechanisms: evaporation, biodegradation,
and dissolution.

160 Change in the total mass of oil over time
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Fig. 3. Total mass of drifting oil from 1 to 3 May 2020
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Mass-loss rates (Fig. 4) exhibit oscillatory behavior due to diurnal variations in temperature and wind. Evaporation
dominates initially and reaches a peak of approximately 222 kg/s (maximum at 53 h), reflecting the high vapor pressures
(5,3, and 1 Pa, scaled by 1.5) of the oil fractions. With a realistic initial biomass (M, = 10~ kg/m?) and a 24 h lag phase,
biodegradation is negligible over 72 h (less than 3-10- kg/s on average); dissolution averages 4.67 kg/s.

les Mass loss rates by process
8 Evaporation
Biodegradation
~ Dissolution
S 6
<
et
s
v 4
g
‘2“ 2
0
0 10 20 30 40 50 60 70

Time (hours)

Fig. 4. Mass-loss rate from 1 to 3 May 2020. Evaporation peaks around midday
and decreases to a local minimum at night due to diurnal changes in atmospheric temperature

The cumulative mass loss shown as an area plot (Fig. 5) demonstrates that evaporation accounts for the largest fraction
(approximately 96.7% of the total loss), followed by dissolution (3.3%), while biodegradation contributes less than 0.1%
by 72 h at realistic microbial biomass levels. No artificial mass correction was applied: the conservative flux formulation
conserves mass intrinsically, and the mass-balance residual over 72 h does not exceed 107!? of the initial mass.
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Fig. 5. Evaporation accounts for 96.7% of the losses,
dissolution for 3.3%, and biodegradation for less than 0.1%

3. Oil-slick dispersion. Oil-slick dispersion, quantified by the standard deviation in the longitude x and latitude y
directions, increases with time (Fig. 6). After 12 h, the longitudinal standard deviation is approximately 2.6 km, increasing
to 6.2 km by 72 h (latitudinal value 3.6 — 4.0 km). Longitudinal dispersion (blue line) is slightly greater than latitudinal
dispersion (red line), reflecting the anisotropic nature of the current and wind fields. This growth is governed by the
numerical diffusion of the first-order upwind scheme (D,,,, ~|u|Ax/ 2, of order 10> m?/s) and by velocity shear; the
prescribed coefficient D, =10 m> m?/s produces a diffusion-induced increase ¢ of approximately 2.3 km over 72 h, which
is smaller than the contribution from numerical diffusion. The continuing increase indicates that the spatial extent of the
slick expands even as its mass decreases, owing to the combined effects of environmental forcing and diffusive transport.

The results have important implications for oil-spill response in the Red Sea. Rapid initial dispersion and mass loss indicate
that containment efforts should be prioritized within the first 24 h. The dominance of evaporation highlights the need for
air-quality monitoring, whereas the biodegradation contribution points to the potential of bioremediation strategies. The drift
direction is determined entirely by the current and wind fields on the specific dates: under the conditions of 1-4 May 2020, the
nearest coast near Ras Isa is affected, so preparedness should rely on operational forecasts rather than on a typical drift direction.
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Oil slick dispersion over time
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Fig. 6. Oil dispersion during the first three days of May

4. Additional case: persistent northward transport regime. The baseline scenario was calculated for the conditions
of 1-4 May 2020. To estimate how far the slick may travel under conditions most favorable for transport, a three-year
observational series for 2023-2025 at the release point was analyzed (HYCOM surface current averaged over a £0.1°
square, plus 3% of ERAS5 wind speed, with a 3 h interval). For each 72-hour window shifted by 3 h, the mean drift speed
and directional consistency C = |I}| /'S, were calculated, where V is the mean drift vector over the window (C =1 means
that all 24 vectors are directed identically). Of 8,744 windows, 5,667 (64.8%) met the threshold C > 0,9, and in all three
years the northward direction predominated among them (Table 1), consistent with the winter surface inflow into the Red
Sea through the Bab el-Mandeb Strait [18, 19]. Among the windows satisfying the threshold, the one with the maximum
speed was selected: 29.01.2023 15:00-01.02.2023 15:00 UTC (S = 0.623 m/s, of which the current contributes 0.298 m/s,
C=0.997, azimuth 350°, expected displacement 160.9 km).

Table 1
72-hour windows with directional consistency C > 0.9 of drift at the release point by year
(HYCOM + ERAS series, 3 h interval)
Year Windows with C > 0,9 | Share of all windows, % Maximum S,m/c Predominant azimuth
2023 1953 66.9 0.62 354°
2024 1942 66.3 0.58 3°
2025 1772 61.2 0.61 15°

The calculation for this window was performed with the same model and the same parameters as in the baseline
scenario; the computational domain was extended to 14.0-17.1° N. The results are presented in Figs. 7-9 and Table 2.
Over 72 h, the center of mass moves 102 km along an azimuth of 346° (mean velocity 0.4 m/s) and, by the end of the
simulation, is located at 15.71° N, 42.40° E; the slick passes between Kamaran Island and the mainland coast (Fig. 9), its
northern front reaches 16° N, and part of the oil accumulates along the shoreline (maximum mass per cell approximately
9.1-10°¢ kg versus 7.8-10° kg in the baseline scenario). Mass loss over 72 h is 32.0% (evaporation 97.7%, dissolution
2.3%; mass at 72 h 105.4-10° kg): stretching of the slick along the trajectory increases its area, and the evaporation peak
rises to 295 kg/s. The standard deviation of the mass distribution in latitude reaches 13.0 km versus 4.0 km in the baseline
scenario, while the longitudinal values remain comparable (8.4 km and 6.2 km).

Table 2

Comparison of the baseline scenario (1-4 May 2020) and the persistent northward transport regime
(29.01.2023 15:00-01.02.2023 15:00 UTC)

Indicator May 2020 January 2023

Center-of-mass displacement over 72 h, km 6,5 102
Mean drift speed, m/s 0,03 0,47
Drift azimuth, °© 60 346
Mass loss over 72 h, % 23,4 32,0
Evaporation share of losses, % 96,7 97,7
Dissolution share of losses, % 3,3 2.3
Peak evaporation rate, kg/s 222 295

o in longitude / latitude at 72 h, km 6,2/4,0 8,4/13,0

15
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Fig. 7. Distribution of floating oil after 12 and 72 hours for the baseline scenario (left, 1-4 May 2020) and the persistent
northward transport regime (right, 29.01.2023 15:00-01.02.2023 15:00 UTC). Red circle — release point;
cross — center of mass; scale — decimal logarithm of oil mass per cell, kg
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Fig. 9. Distribution of floating oil after 12, 24, 36, 48, 60, and 72 hours for the persistent northward transport regime
(29.01.2023 15:00-01.02.2023 15:00 UTC)

In Fig. 9, the slick moves northward along the Yemeni coast, passes between Kamaran Island and the mainland, and
reaches 16° N by 72 h. The red circle marks the release point, the cross marks the center of mass, the scale shows the
decimal logarithm of oil mass per cell in kg, and the scale bar represents 10 km.



18

Sidoryakina V.V et al. Numerical Modelling of the FSO Safer Oil Spill Scenario ...

The input data used to select the window were surface currents from the HYCOM global analysis (GOFS 3.1 until
September 2024 and ESPC-D-V02 thereafter) and near-surface wind from the ERAS reanalysis at the release point for
2023-2025 with a 3 h interval [12, 11]. Over this three-year series, the maximum directionally consistent drift over 72 h
is approximately 160.9 km northward; the model simulation for the selected window yields a 102 km displacement of the
center of mass, with the northern front of the slick reaching 16° N (Fig. 9). Under this regime, the impact zone includes the
coast and islands of Yemen: the Ras Isa terminal, Kamaran Island, the port of As Salif, and the approaches to Hodeidah,
together with their mangroves, reefs, and fishing grounds. Under the May 2020 conditions, the same slick remains within
15 km of the release point; therefore, operational forecasts should rely on current wind and current fields rather than on
an average or typical direction.

Discussion.

1. Key findings and model performance. Simulation of the F'SO Safer spill scenario shows slow northeastward drift
of the slick (0.03 m/s, azimuth 60°), landfall within the first day, and substantial mass loss (23.4% over 72 h), caused
primarily by evaporation and, to a lesser extent, dissolution. The model reproduces the principal characteristics of the
spill using open data. These results are consistent with recent studies of oil spills in semi-enclosed basins, while fraction-
resolved weathering and biodegradation kinetics make it possible to separate the contributions of individual processes to
mass loss under southern Red Sea conditions.

The dominance of evaporation is consistent with observations from the Deepwater Horizon spill [20] and with
empirical oil-evaporation models [21], while the calculated rates are higher due to Red Sea temperatures (25-35 °C) and
the presence of low-molecular-weight fractions. With realistic biomass, biodegradation contributes no more than 0.1%
of the losses during the first three days, which is consistent with a lag phase of one day or longer [22, 23]; microbial
remediation is relevant on timescales of weeks rather than hours.

2. Comparison with existing literature. Unlike Lagrangian models previously applied to the Red Sea, the proposed
Eulerian model provides an explicit mass balance at every time step. The observed anisotropic dispersion (longitudinal >
latitudinal) reflects current-field shear and numerical diffusion rather than physical turbulent diffusion. The proximity of
the coast (less than 20 km from the release point) makes oil stranding likely within the first day whenever drift has an
eastward component.

3. Implications for risk mitigation. Slick expansion (6.2 km longitudinal dispersion over 72 h) and the loss of nearly
one quarter of the mass through evaporation over three days mean that containment measures should be deployed within
the first 24 hours. Priority areas include:

» Mangrove forests and coral reefs along the Yemeni coast near Ras Isa and Kamaran Island, which are highly sensitive
to oil toxicity.

* Coral reefs near the spill site, where delayed response may lead to irreversible biodiversity loss.

* Desalination plants, disruption of which would aggravate the regional water shortage.

The results obtained by the authors support the following recommendations:

* Pre-positioning of containment booms and dispersants along predicted trajectories.

* Real-time monitoring of winds and currents for dynamic updating of spill forecasts.

* Explicit treatment of oil stranding and use of a second-order transport scheme in the next version of the model.

4. Limitations and future research. Although the model captures the key physicochemical processes, it does not
account for emulsification, spreading, and photo-oxidation, which may additionally modify oil viscosity and toxicity [24],
or for shoreline stranding as a separate reservoir;

5. Broader significance. The study provides a reproducible open-data oil-spill model for the southern Red Sea
under conflict conditions, directly supporting United Nations Sustainable Development Goal 14 (Life Below Water).
By quantifying seasonal variability in trajectories (for example, winter versus summer winds), the authors provide an
oil-pollution distribution scenario for regional emergency planning that allows operational forecasting at the required
resolution. The model can be applied to other high-risk regions, including the Persian Gulf, for predictive environmental-
safety applications.

6. Application prospects and regional characteristics. The developed model is intended to forecast the consequences
of technological disasters in the southern Red Sea, including spills caused by deliberate damage to oil-transport and
storage facilities: floating storage units, tankers, terminals, and pipelines. Damage to vessels in the Bab el-Mandeb Strait
area since November 2023 [25] and damage in the area of the Ras Isa oil terminal on 17-18 April 2025, which according
to a UN statement involved substantial damage to port infrastructure and a possible oil release into the Red Sea [26],
demonstrate that such a scenario is possible. In operational mode, the problem’s initial conditions (position, area, and
estimated mass of the slick) and boundary conditions (coastline position and already contaminated sections) are to be
determined from Earth remote-sensing data: Sentinel-1 radar imagery provides the slick contour independently of cloud
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cover and time of day [27], while Sentinel-2 and commercial optical imagery refine it under clear atmospheric conditions.
The model thus becomes a component of the chain “satellite detection — drift and weathering forecast — warning of
response services”, and a 72-hour scenario calculation, which takes approximately 10 min on a single CPU core, can be
updated with each new satellite overpass.

The calculations highlight two regional features. The first is the high evaporation intensity at surface temperatures
of 25-35°C [28]: during the first day, 5.2% of the spilled oil mass evaporates (8.0-10° kg), during the second day 7.7%
(12.0-10° kg), and during the third day 9.7% (15.0-10° kg) as the slick area grows; over 72 h, 35.0-10° kg of hydrocarbons
enter the atmosphere, corresponding to 22.6% of the initial volume, with a maximum rate of approximately 222 kg/s. This
means that a substantial fraction of the light components enters the atmosphere already during the first day, and air-quality
monitoring over the water area and coastal settlements should begin simultaneously with marine response measures. The
second feature is the sand and dust storms characteristic of Red Sea coasts [29]: they reduce atmospheric transparency
and complicate optical remote sensing, whereas C-band radar imaging is practically insensitive to dust loading [27]. Joint
work on remote-sensing problems under these conditions is planned to determine experimentally the dust-loading level
(aerosol optical depth and the corresponding atmospheric transparency) at which useful results can still be obtained from
optical channels, and the dust-content percentage at which slick detection becomes possible only by radar methods. The
answer to this question will determine the set of satellite data suitable for specifying the initial conditions of the model in
operational mode.

Conclusion. The computer simulation provides an analysis of an oil-spill scenario in Yemen, capturing the complex
interaction of physical and biological processes. The spatial evolution shows a slowly northeastward-moving slick that
reaches the coast near Ras Isa within the first day and decreases in intensity over 72 h; under the persistent winter-
transport regime (29 January—1 February 2023), the same slick travels approximately 100 km northward in three days,
reaching the Kamaran Islands, with a mass loss of 32%. The temporal analysis confirms a 23.4% reduction in mass, with
evaporation as the dominant loss mechanism (96.7%), while the conservative scheme preserves mass without artificial
correction. Dispersion metrics indicate an increasing spatial footprint consistent with the environmental forcing. The
results are applicable to environmental-management tasks and emphasize the urgency of early response and the need for
atmospheric monitoring over the water area.

References

1. Huynh B.Q., Kwong L.H., Kiang M.V., Chin E.T., Mohareb A.M., Jumaan A.O. et al. Public health impacts of an
imminent Red Sea oil spill. Nature Sustainability. 2021;4:1084—1091. https://doi.org/10.1038/s41893-021-00774-8

2. United Nations. Statement on the completion of the ship-to-ship transfer of oil from the FSO Safer. UN News. 2023,
August 11. URL: https://news.un.org/en/story/2023/08/1139687 (accessed: 12.05.2026).

3. Zhan P., Subramanian A.C., Yao F., Hoteit I. Eddies in the Red Sea: A statistical and dynamical study. Journal of
Geophysical Research: Oceans. 2014;119(6):3909—3925. https://doi.org/10.1002/2013JC009563

4. Al-Rabeh A.H., Gunay N., Cekirge H.M. A stochastic simulation model of oil spill fate and transport. Applied
Mathematical Modelling. 1994;18(6):322-333.

5. Gros J., et al. Review of oil spill modeling approaches. Marine Pollution Bulletin. 2017;115(1-2):7-19.

6. Periafiez R. A Lagrangian oil spill transport model for the Red Sea. Ocean Engineering. 2020;217:107953.
https://doi.org/10.1016/j.0ceaneng.2020.107953

7. Mittal H.V.R., Langodan S., Zhan P., Li S., Knio O., Hoteit I. Hazard assessment of oil spills along the main
shipping lane in the Red Sea. Scientific Reports. 2021;11:17078. https://doi.org/10.1038/s41598-021-96572-5

8. European Space Agency. Copernicus Sentinel-1 Level-1 GRD products (IW, VV/VH), processed by ESA; accessed
via AWS Open Data, bucket sentinel-s1-11c. 2020-2025.

9. United Nations. Stop Red Sea Spill: Background. 2022. URL: https://www.un.org/en/stopredseaspill/background
(mara obpamenus: 12.05.2026).

10. Shchepetkin A.F., McWilliams J.C. The Regional Ocean Modeling System (ROMS): A split-explicit, free-surface,
topography-following-coordinate oceanic model. Ocean Modelling. 2005;9(4):347-404.

11. Chassignet E.P., Hurlburt H.E., Smedstad O.M., Halliwell G.R., Hogan P.J., Wallcraft A.J. et al. The HYCOM
(HYbrid Coordinate Ocean Model) data assimilative system. Journal of Marine Systems. 2007;65:60-83. https://doi.
org/10.1016/j.jmarsys.2005.09.016. danusie: HYCOM + NCODA Global 1/12° Analysis (GOFS 3.1, GLBy0.08/
expt_93.0). https://www.hycom.org

12. Hersbach H., Bell B., Berrisford P., et al. The ERAS5 global reanalysis. Quarterly Journal of the Royal Meteorological
Society. 2020;146(730):1999-2049. https://doi.org/10.1002/qj.3803

19


https://doi.org/10.1038/s41893-021-00774-8
https://news.un.org/en/story/2023/08/1139687
https://doi.org/10.1002/2013JC009563
https://doi.org/10.1016/j.oceaneng.2020.107953
https://doi.org/10.1038/s41598-021-96572-5
https://www.un.org/en/stopredseaspill/background 
https://www.hycom.org
https://doi.org/10.1002/qj.3803
https://doi

20

Sidoryakina V.V et al. Numerical Modelling of the FSO Safer Oil Spill Scenario ...

13. ASCE Task Committee on Modeling of Oil Spills. State-of-the-art review of modeling transport and fate of oil spills.
Journal of Hydraulic Engineering. 1996;122(11):594-609. https://doi.org/10.1061/(ASCE)0733-9429(1996)122:11(594)

14. Sidoryakina V.V. Mathematical Model of Spreading Oil Pollution in Coastal Marine Systems. Computational
Mathematics and Information Technologies. 2023;7(4):39-46. https://doi.org/10.23947/2587-8999-2023-7-4-39-46

15. Sidoryakina V.V., Solomakha D.A. Identification of Marine Oil Spills Using Neural Network Technologies. Computational
Mathematics and Information Technologies. 2024;8(4):43—48. (In Russ.) https://doi.org/10.23947/2587-8999-2024-8-4-43-48

16. Wessel P., Smith W.H.F. A global, self-consistent, hierarchical, high-resolution shoreline database. Journal of
Geophysical Research: Solid Earth. 1996;101(B4):8741-8743. https://doi.org/10.1029/96JB00104

17. Zippenfenig P. Open-Meteo.com Weather API [Computer software]. Zenodo; 2023. https://doi.org/10.5281/zenodo.7970649

18. Yao F., Hoteit 1., Pratt L..J., et al. Seasonal overturning circulation in the Red Sea: 2. Winter circulation. Journal of
Geophysical Research: Oceans. 2014;119(4):2263-2289. https://doi.org/10.1002/2013JC009331

19. Sofianos S.S., Johns W.E. An Oceanic General Circulation Model (OGCM) investigation of the Red Sea
circulation: 2. Three-dimensional circulationinthe Red Sea. Journal of Geophysical Research: Oceans.2003;108(C3):3066.
https://doi.org/10.1029/2001JC001185

20. Reddy C.M., Arey J.S., Seewald J.S., Sylva S.P., Lemkau K.L., Nelson R.K. et al. Composition and fate of gas
and oil released to the water column during the Deepwater Horizon oil spill. Proceedings of the National Academy of
Sciences. 2012;109(50):20229-20234. https://doi.org/10.1073/pnas.1101242108

21. Fingas M.F. Modeling evaporation using models that are not boundary-layer regulated. Journal of Hazardous
Materials. 2004;107:27-36. https://doi.org/10.1016/j.jhazmat.2003.11.007

22. Prince R.C., McFarlin K.M., Butler J.D., Febbo E.J., Wang F.C.Y., Nedwed T.J. et al. The primary biodegradation
of dispersed crude oil in the sea. Chemosphere. 2016;144:521-526. https://doi.org/10.1016/j.chemosphere.2012.08.020

23. Hazen T.C., Prince R.C., Mahmoudi N. Marine oil biodegradation. Environmental Science & Technology.
2016;50(5):2121-2129. https://doi.org/10.1021/acs.est.5b03333

24. Ward C.P.,, Overton E.B. How the 2010 Deepwater Horizon spill reshaped our understanding of crude oil
photochemical weathering at sea: a past, present, and future perspective. Environmental Science: Processes & Impacts.
2020;22(5):1125-1138. https://doi.org/10.1039/d0em00027b

25. U.S. Energy Information Administration. Fewer tankers transit the Red Sea in 2024. Today in Energy. 2024,
October 11. URL: https://www.eia.gov/todayinenergy/detail.php?id=63446 (nara odpamenus: 12.05.2026).

26. United Nations. Statement attributable to the Spokesperson for the Secretary-General on the air strikes in and
around Yemen'’s port of Ra’s Isa (SG/SM/22626). 2025, April 19. URL: https://press.un.org/en/2025/sgsm22626.doc.htm
(mata obpamenns: 12.05.2026).

27. Fingas M., Brown C. Review of oil spill remote sensing. Marine Pollution Bulletin. 2014;83(1):9-23.
https://doi.org/10.1016/j.marpolbul.2014.03.059

28. Sukhinov A., Sidoryakina V., Solomakha D. Identification of plankton populations in the surface waters of
the Azov Sea based on neural network structures of various architectures. BIO Web of Conferences. 2024;141:03003.
https://doi.org/10.1051/bioconf/202414103003

29. Jish Prakash P., Stenchikov G., Kalenderski S., Osipov S., Bangalath H. The impact of dust storms on the Arabian
Peninsula and the Red Sea. Atmospheric Chemistry and Physics. 2015;15:199-222. https://doi.org/10.5194/acp-15-199-2015

30. Sukhinov A.I., Chistyakov A.E., Sidoryakina V.V,, Protsenko S.V., Atayan A.M. Locally two-dimensional splitting
schemes for parallel solving of the three-dimensional problem of suspended substance transport. Mathematical Physics
and Computer Simulation. 2021;24(2):38-53. (In Russ.) https://doi.org/10.15688/mpem.jvolsu.2021.2.4

31. Sidoryakina, V., Filina A. A set of tools for predictive modeling of the spatial distribution of oil pollution. £3S Web
of Conferences. 2024;592;04017. https://doi.org/10.1051/e3sconf/202459204017

32. Sukhinov A.IL., Solomakha D.A., Sidoryakina V. V. Oil Spill Detection Based on Enhanced LBP Neural Algorithms
for Noisy Satellite Images. Computational Mathematics and Information Technologies. 2026;10(1):58—71. (In Russ.)
https://doi.org/10.23947/2587-8999-2026-10-1-58-71

33. Sukhinov A.I., Sidoryakina V.V. Approximation of boundary conditions of the second and third types in convection—
diffusion equations with applications to environmental hydrophysics. Computational Mathematics and Information
Technologies. 2025;9(3):16-29. (In Russ.) https://doi.org/10.23947/2587-8999-2025-9-3-16-29



https://doi.org/10.1061/(ASCE)0733-9429(1996)122:11(594) 
https://doi.org/10.23947/2587-8999-2023-7-4-39-46
https://doi.org/10.23947/2587-8999-2024-8-4-43-48
https://doi.org/10.1029/96JB00104
https://doi.org/10.5281/zenodo.7970649 
https://doi.org/10.1002/2013JC009331
https://doi.org/10.1029/2001JC001185
https://doi.org/10.1073/pnas.1101242108
https://doi.org/10.1016/j.jhazmat.2003.11.007
https://doi.org/10.1016/j.chemosphere.2012.08.020
https://doi.org/10.1021/acs.est.5b03333
https://doi.org/10.1039/d0em00027b
https://www.eia.gov/todayinenergy/detail.php?id=63446
https://press.un.org/en/2025/sgsm22626.doc.htm
https://doi.org/10.1016/j.marpolbul.2014.03.059
https://doi.org/10.1051/bioconf/202414103003
https://doi.org/10.5194/acp-15-199-2015
https://doi.org/10.15688/mpcm.jvolsu.2021.2.4
https://doi.org/10.1051/e3sconf/202459204017
https://doi.org/10.23947/2587-8999-2026-10-1-58-71
https://doi.org/10.23947/2587-8999-2025-9-3-16-29

Computational Mathematics and Information Technologies. 2026;10(3):7-21. eISSN 2587-8999

About the Authors:

Valentina V. Sidoryakina, Doctor of Physical and Mathematical Sciences, Associate Professor, Professor at the
Department of Mathematics and Informatics, Don State Technical University (1, Gagarin Sq., Rostov-on-Don, 344003,
Russian Federation), ORCID, SPIN-kon, ResearcherID, MathSciNet, ScopusID, cvv9@mail.ru

Vladimir A. Beraia, Postgraduate Student of the Department of Mathematics and Informatics, Don State Technical
University (1, Gagarin Sq., Rostov-on-Don, 344003, Russian Federation), ORCID, vberia@yandex.ru

Vyacheslav A. Blagin, Degree-seeking Applicant of the Department of Mathematics and Informatics, Don State
Technical University (1, Gagarin Sq., Rostov-on-Don, 344003, Russian Federation), ORCID, blagin.inbox@gmail.com

Contributions of the authors:

V.V. Sidoryakina: general scientific guidance; problem statement.
V.A. Beraia: conducting calculations; formulation of results.

V.A. Blagin: validation.

Conflict of Interest Statement: the authors declare no conflict of interest.
All authors have read and approved the final manuscript.

00 asmopax:

Banentuna BaagumuposHa CHAOPSIKHHA, TOKTOp (DPU3HKO-MaTeMaTHYeCKUX HayK, JIOLEHT, podeccop Kadeaps! Ma-
TEMaTHKA 1 HHPOPMATUKH J[OHCKOTO TOCYIapCTBEHHOTO TexHIYeckoro yauBepeuteta (344003, Poccuiickas denepars,
r. Pocro-na-/lony, . ['arapuna, 1), ORCID, SPIN-kon, ResearcherID, MathSciNet, ScopusID, cvv9@mail.ru

Baagumup Anexcanaposuy bepasi, acnmpant kadenpsl MaTeMaTHKy 1 MHGOpMaTHKX JIOHCKOTO TOCYJapCTBEHHOTO TEX-
uryeckoro yausepcurera (344003, Poccuiickas denepanust, . Poctos-Ha-Jlony, . ['arapuna, 1), ORCID, vberia@yandex.ru

BsiueciaB AnaronmeBnu baarmu, acnupant xadenpsl mMareMaTuku U MHGOPMATUKU J[OHCKOTO rocCyqapcTBEH-
HOro texHuueckoro yameepcureta (344003, Poccuiickas ®enepanus, . Pocros-nHa-/lony, mi. [arapuna, 1), ORCID,
blagin.inbox@gmail.com

3asneneHHbll 6KIAD AGMOPOB:

B.B. CunopsikuHa: o01ee Hay9HOE PYKOBOJICTBO; IIOCTAHOBKA 3a/1a4H.
B.A. Bepas: mpoBenenue pacyéToB; GopMyIHpOBKa Pe3yIbTATOB.

B.A. Baarun: Baaugamnuys.

KoH(IUKT HHTepecoB: agmopul 3aa61410m 06 OMCYmMCmMEUU KOHMIUKMA UHmepPecos.

Bce asmopubl npouumanu u 0006punu OKOHUAMENbHBLL 6aPUAHIN PYKORUCH.

Received / lloctynuiaa B penakuuio 02.07.2026
Reviewed / IToctynuiia nocJje peuensupoanus 15.08.2026
Accepted / ITpunsita k nyoauxanuu 09.09.2026

21


https://orcid.org/0000-0001-7744-015X
https://elibrary.ru/author_profile.asp?authorid=124086
https://www.researchgate.net/profile/Valentina-Sidoryakina
https://mathscinet.ams.org/mathscinet/MRAuthorID/730104
https://www.scopus.com/authid/detail.uri?authorId=57194681211
http://cvv9@mail.ru
https://orcid.org/0009-0006-2270-5011
http://vberia@yandex.ru
https://orcid.org/0009-0003-3239-6150
mailto:blagin.inbox@gmail.com
https://orcid.org/0000-0001-7744-015X
https://elibrary.ru/author_profile.asp?authorid=124086
https://www.researchgate.net/profile/Valentina-Sidoryakina
https://mathscinet.ams.org/mathscinet/MRAuthorID/730104
https://www.scopus.com/authid/detail.uri?authorId=57194681211
http://cvv9@mail.ru
https://orcid.org/0009-0006-2270-5011
http://vberia@yandex.ru
https://orcid.org/0009-0003-3239-6150
mailto:blagin.inbox@gmail.com

22

Computational Mathematics and Information Technologies. 2026;10(3):22—30. eISSN 2587-8999

INFORMATION TECHNOLOGIES
NHOOPMAINMNOHHBIE TEXHOJIOT'UH

UDC 519.6 Original Theoretical Research

https://doi.org/10.23947/2587-8999-2026-10-3-22-30
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Abstract

Introduction. The problem of determining the principal directions of a point set in the plane or in space is solved
numerically. The task is to determine the orientation of an extremal line passing through the centroid of the set and
minimizing or maximizing the functional defined as the sum of the squared distances from all points of the set to the line.
This problem is relevant as an auxiliary component of many tasks involving intelligent systems.

Materials and Methods. For a point set in the plane, the principal-direction problem is solved explicitly for two polar
angles specifying the directions of the extremal lines corresponding to the maximum and minimum of the error functional.
If the denominator in the resulting formula degenerates because the points are arranged symmetrically, changing one
coordinate of a single point by 107'*is sufficient to break the symmetry, make the formula applicable, and obtain a double-
precision result. For a point set in three-dimensional space, the problem is reduced to a numerical iterative algorithm
based on gradient descent with respect to the orientation angles of a line passing through the centroid of the set. A minimal
compact C++ implementation for determining the principal directions in the three-dimensional case is proposed.
Results. For a spatial point set, an explicit expression is obtained for the error functional and for the components of its
gradient in the azimuthal and polar directions of a spherical coordinate system. An empirical formula for the gradient
step is obtained as a function of the number of iterations, enabling a double-precision numerical solution with a relatively
small number of iterations. It is shown that 100 iterations are sufficient to determine the extremal angles even when the
initial orientation differs from the final orientation by m/2 for each angle.

Discussion. The principal-direction problems for point sets in the plane and in space are solved numerically with double
precision. Two test examples confirm double-precision accuracy for cases with the largest deviation between the initial
and final line orientations. Both the explicit formulas for the two-dimensional problem and the formulas of the three-
dimensional iterative algorithm involve only coefficients represented by homogeneous second-order sums that depend on
the point coordinates. There are three such coefficients in the two-dimensional case and six in the three-dimensional case.
Conclusions. Despite its algorithmic simplicity, the gradient descent method yields well-defined iterative formulas for
any initial and intermediate orientation of a line passing through the centroid of a point set in space. The explicit formulas
obtained for the principal directions of a point set in the plane and the gradient-descent formulas for the three-dimensional
case can be used in analysis problems involving intelligent systems and neural networks.
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AHHOTaNUA

Beeoenue. UncnenHo pemaercs 3aa4a MOMCKa INIABHBIX HAIPABICHWH TOYEYHOTO MHOXKECTBA Ha TJIOCKOCTH WJIM B TIPO-
CTPaHCTBE, TO €CTh IOMCKA OPUEHTALIUH KCTPEMaIbHON MPAMOH, IPOXOAAIIEH Yepe3 LEHTP TSHKECTH MHOXKECTBA U I0CTaB-
JISIFOLIEH MUHIMYM HITH MaKCUMyM (DYHKIMOHATy CyMMBI KBaJIpaTOB PACCTOSIHUM OT K)KIOW TOYKH MHOKECTBA /10 IPSIMOIA.
JanHas 3a1a4a sSBIsIeTCS aKTyaJIbHOM KaK BCIIOMOTATENbHAs! JUIsl MHOTHX 3371ad ¢ MHTEIUICKTyalbHBIMU CHCTEMaMH.
Mamepuanst u memooOst. 3a1a4a OUCKA ITIABHBIX HAPaBJICHUI Ha IUIOCKOCTH pellleHa B IBHOM BHJE IJIS ABYX MOJISp-
HBIX YIVIOB HaIlPaBJICHHUS 3KCTPEMAIbHBIX MPSIMBIX COOTBETCTBECHHO ISl MAKCHMyMa W MHHMMyMa (DyHKIMOHAJIA OIIH-
60K. [Iy1s1 BRIPOXKAEHHOCTH 3HAMEHATEJIsl IPUBEJCHHON (POPMYITBI ¢ CHMMETPHYHBIM PacIOIOKEHHEM TOYEK MHOXKECTBA
JIOCTAaTOYHO KOOPANHATY OJHON M3 TOYCK U3MEHUTH Ha 107! 11 KOPPEKTHOCTH MCTIOIBb30BaHHS (POPMYIIBI U TTOTYUYCHHUSI
OTBETA C IBOITHOI TOYHOCTBHIO (H0OaBICHNE MaJIO aCHMMETPHH B TEOMETPHIO MHO)KECTBA). 3a1a4a TIOMCKA ITIaBHBIX Ha-
TIPaBJICHUH TOYETHOTO MHOXKECTBA B ITPOCTPAHCTBE CBE/ICHA K YHCIICHHOMY UTEPAI[IOHHOMY aJITOPUTMY METOJIOM T'pajIH-
€HTHOTO CITyCKa U3MEHEHHEM YIJIOB OPUEHTAIUU MPSIMOM, MPOXOASIIeH yepe3 HEeHTp TKEeCTH MHOXKecTBa. [IpennoxeH
MHUHHAMAJIbHBIA KOMIIAKTHBIA KOJ| TPOTPaMMBbI ITONCKA [TIAaBHBIX HAIIPABICHUH B TPEXMEPHOM CiTydae Ha si3bike C++.
Pezynemamut uccnedosanus. J1jis npocTpaHCTBEHHOTO PACIIOIIOKEHHS TOUYEK B SBHOM BHJIE TONTydeHa GopMyna (yHK-
[[OHAJIa OIIMOOK M KOMIIOHEHTOB €r0 TPaJHeHTa B a3MMYTaJIbHOM U IOJIIPHOM HAIpaBICHHUAX CEPHUUECKON CUCTEMBI
KOOpAMHAT. DKCIEPUMEHTAIBHO TI0NTydeHa (popMyiia rpaJMeHTHOTO IIara B 3aBUCHMOCTH OT YMCJIa HTEPanuil UKIIA [UIs
TIOJTYYEHHS IBOMHOM TOYHOCTH YMCIICHHOTO PEIICHMS 33/1a4 ¢ HeOOIBbIINM YHCIOM nTepanuii. Oka3aiock, 4To J0CTa-
touHo 100 uTepaumii s MOMCKa IKCTPEMAIbHBIX YIIOB, IPU KOTOPOM HavajbHas OPUCHTALUS OTIMYaeTcs Ha 1/2 OT
KOHEYHOH OPHEHTALUH M0 KaKAOMY yTIIy.

Oocyscoenue. C IBOMHON TOYHOCTBIO YHCICHHO PEIIEHBI 33a4X IIOUCKA [IaBHBIX HAIPaBJIEHUI TOYEYHOTO MHOXKECTBA
Ha IUIOCKOCTH U B MpocTpaHcTBe. [IpuBeeHo 1Ba TECTHPYIOUINX MPUMEpPa, MOATBEP KIAIOIINX ABOHHYIO TOYHOCTh pe-
LIEHUS 3a/1a4K ¢ HaHOONBIINM OTKJIOHEHHEM HavalbHBIX YIJIOB OpHMEHTAIMi npsMoi. Oka3anock, 9T0 Kak B popMmynax
SIBHOTO BHJIa B JIBYMEPHOH 3ajave, Tak M B (JOPMyIax TPEXMEPHOTO MTEPALIMOHHOTO aJTOPUTMA IOSBIISIOTCS TONBKO
K03 PUIMEHTHI B BUJIE OJHOPOIHBIX CYMM BTOPOTO IMOPS/IKA, 3aBUCSIIHE OT KOOPIUHAT TOUYEK MHOXeCTBa. B mepBom
CITydae 3TO TPH, a BO BTOPOM CiIydae MIeCTh KOAPPHUINEHTOB.

3aknwuenue. Metos rpaIMeHTHOTO CIyCKa, HECMOTPS Ha IIPOCTOTY aJITOPHTMa, 00CCIICYMBAET KOPPEKTHOCTH HTEpa-
UOHHBIX (opMya 1pu Jr000H HavYaIbHOW M MPOMEKYTOYHOH OPHUEHTALIUH MPSIMOH, IIPOXOAIIEH uepe3 LEHTP TSHKECTH
MHO)KECTBA TOUYEK B IpocTpaHcTBe. [lomydeHHsie (OpMyIIbl B SIBHOM BH/IE AT [TIABHBIX HAPABICHUI TOYEYHOTO MHO-
JKECTBa Ha IUIOCKOCTU U (hOPMYJTBI TPAJUEHTHOTO CITyCKa B TPEXMEPHOM CIIydae MOTYT OBITh MCIIOIBb30BaHBI B 33/1a4ax
aHaJM3a C MPUMEHEHHEM WHTEIUICKTYaIbHBIX CUCTEM M HEHPOHHBIX CETeH.

KuroueBble cJ10Ba: YHCICHHBIC METOBI, METOJ] TPAIICHTHOTO CITyCKa, TPAUCHT, CPepruuecKas CHCTEMa KOOPAUHAT, FC-
KYCCTBEHHBIA UHTEJUIEKT, HEHPOHHBIE CETH

Jast umtuposanusi. Bonocosa H.K., Bonocos K.A., Bonocosa A.K., Kapnos M.U., I1actyxos [.®D., [Tactyxos }0.D. 3a-
Jla4a Mo¥CKa IJIaBHbIX HAMPaBJICHHUH TOYEYHOTO MHOXKECTBA Ha IJIOCKOCTH U B ipocTtpanctBe. Computational Mathematics
and Information Technologies. 2026;10(3):22-30. https://doi.org/10.23947/2587-8999-2026-10-3-22-30

Introduction. Neural-network methods are now used in an exceptionally wide range of scientific problems. In [1],
the authors developed a neural-network model for storm forecasting on the basis of experimental data on physical
fields during storms, using the Navier-Stokes equations, a large-eddy simulation (LES) turbulence model, ensemble
probabilistic forecasting, and machine-learning methods. In [2—14], neural networks are applied to object-recognition
problems, including personal identification from photographs, recognition of sea-depth values on pilot charts, control
of mechanical-system balancing, recognition of railway-car numbers and pollen-grain classes, segmentation of cardiac
arteries in coronary angiography images, and other applications. In a number of studies, including [4], A.V. Galaburdin
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applied neural networks to nonlinear boundary-value problems in complex-shaped domains. The authors of [6] used
several neural-network architectures to recognize protein conformational states from single-molecule diffraction data
for bacteriorhodopsin. In [3, 10, 12, 13], neural networks are used to analyze the effect of electromagnetic radiation
on equipment-corrosion rates, detect anomalies in cyber-physical systems, model the spread of a network virus, and
recognize deceptive emotions. All of these problems are formulated and solved using neural-network methods.

At the same time, one can identify a class of specialized problems that admit exact mathematical treatment while using
a neural network as a ready-made data-processing tool. This study considers two problems concerned with determining
the principal directions of a point set in the plane and in three-dimensional space. The coordinates of the points may
be obtained by a neural network from technical measurements, for example, by identifying the boundary of a wildfire
area in a smoke-filled forest from aerial imagery or by determining the positions of fish from reflected ultrasonic waves
during fishing operations. For the planar case, an explicit formula for the principal directions is derived. For the three-
dimensional case, an algorithm in spherical coordinates is presented for determining the extremal directions of a line
passing through the centroid of the point set.

Materials and Methods. Problem Statement

1. Determining the principal directions of a point set in the plane. .

Consider a set of n points in the plane specified by their coordinates (x;, y;,i = 1,n). The coordinates of the centroid of
the set are determined by the formulas

1 n 1 n
Xo =;;xiay0 =;;y," €))

The coordinates of each point relative to the centroid of the set are

Jj=1 j=Lj#i j#i
y
A
a .y
(I) C(xnyz)
X
0 B B

Fig. 1. Determination of the distance from a point to a line passing
through the centroid O of the set at an angle ¢ to the axis

Consider a line passing through the centroid O at an angle ¢ to the axis X. As can be seen from Fig. 1, the angle ¢ is

equal to the sum of the angles ¢ = o + . Then the distance |OC| from the origin O to the point (x_[,;) isp, =+ x_[2 + ;2,
and the square of the required distance from the point to the line |CA4| is found as

d? = p?sin’ o = p?sin® (§—B) = p? (sin(¢)cos(B) - cos(¢)sin(B))* =
= (sin($)(p, cos(B)) —cos()(p,sin(B))) = (sin(p)x, —cos(¢)¥, ) -

If all points of the set lie on a radial (optimal) line, the sum of the squared distances from the points to that line is zero.
We therefore introduce an error functional for the planar problem; it depends on all point coordinates and on the angle ¢
as a parameter:

( X2 Vi ) Zdz Z(sm(d))x —COS(d))y,) — extr . 3)

$€[0,27]
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Expanding the expression in parentheses and collecting terms, we obtain

n

E(3ib) = Y2 = X (sin(6)x —cos(8)3; )| =sin’ (9) 35 ~2sin(§)eos($) Y7, +eos’ ()37, =

n n n (4)
=sin*(¢)A4—2sin(¢)cos(¢)B+cos*(¢)C —> extr ,A= Zx,.z,B = Zx,.y,.,C = Zyiz.
¢€[0,27] i=1 i=1 i=1

Differentiating the functional E ( x_,-, ;, d)) in (4) with respect to the polar angle ¢, we obtain the directions of the
optimal (principal) lines passing through the centroid of the point set:
OE(¢)/dp =0 <> 2sin(¢)cos(d)A+2B(sin’(¢)—cos’(p))—2cos(¢)sin(¢)C =0.
Dividing the last equation by cos®(¢) :
tan(¢) A4+ B(tan’(¢)—1)—tan(p)C =0<> Btan’(¢)+(A-C)tan(p)—B =0. (5)
Solving the quadratic equation (5), we obtain the optimal directions

C—A+(A-C) +4B

2B

tan () =

,0,, = arctan B (6)

C—Ai\/(A—C)2+4BZJ

n — n n —
where A=) x, ,B=) xy,C=> 5 .
i=1 i=1 i=1
Remark 1. The numerator of formula (6) is always defined, whereas its denominator may become zero, for example,

when the points are arranged symmetrically with respect to the centroid. When B = Zx_,; = Othe symmetry of the point

i=l1

arrangement can be broken artificially by adding a small parameter to the coordinate x_, or ; a small parameter

e=10"-10",
Example 1. Consider a symmetric set of eight points located at the vertices of a rectangle or at the intersections of the
rectangle with the coordinate axes:

x, =-2.0;y, =1.0+¢;e = 0.00000000000001; x, = 0.0; y, =1.0;x; = 2.0; y, =1.0;x, = 2.0;y, = 0.0;
x; =2.0; s =-1.0;x, =0.0; y, =—-1.0;x;, = -2.0;y, = -1.0;x, = -2.0; 3, = 0.0.

C++ program in which all functions and arguments in formula (6) are represented in double precision yields the
following values of the principal-direction angles (the angles o = —n/2 and o = /2 define the same y-axis):

a,=-1.5707963267948954,
a, = 0.0000000000000000,
/2 =1.5707963267948966.

The principal directions coincide with the coordinate-axis directions to essentially double precision. The optimal
directions can also be obtained analytically:

E(x.5,0=0)=2-0"+6-1"=6=E,, E(x.y,0=m/2)=2-0"+6-2" =24=E,,.

2. Determining the principal directions of a point set in space.
Consider a line passing through the centroid of a three-dimensional point set defined by the formulas

1< 1< 1< — — .
Xo :_in!yo :_Zyl'szo :_sz’xi =X =X, Vi =Y —YosZ =2 —Zg,i = Ln. (7
nos ni4 no=

The coordinates of each point in the coordinate system associated with the centroid of the set (x,, y,, z,) are denoted

by (x_,, ;,z_,-),i =1,n. On the specified line, oriented by the angles (0, ¢) in the spherical coordinate system and passing
through the centroid O, we place a vector k of unit length, as shown in Fig. 2. . _
The radius vector directed from the centroid O to the point (x;,;,z;, i =1,n), and the unit vector k form a
parallelogram whose area, on the one hand, can be determined in Cartesian coordinates by the vector product
i j k
S = ﬂxg =|sinBcos¢d sinBsind cosH|= i(sin Osin ¢z_,-—cos9;) —j(sin Gcosd)z_l.—cosex_i)+

— ®)
X; Yi Z;

+k(sin Gcosd);—sinesin ¢x_,)
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<

(xp yp Zi)

o x

Fig. 2. Determination of the distance from point (x_,., ;, Z_,-, i = 1,_71) to a line passing through the centroid
of the set O and oriented by the angles (8, ¢) in a spherical coordinate system

(X5 Y125 1= Ln ,1) to the selected line (0, ¢) in the spherical coordinate system. Without changing the error functional
(equal to the sum of the squared distances from the points to the line), we obtain the extremum problem (9):

On the other hand, the area of the parallelogram is |S | |k|d,. =1-d; =d,, where d, is the distance from the points

n

E(x_,.,;,z_,.,e,(l)) = idf = Z:(sinesind)z_,.—0056;)2 +(sin6cos¢z_,.—cosex_,.)2 +
i=1

i
+(sinecos¢;—sinesin d)x_,.)2 - ee[o,iﬁz[o,m , ®
E(0,¢)=(cos?0+sin?0sin? ) Z":x, + c0526+sinzecosz¢)i;2+(sin295in2¢+sin26cosz¢) o
= i i1
—2sin? Ssmd)cosd)zn:x V- Zcosd)smScosSz ZSinq)sinScosSZn:K:
=(1-sin’ 6(:052(]))2216_1-2+(l—sin26sin2(|))Z:;2 ( COSZGJZZ —sin 651n2(|)2x Vi — (10)
) f=

—sin 29(COS¢ZE+ sin d)ZE] =
i=1 i=1

E(6,¢)=(1-sin’6cos’ ¢p)A4+(1—sin*>Osin’*¢$)B +(ch —sin’ 0sin 2D —
—sin20( cos¢E +sindF >  extr
0€e[0,7],4€[0,2]

where A = Zx, ,B= Zyl ,C = ZZ, ,D = nyl,E Zx, ,,F:ZHZE.
i=1

The domain of the variables (6, ¢) is finite and forms the rectangle [0, w]x[0, 2xn]. Therefore, the unconstrained
extremum problem (10) can be solved numerically by the gradient descent method [15, 16]. The components of the
gradient of the functional E(6, ¢):

Ey(0,4)=-2A4sin0cosOcos’ ¢ —2BsinBcosOsin® ¢ + Csin 20 — 2D sin O cos Osin 2¢ —

(11)
—2¢0s20( cos OF +sin ¢F ) = sin 20( C — Acos” ¢ — Bsin® ¢ ) — Dsin 20sin 2¢ — 2cos 26 cos OE + sin ¢F ),

E,(6,¢)= Asin2¢sin’ 0 — Bsin 2¢sin® 6 — 2sin’ O cos 20D —sin 20 (—sin ¢E + cos pF ) =

=(A- B)sin2¢sin® 6 —2sin’ Bcos 20D + sin 20 (sin ¢£ — cos ¢F ). (12)
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The iterative gradient-descent formula for the minimization problem, using formulas (10), (11), and (12), takes the form
{em+]::em-hE;(em,¢m),n1::O,Lz,“wpn
¢m+1 — d)m _hE¢(em’¢m )’

where h=n/(5N) is the gradient-step formula; N is the number of iterations. The center of the rectangle [0, n]x[0, 27]
can be chosen as the initial point, i. e., as the initial orientation angles:

0 =2.¢"=m (14)

(13)

Remark 2. The terms in formulas (11), (12), and (13) are defined (and all coefficients 4, B, C, D, E, F of the point set
in (10) are defined as well) and remain finite for different orientation angles of the line with vector k. Therefore, algorithm
(11)—(13) for minimizing functional (10) is well defined for all orientation angles.

The following program code is written in C++, with all functions and arguments represented in double precision. In
the program, variables x and y correspond to 0 and ¢, respectively, in formulas (10), (11), (12), and (13):

#include<stdio.h>

#include<math.h>

double EE(double x, double y, double A, double B, double C, double D, double E, double F)

{return(1.0-cos(2.0*x))*C/2.0+(1.0-sin(x)*sin(x)*sin(y)*sin(y))*B+(1.0-sin(x)*sin(x)*cos(y)*cos(y))*A-
sin(2.0*x)*(F*sin(y)+E*cos(y))-sin(2.0*y)*sin(x)*sin(x)*D; }

double Ex(double x, double y, double A, double B, double C, double D, double E, double F)

{returnsin(2.0*x)*(C-B*sin(y)*sin(y)-A*cos(y)*cos(y))-2.0*cos(2.0*x)*(F*sin(y)+E*cos(y))-sin(2.0*y)*sin(2.0¥x)*D; }

double Ey(double x, double y, double A, double B, double C, double D, double E, double F)

{return sin(2.0*y)*sin(x)*sin(x)*(A-B)-sin(2.0*x)*(F*cos(y)-E*sin(y))-2.0*cos(2.0*y)*sin(x) *sin(x) *D; }

int const n=10, m=100;

int main()

{int i; double x,y,h,x1[n+1],y1[n+1],z1[n+1],x0,y0,z0;

double x2[n+1],y2[n+1],z2[n+1],51,52,53,54,85,56;double A,B,C,D,E,F,pi;

pi=2.0*asin(1.0);h=pi/double(5*m); s1=0.0;52=0.0;53=0.0;

for(i=0;i<=n;i++)

{y1[i]=double(i);x1[i]=0.0;z1[i]=0.0;  sl=sl+x1[i];s2=s2+yl[i];s3=s3+zl[i];}

x0=s1/double(n+1);y0=s2/double(n+1);z0=s3/double(n+1);

$1=0.0;52=0.0;53=0.0;54=0.0;55=0.0;56=0.0;

for(i=0;i<=n;i++)

{x2[i]=x1[i]-x0;y2[i]=y1[i]-y0;z2[i]=z1[i]-20;s 1=s 1+x2[i]*x2[i]; s2=s2+y2[i]*y2[i]; s3=s3+22[i]*22[i]; s4=s4+22[i]
*y2[i];85=s5+22[i]*x2[i];s6=s6+x2[1]*y2[i]; }

A=s1;B=s2;C=s3;F=s4; E=s5;D=s6; x=pi*0.1;y=pi*0.9;

printf(“inicial teta=%.161f fi=%.161f\n“,x,y);

for(i=0;i<=m;i++)

{x=x-h*Ex(x,y,A,B,C,D,E, F); y=y-h*Ey(x,y,A,B,C,D,E.F);}

printf(“end teta=%.161f fi=%.161f\n” x,y);

printf(“exact teta =%.16lf fi =%.161f\n”,pi/2.0,pi/2.0); printf(“E=%.161f\n”, EE(x,y,A,B,C,D,E F));}

Consider Example 2. Eleven points are located on the y-axis at unit intervals, with the first point coinciding
with the origin x; =0,y, =i,z;, =0,i =0,10. The initial values of the line-orientation angles, in radians, are
0 =x=n-01,¢"=y=mn-09.

Starting from the prescribed initial angular orientation, the program returns the final orientation. The final orientation
coincides with the exact solution to double precision, i. €., to approximately 15 significant digits. The number of iterations
is N (m in the program) = 100. During the iteration cycle according to formula (13), the line changes its initial orientation for
each angle by almost w2, which shows that algorithm (10)—(13) is applicable over a wide range of initial line orientations.
Formula (10), i. e., the value of the functional, is used to verify the numerical solution. If the line passes through all points
of the set, the functional E(6",¢" ) =0 (for any initial values 6°, ¢° in Example 2) is:

inicial teta=0.3141592653589793 £i=2.8274333882308138

end teta=1.5707963267948966 £i=1.5707963267948966

exact teta =1.5707963267948966 fi =1.5707963267948966

E=0.0000000000000000.

It should be noted that the gradient method (10)—(13) requires more iterations (N = 100) than, for example, the matrix
form of Newton’s tangent method. However, the matrix Newton method requires inversion of the Jacobian matrix of the
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system of equations, and if the determinant of the Jacobian is zero, the Newton formula is not applicable. By contrast, the
gradient-descent algorithm (10)—(13) remains well defined for all line-orientation angles, although the residual converges
to zero more slowly.

Results. The problem of determining the principal directions of a set of points in the plane or in space has been solved.
The coordinates of all points are assumed to be known. For a two-dimensional point set, the numerical solution for the
optimal directions is given by formula (6). For a three-dimensional point set, the principal directions are determined by
the algorithm (10)—(13) with double precision.

Discussion

1. For a point set in the plane, the orientations of the principal lines passing through the centroid are obtained from
formula (6).

2. The coefficients in formula (6) are homogeneous second-order sums of the prescribed point coordinates.

3. For a point set in space, the gradient-descent method yields the algorithm (10)—(13) for determining the principal
directions in a spherical coordinate system.

4. The six coefficients 4, B, C, D, E, F, and F in algorithm (10)—(13) are homogeneous second-order sums of the
known point coordinates.

5. The error functional in the extremum problem is equal to the sum of the squared distances from each point to the line.

6. In this problem, both directions corresponding to the minimum and maximum values of the error functional are
relevant. For example, for a forest area affected by fire, the direction associated with the minimum of the functional can be
interpreted as the direction for water discharge, whereas the direction associated with the maximum can define the shortest
evacuation route for people and animals from the burning area.

7. In the two test examples, the extremal directions are determined numerically with double precision.

Conclusion. Despite its algorithmic simplicity, the gradient descent method yields well-defined iterative formulas for
any initial and intermediate orientation of a line passing through the centroid of a point set in space. The explicit formulas
obtained for the principal directions of a point set in the plane and the gradient-descent formulas for the three-dimensional
case can be used in analysis problems involving intelligent systems and neural networks.
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Abstract

Introduction. The coastline of a reservoir is a complex natural object, which geometry has irregularity and signs of self-
similarity, and the length depends on the scale of measurement. Despite the widespread study of its fractal properties, the
transition to a digital representation of the coastline is a complex procedure and is a current topic of research. The purpose
of the article is to develop a mathematical-algorithmic scheme for analyzing the coastline, including geometry validation,
geodetic measurement, scale dependence analysis, fractal dimension assessment and selection of an adaptive quadrilateral
grid using the example of the Black Sea.

Materials and Methods. Normalization and validation procedures are applied to the coastline represented as a finite
sequence of geographic points to obtain an intermediate, geometrically plausible contour. The contour length is calculated
on a sphere using the haversine formula. The “box-counting” method is used to address the coastline’s multi-scale nature
and fractal characteristics. To transition from the line to a 2D representation of the water area, the Lambert azimuthal
equal-area (LAEA) projection is used, followed by the construction of a grid with the required cell size. Subsequently,
detailed and coarse full-quadrilateral grids are generated using the Delaunay, Frontal-Delaunay for Quads, and Packing
of Parallelograms algorithms. A comparison of the grid generators is then conducted.

Results. A computational experiment was conducted using Black Sea coastline data. A comparison of two sets of grids
demonstrated that Delaunay is the superior generator based on the specified multi-criteria metric. The Delaunay method
with a range of 125-250 m should be used to preserve significant coastal features across the entire water area. A high-
resolution Delaunay configuration with a range of 50-250 m should be selected when accurate reconstruction of the
seabed topography is the priority.

Discussion. The practical significance lies in the ability to prepare verified contours and grids for seabed topography
modelling, geoinformation analysis, and subsequent hydrodynamic calculations.

Conclusions. Future research prospects involve expanding the range of coastal systems analyzed, comparing various
methods for estimating fractal dimension, investigating the impact of source geodata spatial resolution on the stability of
calculated metrics, and adapting the approach for multi-scale monitoring of coastal dynamics.

Keywords: coastline, adaptive quadrilateral grid, mathematical modelling, fractal geometry, box-counting, bathymetry,
scale dependence
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OpueunaﬂbHoe amnupudeckoe ucciedosamue

MaremaTudeckoe MojieJiMpoBaHue OeperoBoii suHun YepHoro Mmops
€ yueToM ee (ppaKTaJIbHON CTPYKTYPbI U NOCTPOEHHE CETOK

H.M. Koagauxuii , }0.B. besoa [

JIoHCKOM rocy1apCTBEHHbIN TEXHUYECKUI YHUBEPCUTET, T. PocToB-Ha-JloHy, Poccuiickas denepanus
D< yvbelova@yandex.ru

AHHOTANHSA

Beeoenue. beperoBasi IMHHSI BOJOEMa NPEICTaBIIET COOOW CIOXKHBIA TNPHPOAHBIA OOBEKT, T€OMETPHUsl KOTOPOTO
MPOSIBIISIET HEPEryJSIPHOCTh W NPU3HAKM camoroao0usi, a JJIMHA 3aBUCHUT OT Maciitaba m3mepenus. Hecmorps Ha
IIMPOKOE H3YUYeHHE e€ PpaKTaIbHBIX CBOMCTB, Iepexo/l K HH(POBOMY MPEICTABICHUIO OeperoBON IMHIH MPEACTABISIET
co00H KOMIUIEKCHYIO TIPOLEAYpY M SBISCTCS aKTyalbHOW TeMOW HcclieoBaHus. B Hacrosmed paboTe ommcaHa
CO3/IaHHasT MaTEMAaTHKO-aITOPUTMUYECKAs CXeMa aHalii3a OCperoBOW JIMHUH, BKIOYAIONIAsl BaTHIAIIMIO TEOMCTPHH,
re0/1e3UUEeCKOe H3MEpEHHe, aHAIIN3 MacIITaOHOI 3aBUCMOCTH, OLIEHKY (DpaKTaIbHOW Pa3MepHOCTH U BEIOOD aarTHBHON
YETBIPEXYTOJIBHOM CETKU Ha IpuMepe YEpHOro Mopsi.

Mamepuanst u memoost. [1jis1 6eperoBoil TMHUH, MPEACTABICHHOW KOHEUYHOUW TOCIEI0BATENBHOCTHIO TeorpaguuecKux
TOYEK, IPOBOATCA MPOIIe Ty Pl HOPMATU3AINH U BAIUIALNH, YTO IO3BOJISIET HOIYIUTh IPOMEKYTOIHBIN T€OMETPHICCKH
MIPaBIOTIONOOHBIA KOHTYp. JlMHA KOHTypa BBIUHCISACTCA Ha chepe ¢ UCIONb30BaHHEM (QOpPMYIEI TaBepcuHyca. s
paboThI Cc MHOrOMacITaOHOCTHIO U (PpaKTaNbHBIMU XapaKTepHCTUKaMU OEperoBOH IMHUN TPUMEHSETCS METO/T «I10JICUeTa
SIUKOBY. J{i1st mepexoia oT IMHUHM K 2D-npeiCTaBIeHNIO aKkBaTOPHH ITPUMEHSIETCS PaBHOIUIONIAIHAs Tpoekuus Lambert
azimuthal equal-area (LAEA), a 3ateMm cTpouTcs moyie TpebyeMoro pasmepa siuciiku. Jlanee cTposTcs moAapoOHbIE U
YKPYITHEHHBIC TIOJTHOKBAAPATHBIC CETKHU C MMOMOIIIBI0 reHepatopos Delaunay, Frontal-Delaunay for Quads v Packing of
Parallelograms. IIpon3BoanTCst cpaBHEHHE TEHEPATOPOB CETOK.

Pesynomamut uccnedosanus. llpoBeeH BEYUCIUTEIBHBIA SKCIICPUMEHT Ha TaHHBIX OeperoBoil TuHUU YEpHOTO MOpSI.
CpaBHeHne IByX HA0OPOB CETOK MOKA3aJI0, YTO JIy UMM I'€HEpaTOPOM IO 3aJaHHOMY MHOTOKPHTEPHATLHOMY ITOKa3aTeIIo
siBasiercst Delaunay. J11st cOXpaHEHHs CYILIECTBEHHBIX OeperoBbIX 0COOEHHOCTEH Ha MaciiTabe Bceil akBaTOPUH CIEAyeT
ucnonb3oBath Delaunay ¢ auanaszonom 125-250 m. [oapo6ustit Delaunay ¢ nuanazonom 50—250 M cieayeT BeIOMPATh,
KOTJIa B IPHOPUTETE TOYHOCTh BOCCTAHOBIICHUS pelbeda THa.

Obcyrcoenue. [pakTryaeckast 3HAYUMOCTH PAaOOTHI COCTOUT B BO3MOKHOCTH MTOATOTOBKH BepH(PHUITNPOBAHHBIX KOHTYPOB U
CETOK JJIsl MOJICTUPOBAHUS penbeda THa, TeOMH()OPMAMOHHOTO aHAIN3a U TIOCIISIYFOIIIX THAPOIMHAMIIECKHAX PAacIETOB.
3aknwuenue. TlepceKTUBBI TANBHEHIINX NCCIICIOBAaHUH CBS3aHBI C PaCIIMPEHHEM KJlacca aHAIM3UPYEMBIX OEpPEeroBBIX
CHCTEM, COIIOCTABJIEHHEM pa3JIMYHBIX METOJOB OLEHKH (PaKTaIbHOH pa3sMEpPHOCTH, HWCCIENOBAaHUEM BIIMSHUS
MPOCTPAaHCTBEHHOI'O pa3spClICHNA UCXOAHBIX I'COJaHHbIX Ha yCTOﬁ‘lHBOCTL BbIYHCIIAEMBIX METPUK, a TAKIKE C a):[anTauHeﬁ
MOJX0/1a K 33/1a4aM MHOIOMAacIiTabHOTO MOHUTOPUHTra OeperoBoii AMHAMUKH.

KiaroueBble ciioBa: 6eper03a${ JIMHUA, aaaliTUBHasA tICTI)IpéXyl"OJ'IBHaSI CCTKAa, MATECMATHYCCKOC MOJACIIMPOBAHHC,
q)paKTaHbHaH reoMeTpusd, noACYET NOKPBIBAOINX AYECCK, 6aTI/IMeTpI/IH, MaciTabHas 3aBUCHUMOCTD

BuarogapHocTi. ABTOpBI BBIPAXKAIOT MPU3HATENBHOCTh PYKOBOAUTEIIO HAYYHOI'O HAIPaBIIEHUs, WieH-Koppecronaenty PAH
Anexcannpy MBanosuday CyxnHOBY 3a BHUMaHHUE K padoTe.

duHancupoBanue. VccienoBaHue BBITOJHEHO 3a cueT rpaHTa Poccuiickoro Hayunoro ¢onma Ne 22—11-00295-11,
https://rscf.ru/project/22-11-00295/

Jas nutupoBanns. Kogankwit H.M., Benoa 10.B. MaTemaTudeckoe MoaeIrpoBaHue OeperoBoit TMHUU YepHOTO MOPS
C yueToM ee (hpakTalbHOI CTPYKTYpHI 1 mocTpoenue cetok. Computational Mathematics and Information Technologies.
2026;10(3):31-40. https://doi.org/10.23947/2587-8999-2026-10-3-31-40

Introduction. Coastlines are natural objects for which classical geometric concepts are insufficient. Unlike smooth
Euclidean curves, coastline length depends substantially on the measurement scale, while the coastline shape itself
exhibits geometric irregularity and self-similarity. This is why coastlines became one of the best-known examples that
contributed to the development of the concept of the fractal nature of natural structures [1, 2].

In contemporary studies of coastal systems, digital geodata play an essential role by representing a contour as a finite
sequence of coordinates and thereby making it amenable to computational analysis. However, the transition from a real
natural object to its digital representation is not a neutral procedure. It involves discretization, scale selection, filtering,
geometric simplification, and metric selection, i. e., a set of assumptions that directly affect the final result [3-5].
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Accordingly, coastline analysis is not only an applied problem but also a problem of general scientific significance.
On the one hand, a mathematically sound and reproducible procedure for measuring and analyzing contour geometry
must be developed. On the other hand, the applicability limits of the digital model must be established, together with an
understanding of which properties of the natural object are preserved in its discrete representation.

The aim of this study is to develop and substantiate a mathematical and algorithmic framework for coastline analysis
that includes:

1) validation and normalization of discrete geometry;

2) geodetic length measurement;

3) analysis of scale dependence;

4) estimation of the empirical fractal dimension;

5) construction and quantitative selection of an adaptive quadrilateral grid for preserving significant coastal features.

The scientific novelty of this work lies in treating coastline analysis not as a set of isolated computational procedures,
but as a unified reproducible mathematical and algorithmic framework that combines geometric validation, geodetic
measurement, fractal analysis, and grid generation. In contrast to studies in which fractal dimension is estimated without
explicit quality control of the source geometry or a generator is selected solely by visual inspection, the proposed
computational formulation includes polyline normalization, self-intersection checks, analysis of the robustness of the
dimension estimate, and a formalized criterion for preserving coastal features.

The practical significance of the study lies in the applicability of the proposed approach to the analysis of digital
coastline contours, improvement of the reliability of morphometric calculations, comparison of data with different spatial
resolutions, and preparation of verified geometric data for further modelling in geoinformatics, geomorphology, and
coastal-system monitoring [5—24]. A separate applied result is a rule for selecting the generator and the cell-size range
that does not depend on a subjective visual assessment of the grid on a map.

Materials and Methods. Problem formulation and mathematical representation of the object. Let the coastline be
represented by a finite sequence of geographic points [1]:

where p, =(¢, =X, ), i = I,_n, ¢, — latitude, A, — longitude of the i-th point. The source Black Sea contour was obtained
from Marine Regions [6].

The study requires the development of a computational framework that, for a given sequence of points, provides:

— verification of the geometric validity of the contour;

— calculation of its length in a geodetic metric;

— analysis of the dependence of length on the representation scale;

— estimation of the empirical fractal dimension;

— selection of the generator and the cell-size range of the adaptive quadrilateral grid.

It is essential that the object under consideration not be identified with its digital record. The coordinate sequence is
interpreted as an operational model of the coastline suitable for mathematical analysis but inevitably dependent on the
resolution of the source data, the point-selection procedure, and the chosen measurement method. Thus, the focus of the
study shifts from describing a particular software implementation to constructing a mathematically interpretable and
reproducible analytical framework suitable for investigating scale-dependent properties of coastline contours.

Geometry normalization and validation. Normalization removes duplicates and checks traversal order, self-
intersections, and abnormally long segments. For nonadjacent segments, an orientation test is applied [7-9]:

orient( A,B,C)=(b,—a,)(c,—a,)-(b,—a,)(c, —a,).

The original polyline remains the sole source for quantitative calculations; simplification is allowed only when
rendering SVG graphics so that visual simplification is not mixed with measurement. Thus, validation establishes a
geometrically plausible contour before the length, fractal characteristic, and grid are calculated.

Geodetic length measurement. Since the coastline points are specified in geographic coordinates, the contour length
is calculated not in a Euclidean plane but on a sphere using the haversine formula [3, 4]. For two consecutive points
P, =(0, —A;) and p,,, = (@, — A, ) the distance is defined as:

J
N @.1)

where /1, = sin(%j +€os @, cos P, sin 2A27\.,. , AQ;, =@, —9;, A\; = A,,; — A, and R — the mean radius of the Earth.

d, = 2Rarctan
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The total polyline length is calculated by summing the distances between adjacent points:
n-1
L(C)=Zl:di. (2.2)

The implementation uses R = 6371 km (the mean radius of the Earth). When projecting coordinates for the
box-counting method (box-counting) and for geometry simplification, the following local approximation is used:
metresPerDegLat = 111 194.9 m/degree, metresPerDegLon = 87 300.0 m/degree (relative to the reference point 43.5°N,
35.0°E for the Black Sea).

This approach makes it possible to obtain a physically interpretable coastline length in kilometers and to avoid
systematic distortions that arise when a planar metric is applied directly to geographic data.

Scale dependence and fractal characteristic. Coastline length depends on the level of detail of its digital contour [1, 10];
therefore, the fractal characteristic is calculated directly from the observed line without replacing it by synthetic iterations
of the Koch curve. The box-counting method is applied for 13 scales and four relative grid offsets [1-3]:

In N, :Dln(é)+C. (2.3)

The coefficient D is interpreted only within the adopted range of scales. The working window requires at least
four scales, R* > 0,98 and a spread of local slopes not exceeding 0.18. This excludes unstable regression from further
interpretation.

Adaptive quadrilateral grid and generator-selection criterion. To move from a line to a 2D representation of the
water area, the the Lambert azimuthal equal-area (LAEA) projection is applied, after which the required cell-size field
is constructed /(x). It depends on the distance to the coast, local contour curvature, and the depth gradient; the cell-size
growth rate is limited across neighboring edges. This choice refines the grid near geometrically complex coastlines and in
areas of sharp topographic change, without treating the grid itself as a hydrodynamic model.

The following generators were compared Delaunay, Frontal-Delaunay for Quads and Packing of Parallelograms,
implemented in Gmsh 4.15.2 [11]. For each algorithm, all-quadrilateral grids of two levels were constructed from identical
input data: detailed (4 from 200 to 1000 m) and coarse (% from 500 to 1000 m). The same coastline boundary, GEBCO
2024 [12] bathymetry and the field A(x), were used as input; therefore, the comparison does not confound the generator
effect with changes in the source geometry.

The quality of coastal-feature preservation is defined by the total relative deviation of their areas:

> A -
j=117% J
g

Jj=1 J

8, =100

2.4)

where A7 and A" — the areas of the j-th spit, bay, island, or another selected coastal feature for the source boundary
and the grid, respectively. Together with the RMS-deviation of the boundary e, this quantity is converted into a coastline score:

1
Ct+3,+e/h

‘min

: (25)

The quantity S = 0.15C + 0.35B + 0.2G + 0.2T + 0.1E, where B — bathymetry-preservation score (RMSE of depth,
volume, areas of depth zones, slopes, and the fraction of nearest replacements), G — quadrilateral quality, 7 — fraction

of edges within the range 0.5 < % < 1.5, E— efficiency in terms of runtime and peak memory. The approach to accounting

for cell shape and degeneracy is consistent with algebraic mesh-quality metrics [13]. All weights are fixed in advance,
ranking is performed by S, rather than manually.

For successful MSH files, additional checks were performed for the absence of triangles and degenerate cells,
connectivity of the water area, correctness of physical boundary tags, and coincidence with the input contour. Equality
of C for two successful generators at the same level is interpreted not as a lack of control, but as confirmation that both
generators obtained the same discretized coastline boundary. Therefore, the difference in their final ranking is explained
by the internal cell structure, bathymetry, compliance with A(x) and computational resources.

Results.

Normalized contour and scale characteristic. The calculation included 9,635 points of the complete Black Sea contour.
After normalization, its geodetic length was 6,398 km. The box-counting method over 13 scales yielded D = 1,10840,
R? = 10,9999 and a local-slope spread of 0,1659. The stability criterion is satisfied. These values describe only the given
resolution of the source geometry and are not interpreted as evidence of coincidence with the idealized Koch curve (Figs. 1-2).
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Fig. 1. Normalized Black Sea contour and box-counting coverage
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Fig. 2. Logarithmic regression of the box-counting method
for the observed coastline

Comparison of adaptive quadrilateral grid generators. The bathymetric map provides the spatial context of the
experiment: depths, isobaths, and coastline-shape complexity. It is not a navigational product but serves as the source
model for evaluating topography preservation (Figs. 3-5).
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Fig. 5. Actual grid fragments and isobaths: complex coastline, shelf, and steep slope

The table contains the results of two independent reproducible runs. All successful variants contain 100 % quadrila-
terals, the accepted topology, and machine-level coincidence of the boundary e, =~ 3-107" m. Therefore, within a given
level, the generators preserve the specified input coastline equally well. Difference in  between levels characterizes the
influence of the detail level and discretization of the source boundary (Table 1).

Table 1
Quantitative comparison of generators at two levels of the adaptive grid
Level Generator Cells 3, % Depth 9, Edges within | Time, s S
RMSE, m tolerance, %
50-250 | Delaunay 3041643 | 195.46 0.333 0.537 93.97 47.4 71.50
50-250 | Frontal-Delaunay 2452929 | 195.46 0.376 0.548 92.06 41.2 70.54
for Quads
125-250 | Delaunay 1191504 | 78.18 0.638 0.536 94.94 18.1 72.51
125-250 | Frontal-Delaunay 967 734 78.18 0.727 0.547 93.26 16.6 71.33
for Quads
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At the detailed level, Delaunay outperforms Frontal-Delaunay for Quads by 0.96 points. Its advantage is due to a lower
depth RMSE (0.333 versus 0.376 m), a larger fraction of edges within tolerance, and lower peak RSS (381.6 versus 551.9
MiB); Frontal-Delaunay is slightly faster and has a higher mean cell-quality value. At the coarse level, Delaunay retains first
place with a margin of 1.18 points: the depth RMSE is lower by 0.090 m, and the fraction of edges within tolerance is higher
by 1.68 percentage points; Frontal-Delaunay is faster by 1.5 s and has a slightly higher mean cell-quality value.

For a clear visual comparison, the two successful generators are shown for the same Kizilirmak Spit at the recommended
125-250 m level (Figs. 6 and 7).

10m . . .
magnification window

Sm

Fragment 28x28 km
The length of the edges
of the window cells, %
wed. 115 m

60 140 220 300
Window indicators
The cells in the window 555

are Cf. the length of
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05% 0412

Fragment 28%28 km: 36623 cells
Average length of cell edges, m Grids of 125-250 m level; windows and scales of Figures 6 and 7 are identical; light tone — smaller

cells. O — the quality of the quadrilateral: Q =Ly, / Ly - (1—A8790°); O = 1 for the square.
60 120 180 240 300 Isobates — BATHY-03.

Fig. 6. Kizilirmak Spit: Delaunay, recommended 125-250 m level
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cells. O — the quality of the quadrilateral: Q = \/ Liin | Ly - (1=A08/90°)); O =1 for the square.
60 120 180 240 300 Isobates — BATHY-03.

Fig. 7. Kizilirmak Spit: Frontal-Delaunay for Quads, 125-250 m level

Packing of Parallelograms is not included in the table of successful grids: in the adopted validation run, it exceeded
the 10 min limit at both levels and did not produce an MSH file suitable for topological and bathymetric verification.

Therefore, this algorithm cannot be recommended for the formulation considered here; the absence of a result is not
replaced by a zero or calculated score.
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Discussion. Based on the computational experiment, it can be concluded, that the choice of a grid generator should
depend on the intended purpose of the model. To preserve significant coastal forms at the scale of the entire water
area according to the specified criterion 6, it is recommended to use Delaunay with a range of 125-250 m: it provides
the smallest totalarea deviation (78.18%), the highest final score (72.51), and almost 2.6 times fewer cells than the
detailed Delaunay. If local refinement and minimum depth-reconstruction error are required, Delaunay 50-250 m should
be used, accepting an increase in the number of cells to 3.04 million and a poorer value of this area-based criterion.
This is not a contradiction but an explicitly observed trade-off between the morphological criterion, bathymetry, and
computational cost. The scientific novelty of the work lies in a unified reproducible workflow: geometry normalization,
geodetic and fractal characterization, construction of an adaptive size field, and quantitative generator selection based on
the preservation of coastal features. The practical result is a grid-selection rule for preparing seabed-topography problems
and subsequent applied calculations without subjective ranking by visual appearance. This conclusion applies to the
fixed Black Sea contour, bathymetry, cell-size ranges, and criterion weights. The fractal dimension characterizes only the
working scale range, while the final generator score cannot be transferred to another water area without recalculation.
Coincidence of the input boundary for successful generators means that, within one level, they represent the specified
coastline equally well; the advantage of Delaunay is due to the combined bathymetric, size, and resource metrics.

Conclusion. A mathematical and algorithmic framework has been proposed and substantiated for analyzing a coastline
as a natural geometrically irregular object and for selecting an adaptive quadrilateral grid for the Black Sea water area. It
is shown that a correct study of such an object requires not only numerical computations but also preliminary geometry
normalization, selection of an appropriate metric, consideration of scale dependence, and an explicit grid-quality criterion.

The computational experiment using Black Sea coastline data yielded a geodetic length of 6.398 km and a robust box-
counting estimate of D = 1.10840 within the adopted range of scales. The result reflects the complexity of the observed
digital contour specifically and is not identified with the idealized Koch curve.

Comparison of the two grid sets showed that the best generator according to the specified multicriteria metric is
Delaunay: 71.50 points for the 50-250 m range and 72.51 points for the 125-250 m range. To preserve significant coastal
features at the scale of the entire water area, Delaunay 125-250 m should be used: the total area deviation is 78.18%
compared with 195.46% at the detailed level, while the number of cells is 2.6 times smaller. The detailed Delaunay
50-250 m configuration should be selected when accurate seabed-topography reconstruction is the primary objective.

The scientific novelty of the study lies in combining geometric validation, geodetic measurement, fractal analysis, and
quantitative generator selection within a unified reproducible framework. The practical significance lies in the possibility
of preparing verified contours and grids for seabed-topography modelling, geoinformation analysis, and subsequent
applied calculations without replacing quantitative selection by subjective visual assessment.

Further research will focus on expanding the class of coastal systems under analysis, comparing different methods for
estimating fractal dimension, investigating the influence of the spatial resolution of source geodata on the robustness of
calculated metrics, and adapting the approach to multiscale monitoring of coastal dynamics.
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Abstract

Introduction. The PSPNet, SMD-Net, and YOLO26-Seg semantic segmentation architectures are considered for the task
of detecting oil spills in satellite imagery. Particular attention is paid to comparing segmentation accuracy under identical
training conditions.

Materials and Methods. PSPNet uses a ResNet101 backbone with a pyramid pooling module for semantic segmentation.
SMD-Net is a lightweight shared-backbone architecture with two decoders and CTGM, CoordAtt, and ASPP modules.
YOLO26-Seg combines a YOLO26 encoder backbone with fixed weights and a lightweight decoder. The following metrics
are compared: loU (Intersection over Union), defined as the ratio of the intersection of the predicted and ground-truth
regions to their union; Dice (Dice coefficient), a measure of segment overlap based on the intersection area; accuracy,
the proportion of correct predictions among all predictions; inference time, the time required by the model to process one
input; and the number of trainable parameters.

Results. After 50 epochs of training on the existing dataset masks without manual annotation, PSPNet significantly
outperformed SMD-Net in binary oil-spill segmentation (loU = 0.704, Dice =0.770, Acc =0.896 versus loU = 0.467,
Dice =0.575, Acc = 0.671 for SMD-Net). The additionally fine-tuned YOLO26![-seg model demonstrated moderate pixel-
level metrics (loU = 0.320) at a reduced detection threshold, which limits its applicability to this task.

Discussion. The choice of architecture for oil-spill segmentation is governed by a trade-off between accuracy and speed:
PSPNet provides the highest segmentation quality, SMD-Net performs worse across all metrics, and YOLO26-SemSeg
cannot reliably detect oil spills without task-specific training.

Conclusion. PSPNet significantly outperforms SMD-Net and YOLO26-Seg in binary oil-spill segmentation under identical
training conditions (loU = 0.704 versus 0.467 for SMD-Net), confirming the effectiveness of the ResNet101 backbone
combined with pyramid pooling.

Keywords: oil-spill segmentation, semantic segmentation, deep learning, computer vision, comparison of neural network
architectures
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o0Hapy:KeHHus 3arpsi3HeHU HeTeNnPOAYKTAMH BOJAHBIX CHCTEM
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cemeiictea YOLO u apxutexktyp SMDNetV4 u PSPNet
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AHHOTaNHUSA

Beeoenue. PaccMaTpuBaroTcsl apXUTEKTyphl ceMaHTUdeckoil cermentanuu PSPNet, SMD-Net u YOLO26-Seg nns 3a-
Jaun oOHapy>KeHUs] He()TSHBIX Pa3JIMBOB Ha CITyTHUKOBBIX CHUMKax. Oco0oe BHUMaHUE YIEJICHO CPaBHEHUIO TOYHOCTH
CEerMEHTALlUH NPH UICHTUYHBIX YCIOBUSAX OOYUIEHUS.

Mamepuanst u memoost. PSPNet ncnionb3yet apxutektypy ResNet101 ¢ MomyieM mupaMuAaabHOTO MYJIHHTA IS Ce-
MaHTHYECKOH cermenTanuu. SMD-Net — nérkas apXuTeKTypa o0Iel MarucTpaiy ¢ AByMS JEKOJUPOBIINKAMU 1 MOJTY-
nsmu CTGM, CoordAtt, ASPP. YOLO26-Seg couetaeT Koaupyouyto Maructpais YOLO26 ¢ pukcupoBaHHBIME BECaMy
n nérkuit nexoaupoBinuk. [IpoBenén cpaBHUTENBbHBIN aHanu3 merpuk: loU (nepeceueHne Haa 0ObEIMHEHHEM) — OT-
HOIIICHUE MTePECEUCHUS MIPEICKAa3aHHON U UCTUHHOMN 00JacTell k ux oobeaunenuo; Dice (koaddunment [Jaiica) — mepa
MIEPEKPBITUS CETMEHTOB, BRIYHUCIISIETCS HA OCHOBE TUIONIAIN TIepecedeHus; accuracy (TOYHOCTh) — JIOJISl BEPHBIX Ipea-
CKa3aHUH cpean OOIIEro NX 4nciia; BpeMs BBIBOAA — BPEMs, HOTPadeHHOE MOJEIbIO Ha 00pabOTKy OJHOTO BXO/A.
Pezynomamut uccnedosanus. PSPNet nocie oOy4eHHs Ha MATHICCATH 3I0Xax II0 CYIIECTBYIOIIMM MackaM Habopa
JaHHBIX (0€3 pydYHOH pa3MeTKH) 3HauuTeNnbHO TpeB3omén SMD-Net no ouHapHoil cermentaunu HepTr (loU = 0,704,
Dice= 0,770, Acc =0,896) nporus SMD-Net (loU = 0,467, Dice = 0,575, Acc = 0,671). JlononHuTenpHO 0Oy4YEeHHAS
YOLO26l-seg noka3zana ymepeHubie mukcenbHbie MeTpuku (loU = 0,320) mpu CHUKESHHOM MOPOTe JCTEKIIUH, YTO JAeIacT
€€ OrpaHUYEHHO MPUMEHUMOM /1J1 TAaHHOM 3a/1auH.

Oécyscoenue. BpiOOp apXUTEKTyphl Ul CETMEHTAlMM HE(QTAHBIX PA3IMBOB ONPENENSETCS KOMIPOMHCCOM MEXIY
TOYHOCTBIO U CKOpOCTEI0: PSPNet obecnieunBaeT Hawry4miee KadecTBo, SMD-Net IpOUTpeIBaeT IO BCEM METPHUKaM, a
YOLO26-SemSeg He criocobeH onpeaeaTs pa3iuBbl HeQTAHBIX MATEH 0e3 00ydIeHMs.

3axntouenue. PSPNet 3HaunTenbHO npeBocxoaut SMD-Net u YOLO26-Seg o OuHapHOW CerMeHTaluu HEPTAHBIX pa3-
JIMBOB TIPH OIMHAKOBBIX ycnoBusix o0yuyenus (loU = 0,704 npotus 0,467), uto moarsepxaaet 3hHeKTUBHOCTh aPXHUTEK-
Typsl ResNet101 ¢ mupaMuaIbHBIM ITyJTHHIOM.

KoueBble cii0Ba: CerMEHTHPOBaHUE HE(TSIHBIX IATCH, CETMEHTHPOBAaHHUE, IIIyOOKOe 00ydeHHE, KOMITBIOTEPHOE 3pe-
HUE, CPAaBHEHHE apXUTEKTYyp HelpoceTel

duHancupoBanme. lccnenoBanne BBITIONHEHO 3a cdeT TpaHta Poccuiickoro Hayunoro ¢orma Ne 22—11-00295-11,
https://rscf.ru/project/22-11-00295/

Jns mutupoBanus. Ycenko M.A., Conomaxa J[.A., Konryrosa O.B. O030p 1 cpaBHUTENbHAS OIICHKA METPHUK apXUTCKTYP
JIETEKITIH ¥ CETMEHTAITUH TpeIo0yUeHHBIX Mozienelt cemetictBa YOLO, a Taxoke apxutektyp SMDNetV4 u PSPNet. Computa-
tional Mathematics and Information Technologies. 2026;10(3):41-48. https://doi.org/10.23947/2587-8999-2026-10-3-41-48

Introduction. Semantic segmentation, which involves pixel-wise image classification, is one of the fundamental
tasks of computer vision and is widely used in various fields, including medical diagnostics and the analysis of Earth
remote sensing data [1-3]. This task is particularly important for detecting oil spills on water surfaces, because accurate
localization of slick boundaries is essential for quantitatively assessing the extent of contamination [4, 5].

Recent studies have proposed a range of semantic segmentation architectures that differ in their approaches to contextual
information extraction and feature aggregation, among which PSPNet and SMD-Net are of particular interest. Comparative
analysis of different neural-network approaches remains relevant because the choice of architecture is determined by a
trade-off between accuracy and computational complexity [6, 7]. PSPNet is based on a deep ResNet101 backbone with a
pyramid pooling module that aggregates global context at multiple scales. SMD-Net has lower computational complexity
and includes a shared backbone with two decoders as well as cross-task interaction modules. In addition, this study
considers the YOLO26!/-seg architecture, which performs polygon-based segmentation using a YOLO detector and is fine-
tuned on the same dataset [8—12]. Hybrid approaches combining local binary patterns and neural networks are also used
to detect objects on the sea surface.
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The aim of this study is to comparatively evaluate PSPNet, SMD-Net, and YOLO26!-seg in terms of oil-spill segmenta-
tion accuracy, computational performance, and generalization capability. The relevance of the study is determined by the
need to improve the reliability of contamination-extent assessment for environmental modeling of marine systems. To
achieve this aim, the architectural features of the models are analyzed, an experimental evaluation is performed on a
satellite-image dataset of oil spills, the results are quantitatively compared using loU, Dice, accuracy, inference time, and
number of parameters, and the most effective architecture for binary oil-spill segmentation is identified.

Materials and Methods. An open dataset of satellite images of oil spills was used, containing 2,074 images with
corresponding segmentation masks. The masks were provided in grayscale format; for binary classification, they were
converted to “oil” (pixel value >127) and “background” (all other values) without additional manual correction. The
original image resolution was 512x512 pixels; before being fed into the models, all images were resized to 256x256
pixels. The dataset was divided into a training set (2,000 images) and a test set (74 images). Data augmentation was not
applied in order to ensure identical conditions for all models.

PSPNet is a semantic segmentation architecture based on ResNet101 with a Pyramid Pooling Module (PPM). The
PPM performs adaptive average pooling at four levels (1x1, 2x2, 3x3, and 6x6), followed by bilinear interpolation and
concatenation, thereby aggregating global context at different scales. The output layer is a 1x1 convolution with the
number of channels equal to the number of classes (one class in this study for binary oil-spill segmentation). The model
was trained for 50 epochs on 2,000 images using the existing dataset masks converted to binary form, without additional
manual annotation. The input resolution was 256%256 pixels. The model architecture is shown in detail in Figs. 1 and 2.

Fig. 1. PSPNet scheme
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CONV
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Input CNN POOL CONV  Output
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Fig. 2. PSPNet architecture

SMD-Net is a semantic segmentation architecture based on a shared backbone with two decoders [13]. It contains
CTGM modules for cross-task feature exchange between decoders, CoordAtt for coordinate attention along the vertical
and horizontal directions, ECA for efficient channel attention, and ASPP using convolutions with different dilation rates
to capture multi-scale context. The model was trained for binary oil-spill segmentation (one class) for 50 epochs on 2,000
images using AMP (automatic mixed precision). The input resolution was 256x256 pixels.
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The following metrics were used to quantitatively evaluate segmentation quality:
* JoU (Intersection over Union): the proportion of overlap between the predicted region and the ground-truth region:

IoU = TP / (TP + FP + FN); (1)

* Dice (Serensen—Dice coefficient): twice the overlap relative to the sum of the sizes of the predicted and ground-truth
regions; equivalent to the F'1 score:

Dice = 2*TP | (2*TP + FP + FN); @

* Accuracy (pixel accuracy): the proportion of pixels correctly classified as background or object:
Acc =(TP +TN) /(TP + TN + FP + FN). 3)

The following hyperparameters were used for PSPNet and SMD-Net: AdamW optimizer; initial learning rate of
1E—3 with cosine decay to 1E—5; a loss function combining binary cross-entropy and the Dice coefficient (BCE+Dice);
batch size of 16; and 50 training epochs. Automatic mixed precision (AMP) was used to accelerate computations. All
experiments were performed on an NVIDIA A100 GPU (40 GB) using the PyTorch 2.0 framework. For YOLO26!/-seg, the
standard settings from the Ultralytics repository were used, with fine-tuning for 50 epochs on the same dataset.

PSPNet and SMD-Net were trained at a resolution of 256x256 pixels using the BCE+Dice loss, the AdamW optimizer,
cosine learning-rate decay, and AMP.

Inference time was measured over 100 runs on a single image after warm-up. The SMD-Net model architecture is
illustrated in Fig. 3.

Fig. 3. SMD-Net architecture

YOLO26!-seg is an instance-segmentation architecture based on the YOLO26 detector. Unlike full semantic
segmentation models (PSPNet and SMD-Net), YOLO26I-seg identifies the contours of individual objects using polygons
rather than pixel-wise masks.

The YOLO26!-seg architecture comprises three main components:

1. Backbone — a modified CSPDarknet with C2fblocks that provides multi-level feature extraction (P3, P4, and P5)
at resolutions of 80x80, 40x40, and 20x20, respectively. The backbone was pre-trained on the COCO dataset.

2. Neck — PAN-FPN (Path Aggregation Network with Feature Pyramid Network), which aggregates features from
different backbone levels to improve the detection of objects at different scales.

3. Head — a multi-task head with three branches: classification (cls), bounding-box regression (reg), and segmentation
(seg). The segmentation branch generates mask prototypes and coefficients for their combination, forming a polygonal
representation of the contours of detected objects.
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At the standard confidence threshold (conf= 0.25), the model detects oil in only 23% of the test images, resulting in
low average metrics. When the threshold is reduced to conf=0.001, detections are obtained in 86% of the images and the
pixel-level metrics increase to loU = 0.320, Dice = 0.414, and Accuracy = 0.541. This indicates that YOLO can identify
oil slicks but performs worse than full semantic segmentation architectures because of the polygonal mask representation

and unstable detection across heterogeneous scenes [14]. The YOLO26-Seg architecture is shown in Fig. 4.

Fig. 4. YOLO26-Seg model architecture

Results. The quantitative results of the comparative analysis are presented in Table 1.

Table 1
Comparative metrics of semantic segmentation architectures
Model Parameters Time, ms loU Dice Accuracy
PSPNet 57.4M 25.4 0.704 0.770 0.896
SMD-Net 5.8M 16.9 0.467 0.575 0.671
YOLO26l-seg ft 31.4M 35.0 0.320 0.414 0.541

All models were trained on the same dataset using binary oil/background labels derived from the existing dataset
masks, without manual annotation [15]. PSPNet and SMD-Net were trained under identical conditions (50 epochs, 2,000
images, 256%256 resolution). PSPNet substantially outperformed SMD-Net: IoU = 0.704 versus 0.467 (+50.7%), Dice =0.770
versus 0.575 (+33.9%), and Accuracy =0.896 versus 0.671 (+33.5%). YOLO26!-seg achieved an IoU of 0.320, lower than
PSPNet, even with the reduced confidence threshold [5].

Segmentation Results. Representative outputs of the models are shown in Figs. 5-7.

Fig. 5. Model output 1
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Fig. 6. Model output 2

Fig. 7. Model output 3

The substantial advantage of PSPNet (IoU = 0.704 versus 0.467 for SMD-Net) can be attributed to the use of the deep
ResNet101 backbone and the Pyramid Pooling Module (PPM). PPM aggregates contextual information at four scales,
which is particularly important for segmenting semi-transparent objects with diffuse boundaries, such as oil films on the
water surface. Despite incorporating attention modules (CoordAtt and ECA) and ASPP, SMD-Net performs worse
due to the lower capacity of its backbone, which leads to a higher rate of false positives in areas affected by glare and
surface waves.

The higher inference speed (16.9 ms versus 25.4 ms for PSPNet) and smaller number of parameters (5.8 million
versus 57.4 million) make SMD-Net attractive for mobile systems. However, in environmental monitoring applications,
where misclassification can have substantial consequences, the 33.9% loss in Dice score is not offset by the gain in
computational performance.

The YOLO26[-seg model was originally designed for detecting and polygon-based instance segmentation of individual
objects. For the continuous binary “oil/background” mask task, its polygonal representation is redundant and results in
loss of fine details. Reducing the confidence threshold to 0.001 is effectively a tuning artifact that increases recall but
sharply increases the number of false positives, as reflected by the low Accuracy value of 0.541. In addition, YOLO
inference time (35 ms) is longer than that of PSPNet, further reducing its competitiveness for this task.

Discussion. The choice of architecture for oil-spill segmentation is determined by a trade-off between accuracy and
speed: PSPNet provides the highest segmentation quality, SMD-Net performs worse across all metrics, and YOLO26-
SemSeg cannot reliably detect oil spills without task-specific training.

Conclusion. A comparative experimental analysis of three semantic segmentation architectures (PSPNet, SMD-Net,
and YOLO26!-seg) was performed for oil-spill detection in satellite imagery. All models were trained under identical
conditions on the same dataset using automatically generated binary masks [16—17].
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The results show that PSPNet, based on ResNet/0] and pyramid pooling, provides the highest binary segmentation
accuracy and significantly outperforms SMD-Net and YOLO26!-seg across all pixel-level metrics. Despite its high
processing speed, SMD-Net exhibits a false-positive rate that is unacceptable for environmental applications. YOLO26!-seg,
even after fine-tuning, is poorly suited to pixel-wise classification due to its polygon-based representation.

Thus, the choice of architecture depends on the required segmentation accuracy and inference speed. For binary
oil-spill segmentation, PSPNet provides the strongest performance and substantially outperforms SMD-Net across all
evaluated metrics.
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An Index-Based Algorithm for Detecting Water Soil Erosion Indicators
from Sentinel-2 Multispectral Data and Its Verification on Field Data
of Rostov Oblast and Krasnodar Krai
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Abstract

Introduction. The paper presents the development and testing of an index-based algorithm for detecting indicators of
soil erosion by water from Sentinel-2 remote sensing data, considered as the first practical stage in constructing a hybrid
physics-based mass-transport model with neural-network parameter identification.

Materials and Methods. The algorithm relies on joint analysis of time series of the Normalized Difference Vegetation
Index (NDVI) and the Bare Soil Index (BSI), followed by spatial change detection (ABSI) with threshold filtering at the
90th percentile. The algorithm was first validated on synthetic data and then applied to real Sentinel-2 imagery for two test
sites — the Kamensky District of Rostov Oblast and the vicinity of Moldovanskoye village, Krymsky District, Krasnodar
Krai — covering 10 dates within 2024.

Results. The algorithm is shown to consistently identify spatially localised zones of increasing bare-soil exposure.
Discussion. A key limitation — the inability to distinguish erosion-related exposure from ordinary agrotechnical bare soil —
is discussed, along with directions for resolving it (digital elevation model overlay, multi-year analysis).

Conclusion. An index-based algorithm for detecting indicators of water-induced soil erosion from Sentinel-2 multispectral
time series was developed and validated. Verification on synthetic data and application to two real test areas in southern
Russia confirmed its operability while demonstrating the need to separate erosion-related changes from agricultural soil
exposure in subsequent model development.

Keywords: remote sensing, Sentinel-2, water soil erosion, NDVI vegetation index, BSI bare soil index, change detection,
mathematical modelling, neural network parameter identification
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OpueuﬂaﬂbHoe amnupudeckoe ucciedosamue

HNHaeKkCHBIH AJTOPUTM JAeTeKIHH NPU3HAKOB BOIHOM PO3UH N10YB
10 MYJbTHCIEKTPAJIbHBIM AaHHBIM Sentinel-2

U ero Bepu(puKanus Ha HATYPHBIX JaHHBIX

Tepputopuii PocroBckoii o6;1actu u Kpacnonapcekoro kpas

B.A. bnarun , B.A. bepas
JloHCKO rocyiapcTBeHHbII TeXHHUECKUI YHUBepcUTeT, T. PoctoB-Ha-Jlony, Poccuiickas ®enepauns
< blagin.inbox@gmail.com

AHHOTALUA
Beeoenue. Pabora mocssmeHa pa3pabOTKe M BAIMAALMK HMHAEKCHOTO aJTOPHTMa BBISABICHUS ITPU3HAKOB BOJHOM
9PO3MH IMOYB MO JaHHBIM AWMCTAHIMOHHOTO 30HIUpoBaHus 3emnu (33) Sentinel-2, paccMaTpuBaeMoOro Kak NepBbIHA
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MIPAKTHYECKUHA ATall MOCTPOCHUS THOPHUAHON (PH3MKO-MaTeMaTHYecKOi MOJETH IEepeHoca Macchl ¢ HeipoceTeBoi
apaMeTpUIecKoil HICHTU(UKAIIEH.

Mamepuanvl u memoosl. ANTOPUTM OCHOBAH Ha COBMECTHOM aHAJIN3€ BPEMEHHBIX PsJIOB BEreTalnoOHHOTo uHaekca ND VI
Y WHJICKCA OTOJICHHOCTH MOYBHI BS/ ¢ TOCIEAYIONIeH NeTCKITNEeH MPOCTPAHCTBCHHBIX H3MeHeHM (ABSI) ¢ moporoBoit
¢unbTpanuein o 90-my nmpoueHTWwI0. PaboTOCOCOOHOCTh AIrOpUTMa MPOBEPEHa Ha MOJENBHBIX (CHUHTETHYECKHUX)
JMAHHBIX, TOCJIEe Yero NMpoBeleHa BepH(UKaLUsA Ha HATYpHBIX NAHHBIX — pealbHBIX CHUMKaX Sentinel-2 I IBYX
TeCTOBBIX Teppuropuii — Kamenckoro paiiona PoctoBckoil obmactu u okpecTHOCTe! ¢. MommaBanckoe Kpsimckoro
paiiona KpacHomapckoro kpast — ¢ BpeMeHHbIM oxBaToM 10 mat 3a 2024 rog.

Pe3ynomamut uccnedosanusn. ABToOpaMr yCTAHOBJICHO, 4YTO aJTOPUTM YCTOWYHMBO BBIJEISIET INPOCTPAHCTBEHHO-
JIOKAJTN30BAHHBIE 30HBI POCTA OrOJIECHHOCTH MTOYBHI.

Oodcysrcoenue. OnpenieNieHO OrpaHUUYECHNE METO/Ia, CBA3aHHOE C HEPAa3IMUYMMOCThIO 9PO3MOHHOTO U arpOTEXHUYECKOTO
MIPOUCXOXKACHHSI OTOJICHHs, a TaKKe HAaMEYeHbl MyTH €ro ycTpaHeHWs (NMpUBs3Ka K LU(PPOBOH Mopenu penbeda,
MHOTOJICTHU aHAJIN3).

3aknwuenue. PazpaboTaH M BalMAMPOBaH HHICKCHBIH aITOPUTM JCTEKIMH INPU3HAKOB BOAHOW 3PO3MH IOYB IO
BPEMEHHBIM psiIaM MYJIBTHCHEKTPAJIbHBIX CHUMKOB Sentinel-2, OCHOBaHHBIH Ha COBMECTHOM aHanu3e MHIeKcoB NDVI
u BSI ¢ mpocTpaHCTBEHHOH AETeKIHEll N3MEHEHUH. AJTOPUTM BepH(UIIMPOBAH Ha MOJEIBHBIX JJAHHBIX U MPHUMEHEH
K peaJbHbIM CHUMKaM JUJIsl IBYX TECTOBBIX T€ppUTOpHH tora Poccuu, 4To MOATBEPIUIIO €ro paboTOCIOCOOHOCTh MpU
OJTHOBPEMEHHOM BBISIBJICHUH MPUHIUIIHAIBHOTO OTPaHUYEHHS — HEPa3IMYUMOCTH 3PO3HOHHOTO U arpOTEXHUYECKOTO
TIPOHMCXOKACHHSI OTOJIEHHS TOYBbI B IIPEJIENIaX OAHOTO CE30HA HAOMIOACHHH.

KuaroueBble cjioBa: TUCTAHIIMOHHOE 30HIUpOBaHUE 3eMid, Sentinel-2, BOJIHASA 3pO3Hs MMOYB, BETCTAIIMOHHBIA UHIICKC
NDVI, uHaeKC OTOJEHHOCTH TOYBbI BSI, nerekuus W3MEHEHHM, MaTeMaTH4ecKoe MOJeNMpOBaHUe, HeHpoceTeBas
UACHTUGHUKAIMS TapaMETPOB

Jast uutupoBanus. biarun B.A., bepas B.A. MHaekcHplid anropuT™M JAeTEKUHUU NPU3HAKOB BOJHOW 3PO3UU MOYB
M0 MYJIbTUCIICKTPAJIBHBIM JaHHBIM Sentinel-2 u ero BepudUKaIys Ha HATYPHBIX JaHHBIX Tepputopuil PocroBckoit
obmactu u KpacHomapckoro kpas. Computational Mathematics and Information Technologies. 2026;10(3);49-57.
https://doi.org/10.23947/2587-8999-2026-10-3-49-57

Introduction. Water erosion of soils (sheet and gully erosion) remains one of the most significant threats to the
agricultural potential of chernozem areas in southern Russia. Traditional methods of soil-erosion mapping (large-scale
field surveys and generalized-scale map schemes) do not provide the timeliness required to monitor process dynamics,
whereas Sentinel-2 Earth remote sensing data enable regular (every 5 days) acquisition of multispectral imagery at a
spatial resolution of 10 m/pixel free of charge.

The objective of this study is formulated as the development of a hybrid model combining a physics-based
mathematical description of mass transport with neural-network identification of the model parameters from remote
sensing data. The present paper reports the results of the first stage: the development and validation of an index-based
algorithm for extracting erosion indicators from Sentinel-2 imagery, which will subsequently serve as a source of input
data for a neural-network identifier of the parameters of the physical model.

An analysis of publications in computer science has shown that no previous studies have simultaneously combined a
physics-based mass-transport model, neural-network parameter identification, and remote sensing data for water-induced
soil erosion. Methodologically related studies are being pursued in three non-overlapping directions:

* sediment-transport models for coastal systems based on splitting schemes and computationally efficient parallel
algorithms [1-3];

« neural-network methods for processing satellite imagery to monitor water bodies and coastal systems [4];

* the use of RUSLE/USLE and their modifications in combination with remote sensing and machine learning for
erosion-risk assessment [5-8].

Spectral indices (primarily NDVI and BSI) are standard input layers for RUSLE + remote-sensing models [5, 6]
and for hybrid physics-informed models in which a neural network identifies physical parameters from preprocessed,
physically interpretable observation fields [9—12]. Therefore, constructing and verifying NDVI/BSI time series with a
change-detection algorithm is a necessary preliminary stage before integrating a neural network into a physics-based
mass-transport model. The corresponding model, provisionally based on a diffusion-convection-reaction equation for the
suspended-matter concentration c(x, y, z, £) and a solid-phase continuity equation for surface evolution (similar to [1, 2],
adapted to hillslope runoff through the shallow-water equations), is considered the subject of subsequent stages of the study.


https://doi.org/10.23947/2587-8999-2026-10-3-49-57

Computational Mathematics and Information Technologies. 2026;10(3):49—57. eISSN 2587-8999

Materials and Methods.

1. Data Used. The study uses Sentinel-2 multispectral images at the L24 processing level obtained through the
Copernicus Data Space Ecosystem. Five spectral bands with a spatial resolution of 10 m/pixel are used to calculate
the indices:

Table 1
Sentinel-2 spectral bands used to calculate the indices
Band Name Wavelength
B02 Blue ~490 nm
B03 Green ~560 nm
B04 Red ~665 nm
B08 Near-infrared (NIR) ~842 nm
B11 Short-wave infrared (SWIR) ~1610 nm
2. Spectral Indices. The Normalized Difference Vegetation Index (NDVI) is calculated as
NDVI = (B08 — B04) / (BOS + B04). (1)

NDVI ranges from —1 to +1; high values correspond to healthy vegetation because reflectance in the near-infrared
range increases sharply relative to the red range owing to the cellular structure of leaves.
The Bare Soil Index (BSI) is calculated as

BSI=((B11 + B04) — (BO8 + B02)) / (B11 + B04) + (B0S + B02). )

Positive BSI values are characteristic of bare soil (higher reflectance in the SWIR and red bands), whereas negative
values are characteristic of vegetation and water bodies.

3. Temporal Analysis and Change Detection. To distinguish a persistent erosion signal from seasonal agricultural
dynamics (fallow, stubble, tillage), indices (1)—(2) are calculated for a time series of NV dates within a single growing
season (in this study, N = 10, with an interval of approximately 5 weeks). A probable erosion indicator is not a
single low NDVI value but its persistence throughout the season against the background of seasonal dynamics in the
surrounding areas.

The spatial change in bare-soil exposure is estimated from the ABSI difference between the final and initial
observation dates:

ABSI = BSI(1,) - BSI(t,). 3)

Before difference (3) is calculated, each BSI map is spatially smoothed using a Gaussian filter to suppress sensor pixel
noise unrelated to actual spatial surface structures. Pixels for which the smoothed ABSI exceeds the 90th percentile of the
distribution over the entire scene are classified as zones of probable active erosion expansion.

4. Generalized Algorithm.

1. Build a time series of N Sentinel-2 images of the same site over the growing season.

2. Calculate NDVI (1) and BSI (2) for each date over all pixels in the scene.

3. Analyze the seasonal NDVI dynamics to distinguish persistently low values (potential erosion) from temporary
decreases caused by agricultural practices.

4. Calculate the ABSI difference (3) between the final and initial dates.

5. Spatially smooth the ABSI map using a Gaussian filter.

6. Apply threshold classification: pixels with ABS/ above the 90th percentile are identified as zones of
probable erosion.

Results.

1. Algorithm Verification on Synthetic Data. Before application to real imagery, the algorithm was verified using
a synthetically generated scene reproducing a field crossed by a winding ravine. Seasonal vegetation dynamics in the
field and controlled expansion of a bare-soil zone along the ravine margins over the course of a year were prescribed.
The results (Fig. 1) show that the final detection mask (step 6 of the algorithm) is correctly localized along the ravine
margins, precisely where expansion of the bare-soil zone was specified, confirming the correctness of the algorithm
implementation independently of the quality of the input data.
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Fig. 1. Verification of the algorithm using synthetic data:
NDVT at the beginning and end of the season, ABSI map with detected changes, NDVI/BSI time series
for the ravine zone and background, and the final mask of erosion-growth zones

2. Verification on Field Data: Kamensky District, Rostov Oblast. The test site, approximately 10x8 km in area,
is located in the Donetsk Ridge zone (48.28° N, 40.20° E), a typical erosion-prone area with a pronounced ravine-and-
gully network. According to the calculations (Fig. 2), the scene-averaged ND VI exhibits a profile typical of winter crops:
an increase from 0.10 in March to a peak of 0.59 in late April, followed by a decrease to 0.13 in November (harvesting
and subsequent soil cultivation). The ABSI map identifies compact clusters of increasing bare-soil exposure that spatially
coincide with individual agricultural fields.
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Fig. 2. Results of applying the algorithm to Sentinel-2 data for Kamensky District, Rostov Oblast (2024)

The shape of the detected zones (compact patches within field boundaries rather than elongated structures aligned with
terrain elements) indicates that most of the identified changes are likely related to agricultural operations (harvesting and
tillage), with a possible contribution from active erosion; distinguishing these two causes from single-season data is limited.
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3. Verification on Field Data: Moldovanskoye Village, Krymsky District, Krasnodar Krai. The second test site
(44.9458° N, 37.8703° E; area approximately 10x8 km) was selected to compare algorithm performance in an area with a
different land-use structure. The mean NDVT is higher and more stable throughout the season (peak 0.70, decreasing only
to 0.47 by November), indicating the presence of perennial plantings alongside arable land. The ABSI map (Fig. 3) shows
several large rectangular zones of increasing bare-soil exposure whose shapes precisely coincide with individual field
boundaries; this even more clearly than at the first site indicates that the changes are predominantly agricultural in origin.
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Fig. 3. Results of applying the algorithm to Sentinel-2 data
for the vicinity of Moldovanskoye village (2024)

4. Remote Sensing Data Illustrations. Figures 4 and 5 present the complete series of 10 Sentinel-2 images used for
2024 for the Kamensky District test site in two color representations: true color (R = B04, G = B03, B = B02) and false-
color near-infrared (False Color NIR, R = B08, G = B04, B = B03), in which vegetation is displayed in red and bare soil
in dark or bluish tones. An analogous dataset was obtained for the test site near Moldovanskoye village and was used to
construct Fig. 3.

53



54

Blagin V.A. et al. An Index-Based Algorithm for Detecting Water Solil ...

Fig. 4. Sentinel-2 image time series for Kamensky District, 2024
(true color, 10 dates)
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Fig. 5. Sentinel-2 image time series for Kamensky District, 2024
(false-color infrared composite, 10 dates)

Discussion. Verification on field data from the two study areas confirmed the operability of the algorithm: in all cases,
the detection procedure produces spatially localized, interpretable structures rather than random noise. At the same time,
a fundamental limitation of the index-based approach was identified: within a single growing season, it is not possible to
distinguish soil exposure caused by erosion from exposure caused by ordinary agricultural practices (harvesting, tillage,
fallow), because both cases produce a similar increase in BSI. This limitation is expected to be addressed by:

» moving from a single season to a multi-year observation series (a persistent interannual increase in BSI is a stronger
indicator of erosion than a one-time seasonal change);

* joint analysis with a digital elevation model (erosion is geographically associated with slopes and ravine bottoms,
unlike regular agricultural operations);

« overlaying agricultural field boundaries to exclude planned field operations from the detection results.

Conclusion. An index-based algorithm for detecting indicators of water-induced soil erosion from time series of
Sentinel-2 multispectral imagery was developed and validated. The method is based on the joint analysis of NDVI and
BST with spatial change detection. The algorithm was verified using synthetic data and applied to real imagery for two test
areas in southern Russia, confirming its operability while revealing a fundamental limitation: within a single observation
season, it cannot distinguish erosion-induced soil exposure from exposure caused by agricultural practices.

The results of the present stage are regarded as a source of input data for subsequent identification of the parameters
of a physics-based mass-transport model (in particular, the soil erodibility coefficient or the source term of the
diffusion-convection-reaction equation) using a neural-network physics-informed component, which is the subject
of further research.
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